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0. Introduction 

The aim of this project is to provide a complete - and as self-contained as possible - proof 
of the so-called "almost purity" theorem, originally proved by Faltings in 041 . In a second 
stage, we plan to apply almost purity to establish general comparison theorems between the 
etale and the de Rham cohomologies of a scheme defined over the field of fractions of a rank 
one valuation ring K + of mixed characteristic. 

In our formulation, the theorem states that a certain pair (X, Z), consisting of an affine K + - 
scheme X and a closed subset Z C X is almost pure (see definition 17.1.221) . in analogy with 
the notion that is found in 11421 . 

The proof follows the general strategy pioneered by Faltings, but our theorem is stronger than 
his, since we allow non-discrete valuation rings K + . The price to pay for this extra generality 
is that one has to extend to this non-noetherian context a certain number of standard tools 
and results from commutative algebra and algebraic geometry. Especially, chapter |4] gives a 
rather thorough treatment of local cohomology, for rings and schemes that are not necessarily 
noetherian. 

The complete proof is found in chapter [8] The case where R := &x(X) has Krull dimension 
one had already been dealt with in our previous work ll36l . Almost purity in dimension two 
is theorem [8.1.311 Theorem 18.2. 161 takes care of the case of a smooth K + -scheme of Krull 
dimension strictly greater than three; the main features of this case are the use of the Frobenius 
endomorphism of the ring R/pR, and a notion of normalized length for arbitrary i?-modules. 

In truth, one does not really need to consider separately the case of dimension > 3, since the 
argument given in section [841 works uniformly for every dimension > 3. However, the case of 
dimension > 3 is considerably easier, and at the same time illuminates the more difficult case 
of dimension 3. For the latter, one constructs a ring A(i?) + with a surjection onto the p-adic 
completion R A of R, and an endomorphism cr R that lifts the Frobenius endomorphism of R/pR. 
This construction was originally found by Fontaine, who exploited it in case R is the ring of 
integers of a local field of characteristic zero. 



Acknowledgements We thank Niels Borne and W.-P. Heidorn for pointing out some mistakes in earlier drafts. 
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1. Categories and topoi 

1.1. Some category theory. The purpose of this section is to fix some notation that shall be 
used throughout this work, and to collect, for ease of reference, a few well known generalities 
on categories and functors, which are frequently used. Our main reference on general nonsense 
is the treatise [10], and another good reference is the more recent [|49l . For homological algebra, 
we mostly refer to [1711 . 

Sooner or later, any honest discussion of categories and topoi gets tangled up with some 
foundational issues revolving around the manipulation of large sets. For this reason, to be 
able to move on solid ground, it is essential to select from the outset a definite set-theoretical 
framework (among the several currently available), and stick to it unwaveringly. 

Thus, throughout this work we will accept the so-called Zermelo-Fraenkel system of axioms 
for set theory. (In this version of set theory, everything is a set, and there is no primitive notion 
of class, in contrast to other axiomatisations.) 

Additionally, following [3, Exp. I, §0], we shall assume that, for every set X, there exists a 
universe V such that X E V. (For the notion of universe, the reader may also see |[T0l §1.1].) 

Throughout this section, we fix some universe U. A set S is U -small (resp. essentially U- 
small), if S E U (resp. if S has the cardinality of a U-small set). If the context is not ambiguous, 
we shall just write small, instead of U-small. 

1.1.1. Recall that a category & is the datum of a set Ob(^) of objects and, for every A, B E 
Ob(^), a set of morphisms from A to B, denoted : 

Homy (A, B). 

This datum must fulfill a list of standard axioms, which we omit. For any A E Ob(^), we write 
1a for the identity morphism of A. We also often use the notation : 

End^(A) := Hom^(y4, A). 

Likewise, Auty (A) C End^(A) is the group of automorphisms of the object A. Furthermore, 
we denote by Morph(^) the set of all morphisms in . 

The category of all small sets shall be denoted U-Set or just Set, if there is no need to 
emphasize the chosen universe. 

We say that the category is small, if both Ob(^) and Morph(^) are small sets. Somewhat 
weaker is the condition that ^ has small Hom-sete, i.e. Kom<g>(A, B) E U for every A, B E 
Ob(^). The collection of all small categories, together with the functors between them, forms 
a category U-Cat. Unless we have to deal with more than one universe, we shall usually omit 
the prefix U, and write just Cat. 

If srf and 8$ are any two categories, we denote by 

Fun(y , 88) 

the set of all functors srf — > 8$. If srf and 8$ are both small, Fun(g/, 88) E U, i.e. Cat is a 
category with small Horn-sets. Moreover, there is a natural fully faithful imbedding : 

Set -> Cat. 

Indeed, to any set S one may assign its discrete category also denoted S, i.e. the unique category 
such that Ob(S') = S and Morph(S') = {l s | s E S}. If S and 5" are two discrete categories, 
the datum of a functor S — > S' is clearly the same as a map of sets Ob(S') — > Ob(S'). 

1.1.2. The opposite category is the category with Ob( < ^°) = Ob(^), and such that : 

Rom V o(A, B) := Rom v (B, A) for every A, B E Ob(^). 

Given an object A of ff, sometimes we denote, for emphasis, by A° the same object, viewed 
as an element of Ob(^°); likewise, given a morphism / : A — > B in , we write f° for the 
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corresponding morphism B° — > A° in c €°. Furthermore, any functor F : srf — > g$ induces a 
functor F° : srf° — > SB , in the obvious way. 

1.1.3. A morphism / : A — > B in is said to be a monomorphism if the induced map : 

Horn* (X, /) : Hom^X, A) -> Hom^X, 5) : h+ # o / 

is injective, for every X e Ob(^). Dually, we say that / is an epimorphism if /° is a monomor- 
phism in c €°. Obviously, an isomorphism is both a monomorphism and an epimorphism. The 
converse does not necessarily hold, in an arbitrary category. 

Two monomorphisms / : A — > B and f : A' —> B are equivalent, if there exists an 
isomorphism h : A —> A' such that / = /' o h. A subobject of B is defined as an equivalence 
class of monomorphisms A — > B. Dually, a quotient of 5 is a subobject of B° in < ^°. 

One says that ^ is well-powered if, for every A e Ob(^), the set : 

Sub(A) 

of all subobjects of A is essentially small. Dually, ^ is co-well-powered, if is well-powered. 

Definition 1.1.4. Let F : — > ^ be a functor. 

(i) We say that F is faithful (resp. resp. fully faithful), if it induces injective (resp. 
surjective, resp. bijective) maps : 

Honw(A A') -> Hom^FA, FA') : f ^ Ff 

for every A, A' e Ob(^). 

(ii) We say that F reflects monomorphisms (resp. reflects epimorphisms, resp. w conser- 
vative) if the following holds. For every morphism / : A — > A' in if the morphism 
Ff of SS is a monomorphism (resp. epimorphism, resp. isomorphism), then the same 
holds for /. 

(iii) We say that F is essentially surjective if every object of SB is isomorphic to an object 
of the form FA, for some A e Ob(s/). 

(iv) We say that F is an equivalence, if it is fully faithful and essentially surjective. 

1.1.5. Let si ', SS be two categories, F,G : &f — > SS two functors. A natural transformation 
(1.1.6) a:F^G 

from F to G is a family of morphisms (a^ : FA — > GA \ A E Ob(s/)) such that, for every 
morphism / : A — ► B in the diagram : 

FA — -*■ GA 



Ff 



Gf 



FB *- GB 



commutes. If a a is an isomorphism for every A e we say that a is a natural isomorphism 
of functors. For instance, the rule that assigns to any object A the identity morphism Ifa '■ 
FA — > FA, defines a natural isomorphism lp : F =>> F. A natural transformation (11.1.61) is 
also indicated by a diagram of the type : 



F 

at h 

G 
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1 . 1 .7. The natural transformations between functors srf — > SB can be composed; namely, if a : 
F =>- G and [3 : G H are two such transformations, we obtain a new natural transformation 

(3 o a : F =>- H by the rule : Ah^o^ for every A G Ob(^). 

With this composition, F\m(^/, SB) is the set of objects of a category which we shall denote 

Funf 



There is also a second composition law for natural transformations : if ^ is another category, 

H, K : SB — > & two functors, and @ : H =>- K a natural transformation, we get a natural 
transformation 

(3* a: HoF^KoG : (3 GA o H(a A ) = K(a A ) ° Pfa for every A G Ob(^) 

called the Godement product of a and /3 ( ifTOl Prop.1.3.4]). Especially, if H : SB — > °€ (resp. 
H : ^ — > is any functor, we write H * a (resp. a * H) instead of 1# * a (resp. a * 1#). 

I. 1.8. Let and ^ be two categories, F : srf — > SB a functor. Recall that a functor G : SB — > 

is said to be /e/jf adjoint to F if there exist bijections 

$a,b ■ Horn^GF, A) A Hom,^(F, FA) for every A G Ob(^) and B G Ob(^) 

and these bijections are natural in both A and B. Then one says that F is n'g/if adjoint to C7, 
and that (C7, F) is an adjoint pair of functors. 

Especially, to any object B of SB (resp. A of srf), the adjoint pair (G, F) assigns a morphism 
$gb,b(1gb) : F — > FGF (resp. d^ l FA (l A ) '■ GFA — > A), whence a natural transformation 

(1.1.9) f|:l,^FoG (resp. e : G o F 1^) 

called the wra'£ (resp. counit) of the adjunction. These transformations are related by the trian- 
gular identities expressed by the commutative diagrams : 

r]*F G*ri 

F FGF G GFG 

e*G 



F*e 

F G. 

Conversely, the existence of natural transformations e and r\ as in (11.1.91) , which satisfy the 
above triangular identities, implies that G is left adjoint to F ([10, Th.3.1.5] or [49, Prop. 1.5. 4]). 

1.1.10. Let (G,F) be an adjoint pair as in (11.1.81) . with unit 77 and counit e. Suppose that 
(Hi, H 2 ) is another adjoint pair, with Hi : SB — > & ', H 2 : "Sf — > SB (for some category ^), 
and let (resp. Eh) be a unit (resp. a counit) for this second adjoint pair. Then clearly 
(Hi o G, H 2 o F) is an adjoint pair, and the transformation 

e \= Eh ° (H 2 * e * Hi) (resp. rj := (Hi * r\ * H 2 ) o r] H ) 

is a counit (resp. a unit) for this adjunction. 

Remark 1.1.11. (i) Let (G, F) be an adjoint pair as in (11.1.81) . with unit 7] and counit e. Suppose 
that (G', F') is another adjoint pair, with F' : srf —* SB, G' : SB — > and let 77' (resp. e') be a 
unit (resp. a counit) for this second adjoint pair. Suppose moreover that r : F =>• F' is a natural 
transformation. Then we obtain an adjoint transformation : G' =>■ G, by the composition : 

G'B G'FGB G ' (TGB \ G'F'GB GB. 

Conversely, from such we can recover r, hence the rule r 1— > 7^ establishes a natural bijection 
from the set of natural transformations F =^> F', to the set of natural transformations G' =>- G. 
Notice that this correspondence depends not only on (G, F) and (G 1 , F'), but also on (77, e) and 
( V ',e'). 
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(ii) Moreover, using the triangular identities of (11.1.81) . it is easily seen that the diagram : 

G' o F G' o F' 

tUF 

commutes. 

(iii) Furthermore, suppose (G", F") is another adjoint pair with F" : srf — > SB, G" : SB — > 
,2/ and 77", e" are given units and counit for this pair. Let also u : F' =>- F" be a natural 
transformation; then we may use (?/, e') and (77", e") to define uj^ , and we have : 

(uo o Ty = o ur 

provided (77, e) and (77", e") are used to define the left-hand side. 

(iv) Lastly, if (Hi, H 2 ) and the unit and counit rj H , e H are given as in (11.1.1 01) , then we may 
use (77, e) and (77, e) to define (H 2 * r) 1 ", and we have : 

(H 2 * r) f = tUH 1 

(all these assertions are exercises for the reader). 

Proposition 1.1.12. Let F : s/ — > SB be a functor. 

(i) The following conditions are equivalent : 

(a) F is fully faithful and has a fully faithful left adjoint. 

(b) F is an equivalence. 

(ii) Suppose that F admits a left adjoint G : SB stf . Then the following conditions are 
equivalent : 

(a) F (resp. G) is fully faithful. 

(b) The counit G o F 4 1^ (resp. the unit 1& =>■ F o G) is an isomorphism of 
functors. 

(iii) Suppose that F admits both a left adjoint G : SB — > srf and a right adjoint H : SB — > 

TTzen G is fully faithful if and only if H is fully faithful. 

Proof. These assertions are OH Prop.3.4.1, 3.4.2, 3.4.3]; see also BH Prop.1.5.6]. □ 

1.1.13. A standard construction associates to any object X G Ob(V) a category : 

V/X 

as follows. The objects of 'rf/X are all the morphisms A — ► X in ^ (for A ranging over all the 
objects of c £), and for any (p : A — > X, and ^ : £? — > X, the morphisms Hom^ x (i/}, ip) are all 
the commutative diagrams : 

A *B 

X 

of morphisms of with composition of morphisms induced by the composition law of ^ . An 
object (resp. a morphism) of 'tf/X is also called an X-object (resp. an X-morphism) of c €. 
Dually, one defines 

X/V := (tf°/X°)° 

i.e. the objects of X/tf are the morphisms X — > A, for arbitrary iG 1 ?. We have an obvious 
faithful source functor : 

(1.1.14) ^/X-*^ (A-^X)^A 
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and likewise one obtains a target functor X/'tf — > . Moreover, any morphism / : X — > Y in 
^ induces functors : 

/, : ««f/X - tf/Y : (g:A^X)^(f*g:=fog:A^Y) 
( '' } r-.Y/^^X/^ : (h:Y ^ B) ^ (f*h:= ho f : X ^ B). 

Furthermore, given a functor F : — * 33, any X e Ob(^) induces functors : 

F |x : <*f/X -> ^/FX : (g : A ^ X) ^ (Fg : FA ^ FX) 
(LL16) X ,F : X/if -> FX/^ : (h : X ^ B) ^ (Fh : FX ^ FB). 



1.1.17. The categories if/X and X/^ 3 are special cases of the following more general con- 
struction. Let F : — > 33 be any functor. For any F G Ob(^), we define F<g/ / B as the 
category whose objects are all the pairs (A, f), where A E Ob(£?) and / : FA — > B is a 
morphism in The morphisms g : (A, /) — > (A', /') are the morphisms (7 : A — > A' in 
such that /' o Fg = f. There are well-defined functors : 

F/B : Fstf/B -> : (A, /)■-►/ and 6 B : F^/F -> ^ : (A, /) i-> A. 

Dually, we define : 

B/F^ := (F°^°/B ) 
and likewise one has natural functors : 



B/F : B/Fsf -> F/^ and l b :B/F^^£^. 

Obviously, the category <^/X (resp. X/^) is the same as \</€ jX (resp. X/l^). 
Any morphism g : F' — > F induces functors : 

g/F^-.B/F^/^B'/F^ : (A^n^/off) 
F.^/g:F.^/B'^F^/B : (A,/) >-> (A,go f). 



1.1.18. Let ^ be a category; the categories of the form tf/X and X/^ 3 can be faithfully em- 
bedded in a single category Morph( < ^). The objects of Morph( < ^) are all the morphisms of ^ . 
If / : A — > B and /' : A 1 — > 5' are two such morphisms, the set Hom Morph (^)(/, /') consists of 
all the commutative diagrams of morphisms of : 



(1.1.19) 




with composition of morphisms induced by the composition law of , in the obvious way. 
There are two natural source and target functors : 

if 4- Morph(^) if 

such that s(A -> 5) := A, t(A ^ F) := F for any object A -> 5 of Morph(^), and 
s (|1.1.19l) = t (|1.1.19D = g'. Especially, the functor (11.1.141) is the restriction of s to the 
subcategory ^jX. 
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1. 1.20. Let ^ be a category; a very important construction associated to ^ is the category 

«ft := Fun(r, U-Set) 

whose objects are called the U-presheaves on c £. The morphisms in ^ are the natural trans- 
formations of functors. We usually drop the subscript U, unless we have to deal with more than 
one universe. Let us just remark that, if U' is another universe, and U C U', the natural inclusion 
of categories : 

is fully faithful. If has small Horn-sets (see (11.1.1b "). there is a natural fully faithful functor 

h : # -> <^ A 

(the Yoneda embedding) which assigns to any X G Ob(^) the functor 

h x ■ -> Set Y ^ Kom v (Y, X) for every Y G Ob(^) 

and to any morphism / : X — > X' in ^, the natural transformation hf : hx ^ hx> such that 

hfy(g) :— f o g for every K G Ob(V) and every g G Hon%(Y, X). 

Moreover, for every F G Ob(^ A ), and every X G Ob(^), there is a natural bijection : 

F(X) A Homc (f A(/i x ,F) 

functorial in both X and F ([10, Th.1.3.3] or 091 Prop.1.4.3]). An object F of <^ A is a repre- 
sentable presheaf, if it is isomorphic to h x , for some X G Ob(^). Then, we also say that F is 
representable in ^ . 

1.1.21. We wish to explain some standard constructions of presheaves that are in constant use 
throughout this work. Namely, let / be a small category, a category with small Horn-sets, 
and X any object of ^ . We denote by cx '■ I — > the constant functor associated to X : 

c x{i) '■= X for every % G Ob(i~) cx{<p) '■= lx for every <p G Morph(J). 

Any morphism / : X' — > X induces a natural transformation 

Cf : cx> c x by the rule : (c/)j := / for every i E L 

Definition 1.1.22. With the notation of (11.1.211 ), let F : I — >• be any functor. 

(i) The limit of F is the presheaf on ^ denoted 

limF : ^° -> Set 

and defined as follows. For any X G Ob(^), the set lim/F(X) consists of all the 
natural transformations cx F; and any morphism / : X' — > X induces the map 

IxmF(f) : limF(X) — > limF(X') rnrocj for every r : cx ^ F. 

(ii) Dually, the colimit of F is the presheaf on c to° 

colimi 7 := limi 70 . 

i i° 

(iii) We say that is complete (resp. cocomplete) if, for every small category 7 and every 
functor F : I — > c £, the limit (resp. the colimit) of F is representable in (resp. in 
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Remark 1.1.23. (i) In the situation of (11.1.211) . let F, F' : I -> if be two functors, and 
g : F =>■ F' a natural transformation; we deduce a morphism of presheaves on if : 

lim g : lim F — >■ lim F' thjot for every X G Ob(if ) and every t : cx ^ F. 

(ii) Likewise, g induces a morphism of presheaves on if ° : 

colim g : cohm F' — > colim F r° i— >■ r° o g° for every X G Ob(if ) and r : cx F. 

(iii) With the notation of (ii), suppose that the colimits of F and F' are representable by 
objects Cp, respectively G° F , of c €°. Then the colimit of g corresponds to a morphism C° F , — > C° F 
in if , i.e. a morphism CV — > Cp> in if. 

(iv) If if : V — > / and : if — >■ if' are any two functors, we obtain a natural transformation 

lim if : limF (lim H o F o ip) o H° 

<p i r 

by ruling that lim^, H(X)(r) := H * r * ip for every X G Ob(if ) and every r : cx F '. The 
reader may spell out the corresponding assertion for colimits. 

Example 1.1.24. (i) For i = 1, 2, let /j : A — > Bi be two morphisms in a category if with 
small Horn-sets; the push-out or coproduct of /i and / 2 is the colimit of the functor F : I — > c €, 
defined as follows. The set Ob(J) consists of three objects s, t\, t 2 and Morph(J) consists of 
two morphisms (pi : s — > t{ for % — 1, 2 (in addition to the identity morphisms of the objects of 
I); the functor is given by the rule : Fs := A, FU := Bi and Fipi : = /j (for i — 1, 2). 

If C G Ob(if ) represents the coproduct of /i and / 2 , we have two morphisms // : Bi — > C 
(i = 1, 2) such that f[o f\ = f 2 o f 2 \ in this case, we say that the commutative diagram : 




is cocartesian. Dually one defines the fibre product or pull-back of two morphisms #j : — > 5. 
If D G Ob(if ) represents this fibre product, we have morphisms g[ : D — > Aj such that 
9i ° 9i = 92 ° g' 2 , an d we say that the diagram : 




is cartesian. The coproduct of /i and / 2 is usually called the coproduct of B 1 and £> 2 over 
A, denoted B\ Jl/^j^ B 2 , or simply B\ f? 2 , unless the notation gives rise to ambiguities. 
Likewise one writes A\ x ( gijS2 ) A 2 , or just Ai x B A 2 for the fibre product of gi and g 2 . 

(ii) As a special case, if B := B\ = B 2 , the coproduct £> II a B is also called the coequalizer 
of /i and f 2 , and is sometimes denoted Coequal (/i, f 2 ). Likewise, if A :— A\ — A 2 , the fibre 
product A x B A is also called the equalizer of g x and g 2 , sometimes denoted Equal(gi, g 2 ). 

(iii) Furthermore, let / : A — > £> be any morphism in if; notice that the identity morphisms 
of ^4 and B induce natural morphisms of presheaves 

TTf : Coequal(/, f)—>B if : A — > Equal(/, /). 

and it is easily seen that / is a monomorphism (resp. an epimorphism) if and only if if (resp. 
7T/) is an isomorphism in if A (here we abuse notation, by writing A and B instead of the corre- 
sponding presheaves Ha and h B ). 
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(iv) Let I E U be any small set, and B := (Bi \ i E I) any family of objects of ^. We 
may regard / as a discrete category (see (11.1.11 )), and then the rule i i— > Bi yields a functor 
I — > ff, whose limit (resp. colimit) is called the product (resp. coproduct) of the family B_, and 
is denoted H ieI B, (resp. [] ifI B j). 

(v) In the situation of (11.1.211) . let / : F =>- cx be a natural transformation, and g : Y — > X 
any morphism in ^ . Suppose that all fibre products are representable in ^ ', and consider the 
functor 

Fx x Y:I^tf i^F(i)x {fug) Y 

(which means that for every i E Ob(J) we pick an object of representing the above fibre 
product, and to a morphism ip : i — > j in /, we attach the morphism F((p) x x ly, with obvious 
notation.) The projections induce a commutative diagram 

F x x Y^^F 

f 

c 9 V 

Cy > C X - 

Suppose moreover that the colimit of F is representable by an object C° of c £°, and for every 
X E Ob(^), and every /, g as above, the colimit of F x x Y is representable by an object C Y 
of c €° . By remark [T.1.23r iii) we deduce a natural morphism in ^ : 

(1.1.25) C Y ^Cx x Y. 

We say that the colimit of F is universal if the resulting morphism (11.1.251) is an isomorphism 
for every X E and every / and g as above. In this case, clearly C x x Y represents the colimit 
of F x x Y. 

(vi) Let / : X — > Y be a morphism in c £, and suppose that, for every other morphism 
Y' — ► Y, the fibre product X Xy 7' is representable in c £. In this case, we say that / is a 
universal monomorphism (resp. a universal epimorphism) if / x x Y : X x Y Y' — > V is a 
monomorphism (resp. an epimorphism) for every morphism Y' — >• F in < ^ ? . 

(vii) Suppose that all fibre products are representable in ^; in this case, notice that, in view 
of (iii), the morphism / is a universal epimorphism if and only if / is an epimorphism and the 
coequalizer of / and / is a universal colimit. 

(viii) Suppose that ^ is complete and well-powered (see (11.1.31) ). Then, for every morphism 
/ : X — > F we may define the image of /, which is a monomorphism : 

Im(/) - F 

defined as the smallest of the family & of subobjects Y' — > F such that / factors through a 
(necessarily unique) morphism X — > Y'. Indeed choose, for every equivalence class c E & ', 
a representing monomorphism F c — > F, and let / be the full subcategory of ^/F such that 
Ob(J) = {F c — > F | c G J^"}; then / is a small category, and the image of / is more precisely 
the limit of the inclusion functor t : / — >• 'tf/Y (which is representable, since is complete). 

As an exercise, the reader can show that the resulting morphism X — > Im(/) is an epimor- 
phism. 

Example 1.1.26. Let ^ be a category, and X E Ob(^). 

(i) We say that X is an initial (resp. final) object of ^ if Hom<^(X, F) (resp. Hom<^(F, X)) 
consists of exactly one element, for every F E Ob(^). 

(ii) It is easily seen that an initial object X of ^ represents the empty coproduct in ^ ', i.e. the 
coproduct of an empty family of objects of c £, as in example [1 . 1 .24r iv). Dually, a final object 
represents the empty product in % '. 
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(iii) We say that X is disconnected, if there exist A, B E Ob(V), neither of which is an initial 
object of c £, and such that X represents the coproduct AH. B. We say that X is connected, if 
X is not disconnected. 

Example 1.1.27. (i) The category Set is complete and cocomplete, and all colimits in Set are 
universal. Hence, all epimorphisms of Set are universal, in view of example fl . 1 .241 vii). 
(ii) Also the category Cat is complete and cocomplete. For instance, for any pair of functors 

srf £- 8& 

the fibre product (in the category Cat) of F and G is the category : 

&t X (F,G) & 

whose set of objects is Oh(s^) x 0b ^ Ob(88); the morphisms (A, B) —> (A', B') are the pairs 
(/, g) where / : A — > A' (resp. g : B — ► B') is a morphism in srf (resp. in 88), such that 
Ff = Gg. If the notation is not ambiguous, we may also denote this category by srf x%> 8$. 
In case 8§ is a subcategory of ^ and G is the natural inclusion functor, we also write F~ l 8§ 
instead of srf x<# 8$. 

1.1.28. Let /, c € be two small categories, F : I — > a functor, and G any presheaf on c io. We 
deduce a functor 

Hohi^a(c7, ho F) : I — > Set i Hom<^A(c7, hpu\) for every i E I 
and by inspecting the definitions, we find a natural isomorphism : 

(1.1.29) limHonvA(G,/ioF) A Hom^A (G, lim F) 

(more precisely, the limit on the left is represented by the set on the right). Likewise, we have a 
natural isomorphism : 

(1.1.30) limHonW/ioF,C7) A Hom^A (colim F, G) . 

JO I 

1.1.31. Suppose that F : — > 8$ is right adjoint to a functor G : 88 — ► Then it is easily 
seen that F commutes with all representable limits of srf, i.e., if H : I srf is any functor, and 
the object L of ^ represents the limit of if, then F(L) represents the limit of F o H . Dually, 
G commutes with all representable colimits of 88. It is also easy to check that F transforms 
monomorphisms into monomorphisms, and G transforms epimorphisms into epimorphisms. 
Conversely, we have the following : 

Theorem 1.1.32. Let be a complete category, F : &/ — > 88 a functor, and suppose that srf 
and 8$ have small Hom-seta {see (11.1.11) ). The following conditions are equivalent : 

(a) F admits a left adjoint. 

(b) F commutes with all the limits of and every object B of 88 admits a solution set, 
i.e. an essentially small subset Sb C Ob(&/) such that, for every A E Ob(^/), every 
morphism f : B — ► FA admits a factorization of the form f = Fhog, where h : A 1 — ► 
A is a morphism in srf with A' E Sb, and g : B —>■ FA' is a morphism in 88. 

Proof. This is IITOl Th.3.3.3]. Basically, one would like to construct a left adjoint G explicitly 
as follows. For any B E Oh{88) and any morphism / : B' — > B, set : 

GB := lim Gf := lim 1^. 

B/Fsf ' f/Fe* 

(notation of (11.1.171) ). The problem with this is that the categories B jFstf and / jFsrf are not 
necessarily small, so the above limits do not always exist. The idea is to replace the category 
BjFsrf by its full subcategory S B , whose objects are all the morphisms B — > FA with A E S B ; 
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then it is easily seen that this is isomorphic to a small category, and the limit over §b of the 
restriction of Ib yields the sought adjoint : see loc.cit. for the details. □ 

Of course, the "dual" of theorem fl . 1 .321 yields a criterion for the existence of right adjoints. 

1 . 1 .33. The notion of Kan extension of a given functor yields another frequently used method 
to produce (left or right) adjoints, which applies to the following situation. Let / : srf — > SB be 
a functor, and a third category. Then we deduce a natural functor 

/* : Fun(^, if) -> Fun(^, if) : GkGo/ (a : G G') i-> a * /. 

Proposition 1.1.34. /n f/ze situation of (11.1.331) . suppose that stf is small, SS and if have small 
Hom-sets, and if is cocomplete (resp. complete). Then f* admits a left (resp. right) adjoint. 

Proof. Indeed, if if is cocomplete, a left adjoint f\ : Fun(=e/, if) — > Fun(^, if) to /* is given 
explicitly as follows. For a given functor F : — > if, define /[F by the rule : 

i? I— > colim F o lb i— > (colim 1 ^ : colim F o 6 B — > colim F o l b A 

fst/B ' fj*/<p fstf/B - fs//B> 

for every £? e Oh(£$) and every morphism <p : £> — > £?' in ^ (notation of (|1.1.17l) ). This makes 
sense, since - under the current assumptions - the categories f stf /B and f srf /(p are small. 

The construction of a right adjoint, in case if is complete, is dual to the foregoing, by virtue 
of the isomorphism of categories : 

Fun(^, if) A Fun(^°, if °)° for every category 0. 

See nDl Th.3.7.2] or [49, Th.2.3.3] for the detailed verifications. □ 

Definition 1.1.35. Let if be a category. 

(i) We say that if is finite if both Ob(if ) and Morph(if ) are finite sets. 

(ii) We say that if is path-connected, if Ob(if ) ^ and every two objects X, Y can be 
connected by a finite sequence of morphisms in if, of arbitrary length : 

X -> -^Y 

(iii) We say that if is directed, if for every X, K e Ob(if ) there exist Z E Ob(if ) and 
morphisms X — > Z, K — > Z in if. We say that if is codirected, if if is directed. 

(iv) We say that if is locally directed (resp. locally codirected) if, for every X E Ob(if ), 
the category X/if is directed (resp. codirected). 

(v) We say that if is pseudo-filtered if it is locally directed, and the following holds. For 
any X, Y E Ob(if ), and any two morphisms f,g:X-^Y, there exists Z E Ob(if ) 
and a morphism h : Y — > Z such that ho f — ho g. 

(vi) We say that if is filtered, if it is pseudo-filtered and path-connected (in which case, ^ 
is also directed). We say that if is cofiltered if if is filtered (in which case, if is also 
codirected). 

(vii) A limit lim<^ F is path-connected (resp. codirected, resp. locally codirected, resp. 
cofiltered, resp. finite), if if is path-connected (resp. codirected, resp. locally codi- 
rected, resp. cofiltered, resp. finite). Dually, one defines path-connected, directed, 
locally directed, filtered and finite colimits. 

(viii) We say that a functor F : srf — > SS is left exact, if F commutes with all finite limits. 
Dually, F is right exact if it commutes with all finite colimits. Finally, F is exact if it 
is both left and right exact. 

Remark 1.1.36. (i) Notice that, if I is a filtered category, and i is any object of /, the category 
if I is again filtered; dually, if / is cofiltered, the category I/i is again cofiltered. Furthermore, 
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let F : I — > srf be any functor; there follow functors F o t : i/I — > and F o s : I/i — > 
(notation of (11.1.181 )), and we have natural identifications : 

colim F —> colim Fot lim F —> lim Fos. 

/ i/i i i/i 

(ii) Let be a small category. There is a natural decomposition in Cat : 

where each % is a path-connected category, and / is a small set. This decomposition induces a 
natural isomorphism in £/ A : 

colim F — > I I colim F o a 

iei 

for any functor F : — > where : ^ — > ^ is the natural inclusion functor, for every % E I. 
The details shall be left to the reader. These simple observations often simplify the calculation 
of limits and colimits. 

(iii) Let be a complete category (more generally, a category in which all fibre products 
are representable), and F : — > 3$ a left exact functor. If follows formally from example 
|1.1.24r iii) that F transforms monomorphisms into monomorphisms. If F is also conservative, 
then a morphism tp : X — > Y in is a monomorphism if and only if the same holds for Ftp. 

(iv) Dually, if F is right exact, and all coproducts are representable in c €, example \\ . 1 .24r iii) 
implies that F transforms epimorphism into epimorphisms, and if F is also conservative, then 
a morphism tp : X — > Y in T is an epimorphism if and only if the same holds for Ftp. 

1.1.37. A special role is played by the simplicial category A, whose objects are the finite 
ordered sets : 

[n] := {0 < 1 < • • • < n} for every n E N 

and whose morphisms are the non-decreasing functions. A is a full subcategory of the aug- 
mented simplicial category A A , whose set of objects is Ob(A) U {0}, with Hohiaa(0, [n]) 
consisting of the unique mapping of sets — > [n], for every n E N. It is convenient to set 

[-1]:=0. 

Sometimes we shall also need to consider the augmented n-truncated semi- simplicial cate- 
gory A A , which is the subcategory of A A whose objects are the elements of Ob(A A ) of cardi- 
nality < n + 1, and whose morphisms [a] — > [b] (for — \ < a <b < n) are the non-decreasing 
injective maps. Finally, the n-truncated semi- simplicial category is the full subcategory A n of 
A A whose set of objects is Ob(A A ) \ {0}. 

Notice the front-back involution : 

(1.1.38) A — > A : (a : [n] — > [m]) i— > (a v : [n] — > [m]) for every n, m G N 
defined as the endofunctor which induces the identity on Ob (A), and such that : 

a v (i) := m — a(n — i) for every a E Hom^([n], [m]) and every % E [n]. 

1.1.39. If ^ is any category, a simplicial object F, in ^ is a functor F : A° — > To ease 
notation, we shall usually write F n instead of F([n]). A morphism F. — ► C7. of simplicial 
objects in ^ is just a natural transformation F ^> G. 

Dually, a cosimplicial object F* in ^ is a functor F : A — > , or - which is the same - a 
simplicial object in c &°. Given a simplicial object F, in ^, one gets a cosimplicial object F°* 
in by the (obvious) rule : (F°) n := F n for every n E N, and F°(a) := F(a)° for every 
morphism a in A. Moreover, by composing a simplicial (resp. cosimplicial) object F, (resp. 
F') with the involution (11.1.381 ), one obtains a simplicial (resp. cosimplicial) object F. v (resp. 
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F* v ). Likewise, given a moronism a : F, — > G, the Godement product a v := a * (11.1.381) is a 
morphism F. v — > G^. 

Clearly the simplicial (resp. cosimplicial) objects in ^ form a category sJff (resp. c.^). 
There is an obvious faithful functor : 

<g -> s.<*f A^s.A 

that assigns to each object A of ^ the constant simplicial object s.A such that s.v4„ := A for 
every nGN, and s.A(a) := 1a for every morphism a of A. 

1 . 1 .40. For given n G N, and every z = 0, . . . , n, let : 

Si : [n - 1] -> [n] (resp. ^ : [n + 1] -> [n]) 

be the unique injective map in A whose image misses z (resp. the unique surjective map in 
A with two elements mapping to z). The morphisms e$ (resp. 77^ are called face maps (resp. 
degeneracy maps). For instance, we have the identities : 

e( = e n _i 7^ v = rj n _i for every n E N and every z = 0, . . . , n. 

It is easily seen that every morphism a : [n] — ► [m] in A admits a unique factorization a = eor], 
where the monomorphism e is uniquely a composition of faces : 

e = o ■ ■ ■ o e is with < z s < ■ • • < z'i < m 

and the epimorphism 77 is uniquely a composition of degeneracy maps : 

r) = r) jl o---o r] jt with < jx < ■ ■ ■ < j t < m 



(see [71 , Lemma 8.1.2]). It follows that, to give a simplicial object A, in c 6 > , it suffices to give a 
sequence of objects (A n \ n E N) of e £, together with face operators : 

di : A n -> A n _i z = 0, ...,n 

and degeneracy operators : 

di : A n -> A„ + i i = 0,...,n 
satisfying the following simplicial identities : 

di o (9j = dj-i o di if i < j 
<Ji o aj = a j+ i o cr, if i < J 

(i.i-4i) r ,r H ofii if i < j 

(9j o (jj = < 1 if z = j or z = j + 1 

[ o-j o di-x if i > j + 1. 

Under this correspondence we have 9j = A(e$) and <7j = ( [T7T1 Prop. 8. 1.3]). 

Dually, a cosimplicial object A, in ^ is the same as the datum of a sequence (A n \ n G N) 
of objects of ^, together with coface operators : 

9* : A™" 1 — > A™ z = 0, . . . , n 

and codegeneracy operators : 

a i : A n+1 ^A n i = 0,...,n 
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which satisfy the cosimplicial identities : 

d j o d i = d i o 



a J o a 



a o a- 



j'+i 



(1.1.42) 



a j o d i = 



if i < 3 
if i < 3 

d l o a^ 1 \fi<j 
1 if % = j or % = j + 1 

fr-^ooi if i > j + 1. 

1.1.43. An augmented simplicial object in a category ^ is a functor F : (A A )° — > z'.e. the 
datum of a simplicial object A, in together with an object A_i := F[— 1] G Ob(^), and a 
morphism £ : A — > which is an augmentation, i.e. such that : 

£ o (9 = £ o <9i . 

Dually, an augmented cosimplicial object in ^ is a cosimplicial object A', together with a 
morphism 77 : A^ 1 — > A in ^, such that 77° is an augmentation for (A*)°. We say that 77 is an 
augmentation for A*. 

Furthermore, an augmented n-truncated semi-simplicial object in ^ is a functor ( A A )° — > ^, 
and a n-truncated semi-simplicial object in ^ is a functor A° — > ^. 

An augmented simplicial object A, — > A_i is said to be right contractible if there exist 
morphisms f n : A n — > A n+1 for every n > — 1, such that : 

e o /_! = 1 A-1 
<9 n +i o /„ = l An for every n > 

d ° fo = f-i ° £ 

di o f n = fn-i <9i whenever < 7 < n. 

We say that A, — > A_i is /e/if contractible, if the front-back dual — > A_i is right con- 
tractible. The system of morphisms (f n -i \ n G N) is called a right contraction (or dually, a fe// 
contraction) for the given augmented simplicial object. 

Dually, a ng/zi (resp. Ze/jf) contraction of an augmented cosimplicial object A^ 1 — > A* in 
is defined as a right (resp. left) contraction of the simplicial object (A^ 1 ) — > in <^°. 



1.1.44. A (T, 77, /i) on a category is the datum of a functor T : ^ 
natural transformations : 

77 : l<y =^ T /i:ToT4T 
such that the following diagrams commute : 

T*T) 



together with 



(T o T) o T 
ToT 



T o (T o T) =S> ToT 



T 



r;*T 



^T 




Dually, a cotriple 
transformations : 

£ :±=>> 

such that the following diagrams commute : 

± => T o JL 



, e, 5) in a category ^ is a functor _L: ^ — > ^ together with natural 

5 :J_^J_ o JL 



lol^lo(lol) 



<5*± 

(J_ o J_)o JL 




> J_ . 



Notice that a cotriple in ^ is the same as a triple in < ^°. 
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1.1.45. A cotriple _L on ^ and an object A of determine a simplicial object _L. A in c £\ 
namely, for every n G N set _L n A :=_L n+1 A, and define face and degeneracy operators : 

d t := (.L* *£* ± n -% : l^A^VU 

a, := (±< *5* 1"-% : _L n A — ^_L n+ i A. 

Using the foregoing commutative diagrams, one verifies easily that the simplicial identities 
(|1.1.41l) hold. Moreover, the morphism ea :J- A — ► A defines an augmentation _L.v4 — > A. 
Dually, a triple T and an object A of ^ determine a cosimplicial object T ,+1 A, such that 

d i ■= (T* * r? * T n -% : TM -> T n+1 A 

tr* := (T l * n * T n -% : T n+2 A -> T" +1 A 

which is augmented by the morphism i]a '■ A — » TA. 

1.1.46. An adjoint pair (G, F) as in (11.1.81) . with its unit 77 and counit e, determines a triple 
(T, rj, n), where : 

T:=f oG: /i:=F*£*G:ToT=>T 
as well as a cotriple (_L, e, 5), where : 

5 := G *r]* F : _L => _L o JL . 

The following proposition explains how to use these triples and cotriples to construct canonical 
resolutions. 

Proposition 1.1.47. Zn f/z<? situation of (11.1.461) . /or every A G Ob(j^) and G Ob(&), the 
augmented simplicial objects : 

UGB^GB F ±, A FA 

are contractible (notation of (11.1.451) ). Dually, the same holds for the augmented cosimplicial 
objects : 

GB ^> GT.B FA ^ T.FA. 

Proof. We define a right contraction (f n -i \ n G N) for _L. — > G-B, by the rule : 

/ n _i := (_L n oG) * for every n G N. 

The reader can either supply a proof, or consult J7TJ Prop. 8. 6. 8], [54, Ch.I, §1.5]. Likewise, the 
rule : 

f'n-i ■= Vgo^a * (Go ± n ) for every n G N 
defines a left contraction for F -L,A — ► FA. The dual statements admit the dual proof. □ 

1.2. 2-categories. In dealing with categories, the notion of equivalence is much more central 
than the notion of isomorphism. On the other hand, equivalence of categories is usually not 
preserved by the standard categorical operations discussed thus far. For instance, consider the 
following : 

Example 1.2.1. Let be the category with Ob(^) = {a, b}, and whose only morphisms are 
l a , lb and u : a — > b, v : b — > a. Then necessarily u o v = lb and v o u = l a . Let ^ a (resp. 

be the unique subcategory of °€ with Ob(^ a ) = {a} (resp. Ob(^) = {b}). Clearly both 
inclusion functors ^ a — > ^ <— %, are equivalences. However, ^ a ^ is the empty category; 
especially, this fibre product is not equivalent to = x%> ff. 

It is therefore natural to seek a new framework for the manipulation of categories and functors 
"up to equivalences", and thus more consonant with the very spirit of category theory. Precisely 
such a framework is provided by the theory of 2-categories, which we proceed to present. 
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1.2.2. The category Cat, together with the category structure on the sets Fun(— , — ) (as in 
(11.1.71 )). provides the first example of a 2-category. The latter is the datum of : 

• A set Ob(st), whose elements are called the objects of 'si ' . 

• For every A, B G Ob{st), a category sf(A, B). The objects of fit (A, B) are called 
1-cells or arrows, and are designated by the usual arrow notation / : A — > B. Given 
f,g G Ob(sf(A,B)), we shall write / =>- g to denote a morphism from / to g in 

B). Such morphisms are called 2-cells. The composition of 2-cells a : f ^ g 
and (3 : g ^ h shall be denoted by /3 © a : / =>- /i. 

• For every A, B, C G Ob{st), a composition bifunctor : 

c A bc : 5) x s/(B, C) -> C). 

Given 1-cells A — > F C, we write g o f ■= CABcif, flO- 

Given two 2-cells a : f =>- g and (3 : h =>- k, respectively in si (A, B) and si (B, C), 
we use the notation (3 * a := cabc{oc, f3). Also, if h is any 1-cell of st{B,C), we 
usually write h * a instead of l h * a. Likewise, we set /3 * f := (3 * If, for every 1-cell 
f in si(A,B). 

• For every element A G Ob(s/), a unit functor : 

ua ■ 1 — * *f(A,A) 

where 1 := (*, 1*) is the terminal element of Cat. Hence ua is the datum of an object: 

1 A G Ob(j/(A,A)) 
and its identity endomorphism, which we shall denote by %a '■ 1a — ► 1a- 
The bifunctors cabc are required to satisfy an associativity axiom, which says that the diagram: 

s/(A, B) x si{B, C) x st{C, D) 1XCBCD > si{A, B) x sf(B, D) 

CABC*! 

si {A, C) x st(C, D) — st(A, D) 

commutes for every A, B,C, D G Ob(st). Likewise, the functor ua is required to satisfy a unit 
axiom; namely, the diagram : 

1 x sf(A, B) sf(A, B) st{A, B) x 1 



si {A, A) x fit {A, B) — ^(A, 5) %H of (A, B) x ^(F, B) 
commutes for every A, B G Ob(-g/). 

1.2.3. In a 2-category it makes sense to speak of adjoint pair of 1-cells, or of the Kan 
extension of a 1-cell : see |[T0l Def.7.1.2, 7.1.3] for the definitions. In the same vein, we say that 
a 1-cell / : A — ► B of si is an equivalence if there exists a 1-cell <? : F — > A and invertible 
2-cells g o / =>- 1a and f o g 1b- 

Definition 1.2.4. (HOl Def.7.5.1]) Let si and ^ be two 2-categories. A pseudo-functor F : 
si — > ^ is the datum of : 

• For every A G Ob(V), an object FA G Ob(^). 

• For every Ob(st), a functor : 

Fab : fit (A, B) -> &(FA, FB). 

We shall often omit the subscript, and write only F/ instead of Fab/ : FA — > FB, 
for a 1-cell / : A -> 5. 
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• For every A, B, C G Ob(=e/), a natural isomorphism ^abc between two functors 
srf (A, B) x srf (B, C) — > &t(FA, FC) as indicated by the (not necessarily commu- 
tative) diagram : 



a/{A,B) x s/(B,C) — 

FabxFbc 

SB(FA,FB) x SB(FB,FC) 



CABC 



lABC^ 



CFA,FB,FC 



^£/(A,C) 
Fac 

SB(FA,FC). 



To ease notation, for every (/, g) e srf (A, B) x srf (B, C), we shall write 7/ i9 instead 

Of (nfABc)(f,g) ■ C F A,FB,Fc(FABf,F B cg) ~» F AC {c A Bc{f ', #)) ■ 

For every A e Ob(=e/), a natural isomorphism 4i between functors 1 — > ^(FA, FA), 
as indicated by the (not necessarily commutative) diagram : 



U A 



a/ {A, A) 



Sa 



Faa 



UFA 



1(FA, FA). 



The system (5„ 7...) is called the coherence constraint fox F. This datum is required to satisfy: 
• A composition axiom, which says that the diagram : 

1 Fh*lf,g 



Fho(F(gof)) 

7gof,h 



^F(hogof) 



FhoFgoFf 
F(hog)oFf- 

commutes for every sequence of arrows : A ^ B ^ C D in srf ' . 
A unit axiom, which says that the diagrams : 



Ff o 1 FA 
Ff 



FfoFl A 



l FB 



oFf 



Ff 



F(l B )oFf 



Ff 



Ff 



=>F(l B of) 



* 

Ff 

commute for every arrow / : A — > B (where, to ease notation, we have written 8 A 
instead of (5 A )* '■ Ifa — > F AA 1 A , and likewise for 5b). 

Definition 1.2.5. Consider two pseudo-functors F,G : srf — > SB between 2-categories &£ , SB. 
A pseudo-natural transformation a : F =>- G is the datum of : 

• For every object A of srf , a 1-cell a A : FA — > GA 

• For every pair of objects A, B of srf , a natural isomorphism r AB between two functors 
srf (A, B) — > SB(FA, GB), as indicated by the (not necessarily commutative) diagram: 



s*{A,B) - 

Gab 

SBiGA, GB) 



Fab 



TAB^, 



SB(FA, FB) 
SB(FA, GB) 



where SB(a A , 1&) is the functor obtained by fixing a A in the first argument of the 
composition bifunctorc F A,GA,GB : SB(FA,GA) x SB(GA, GB) -> SB(FA, GB), and 
likewise for SB(1@, a B ). The datum t„ is called the coherence constraint for a. 
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This datum is required to satisfy the following coherence axioms (in which we denote by 
(5 F , 7 F ) and (5°, 7 G ) the coherence constraints for F and respectively C7) : 

• For every A 6 Oh(szf), the diagram : 

ola > 1 GA o a A > G(1 A ) o a A 

a A o 1 FA a A o F(l^) 

commutes. 

For each pair of arrows A — ► £> C in the diagram : 

c7g o Gf o «a =^ C7(yf oa g o F/ => ac o Fg o _F/ 



T g°f 



o /) o a A => a c o F(p o /) 

commutes. 

If a : F =>- G and (3 : G ^ H are two pseudo-natural transformations, we may define the 
composition (3 Q a : F ^ H which is the pseudo-natural transformation given by the rule 
A i— > (3 A ° «a for every A e Ob(=c/). The coherence constraint of (3 a is given by the rule : 

(A, B) ^ * t% b ) (r^ B * a A ) for every A, B £ Ob(^) 

where (resp. rf.) denotes the coherence constraint of a (resp. of (3). 

Example 1.2.6. (i) Any category &f can be regarded as a 2-category in a natural way : namely, 
for any two objects A and B of sf one lets &f(A, B) be the discrete category Honv(A, 5); 
hence the only 2-cells of sf are the identities 1/ :/=>/, for every morphism / : A — > 5. 
The composition bifunctor c^^c is of course given (on 1-cells) by the composition law for 
morphisms of stf ' . Likewise, the functor u A assigns to every object A its identity endomorphism. 

(ii) In the same vein, every functor between usual categories, is a pseudo-functor between the 
corresponding 2-categories as in (i); of course, the coherence constraint consists of identities. 
Finally, every natural transformation of usual functors can be regarded naturally as a pseudo- 
natural transformation between the corresponding pseudo-functors. 

(iii) As it has already been mentioned, the category Cat is naturally a 2-category. Namely, 
for any three small categories si ', SS and c £, the 1-cells in Cat(=e/, SS) are the functors from sf 
to £$, and the 2-cells are the natural transformations between these functors. The composition 
law Cgtggcg is defined on 1-cells by the usual composition of functors, and on 2-cells as in (11.1.71) . 

(iv) The standard constructions on categories admit analogues for 2-categories. However, if 
sf is a 2-category, there are several inequivalent candidates for the opposite 2-category sf° : 
one can reverse the 1-cells, one can reverse the 2-cells, i.e. replace the categories sf (A, B) by 
their opposites, or do both. We leave to the reader the task of spelling out the definition(s). 

(v) Likewise, if X is any object of sf, one may define a 2-category sf/X. Its objects are the 
arrows in sf of the form / : A — > X. If g : B — ► X is another such arrow, sf/X(f, g) is the 
subcategory of sf (/, g) whose objects are all the arrows h : A — > B such that g oh — f, and 
whose morphisms are all the 2-cells a of sf (f, g) such that l g * a = If. The composition and 
unit functors for sf/X are the restrictions of the corresponding ones for sf. 

(vi) Consider 2-categories sf, £3. For every object B of £$, one may define the constant 
pseudo-functor with value B : this is the pseudo-functor 



' B 



sf -> 38 such that F B (A) := B F B (f) := 1 B V B {a):=i B 
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for every A G Ob(#/), every 1-cell /, and every 2-cell a of =2/. The coherence constraint for 
F B consists of identities. Given a pseudo-functor F : srf — > 88, a pseudo-cone on F with vertex 
B is a pseudo-natural transformation F# =>- F. Especially, every 1-cell / : B — > B' induces a 
pseudo-cone : 

F f : F B =>• Fb' : (F/)^ := / for every A G Ob(^/) 

whose coherence constraint consists of identities. 

Dually, a pseudo-cocone on F with vertex B is a pseudo-natural transformation F =>- Fb, 
and F/ can thus be viewed as a pseudo-cocone on F with vertex 5'. 

Definition 1.2.7. Consider two pseudo-functors F,G : srf -^88 between 2-categories sd ' , 88, 
and two pseudo-natural transformations a, (3 : F G. A modification S : a -w /? is a family : 

of 2-cells of 88, for every object A of Such a family is required to satisfy the following 
condition. For every pair of 1-cells /, g : A — > A' of and every 2-cell 7 : / =>- g, the 
equality 

(S A , * Fj) r^, = r^, (G 7 * S A ) 
holds in 88, where r? m (resp. rf.) denotes the coherence constraint for a (resp. for /?). 

1.2.8. If H, G : a (3 are two modifications between pseudo-natural transformations a, (3 : 
F G of pseudo-functors F,G : £? -*^,we may define the composition 

H o G : a -w /3 : A i-> S A © G A for every A G Ob(A). 

We may then consider the category : 

PsNat(F, G) 

whose objects are the pseudo-natural transformations F G, and whose morphisms are the 
modifications a ~» (3 between them. For instance, PsNat(Fs,F) (resp. PsNat(F, Fb)) is the 
category of pseudo-cones (resp. pseudo-cocones) on F with vertex B (example 1 1 .2 . 61 vi)) . 

1.2.9. Let ,88 be two 2-categories; using the modification, we can endow the category 
PsFun(,g/, 88) of pseudo-functors srf — > 88, with a natural structure of 2-category. Namely, 
for any two pseudo-functors F : srf ^88, the 1-cells F — > G of PsFun(,g/, 88) are the 
pseudo-natural transformations F =>• G of two such functors; of course, for fixed F and G, 
the category structure on the set of 1-cells F — > G is precisely the one of PsNat(F, G), i.e. 
the 2-cells of PsFun(,e/, ^) are the modifications. With this notation, we say that a pseudo- 
natural transformation of pseudo-functors s$ — ► =5^ is a pseudo-natural equivalence if it is an 
equivalence in the 2-category PsFun(,g/, 88) (in the sense of (11.2.31) ). 

Definition 1.2.10. Let stf and 88 be two 2-categories, and F : srf 88 a. pseudo-functor. 

(i) We say that F is a 2-equivalence from srf to 88 if the following holds : 

• For every A, B G Ob(=e/), the functor F A £ is an equivalence (notation of defini- 
tion [1X4]). 

• For every A' G Ob(88) there exists A G Ob(j^) and an equivalence FA — > A'. 

(ii) Let G : ^ — >■ =2/ be a pseudo-functor. We say that G is n'g/tf 2-adjoint to F if the 
following holds. 

• For every A G Ob (.2/) and B G Ob(88) there exists an equivalence of categories 



$ab ■ Eom<%(FA,B) -► Hohw(A,GF). 
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For every pair of 1-cells / : A' — > A in s/, g : B — > B' in SB, there exists a natural 
isomorphism of functors 

Hom<g(FA, 5) H ° ma(F/ ' 5) — - Horn^FA', B') 



■&AB 



Honw(A, GF) HoiIw(/ ' Gg) > Hom^A', ££')• 

• For every pair of compositions of 1-cells A" — ► A' — > A in B B' ^ B" , 
we have the identity 

( r /V * Hom^(F/, 5-)) o (Honw(/', Gg') * r/, fl ) = r /o/Wo9 . 

In this case, we also say that (F, G) is a 2-adjoint pair of pseudo-functors. 

Remark 1.2.11. Let F : s/ — > SB be a pseudo-functor. 

(i) The reader may show that F is a 2-equivalence if and only if there exists a pseudo-functor 
G : SB ^ s/ and two pseudo-natural equivalences 1^ =>- G o F and FoG=> 1<^. 

(ii) Suppose that F admits a right 2-adjoint C7 : si ^ SB, and let i?., and r.. be the 
corresponding data as in definition 1 1 . 2 . 1 OH i) . Using these data, one can define a unit r] : 1^ =>- 
F o G and counit e : C7 o F =>- 1^, that are pseudo-natural transformations fulfilling triangular 
identities as in (11.1.81) . 

(iii) Conversely, the existence of pseudo-natural transformation e, r] as in (ii), fulfilling the 
above mentioned triangular identities, implies that G is right 2-adjoint to F (details left to the 
reader). 

Definition 1.2.12. Let si be a 2-category, F : si — > SB a pseudo-functor. 

(i) A 2-limit of F is a pair : 

2-limF := (L,tt) 

consisting of an object L of SB and a pseudo-cone n : F L =>- F, such that the functor : 
SB(B,L) — > PsNat(F B ,F) : / h-> tt F/ 

is an equivalence of categories, for every B e Oh(SB). 

(ii) Dually, a 2-colimit of F is a pair : 

2-colimF := (L, tt) 

consisting of an object L of SB and a pseudo-cocone 7r : F =>- Fx,, such that the functor: 
SB(L, B) — > PsNat(F, F B ) : / >-> F/ tt 

is an equivalence of categories, for every B e Ob(SB). 
As usual, if the 2-limit exists, it is unique up to (non-unique) equivalence : if (Z/, 7r') is another 
2-limit, there exists an equivalence h : L —> L' and an isomorphism [3 : n' F ft 7r; moreover, 
the pair (/i, /3) is unique up to unique isomorphism, in a suitable sense, that the reader may spell 
out, as an exercise. A similar remark holds for 2-colimits. 

(iii) We say that S3 is 2-complete (resp. 2-cocomplete) if, for every small 2-category si ', 
every pseudo-functor si — > SB admits a 2-limit (resp. a 2-colimit). 

Remark 1.2.13. To be in keeping with the terminology of [10, Ch.VII], we should write pseudo- 
bilimit instead of 2-limit (and likewise for 2-colimit). The term "2-limit" denotes in loc.cit. a 
related notion, which makes it unique up to isomorphism, not just up to equivalence. However, 
the notion introduced in definition (L2T2] is the one that occurs most frequently in applications. 

The following lemma [TT2.14l indicates that the framework of 2-categories does indeed provide 
an adequate answer to the issues raised in (11.2b . 



FOUNDATIONS OF p-ADIC HODGE THEORY 23 

Lemma 1.2.14. Let srf be a 2-category, F,G : srf — > S3 two pseudo-functors, u : F =>- G a 
pseudo-natural equivalence, and suppose that the 2-limit of F exists. Then the same holds for 
the 2-limit of G, and there is a natural equivalence in S3 : 

2-limF ^ 2-limG. 

More precisely, if(L, ir) is a pair with L e Ob(S3) and a pseudo-cone n : Fl =>• F representing 
the 2-limit of F, then the pair (L, uj o ir) represents the 2-limit ofG 
A dual assertion holds for 2-colimits. 

Proof. It is easily seen that the rule «kw0« induces an equivalence of categories : 

PsNat(F B ,F) -> PsNat(F B , G). 
The claim is an immediate consequence. □ 

Proposition 1.2.15. For every small category S3, the 2-category Cat /S3 is 2-complete and 
2-cocomplete. 

Proof. We only show 2-completeness, and we leave the proof of 2-cocompleteness as an exer- 
cise for the reader. Notice that, in the special case where S3 is the terminal object of Cat, the 
assertion means that Cat is 2-complete and 2-cocomplete. Let : 

F : — > Cat : a i— > F a for every a e Ob(=s/) 
be a pseudo-functor from a small 2-category ; we define a category Jzf F as follows : 

• The objects of S£p are all the systems where X a e Ob(F a ) for every a e 

Ob(^/) and £^ : F ab (f)(X a ) X b is an isomorphism in F 6 , for every morphism 
/ : a — > 6 in The data (X., are required to fulfill the following conditions, 
(a) If / : a — > 6 and g : 6 — > c are any two morphisms in the diagram : 

F bc (g) o F ab (f)(X a ) U. F bc (g)(X b ) 



X 



T(/,9)( X ") 6 

F ac (^ o /)(x a ) -^-^ . Xc 

commutes, where 7 denotes the coherence constraint of F. 
(b) Moreover, = lx a for every a e Ob(=s/), where l a is the image of the unit 
functor -u a : 1 — > =2/. 

The morphisms (X., — > (Y., in =5f F are the systems of morphisms t, := (i a : 
X a — > y a I a e Ob(=e/)) such that the diagram : 

*W)(*a) Fah(/)(fa) : F ab (/)(y a ) 



5f l 

*6 



y 



X b >Y b 

commutes for every morphism / : a — > b in srf . 
Next, we define a pseudo-cone 7r : F^ F =>- F as follows. 

• For every a e Ob(=e/), we let 7r a : Jz?^ — > F a be the functor given by the rule : 

{X.,^)^X a and t.^t a . 

• For every morphism / : a — > 6 in =2/, we let tj : F ab (f) o n a ^> n b be the natural 
transformation given by the rule : 

( r /)(x.,^) := Cf 
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The verification that (71"., r.) satisfies the coherence axioms for a pseudo-natural transformation, 
is straightforward, using the foregoing conditions (a) and (b). We claim that (Jfp, ^) is a 2-limit 
of F. Indeed, suppose that ^ is another small category, and a : F<g =>- F is a pseudo-cone with 
vertex ^ . By definition, a is the datum of functors a a ■ — > F a for every a E Ob(^/), and 
natural isomorphisms Of : F ab (f) o a a a b for every morphism / : a — > b in fulfilling the 
usual coherence axioms. To such datum we attach a functor ££ a : ^ — > Jtfp by the following 
rule. For every X E Ob(^), we set : 

S? a (X) := (a.X, (a.) x ) 

and to every morphism g : X — > Y we assign the compatible system (a a g \ a E Ob(^/)). It is 
then immediate to see that vr F^ Q = a, and J2^qf g = G for every functor G : ^ — > J^. □ 

1.2.16. Let =2/ be any 2-category. We shall say that a diagram of objects and arrows in srf : 
(1.2.17) 




is essentially commutative, if there exists an invertible 2-cell a : ft o / 4 b 5. Let L be 
the small category with Ob(L) := {0, 1, 2}, and whose set of arrows consists of the identity 
morphisms, and two more arrows 1 — ► and 2^0. An essentially commutative diagram 
(11.2.171 ) can be regarded as a pseudo-cone n with vertex A, on the functor F : L — > srf such 
that F(0) := D, F(l) := 5, F(2) := C, F(l -> 0) := ft and F(2 -> 0) := fc. We say that 
(11.2.171 ) is 2-cartesian if (A, 7r) is a 2-limit of the functor F. 

For instance, let s$ := Cat; by inspecting the proof of proposition 11.2.151 we see that 
(11.2.171) is a 2-cartesian diagram, if and only if the functors / and g and the 2-cell a induce an 
equivalence from the small category A, to the category whose objects are all data of the form 
X := (6, c, £), where b E Ob(B), c E Ob(C), and £ : h(b) ^ k(c) is an isomorphism. If 
X' := (b',c',£') is another such datum, the morphisms X — > X' are the pairs (ip,ift), where 
cp : b — > b' (resp. ip : c — > c') is a morphism in i? (resp. in C), and £' o ft(t^) = o £. 

This category shall be called the 2-fibre product of the functors and ft, and shall be denoted 

B x C 

(ft,fe) 

2 

or sometimes, just £> x D C, if there is no danger of ambiguity. 

1.3. Fibrations. We keep the assumptions and notation of section [TTTl especially, Cat is syn- 
onimous with U-Cat. Let cp : srf — > SS be a functor, / : A' — > A a morphism in ,2/, and 
set 

9'-=<pf ' V A ' -» <M- 

We say that / is cp-cartesian, or - slightly abusively - that / is SS-cartesian, if the induced 
commutative diagram of sets (notation of (11.1.151 )) : 

Honw(X, A') f * > Honw(X, A) 



Hom^(</?X, 9 * > Hom@(cpX, <^4) 

is cartesian for every X E Ob(«sz/). In this case, one also says that / is an inverse image of A 
over g, or - slightly abusively - that A' is an inverse image of A over g. One verifies easily that 
the composition of two ^-cartesian morphisms is again ^-cartesian. 
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Definition 1.3.1. Let ip : srf — > S3 be a functor, and B any object of 83. 

(i) The fibre of tp over B is the category ip~ l B whose objects are all the A E Ob(^/) such 
that ip A = B, and whose moronisms f : A' —> A are the elements of Honw (A', A) 
such that ipf = 1 B . We denote by : 

Lb '■ <p~ l B — > si 

the natural faithful imbedding of ip~ l B into si '. 

(ii) We say that ip is a fibration if, for every morphism g : 5' — > £> in 83, and every 
A G Ob^tp^ 1 B) , there exists an inverse image / : A' — > A of A over g. In this case, 
we also say that si is a fibred 83-category. 

Example 1.3.2. Let ^ be any category, X any object of ^. 

(i) The functor (11.1.141 ) is a fibration, and all the morphisms in tf/X are ^-cartesian. The 
easy verification shall be left to the reader. 

(ii) The source functor s : Morph(^) — ► is a fibration (notation of (11.1.181) ): more 
precisely, the s-cartesian morphisms are the square diagrams (11.1.191 ) in which g' is an 
isomorphism. For any B E Ob(83), the fibre s" 1 !? is the category B/'tf. 

(iii) Suppose that all fibre products are representable in ^ . Then also the target functor 
t : Morph( < ^) — > is a fibration; more precisely, the t-cartesian morphisms are the 
square diagrams (11.1.19b which are cartesian (i.e. fibred). For any B E Ob (83), the 
fibre XT l B is the category ^/B. 

Definition 1.3.3. Let si, si' and 8$ be three small categories, ip : si 83 and ip' : =sz/' — > 83 
two functors, which we regard as objects of Cat/ 'SB; let also F : si — > =2/' be a ^-functor, 
/.e. a morphism ip ip' in Cat/ 83. We say that F is cartesian (resp. strongly cartesian), if it 
sends ^-cartesian morphisms of =2/ (resp. all morphisms of to ^-cartesian morphisms in 
.c/'. We denote by : 

CarUj(si, si') 

the category whose objects are the strongly cartesian ^-functors F : srf — > and whose 
morphisms are the natural transformations : 

(1.3.4) a : F => G such that <p' * a = l v . 

Remark 1.3.5. The reader might prefer to reserve the notation Cart^(=e/, si') for the larger 
category of all cartesian functors. However, in our applications only the categories of strongly 
cartesian functors arise, hence we may economize a few adverbs. 

Besides, in many cases we shall consider ^-categories si whose every morphism is 83- 
cartesian (this happens, e.g. when si is a subcategory of 88); in such situations, obviously 
every cartesian functor si — > si' is strongly cartesian. 

1.3.6. Let (p : si — > 83 be a fibration, and g : B' — > B any morphism in 8$. Suppose we have 
chosen, for every object A E Ob((p^B), an inverse image : 

g A :g*A^A 

of A over g (so g*A E Ob(p~ l B') and <p(gA) = 9)- Then the rule A 1— > g*A extends naturally 
to a functor : 

g* : <p~ x B - 

Namely, by definition, for every morphism /i : A' — > A in <p~ x B there exists a unique morphism 
g*h : #M' -> such that : 



(1.3.7) 



hog A , = g A o g*h 
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and if k : A" — > A' is another moronism in p>~ x B, the uniqueness of g*k implies that : 

g*k o g*h = g*(k o h). 
Moreover, (11.3.71) also means that the rule A^> g^ defines a natural transformation : 

g. : L B , o g* t B 

(notation of definition II .3 .ll i)). 

1.3.8. Let if : srf — > SS be a fibration between small categories, and B" — »■ B' B two 
morphisms in Proceeding as in (11.3.61 ), we may attach to g and h three functors : 

g* \tp- 1 B^np- 1 B' h* : ip~ x B' — > ip^B" {g o h)* : tp' 1 B ^ tp' 1 B" 

as well as natural transformations : 

: ts' o (?* =^ tB /t. : tB" oh* ^ i B > (g ° fo)« : tB" ° {g ° h)* =>• l b 

and by inspecting the constructions, one easily finds a unique natural isomorphism : 

lh, 9 : h* og* ^ (go h)* 

which fits into a commutative diagram : 

h,*g* 

l B „ oh* o g* => t B / og* 

o (go ftj* > tB- 

It follows that the rule which assigns to each B £ Ob(SS) the small category tp^B, to each 
morphism <? in ^ a chosen functor <?*, and to each pair of morphisms (g, /t) as above, the natural 
isomorphism jh >g , defines a pseudo-functor 

(1.3.9) c:^°^Cat. 

Notice as well that, for every B E Ob(&), we may choose (1b)* to be the identity functor of 
(p~ l B; then the isomorphism 

{5 B ),: V - l B ^ V - l B 

required by definition 11.2.41 shall also be the identity. (Here we view SS° as a 2-category, 
as explained in example ll.2.6f i): also, the natural 2-category structure on Cat is the one of 
example ll.2.6r iiiY). The datum of a pseudo-functor c as in (11.3.91) is called a cleavage (in 
french: "clivage") for the fibration (p. 

Example 1.3.10. Let 3£ be any category. 

(i) Let p> : srf — > SS be a fibration, and ip : ^ — > SS any functor. Then the induced 
functor stf x & — > & is also a fibration. The cartesian morphisms of srf x 

are the pairs (/, g) where / is a cartesian morphism of srf , g is a morphism of and 

(ii) A composition of fibrations is again a fibration. Also, for i — 1, 2, let ^ — ► =5^ be two 
fibrations; combining with (i) we see that ^ x ^ ^ — > ^ is also a fibration. 

(iii) Let F be a presheaf on To F we may attach a fibration ip B : — > ^ as follows. 
The objects of -c/p are all the pairs (X, s), where X E Ob(^) and s E F(X). A mor- 
phism (X, s) -> (X', s') is a morphism / : X -> X' in ^, such that (V) = s. The 
functor is defined by the rule : <p>f{X, s) = X for every (X, s) E Ob(^r). For any 
X E Ob(&), the fibre ip F l (X) is (naturally isomorphic to) the discrete category F(X) 
(see (ll.l.ll) ). Notice also that every morphism in srfp is cartesian. This construction is 
a special case of (11.3.151) . 
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(iv) Let F and G be presheaves on SB. With the notation of (iii), there is a natural bijection: 

Homy a (F, G) A Cart^(^,^ G )- 

Namely, to a morphism ■?/> : F — > G one assigns the functor ^ : srf F — > =2^- such that 
^4(X,s) = for every (X,s) G Ob(^). 

(v) For instance, if SB has small Hom-sets, and F is representable by an object X of SB, 
then one checks easily that stfp is naturally isomorphic to ff/X and the fibration srfp is 
equivalent to that of example [1 .3 .2r i). 

(vi) Furthermore, for % = 1,2, let G{ — > F be two morphisms of presheaves on then we 
have a natural isomorphism of fibrations over SB : 

^Gi X ^ F ^G 2 ~* ^Gix F G 2 

(details left to the reader). 

1.3.11. Let g/" — > ^ be another small ^-category, and F : .s/ — > .g/' any ^-functor; we 
obtain a natural functor : 

Cart 7 ( / '. ^"') : Cart^(^', Cart /(.</. #f") GmGoF. 

To any morphism a : G =>- G" in Cart^(,g/', ^/"), the functor Cart<^(F, .s/") assigns the natural 
transformation ct*F: GoF^G'oF. 

Likewise, any cartesian ^-functor G : srf' — > induces a functor : 

Cart^(^, G) : Cart^(^, a?) -> Cart^(^, jzf") FmGoF 

which assigns to any morphism /? : F =>- F' in Cart.^(=2/, ^/'), the natural transformation 
G*P:GoF^GoF'. 

Furthermore, in case if' : srf' — > ^ is a fibration, we have a natural equivalence of categories 

(1.3.12) CarWfX,?/) : Cart^(^, ^ x ( ^ } srf') A Cartel, 

(where p' : ^/ x (^,^') — * is the natural projection functor). 

Proposition 1.3.13. Let if : stf — > SB and if' : — > SB be two fibrations, and F : stf — > a 
cartesian SB-functor. We have : 

(i) The following conditions are equivalent : 

(a) F w a fibrewise equivalence, i.e. /or any F G Ob (£8) the restriction p~ l B — > 
ip'~ x B of the functor F, is an equivalence. 

(b) F ZS a 3$ -equivalence, i.e. an equivalence in the 2-category [I'-Cat/SB fzn 
sense of (11.2.31 )) where U' 15 any universe relative to which the categories &/, &/' 
and SB are small. 

(ii) If the equivalent conditions of (i) hold, the functor Q.zx\<%{^o F) is an equivalence, for 
every SB-category ^ — > SB. 

Proof. Condition (b) means that F admits a quasi-inverse G which is a ^-functor. The proof is 
similar to that of ifTTl Prop. 8.4.2], and shall be left as an exercise for the reader. □ 

Definition 1.3.14. Let SB be any small category. 

(i) A split fibration over SB is a pair (<p, c) consisting of a fibration if : — > 3B and a 
cleavage c for ip, such that c is a functor. 

(ii) For i = 1,2, let (ifi : srf{ — > q) be two split fibrations, and F : srf\ — > ^ a cartesian 
functor. For every F G Ob(SB), let F B : ^T 1 ^ ~~ * ^2 ^ denote the restriction of F. 
We say that F is a split cartesian functor (<fi, C\) — ► (<£>2> Q2) if the rule : F 1— ► Fg 
defines a natural transformation ci =>- c 2 . 



28 



OFER GABBER AND LORENZO RAMERO 



1.3.15. Let 3$ be a small category. Clearly, the collection of all fibrations srf — > 3$ (resp. 
of split fibrations (cp : stf — > 3$, c)) with small, forms a category F\b(3§) (resp. sFib(^)) 
whose morphisms are the cartesian functors (resp. the split cartesian functors). Furthermore, 
we have an obvious forgetful functor : 

(1.3.16) sFib(^) -> Fib(^) (tp, c) i-> p. 

On the other hand, we have as well a natural functor 

C : Fib(^) -> sFib(^) 

defined as follows. For a fibration <p : stf — > we let C(=e/ /^) be the category whose objects 
are all the pairs (5, G), where 5 G Oh(3$) and G : ^/B — >■ =sz/ is a cartesian functor (recall 
that dS/B is fibred over 33, by example (LQi)). The morphisms (B, G) -> (B', G') are the 
pairs (/, a), where / : B — > B' is a morphism of and a : G G' o / # is a morphism 
of Cart^(^/B,^). The rule (B,G) i-> B defines a functor C(y>) : C(srf/38) -> ^, and it 
is easily seen that C(y?) is a fibration; indeed, for any morphism / : B' — > B and any object 
(B, G) of C(=g/ 13$), the pair (5', G o /„) is an inverse image of (B, G) over / (details left to 
the reader). Notice that, with this choice of inverse images, the resulting cleavage for C((p) is 
actually a functor. Notice as well that the rule : (at — > 3$) \— > C(gf j 3§) is functorial in the 
fibration '. Namely, every cartesian functor F : — > of fibred ^-categories induces a 
cartesian functor C(F/3§) : C(M/^) -> C(jtf 2 /&) via the rule : (B, G) h+ (B,Fo C7) for 
every object (B, G) of C(srf\/38), and if F' : srfi — > ^ is another cartesian functor of fibered 
^-categories, we have the identity 

C(F' o F/38) = C(F'/3#) o C(F/38). 

Let us spell out the cleavage of C(<p) : this is the functor 

Cart^/-,^) : ^° -> U'-Cat 

(for a suitable universe U') that assigns to any B e Ob(^°) the category Cart^(^/S, ^/), and 
to any morphism B' ^ B'm3S the functor : 

Cart^O*,^) : Cart a (&/B , */) -> Cart^(^/B', «sz/). 

Moreover, let F : srf\ — > be a cartesian functor of fibred ^-categories. Then we obtain a 
natural transformation of cleavages : 

Cartel/-, => Cart^(^/-, =e/ 2 ) 5 i-> Cart* F). 

Summing up, this shows that the rule (tp : srf — ► =5^) i— ► (C(y?), Cartas (3§ / — , defines the 
sought functor C. 

Theorem 1.3.17. M?/? ?/ze notation of (11.3.151 ), we /zave : 

(i) The functor C w ng/z? 2-adjoint to (|1.3.16l) (see definition 11.2. lOt ii) ). 

(ii) 77ie counit of this pair of 2-adjoint functors is a pseudo-natural equivalence. 

Proof. According to remark [T.2. 1 U rn), it suffices to exhibit a unit and a counit fulfilling trian- 
gular identities as in (11.1.81) . To this aim, let ip : srf — > 3$ be a fibration, and consider the natural 
cartesian functor of ^-categories 

ev. : C(^/33) -> ^ 

that assigns to every object G) of C(^ /^) its evaluation GIb € Ob(<^ _1 .B), and to any 
morphism (/, a) : (£?, G) — > (B', G'), the morphism a# : Gl^ — > G'/. 

Claim 1.3.18. The functor ev. is a ^"-equivalence. 
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Proof of the claim. It suffices to show that ev. is a fibrewise equivalence (propo sition 1 1 . 3 . 1 3T i) ) . 
However, for every B G Ob(SB), an inverse equivalence (3 B ■ (p~ l B — > Cart@(SB/B, £/) can be 
constructed explicitly by choosing, for a fixed A G Ob((y9~ 1 _B), and every object g : B' — ► B of 
^/S, an inverse image ^ : g*A — > A of A over g. These choices determine (3b on objects, via 
the rule : 

Pb(A) : Ob(SB/B) -> Ob(^) : i-> #*A 

Then the image of /3s (A) is uniquely determined on every morphism of SB/B, by the universal 
property of gA (cp. (11.3.61) ). By the same token, one sees that /3s(A)(/) is ^-cartesian, for 
every morphism / of SB/B, i.e. (3b{A) is a cartesian functor. Finally, the rule A \— > /3b (A) is 
functorial on : for the details, see IfTTl Prop. 8. 2.7]. 

Clearly every cartesian functor F : s^i — > ^ of fibred ^-categories yields a commutative 
diagram of ^-categories : 



C{^JSB) 



C(F/£ 



^9 



hence ev. is our candidate pseudo-natural counit, and claim 11.3.181 implies that (ii) holds for 
this choice of counit. Next, let ((p : jzf — > SB, c) be any split fibration. To define a unit, we need 
to exhibit a natural split cartesian functor : 

(1.3.19) (</?,c) -> (C(^/#),Cart*(#/- *0). 

This is obtained as follows. Let A be any object of srf , and set B := (^(i); to A we assign 
the unique cartesian functor Fa determined on objects by the rule : Fa(/) := f*A, for every 
/ G Ob(^/_B); of course, /* denotes the pull-back functor provided by the split cleavage 
c. It is easily seen that the rule A t— > Fa extends to a unique split cartesian functor (11.3.191) . 
Lastly, we entrust to the reader the verification that the unit and counit thus defined do fulfill the 
triangular identities. □ 

Remark 1.3.20. Let (p : — > SB be a fibration. Since the equivalence ev. of claim [L3. 181 is 
independent of choices, one might hope that the rule : B i— > (ev. : C((p)~ 1 B — > <p~ l B) extends 
to a natural isomorphism between functors SB° — > U'-Cat. However, since (11.3.91) is only a 
pseudo-functor, the best one can achieve is a pseudo-natural equivalence : 

ev : Carts^/-,^) => c 

which will be uniquely determined, for every given choice of a cleavage c for the fibration cp. 

Proposition 1.3.21. Let F : srf — > SB be a functor, c € — > SB a fibration, and suppose that, 
for every B G Ob(SB), the induced functor Cart&(F/B, c t?) is an equivalence (notation of 
(11.1.171) ). Then the functor Cart,^(F, 9f) is an equivalence. 

Proof. Let Q) denote the category whose objects are all the pairs (B,G), where B G Ob(SB) 
and G : Fsrf / B — > ^ is a strictly cartesian functor. The morphisms in @ are defined as for 
the category C(^) introduced in the proof of theorem \l .3. 17[ It is easily seen that the rule : 
(B,G) I— > G determines a fibration 3 — ► SB. Moreover, the natural transformation 
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induces a cartesian functor of ^-categories G : C(if ) — > *3), whence a commutative diagram : 



(1.3.22) 



Cart*(#, if) Cartm{F ^ > Cart^«^) 



Cart^,C(if)) °' r, "" ( " Cart, 



Namely, a; assigns to any strongly cartesian ^-functor F : £3 — > if the strongly cartesian 
functor a(-F) : ^ — > C(if ), given by the rule : 

B i-> (Fosg : -> if) for every 5 G Ob(^) 

where s# : SS jB — > SS is the functor (11.1.141) . Likewise, (3 sends a strongly cartesian functor 
G : £/ — > if to the strongly cartesian functor /3(G) : SS ^ 3 given by the rule : 

BH(Fo tB : -> if) for every B G Ob(^) 

where t s : Fsrf / B —> srf is defined as in (11.1.171) . 

Our assumption then means that G is a fibrewise equivalence, in which case, proposition 
|1.3.13r ii) ensures that the bottom arrow of (11.3.221 ) is an equivalence. We leave to the reader 
the verification that both vertical arrows are equivalences as well, after which the assertion 
follows. □ 



1.4. Sieves and descent theory. This section develops the basics of descent theory, in the 
general framework of fibred categories. For later use, it is convenient to introduce the notion 
of n-faithful functor, for all integers n < 2. Namely : if n < 0, every functor is n-faithful; 
a functor F : srf — > SS (between any two categories and 8§) is 0-faithful, if it is faithful 
(definition ll.1.41) ; F is 1-faithful, if it is fully faithful; finally, we say that F is 2-faithful, if it is 
an equivalence. 

Definition 1.4.1. Let SS and if be two categories, F : SS — > if a functor. 

(i) A sieve of if is a full subcategory of if such that the following holds. If A G 
Ob(^), and B -> A is any morphism in if, then B G Ob(^). 

(ii) If S C Ob(if ) is any subset, there is a smallest sieve 5?s of if such that S C Ob(J?s); 
we call S^s the sieve generated by S. 

(iii) If y is a sieve of if, the inverse image of under F is the sieve F~\!? of ^ generated 
by {B G Ob(^) | G Ob(J^)}. 

(iv) If / : X — > Y is any morphism in if, and y is any sieve of if/F, we shall write 

x y / for the inverse image of 5S under the functor /* (notation of (11.1.15I )). 

Example 1.4.2. For instance, suppose that is the sieve of if/F generated by a family : 

{Yi -»■ y | z g /} c ob(if/y). 

If the fibre product X, := X x y y is representable in if for every i G I, then x y / is the 
sieve generated by the family of induced projections {Xj — > X | 2 G /} C Ob(^/X). 

1.4.3. Let if be a category with small Horn-sets, X an object of if, and y a sieve of the 
category if/X; we define the presheaf hy on if by ruling that 

h y (Y) := Hornby X) n Ob(^) for every Y G Ob(<af). 

For a given morphism / : Y' — > Y in if, the map hy(f) is just the restriction of Hom^ (/, X). 
Hence hy is a subobject of h x (notation of (11.1.201 )), and indeed the rule y i— > /i.y sets up 
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a natural bijection between the subobjects of hx in ^ A and the sieves of ff/X. The inverse 
mapping sends a subobject F of h x to the full subcategory of 'tf/X such that : 

Oh{y F )= |J F(Y). 

YeOh(<g) 

In the notation of (11.1.171) . this is naturally isomorphic to the category hff/F and it is easy to 
check that it is indeed a sieve of ^jX. 

Example 1.4.4. In the situation of (11.4.31) . let S := {X { — > X \ i E 1} be any family of 
morphisms in c £. Then S generates the sieve ,Y if and only if : 

h y = [Jlm(/i x . -> h x )- 

iei 

(Notice that the above union is well defined even in case I is not small.) 

In the same way, one sees that the sieves of are in natural bijection with the subobjects of 
the final object 1%? of c € h . Moreover, it is easy to check that, for every sieve of 'tf/X, and 
every morphism / : Y — ► X in c £, the above correspondence induces a natural identification of 
subobjects of h Y : 

hyxxf = x h x hy- 

Since the Yoneda imbedding is fully faithful, we shall often abuse notation, to identify an object 
X of c € with the corresponding representable presheaf h x \ with this notation, we may write 

ftyxx/ = h# Xx Y. 

1.4.5. Let be a small category, and 5? the sieve of ^ generated by a subset S C Ob(^). 
Say that S = {Si \ i E 1} for a set / of the universe U; for every i E I, there is a faithful 
imbedding S{ : ff/Si — > -Y, and for every pair (i, j) E I x /, we define 

ff/Sij := ft/Si X(ej,e 3 -) ff/Sj 

(notation of (11.1.271 )). Hence, the objects of "af/S^- are all the triples (X,gi,gj), where X E 
Ob(^) and g x E Hom %? (X, Si) for I = The natural projections : 

are faithful imbeddings. We deduce a natural diagram of categories : 

(i,j)£lxl ^ iE-T 

where : 

#0 := ]J dl := II £ := II £ i- 

(ij)eJxZ (i,j)eixi iei 

Remark 1.4.6. Notice that, under the current assumptions, the product := Si x Sj is not 
necessarily representable in ^. In case it is, we may consider another category, also denoted 
ff/Sij, namely the category of SV, -objects of (as in (11.1.131) ). The latter is naturally isomor- 
phic to the category with the same name introduced in (11.4.51) . Moreover, under this natural 
isomorphism, the projections 7T$L and n}^ are identified with the functors induced by the natu- 
ral morphisms : Sij — > Sj and respectively ttL '■ — > Si. Hence, in this case, the notation 
of (|1.4.5I) is compatible with (11.1.151) . 

Lemma 1.4.7. With the notation of (|1.4.5I) . the functor e induces an isomorphism between ,5? 
and the coequalizer (in the category Cat) of the pair of functors (d , d\). 
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Proof. Let srf be any other object of Cat, and F : LL e/ ^f/Si — > =2/ a functor such that F o <% = 
F o d\. We have to show that F factors uniquely through e. To this aim, we construct explicitly 
a functor G : 5? stf such that G o e = F. First of all, by the universal property of the 
coproduct, F is the same as a family of functors (Fi : ff/Si \ i E I), and the assumption 

on F amounts to the system of identities : 

(1 .4.8) Fi o ttJ* = Fj o 7r?.» for every i, j G I. 

Hence, let X E Ob(^); by assumption there exists i E I and a morphism / : X — > Si in ^ , so 
we may set GX :— Fif. In case g : X — > Sj is another morphism in ^, we deduce an object 
h : = (X, /,#) G Ob(^/%), so / = 7r^/i and # = 7T° i+ /i; then (11.4.81) shows that F/ = Fjg, 
i.e. GX is well-defined. 

Next, let ip : X — > F be any morphism in choose i E I and a morphism /y : F — > Si, 
and set f x '■= fy V 9 - We let C7<y2 := Fj(yj : f x — > /y). Arguing as in the foregoing, 
one verifies easily that Gip is independent of all the choices, and then it follows easily that 
G(ip o ip) = Gip o Gip for every other morphism ip : F — > Z in <y. It is also clear that 
Glx = Igx, whence the contention. □ 

Example 1.4.9. Let 88 be any category and X any object of 88. 

(i) Let ip : — > 8$ be a fibration, and any sieve of srf . By restriction, induces a 
functor <y9|.^ : 88, and it is straightforward to see that (p\y is again a fibration. 

(ii) In the situation of example |1.3.10f iii), suppose that F = hy for some sieve of 
88/X (notation of (11.4.31) ). Then srfp is naturally isomorphic to 5? , and ipF is naturally 
identified to the restriction y ^ 88 of the functor (11.1.141) . 

Definition 1.4.10. Let ip : — > 88 be a fibration between small categories, F an object of 
5? a sieve of ^/F, and denote by ty • ■ — » ^/F the fully faithful imbedding. 

(i) For z G {0, 1, 2}, we say that ^ is a sieve of ip-i-descent, if the restriction functor : 

Cart a (ty, : CarUj(8S/B, st) Cart,^(^,^/) 

is i-faithful. (Here ^/F is fibred over 88 as in example [1 .3 .2r i).) 

(ii) For i G {0, 1, 2}, we say that ,Y is a sz'eve of universal ip-i-descent if, for every mor- 
phism / : B' — > B of 88, the sieve J? 7 x B f is of 99-i-descent (notation of definition 

naitiv)). 

(iii) Let / : F' — > F be a morphism in =5^. We say that / is a morphism of ip-i-descent (resp. 
a morphism of universal ip-i-descent), if the sieve generated by {/} is of <£>-i-descent 
(resp. of universal ip-i-descent). 

Example 1.4.11. Consider the fibration s : Morph(^) — > ^ of example fl .3 .2r ii). A sieve of 
s-l-descent (resp. of universal s-l-descent) is also called an epimorphic sieve (resp. a universal 
epimorphic sieve), and a sieve of s-2-descent (resp. of universal s-2-descent) is also called a 
strict epimorphic sieve (resp. a universal strict epimorphic sieve). 

Notice that, for every X G Ob(^) there is a natural equivalence of categories : 

X/tf ^ Cart^/X, Morph(^)). 

Namely, to a morphism / : X — > F in ^ one assigns the cartesian functor /* : ^/X — > 'tf/Y C 
Morphfe) (notation of (I1.1.15D ). 
Likewise, for every sieve C ^/X there is a natural equivalence : 

hyjm A Cai%(J^, Morph(^)). 

Indeed, denote by /iiy : J? 7 /V^ / hy the isomorphism of categories provided by (11.4.31) . Then 
the sought equivalence assigns to any object ip : hy — > hy of hy/ hffl the functor — > /V^/ /iy 
given by the rule : : F — > X) 1— > ip o hy(g) (and then the Yoneda imbedding identifies the 
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category hffijhy with ff/Y C Morph(^)). Under these equivalences, the restriction functor 
Carty(i jy, Morph(^)) is identified with the composition : 

X/<g -±> /l X //l<*f -^4 hy/htf. 

where i : hy — > hx is the natural inclusion of presheaves. 

I. 4.12. In the situation of definition 1 1.4. 101 suppose that ,Y is the sieve generated by a set of 
objects {Si — > B | z E J} C Ob(^/S). There follows a natural diagram of categories (notation 
of (HAD : 

8* 

Cartas',*) ^ n Cart^m,*) =t II Cart ,/) 

is/ Sl (i,j)elxi 

where := Cart^(e, ^) and 9* := Cart^(9j, for x = 0,1. With this notation, lemma 

I I. 4.71 easily implies that e* induces an isomorphism between QartgiS? , £?) and the equalizer 
(in the category Cat) of the pair of functors (8q, d*). 

Example 1.4.13. A family of morphisms (f : Xi — > X \ i E I) in a category is called an 
epimorphic (resp. strict epimorphic, resp. universal strict epimorphic) family if it generates a 
sieve of 'tf/X with the same property. In view of (11.4.121) and example [1.4.1 1[ we see that such 
a family is epimorphic (resp. strict epimorphic) if and only if the following holds. For every 
Y E Ob(^), the natural map 

II /* : Hom^(X, y)-J] Horn* Y) 

iEl iei 

is injective (resp. and its image consists of all the systems of morphisms : — > Y | z E 7) 
such that, for every Z E Ob(^), every z,j G 7, and every pair of morphisms hi : Z — > X i5 
hj : Z ^ Xj with fco h{ = fj o hj, we have gi o hi = gj o ^). 

We say that the family (/$ | z G J) is effective epimorphic, if it is strict epimorphic, and 
moreover the fibre products Xi x x Xj are representable in 'W for every z, j E I. This is the 
same as saying that the map Yliei /»* identifies Hom^(X, F) with the equalizer of the two 
natural maps 

II Hom^X,, y) — J] HomyCXi x x x j; y). 

iei (i,j)eixi 
A family (/j | z" G 7) as above is called universal epimorphic (resp. universal effective epimor- 
phic) if (a) the fibre products y := Xi x x Y are representable in c €, for every i El and every 
morphism Y — > X in and (b) all the resulting families (y — > y | z G 7) are still epimorphic 
(resp. effective epimorphic). 

1.4.14. We would like to exploit the presentation (11.4.121) of Cart^(J^, stf \ in order to trans- 
late definition 1 1.4. 101 in terms of the fibre categories tp~ 1 S i and cp^Sy. The problem is, that 
such a translation must be carried out via a pseudo-natural equivalence (namely ev), and such 
equivalences do not respect a presentation as above in terms of equalizers in the category Cat. 
What we need, is to upgrade our presentation of to a new one, which is preserved by pseudo- 
natural transformations. This is achieved as follows. Resume the general situation of (|1.4.5I) . 
For every z, j, k E 7, set ^/S^k ■= ff/Sij ff/Sk- We have a natural diagram of categories : 

(1.4-15) ]l tf/S ijk EH ]l V/Sij =s W^/Si A y 

where d is the coproduct of the natural projections 7r?- fe!)t : ft/S^k — > ^/Sj k for every z, j, k E I, 
and likewise di (resp. d 2 ) is the coproduct of the projections n} jkif : ^/Sij k — > ^/S 1 ^ (resp. 
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n ijk* • ^/Sijk — ¥ ^/Sij). We can view (11.4.151) as an augmented 2-truncated semi-simplicial 
object in Cat /if (see (11.1.431) ) : 

Fy : (A^)° -> Cat/^ 3 . 

Remark 1.4.16. Suppose that finite products are representable in SB, and for every k E I, 
set Sy := Si x Sj, and SV, fe := S^- x S k . Just as in remark [TA6l the category ff/Sijk of S^- 
objects of is naturally isomorphic to the category with the same name introduced in (11.4.141) , 
and under this isomorphism, the functors 7r° fc ^ are identified with the functors arising from the 
natural projections 7r?- fe : S^ k — > S jk (and likewise for irj jkj) , and tt?^). For this reason, even 
in case these products are not representable in , we shall abuse notation, and write X — > 
(resp. X — > S'jjfc) to signify an object of "Sf/Sy (resp. of 'tf/Sijk). 

With this notation, we have the following 2-category analogue of lemrna l 1.4.71 : 

Proposition 1.4.17. The augmentation e induces an equivalence of categories : 

2-colimF^ ^ y. 

Proof. Here we regard (resp. Cat/% 3 ) as a 2-category, as in example ri.2.6I T) (resp. example 
ll.2.6r iii).(vV). Now, for a given small ^-category s& , a pseudo-cocone cp, : =>- F^ is a 
datum a., consisting of a system of ^-functors : 

¥?o : U W ^ ** II -> ^ : II ^/<%* ^ 

iei (i,j)ei 2 (i,j,fc)e/ 3 

together with natural ^-isomorphisms {i.e. invertible 2 -cells in Cat/% 3 ) : 

ati : (po o =>• v?i #7 : Vi ° ^ V?2 (* = 0, 1 j = 0, 1, 2) 
related by the simplicial identities : 

/3i o (ot * d x ) = p o (a * <9o) 
/3 2 ° («o * <9 2 ) = Po o (ai * <9 ) 
Pi o (ai * <9 2 ) = fa o (at * dx). 
We consider the natural ^-isomorphism : 

oj v := a^ 1 o a : po o d Q ^> <po ° dx- 
The above simplicial identities yield : 

* ^0 = Oo * <9 2 )~ x o p~ l o fix o (a * <9i) 
^ * <9i = ("i * ^j) -1 ° Af 1 ° Pi ° («o * <9i) 
which in turn imply the (cocycle) identity : 

(ujy * d 2 ) o (up * d ) = io 9 * dx. 

Hence, let us denote by d(s/) the category whose objects are all pairs (cp, lu) consisting of a 
^-functor cp : LL e/ ft/Si — > stf and a natural ^-isomorphism u : y? o do =>■ cp o dx fulfilling the 
cocycle identity : (lu * d%) o (uj * do) = o> * c?i; the morphisms a : (<p, u;) — > a;') in 
are the natural ^-transformations (z'.e. 2-cells in Cat/% 3 ) a : (p =$> cp', such that the diagram 



f o do > ip o d 



a*do 



a*di 



If' O <9 > </?' O ^1 
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commutes. It is easily seen that the rule (</?., a., /3.) i— »■ (ip := af 1 oa , c^) extends to a functor: 

: PsNat(F^,F^) -f d(^). 
The functor d^ is an equivalence of ^-categories; indeed, a quasi-inverse ^-functor : 

: G?«) -> PsNat(f>, F^) 

can be constructed as follows. Given any object (cp, to) of d{srf), set : 

ip ■= ¥ if! := (po d (f2 ■= <fii ° <9 
a := 1 V1 aci : = tu -1 /3 := 1 V2 =: /?i /?2 := «i * <9q- 

Using the cocycle identity for a;, one verifies easily that the datum erffa, to) : = (</?., a., 
is a pseudo-cocone; moreover, the construction is obviously functorial in (ip, to), and there are 
natural isomorphisms d^ o =>- 1 and o =j> 1. 

Next, consider the ^-category M whose objects are the same as the objects of U^j^/Si, 
and with morphisms given by the rule : 

Hom^(X -> Si, Y -> S,) := Hom^(X, F) 

for any pair of objects (X — ► S^, F — > £?,•). We have obvious ^-functors 

e! '.\\y/Si^M and 5 : ^ -> ^ : (X -> #) i-> X 

where e' is the identity on objects, and it is clear that 5 is an equivalence of ^-categories {i.e. 
it is an equivalence, when regarded as a 1-cell in Cat/^). Moreover, there is a natural c €- 
isomorphism : 

% : e' o d =>■ e' o 

which assigns to every object X — > S'y of ff/Sy the identity map zpr-t-Sj-) := ^-x- It is easily 
seen that the pair (e f , i) is an object of d(M), whence a pseudo-cocone 

e'. ■= e*(e',i) : i<> F^. 

Clearly e = 5 o e', hence it suffices to show that the composed functor : 

(1.4.18) Cat/«f(^,^)->PsNat(F^,F^)-»d(^) : G^d^(F G Qe[) 

is an isomorphism for every small ^-category srf . By inspecting the construction, we see that 
the latter assigns to every ^-functor G : M — > srf the pair (G oe',G*i). To conclude, we shall 
exhibit an inverse for (11.4.181) . 

Namely, let (cp, u) be any object of d we set : 

Gf:=(pf for every / G Ob(^). 

Now, suppose that f x '■ X — > Si and /y : F — > 5j are two objects of M, and h : X — > F is 
an element of Hom^(/x, /y); the pair (/x, /x := /y ° h) determines a morphism f' x x fx '■ 
X -> % with d (f'x x fx) = fx and d 1 (f' x xf x ) = f x (notation of remark HAlU); hence 
we may define G/i as the composition : 

nu n f U ' f 'x xf x f i <p(h/Sj) , 

G7i : G/y ► v?/x ► <pfr = Gf Y 

where h/Sj denotes h, regarded as an element of Hom^/5. (f' x , /y). 

Next, let fz ■ Z — > Sk be another object of g&, and g : Y — > Z any element of Hom^(/y, fz)\ 
we have to verify that G(g oh) = Gg o Gh. As in the foregoing, we deduce morphisms X — > Sj, 
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X -> S k and Y 
diagram : 



as well as their products X — * S^, X — > Sfti, and K — > Sjy, whence a 



tp(h/Sj) 



X 



(1.4.19) 




The sought identity amounts to asserting that (11.4.191 ) commutes, which can be easily verified, 
using the cocycle condition for uj, and the obvious identities : 

d (h/S kj ) = h/S j and d^h/S kj ) = h/S k . 

Finally, notice that Glf = G(lf olj) = Glf o Glf, for every / £ Ob(^); since C71/ is an 
isomorphism, it follows that Glf = Icf- 

Hence G is a functor — > srf; furthermore, the rule (</?, cu) i— > G is clearly functorial, and a 
simple inspection shows that G o e' = if and G * i = to. Conversely, if we apply the foregoing 
procedure to a pair of the form (G o e',G we obtain back the functor G. □ 

Remark 1.4.20. In the situation of (11.4.141) . consider the special case where the set of generators 
{Si | i E 1} is the whole of Ob(y), and let cp m : Fy =>■ be a pseudo-cocone. To any 
morphism / : Z — > F in ,5^, we may then attach two functors ff/Z — > -e/, namely the functor 
<y9 ,z provided by the cocone (cp. the notation of the proof of proposition 11.4.171 ), and the 
functor v2 ,y ° /* (where /, : ff/Z — > <g/Y is the functor (11.1.151 ), and y?o,y : ^/Y — >■ srf 
is provided by the pseudo-cocone). On the other hand, the pair (1-g/z, /*) defines a functor 
(lz, /)* : ff/Z — > ^ /{Y x Z) (which is well-defined even when the product F x Zis not 
representable in ^ : see remark [T.4. 161) . Combining with the functor <px t Y,z : & / (Y x Z) — > =2/ 
and the natural isomorphisms 

V9 0i y O 7r y> ^ ^ <= P0,Z ° ^Y,Z* 

coming from the pseudo-cocone, we deduce natural isomorphisms 

<-P0,Y ° /* <fl,Y,Z ° (lz, /)* <= <fO,Z 

whence a natural isomorphism Tf : </? ,^ =>• V?o.y /*• Moreover, using the natural transforma- 
tions (p 2 for the triple products (again, as in the proof of proposition !! .4. 17| ), one may check that 
the datum of these y9 0i y for Y ranging over the objects of y, and the Tf for / ranging over the 
morphisms of y, fulfill the coherence axioms which define a pseudo-cocone (p, : Gy 
on the functor 

Gy : y -> Cat/jf : F i-> <g/Y (Z -A y) h-> (C7Z C7F). 
Conversely, given a pseudo-cocone ^ : C7,y =>■ with coherence constraints 

(r f : ip Y f* ^> *Pz \ (Z ^ Y) <E Morph(^)) 
we obtain a pseudo-cocone ipl : F^, with coherence constraints a„ (3„ by ruling that : 

• ipQ is the coproduct of the functors ipy '■ ff/Y — ► s$ for all Y e Ob(y); 

• tp\ is the coproduct of the functors ip\ Y z '■= 4>y 4z* (Y x Z) — 
ranging over the objects of y; 

• ip\ is the coproduct of the functors ip\ YZ n Y,z,w* '■ ^/{Y x Z x W) 
Y.Z.W ( Obi./): 



sf t for F, Z 
-> # for all 
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• o.\ \ ipQ o d\ =$>■ ip\ and : ip\ o =>- -?/4 f° r i = 1, 2 are the identity transformations; 

• For every F, Z e Ob(<5^), the transformation ao,yz : ° ^yz* =^ yiyz is de- 
termined as follows. Every object (/, g) : IF — > F x Z of ^/ (F x Z) (see remark 
11.4.161) induces a functor (/, g)* : ->^/(Fx Z), and cto.yz is the unique natural 
isomorphism such that 

ao,yz * (/, <?)* = r/ 1 ° r fl for every (/, g) e Ob{W/(Y x Z)); 

• Likewise, for all Y,Z,We Ob(y), the transformation Pox,z,w '■ Yi z w ° ^y.z w* ^ 
yIyzw ls determined as follows. Given an object (f,g,h) : U^YxZxW of 
tf/(Yx Z x W), we deduce a functor (/, fc)* : V/U -> <af/(F x Z x W) and /3 is 
characterized by the identities : 

* (/, 0, = T/" 1 ° r g for every (/, g, h) G Ob(tf/(Y x Z x W)). 

A direct inspection shows that the rule cp, i— > establishes an equivalence of categories : 

PsNat(P>, F„) ^ PsNat(GV, F„) 

whose quasi-inverse is given by the rule ip \— > Combining with proposition 11.4.171 we 
deduce that the natural functor 

(1.4.21) 2-colim G y . -> 5? 

is an equivalence of ^-categories. 

I . 4.22. Resume the situation of (11.4.121) . and notice that all the categories appearing in (11.4.151) 
are fibred over 3B : indeed, every morphism in each of these categories is cartesian, hence all 
the functors appearing in (11.4.151 ) are cartesian. Let us consider now the functor : 

Cart^-O : (Cat/#)° Cat 

that assigns to every ^-category °€ the category Cart^(<^, With the notation of (11.4.121) , 
we deduce a functor : 

Cart^(F r , st) : ->• Cat 

and in light of the foregoing observations, proposition 11.4.171 easily implies that Cartas, s/) 
induces an equivalence of categories : 

(1.4.23) 2-lim Cart^(F^, sf) ^ Cartas',*/). 

Next, suppose that the fibre products SV, := S% x Sj and Sijk '■= Sij x Sk are representable in 
SS (see remark [T.4.16l) : in this case, we may compose with the pseudo-equivalence ev of remark 

II. 3.201 : combining with lemma 11.2.141 we finally obtain an equivalence between the category 
Cartgg(y, and the 2-limit of the pseudo-functor d := ev o Cart@(Fy, gf) : A 2 — > Cat : 

Y[ <p~ x Si =t Yl ¥~ l Sij -a4 j I <p~ l S ijk . 
iei 9 (i,j)ei 2 92 (i,i,fc)e/ 3 

Of course, the coface operators d s on Yliei P^^i decompose as products of pull-back functors: 

7r°* : if~ l Sj -> p^Sij 71-1* . (fi -ig i _> ip^Sij 

attached - via the chosen cleavage c of (p - to the projections 7r° : — > Sj and 7r}j : S^- — > Si 
(and likewise for the components 7r** fc of the other coface operators). 
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1.4.24. By inspecting the proof of proposition 11.2.151 we may give the following explicit 
description of this 2-limit. Namely, it is the category whose objects are the data 

x ■= (X, Xij, X ijk , e ijk \i,j,kel;se {0, 1}; u, t E {0, 1, 2}) 

where : 

Xi E Ob(<^" 1 St) Xij E Ob^- 1 Sij) X ijk E Ob(^" 1 S , iiJfc ) for every kel 



and for every i,j,kel: 







*Xi- 


Xij k 




■ 


(, n jk 7l ijk 


rx j - 


\ Y 

-^ijk 




'■ 


(rfkrfjk 


)*x k - 


Xij k 





0* y 
ijk^jk 


~ Y 
-^-ijk 


1* y 
ijk^ik 


~X Y 

^-ijk 


2* y " 
ijk^ij 


Xj,j k 



0* y ~ y t0 
ij 3 *i ^ijk 

^ij Xi — > x^ ^l- k 

>>ijk 

are isomorphisms related by the cosimplicial identities : 

£-0 0* £-0 _ £2 .00 £-1 _ _1* £-0 _ t2 „ .,01 

Sijfe ° n ijk^jk -Sfc°7l Sijfc ° "ijk^ik — Sfc ° 7x 

t2 - ^2* £-0 fl „ „,02 £-0 ^ ^0* £-1 £l - „,10 

C2 _ 2* fl £-Q „ „,12 fl - ^1* £l £0 - 

where 7 s * := 7d(a»),d(a*) : d(<9 s ) o d(9*) =>- d(<9 s o 9') denotes the coherence constraint of the 
cleavage c, for any pair of arrows (<9 S , d l ) in the category A 2 . The morphisms X — > Y in this 
category are the systems of morphisms : 

(Xi * ^ij -^Qj * ^ijj Xij k > Yijk I 2, jj k E -T) 

that are compatible in the obvious way with the various isomorphisms. However, one may 
argue as in the proof of proposition 1 1.4.171 to replace this category by an equivalent one which 
admits a handier description : given a datum X, one can make up an isomorphic datum X* : = 

(Xi, X*j, X* jk , rji, rjij, Vijk), by the rule : 





A ij ■- 


^IjXi 


ijk 


: = (Tifc ^ijk 


)*X 








:= 1 




■= 1 




n° 
lijk 


■= Vj 


7i° 








:= (4) 


Si j 


Vijk 
















r? 
'lijk 


:= 7?- 





The cosimplicial identities for this new object are subsumed into a single cocycle identity for 
Uij := rjfj. Summing up, we arrive at the following description of our 2-limit : 

• The objects are all the systems X := (X^uZ E I) where Xi G Ob((/?~ 1 5'j) for 
every i e I, and 



, ,X . ^0* V ~ ^1* TLA 

w y • ^ij A i n ij X i 



is an isomorphism in cp 1 Sij, for every i, j E I, fulfilling the cocycle identity : 

2* X 0* X 1* X r 1 . j 

Pijk^ij PijhPjk = P^ik for ever Y hJ,kEl 
where, for every i, j, k E I, and t = 0, 1, 2 we have set : 
pg*^:=7^o^o( 7 *)- 1 . 
• The morphisms X — > F are the systems of morphisms (/j : X^ — > 1^ | z E I) with : 
(1 .4.25) uf. o ttJ*^ = o for every ij'e/. 
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1.4.26. We shall call any pair (X., u>.) of the above form, a descent datum for the fibration if, 
relative to the family S := (7^ : Si — > B \ i G I) and the cleavage c. The category of such 
descent data shall be denoted: 

Desc(<y9, S, c). 

Sometimes we may also denote it by Desc(g/, S_, c), if the notation is not ambiguous. Of course, 
two different choices of cleavage lead to equivalent categories of descent data, so usually we 
omit mentioning explicitly c, and write simply Desc(Lp,S) or Desc(g/, S). The foregoing dis- 
cussion can be summarized, by saying that there is a commutative diagram of categories : 



Cart#(#/fl, 



(1.4.27) 



ev B 



tp^B 



Cart^i^X) 



- Desc(<£>, <£, c 



whose vertical arrows are equivalences, and where ps is determined by c. Explicitly, ps_ assigns 
to every object C of (p^B the pair (C,,u^) where Cj := tt*C, and is defined as the 
composition : 



7^9 



(7rV.,7rj) 



7 (7rl.,7r ? ) 



,•0 ° 7T; C 



where 7(^1.,^) and 7(^9.,^) are the coherence constraints for the cleavage c (see (11.3.8I )). The 
descent datum (X,, u,) is said to be effective, if it lies in the essential image of ps_. 
We also have an obvious functor : 

Ps : Desc((p,S) -> JJ<p -1 Si {X^uj^ gJ)h (X, | i e I) 



such that 



P5°ps=n 7r * : ^ ijB ^n^ 1 ^- 

iei iei 



1.4.28. Furthermore, for every morphism / : B' — > B in SB, set 

Sx B f:= (tt, x b B':S t x B B'^B'\te I) 



which is a generating family for the sieve 5? x B f (notation of (11.1.13b ): then we deduce a 
pseudo-natural transformation of pseudo-functors [3S/B)° — > Cat : 

p : c o i° B Desc(<^, Sx B -,c) (/ : £' -> B) i-> ps_x s / 

(where % B : SS j B ^ SS \% the functor (|1.1.14l) ) fitting into a commutative diagram : 



Cart*(#/- 



o ? 



=> Cart^(^ x B -, 



5 s > 



Coi 



Desc(<£>, 5. x B — , c) 



using which, one can figure out the pseudo-functoriality of the rule : / 1— > Desc(</?, S_x B f,c). 
Namely, every pair of objects f : C —> B and f':C'—> B, and any morphism ft : C" — ► C in 
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38 IB, yield a commutative diagram : 



s Xb c &, x B a — s t x B a — a 



hj-.=Sj x sh 



hij-.=SijXBh 



hi:=SiX B h 



Sj x B C Sij x B C — ^ Si,x B C C. 



Hence one obtains a functor : 

Desc((/?, ft, c) : Desc(<£>, 5x B /,c) — > Desc(y?, S_x B f, c) 

by the rule : 

(X,,^ | i,i e J) >-> (ftpfiA* e I) 

where o^- is the isomorphism that makes commute the diagram : 



h*-K°*X- 
ij ij 3 



h*.Tl l *X- 



(4 o /^-.v, 



° **** 



and if /" : C" — > -B is a third object, with a morphism g : C" — > C, we have a natural 
isomorphism of functors : 

Desc(<£>, g, c) o Desc(<y?, ft,, c) =>- Desc(<y2, ft o g, c) 

which is induced by the cleavage c, in the obvious fashion. 

Theorem 1.4.29. For i — 1,2, let ipi : sti ^ 3§ be two fibrations, F : sty — > ^ « cartesian 
functor of 3§ -categories, B an object of 3$ and 5? a sieve of 38 / B generated by the family 
(5, -> B\ie I). We have : 

(i) For n G {0, 1, 2} and every i, j, k E F suppose that 

(a) y is a sieve both of fy-n-descent and of (p 2 -(n — 1) -descent. 

(b) and Sijk are representable in 3$ {see remark l\A.\6\) . 

(c) The restriction Fi : (fy 1 Si — > </?^ SiofF is n-faithful. 

(d) Tfte restriction Fij : v^SV/ — » S%j of F is (n — 1) -faithful. 

(e) The restriction F^ : ^>y S^ — > <^2 Z5 ( n — 2) -faithful. 
Then the restriction F B : y>y l B ~~ * V 9 ^ 1 ^ zs n-faithful. 

(ii) Suppose that the functors F^ are fully faithful, and the functors F^ are faithful, for 
every i, j, k G I. Then the natural commutative diagram 

Cart^Oy, sty) CanMy ' F) , Cart^, ^ 2 ) 



is 2-cartesian. 



Proof, (i): In view of theorem Tl .3. 171 we may assume that both sty and st 2 are split fibrations 
(with a suitable choice of cleavages), and F is a split cartesian functor. Recall that the latter 
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condition means the following. For every morphism g : X — > Y in SS, the induced diagram 





ly 9 \ 




l x 


F 






F 










<P2 


ly 9 \ 


"¥>2 





commutes (where the horizontal arrows are the pull-back functor given by the chosen cleav- 
ages). In this situation, we have a commutative diagram 

PS 

<Pi l B — =*■ Desc(y>i, S) 
(1.4.30) f b 

PS 

<$ 2 X B — ^ Desc((p 2 ,S) 
whose right vertical arrow is the functor given by the rule : 

X := (Xi,Wij \i,j El)^ F(X) := (FiX^FyUi, \i,j E I). 

for every object X_ of Desc(</?i, £). By assumption, the top horizontal arrow of (11.4.301) is n- 
faithful, and the bottom horizontal arrow is (n — 1) -faithful. We need to prove that the left 
vertical arrow is n-faithful, and it is easily seen that this will follow, once we have shown that 
the same holds for the right vertical arrow. 

Suppose first that n = 0; we have to show that F is faithful. However, let X_ and Y_ be two 
objects of Desc(y?i, S_), and h x , h 2 : X_ — > Y_ two morphisms. By definition, h t (for t = 1,2) is 
a compatible system [h tyi : — ► \ % E I), where each h t i is a morphism in <£>i Then, 
F(h t ) is the compatible system (Fj/i tji \ i E I). Thus, the condition F^/tJ = F_(h 2 ) translates 
the system of identities Fj/t^j = Fj/i 2 ,i f° r every i E I. By assumption, each Fj is faithful, 
therefore Ky = h 2 , as stated. 

For n = 1, assumption (e) is empty, (c) means that Fj is fully faithful, and (d) means that 
Fij is faithful for every i, j E I. In light of the previous case, we have only to show that F 
is full. Hence, let X_,Y_ be as in the foregoing, and (hi : FjJfj — > F^Yi \ % E T) a morphism 
F(X) — ► F(F) in Desc((/? 2 , 5). By assumption, for every % E I we may find a unique morphism 
fi : Xj — > Yi such that Fj/j = hi. It remains only to check that the system (fa \ i E I) fulfills 
condition () 1 .4.251) . and since the functors F^ are faithful, it suffices to verify that F,j (| 1.4.251) 
holds. However, since F is split cartesian, we have : 

l-U ° 4 ° fill F^o^fi^^oFifi 

hence we reduce to showing that (F^o;^) 07r?*/ij = 7rljh i o(F i jU^), which holds by assumption. 
Next, we consider assertion (ii) : the contention is that the functors F and : 

p h S : Desc(<pi,5) -> JJ^ 1 ^ 

as in (11.4.261) . induce an equivalence (pi,s,F) between Desc(ipi,S_) and the category ^ con- 
sisting of all data of the form G := (G^H^a^u^ \ i,j E I), where Gi E Ob((/?f 1 S i ), 
Hi E Ob(<£>2 1 Si), oii : FjGj ^ Hi are isomorphisms in (p^Si, and := (Hi,^ \ i,j E I) is 
an object of Desc(<^ 2 , S_). However, given an object as above, set : 

<:= (tt^o^o^). 

Since tp 2 is a split fibration, one verifies easily that the datum H[ := [H[ := FGj, uifj' E I) 
is an object of Desc((p 2 , S_) isomorphic to H_, and the new datum (F, H-, l H f, ujf- \ i, j E I) 
is isomorphic to G; hence c € is equivalent to the category c €' whose objects are all data of the 
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form (Gi,LUij | i,j G I) where Gi G Ob((p^ 1 S , i ), and (FiGi,LUij \ i,j G I) is an object of 
Desc(Lf 2 , S_). By assumption Fjj is fully faithful, and F is a split cartesian functor; hence we 
may find unique isomorphisms uif, : rf*Gj A nljGi such that u;^ = F^uf-. We claim that 
the datum (C7j, tug | 2, j G J) is an object of Desc(y?i, 5), z.e. the isomorphisms u;g satisfy the 
cocycle condition 

(1 .4.3 1) yrg^g o vr°>g = ^l* k ug for every i, j, keL 

To check this identity, since by assumption the functors Fij k are faithful, it suffices to see that 
F,j{. (11.4.31l) holds, which is clear, since the cocycle condition holds for the isomorphisms Uij 
(and since F is split cartesian). This shows that (pi,s, E) is essentially surjective. Next, since 
the functor p x ^ is faithful, the same holds for (pi,s, F_). Finally, let 

G -.= (Gi,Uij \i,je I) a ■= {GWa I) 

be two objects of A morphism G — > G' consists of a system (ai : C7j — ► G[ \ i G /) of 
morphisms such that (FjOj | i G /) is a morphism 

{FiG^Uij e J) -> (FiG'i,^ \i,j G /) 

in Desc((/? 2 ,i5). To show that (pig, F) is full, and since we know already that this functor is 
essentially surjective, we may assume that there exist (Gi, \i,j G /), (G'^ujf- G /) in 
Desc(<y9i,5) such that ttfy = F^ui*? and tug = F^uif- for every z, j G /; in this case, it suffices 
to verify the identity 

(1 .4.32) u$ o 7i®* ex j = 1x1*0^ o for every z, j G /. 

Again, the faithfulness of Fy reduces to checking that 1.4.321) holds, which is clear, since 
F is split cartesian. 

Lastly, notice that the case n = 2 of assertion (i) is a formal consequence of (ii). □ 

1 .4.33. In the situation of (11.4.261) . let y be the sieve generated by the family S_, and g : B' — ► 
B any morphism in SB. We let : 

Bj^B'XflSi B[ - := B' x B Sij B' ljk := B' x B S ljk for every i, j, k G J 

and denote ^ : £?■ — > Si, gr^ : £?g — > Sy and g^fc : B[- k — > Syfc the induced projections. 

Corollary 1.4.34. WzY/z the notation of (11.4.331) . to n G {0, 1, 2}. The following holds : 

(i) J? 7 w a *toe ofip-n-descent, if and only ifps is n-faithful (see (|1.4.27l) ). 

(ii) Suppose that : 

(a) J? 7 ZS a sieve of universal f-n-descent. 

(b) 77ze pull-back functors g* : tp~ l Si — > <p~ x B\ are n-faithful. 

(c) 77ze pull-back functors g*j : (p~ 1 S i j — > ip~ l B[ - are (n — \)-faithful. 

(d) 77ze pull-back functors g*j k : tp~ l Si<j k — > tp~ x B^ k are (n — 2)-faithful. 
Then the pull-back functor g* is n-faithful. 

(iii) Suppose that the functors g*, are fully faithful, and the functors g*j k are faithful, for 
every i, j, k G /. TTzen f/ie natural essentially commutative diagram : 

Desc(<p,S) Desc(y ' g) > Desc(^, S x B B') 



P.s 



PSx B B' 



Z5 1-cartesian (see (11.2.161 ) ). 
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Proof, (i) follows by inspecting (11.4.271) . 

(ii): Thanks to theorem [T3371 we may assume that cp is a split fibration. Now, set 

if := Morph(^) ^ 2 := # X( s , v ) *f 

where s, t : ^ — > ^ are the source and target functors (see (11.1.181) ). The natural projections 
<Pi : s^i — > ^ (for i = 1,2) are two fibrations (see example [1 .3. lOf i)). Moreover, t induces a 
functor t| g : 'tf/g — > (notation of (11.1.161) ) and we let 5^jg := t^ 1 ^, which is the sieve of 
^7 g generated by the cartesian diagrams 



b' a 



for every i E I. 



B'—^B 

Notice that the products := Di x Dj are represented in ff/g by the diagrams 



9ij 

for every i,j E I 



B' ^B 

and likewise one may represent the triple products := x D k . 

By definition, the objects of srf\ (resp. £^>) are the pairs (h : X — > Y,a), where h is a 
morphism in ^ and a E Ob(<^ _1 y) (resp. a E Ob(<£> _1 Jf )). A morphism of (resp. of srf-i) 

(h : X y, a) -> (/i' : X' -> y', a') 

is a datum (/i,/2,i), where fx : X X' and / 2 : y — > y are morphisms in ^ with 
f 2 oh = h'o / l5 and £ : a — > /|a' (resp. i : a — > /* a') is a morphism in (^ _1 y (resp. in tp~ x X). 
Now, we define a functor F : srfx — > of ^-categories, by the rule : 

• (h,a) h-> (h,h*a) for every (h,a) E Ob(«e^). 

• (/lj /2) ^ /2j ^**) for every morphism / 2 , t) of s$x a s above. Notice that, 
if t : a — > / 2 *s' is a morphism in <p _1 y, then : ft,* a — > h* f^a' = f^h'*a' is a 
morphism of ^r^y', since y> is a split fibration. 

Notice that a morphism (fx, fi,t) of either srfx or ^ is cartesian if and only if t is an iso- 
morphism; especially, it is clear that F is a cartesian functor. Moreover, for every object 
h : X — > y of the restriction f^ 1 ^ — > f^ 1 ^ °f ^ i s isomorphic to the pull-back functor 
ft* : cp^Y — > <£> _1 ft. Especially, conditions (b)-(d) say that the restriction F 4 : y^ 1 ^ - » V^V; 
(resp. Fjj : v^T 1 ^ ^2 W re sp. i<ijfc : Wx^&j k -» P^ gijk) are n-faithful (resp. (n - 1)- 
faithful, resp. (n — 2)-faithful). In light of theorem fl .4.29r i), we are then reduced to showing 

Claim 1.4.35. jg is a sieve both of ^x-n-descent and of <£> 2 -n-descent. 

Proof of the claim. Let ^ be any (small) category; we remark first that a functor 3 — > ^ 
is the same as a pair of functors (H : —> &/, K : ^ — > ^) such that tp o H = t o K, and 
likewise one can describe the functors ^ — > Then, it is easily seen that the functors 

Cart#(#/£, sf) -> Carty(tf/0, £?w(Got,t) 

Qaxta{38/B', sf) -> Cartel /g, */ 2 ) G^(Gos,s) 

are equivalences, and induce equivalences 

Cart^(^,^) -> Cart»(^/^,M) 

Cart^ x B £/) -> Cart^/^, .r^) 

(details left to the reader). The claim follows immediately. □ 
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1.4.34. Quite generally, if ip : at — > SS is a fibration over a category ^ that admits fibre 
products, the descent data for p> (relative to a fixed cleavage c) also form a fibration : 

Dp : <y9-Desc -> Morph(^). 

Namely, for every morphism / : T" — > T of the fibre over / is the category Desc(</>, /) 
of all descent data (/, A, £) relative to the family {/}, and the cleavage c, so A is an object of 
p~ l T' and £ : p\A ^ p\A is an isomorphism in the category p~ l (T' x T T") satisfying the 
usual cocycle condition (here pi,p2 : T' x T T' T' denote the two natural morphisms). Given 
two objects A:=(f:T'—> T, A, £), A' := (# : W -> W, A', C) of <^-Desc, the morphisms 
A — > A' are the data (/i, a) consisting of a commutative diagram : 

w ,Ju- r 



W -T 

and a morphism a : A — ► A' such that <p(a) = A and p*(o;) o £ = £ o ^(a). 
We have a natural cartesian functor of fibrations : 

at X( wt ) Morph(^) ^ <p-Desc 

(1.4.36) 




Morph(^ 



where t : Morph(^) — > ^ is the target functor (see (11.1.181) and example [1 . 1 .27f ii)). Namely, 
to any pair (T, / : S — > with T G Ob(^) and / G Ob(Morph(^)), one assigns the 
canonical descent datum d(T, /) := p^(T) in Desc(<y9, /) associated to the pair as in (11.4.271) . 

Corollary 1.4.37. In the situation of (11.4.341) . let f : B' —> B be a morphism of S3, and ,¥ a 

sieve of SBjB, generated by a family (Si—*B\ie. I). Let n G N, and suppose that : 

(a) is a sieve of universal (p-n-descent. 

(b) For every i G I, the morphism Si x B f is of p-n-descent. 

(c) For every i,j G /, the morphism Sij x B f is of(p-(n — \)-descent. 

(d) For every i,j, k E I, the morphism x B f is of<p-(n — 2)-descent. 

Then f is a morphism of p-n-descent. 

Proof. In view of corollary 1 1.4.34f i). it is easily seen that a morphism g : T' — > T in SB is of p- 
n-descent if and only if the restriction p~ l T — > Dp^g of d is n-faithful. Set : = Morph(^); 
as in the proof of corollary II .4.34f ii), the functor t induces a functor t\f : / f — > SBjB, and 
we let y/f := t^ 1 ^. With this notation, theorem [TA29]j) reduces to showing : 

Claim 1.4.38. The sieve y/f is both of p-n-descent and of D^-n-descent. 

Proof of the claim. By claim [L4.351 it is already known that S^/f is of p-n-descent. To show 
that y/f is of Dy9-n-descent, we consider the commutative diagram 

Cart^/5', at) Cart*(if//, <^-Desc) 



Cart^ x B f,at) Carty(^//, ^-Desc) 

whose left (resp. right) vertical arrow is induced by the inclusion y x B f — > 3§ / B' (resp. 
^If — * ^ x bD and whose top horizontal arrow is defined as follows. Given a cartesian functor 
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G : 38 IB' — > srf , we let DG : ff/f — > yj-Desc be the unique cartesian functor determined on 
the objects of ff/f by the rule : 



d(G(h),g). 



We leave to the reader the verification the rule G i— > DC extends to a well defined functor, 
and then there exists a unique (similarly defined) bottom horizontal arrow that makes commute 
the foregoing diagram. Moreover, both horizontal arrow thus obtained are equivalences of 
categories. The claim follows. □ 




I . 5. Topologies and sites. In this section and the following one, we assemble some generalities 
concerning sites and topoi. The main reference for this material is [3J. As in the previous 
sections, we fix a universe U, and small means U-small throughout. Especially, a presheaf on 
any category takes its values in U, unless explicitly stated otherwise. Let ^ be a small category; 
we wish to begin with a closer investigation of the category ^ A of presheaves on ^ ', introduced 
in (|1.1.20l) . First, we remark that ^ A is complete and cocomplete, and for every X £ Ob(^), 
the functor 

^ A -> Set : F i— > F(X) 

commutes with all limits and all colimits (in other words, the limits and colimits in ^ A are com- 
puted argumentwise) : see IfTOl Th.2.5.14 and Cor.2.15.4]. As a corollary, a morphism in ^ A is 
an isomorphism if and only if it is both a monomorphism and an epimorphism, since the same 
holds in the category Set. Likewise, a morphism of presheaves F — > G is a monomorphism 
(resp. an epimorphism) if and only if the induced map of sets F(X) — ► G(X) is injective (resp. 
surjective) for every X £ Ob('if) : see IfTOl Cor.2. 15.31. Furthermore, the filtered colimits in ^ A 
commute with all finite limits, again because the same holds in Set ([10, Th.2.13.4]). For the 
same reason, all colimits and all epimorphisms are universal in ^ A (see example [1 . 1 .24r v.vii)). 

It is also easily seen that ^ A is well-powered : indeed, for every presheaf F on , and every 
X £ Ob(^), the set of subsets of F(X) is small, and a subobject of F is just a compatible 
system of subsets F'(X) C F(X), for X ranging over the small set of objects of . Likewise 
one sees that ^ A is co-well-powered. 

Hence, for every morphism / : F — > G in ^ A , the image of / is well defined (see example 

II. l.24r viiiY): more concretely, Im(/) C G is the subobject defined by the rule : 

X h-> lm(F(X) ^G(X)) for every X £ Ob(<T). 

Denote by {*} a final object of Set (i.e. any choice of a set with a single element); the initial 
(resp. final) object of ^ A is the presheaf 0<# (resp. hg) such that 0<g(X") = (resp. hg(X) = 
{*}) for every X £ Ob(^). 

Lemma 1.5.1. Let ^ be a small category, F a presheaf on c €. We have a natural isomorphism: 

colim h/F lp in the category ^ A / F 

I F 

where h : ^ — > is the Yoneda embedding (notation of (11.1.17b and (11.1.20b ). 

Proof. To begin with, notice that, under the current assumptions, WW /F is a small category. Let 
s : < if A /F — > c € h be the source functor as in (11.1.14b ; let G be any presheaf on c €\ according to 
(11.1.30b we have a natural bijection : 

HonisfA (colim so h/F.G) S := lim Hom^Afs o h/F, G). 

h c g/F (hV/F)° 
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By inspecting the definitions, we see that the elements of S are in natural bijection with the 
compatible systems of the form (f a G G(X) \ X G Ob(^), a G F(X)), such that (Gip)(f a ) = 
f(Fip)(a) for every morphism ip : X' — > X in . Such a system defines a unique natural 
transformation F G, hence F and the above colimit represent the same presheaf on the 
category (^y/)°, and the assertion follows. □ 

As a special case of lemma 11.5.11 consider any object X of a small category , any sieve 
5? of tf/X, and take F := hy (notation of (11.4.31) ); recalling the isomorphism of categories 
hff/F ^ y, we deduce a natural isomorphism in ^ A : 

(1.5.2) colim h o s h &> 

where s : ,Y — > is the restriction of the functor (11.1.141) . 



1.5.3. Let SB be a small category, 'io a category with small Horn-sets; any functor / : SB — > ^ 
induces a functor 

/S:*ft-#G F^Fof° 

and it is easily seen that /y commutes with all limits and all colimits. From proposition ! 1. 1.341 
we obtain both a left and a right adjoint for /y, denoted respectively : 

fui ■ -> and /y* : ^ - 3ft. 

As usual, we drop the subscript U, unless the omission may cause ambiguities. 
Notice that we have an essentially commutative diagram of functors : 

SB-^SB h 

(1-5-4) A I/, 

whose horizontal arrows are the Yoneda imbeddings. Indeed, for every B G Ob(B), the objects 
f\}\B and hfB both represent the functor ^ A — > Set : F i— > F(fB). 

Proposition 1.5.5. 7n the situation of (11.5.31 ), to F be any presheaf on S3. We have : 

(i) f\F is naturally isomorphic to the presheaf on given by the rule : 

(1.5.6) F i— > colim F o i Y ip i— > ( colim 1^ : colim F o z, v — > colim F o 

for every Y G Ob(^) an J every morphism ip : Y' — > F in ^ (notation of (11.1.171) ). 

(ii) /*F is naturally isomorphic to the presheaf on c io given by the rule : 

Y i— * lim F o Ly ip i— ► ( lim 1^: lim F o 6 y — > lim F o i Y ,) 

(m/Y)° ' {f&M° U&/Y) (f@/Y>)° 

for every Y G Ob(^) anJ every morphism <p : F' — > F in 

(iii) a/Z ?/ze /zmYe //mite o/ SB are representable, and f is left exact, then the functor f\ is 
left exact. 

Proof, (i), (ii): The above expressions are derived directly from the proof of proposition !!. 1.341 
(iii): Under these assumptions, the category Y j fSB is cofiltered for every F G Ob(^), hence 
(F/ fSB)° is filtered. However, the filtered colimits in the category Set commute with all finite 
limits, so the assertion follows from (i). □ 
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1.5.7. In the situation of (11.5.31) . let V be a universe such that U C V. As a first corollary of 
proposition |1.5.5r iii) we get an essentially commutative diagram of categories 



<yA J y * £»A -^ V L <^>A 

® u 



whose vertical arrows are the inclusion functors. Let us remark : 

Lemma 1.5.8. Le? / : 38 — > ^ be a functor between small categories. We have : 

(i) / is fully faithful if and only if the same holds for f\, if and only if the same holds for 
/*• 

(ii) Suppose that f admits a right adjoint g : c io — > 38. Then there are natural isomor- 
phisms of functors : 

r ^gi f* ^ g*- 

Proof, (i): By proposition 11.1.1 2t iii). f\ is fully faithful if and only if the same holds for /*. 

Now, suppose that / is fully faithful. We have to show that the unit of adjunction F — ► f*f\F 
is an isomorphism, for every F G Ob(38 A ) (proposition I1.1.12f ii)). Since both /* and f\ 
commute with arbitrary colimits, lemma Q3J] reduces to the case where F = h Y for some 
Y G Ob (38) In this case, taking into account (11.5.41 ), we see that the unit of adjunction is the 
map given by the composition : 

h Y (Z) = Hom.#(Z, Y) Uom v (fZ, fY) = (f*h fY )(Z) for every Z G Ob(38) 

where cu is the map given by /, which is a bijective by assumption, whence the claim. 

Conversely, if f\ is fully faithful, then (11.5.41) and the full faithfulness of the Yoneda imbed- 
dings, imply that / is fully faithful. 

(ii): It suffices to show the first stated isomorphism, since the second one will follow by 
adjunction. However, let X G Ob (38), F G Ob(^ A ), and let s : WjF — > ft be the functor 
given by the rule : (h Y — > F) i— > Y. Taking into account lemma [T.5. II and (11.5.41 ), we may 
compute : 

f*F(X) = F(fX) A cohmHonv(/(X), S ) 
A colimHonWX, q o s) 
^ colim (q\ohos) (X) 

h^/F K /V ' 

9xF(X) 

whence the contention. □ 

Example 1.5.9. (i) Let be a category, X any object of c £, denote by t x ■ ff/X — > the 
functor of (11.1.141 ), and suppose that is V-small, for some universe V containing U. By 
inspecting (11.5.61 ) we obtain a natural isomorphism : 

(1.5.10) (ix)si\F(Y) A {(a,^>) | <p G Hom^X), a G F(<p)} 

for every V-presheaf F on ^jX and every Y G Ob(^). If ip : Z — > Y is any morphism of c €, 
the corresponding map (l x )v\F(Y) — > (l x )v\F(Y) is given by the rule : 

(1.5.11) (a,p)^(F(V)(a),poV0 for every (a,(p) G (l x )v\F(Y). 

(ii) Especially, if ^ has small Horn-sets and F is a U-presheaf on ^/X, then we see that 
(i x )y\F is a U-presheaf. Since the inclusion (^/X)jj — > (f&/X)§ is fully faithful, we deduce 
that the target of (11 .5.101) can be used to define a left adjoint (i x )u\ ■ O^/X)^ -> to (ix)u- 
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(As usual the latter shall often be denoted just l x i)- We also deduce from (11.5.101) that l X \ 
transforms monomorphisms to monomorphisms, and more generally, that it commutes with 
fibre products. On the other hand, it does not generally preserve final objects, hence it is not 
generally exact. 

(iii) More precisely, (11.5.101) yields a natural isomorphism : 

ixiiltf/x) —> hx- 
It follows that Lxi is the composition of a functor 

e x : (tf/X) A - tf A /h x 

and the functor i hx : ^^/hx — * Let F be any presheaf on c &; in view of (11.5.1 II) . we see 
that the corresponding morphism ex(F) : i X \F — > h x is given by the rule : (a, ip) \— > ip for 
every Y £ Ob(^) and every (a, ip) £ Lx\F{Y). We claim that ex is an equivalence. Indeed, let 
G be another presheaf on ff/X, and / : ex (F) — > ex (G) a morphism in hx ', the foregoing 
description of ex(F) shows that / is the datum of a system of maps f v : F(ip) — > G(ip), for ip : 
Y — > X ranging over the objects of tf/X, subject to the condition that o F(ip) = G{tp) o f 9 
for every morphism ip : Z — > Y of X-objects. Such a datum is obviously nothing else than a 
morphism F — > G in (^/X) A , so this shows already that ex is fully faithful. 

Next, the datum of a morphism g : F — > /z^ in < ^ 7A amounts to a compatible system of 
partitions F(Y) = [_} ip F(Y) tp , for every Y £ Ob(^), with y> ranging over Homy(Y,X); 
namely, F(y) v := ^(F) -1 ^) for every such 99; the rule 1— > F(ix(Y))<p then defines a 
presheaf G on ^/X with a natural isomorphism tjc(^) ~* F> ai l °f which shows that ex is 
essentially surjective, as claimed. The quasi-inverse just constructed, can be described more 
compactly as the functor that assigns to g : F — > h x the presheaf given by the rule : 

(Y X) i-> Hom^A /hx ((/i y -^-> h x ),g)- 

Definition 1.5.12. Let ^ be a category. 

(i) A topology on ^ is the datum, for every X £ Ob(^), of a set /(X) of sieves of 'tf/X, 
fulfilling the following conditions : 

(a) (Stability under base change) For every morphism / : Y — > X of , and every 
5? £ J(X), the sieve y x x f lies in J(Y). 

(b) (Local character) Let X be any object of , and ,5^, ,5^' two sieves of 'tf/X, with 
y £ J(X). Suppose that, for every object / : Y — > X of y, the sieve y x x f 
lies in J(F). Then ^' £ J(X). 

(c) For every X £ Ob(^), we have <*f/X £ J(X). 

(ii) In the situation of (i), the elements of J(X) shall be called the sieves covering X. 
Moreover, say that y is the sieve of ff/X generated by a family (/$ : Xj — > X | i £ I) 
of morphisms. If y is a sieve covering X, we say that the family (/ 4 | i £ J) cover* 
X, or that it is a covering family of X. 

(iii) The datum (Sf , J) of a category if and a topology J := ( J(X) | X £ Ob(if )) on if is 
called a sz'te, and then ^ is also called the category underlying the site J). We say 
that J) is a sma/Z S7fe, if ^ is a small category. 

From axioms (a)-(c) of definition ll.5.12r i) it follows easily that any finite intersection of 
sieves covering an object X, again covers X. Also, any sieve of ^/X containing a covering 
sieve, is again a covering sieve. Likewise, the set of all topologies on ^ is partially ordered by 
inclusion: given two topologies Jj and J 2 on we say that Jj is finer than J 2 > if ^2p0 C 
J X (X) for every X £ Ob (if). 

Example 1.5.13. Let F : srf -+ ^ be a fibration between two categories. For every X £ 
Ob(^), let Jf(X) denote the set of all sieves y C ^/X of universal F-2-descent. (To make 
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this definition, we have to choose a universe V such that srf and SB are V-small, but clearly 
the resulting J F does not depend on V.) Then we claim that J F is a topology on SB. Indeed, 
it is clear that J F fulfills conditions (a) and (c) of definition II .5 A2[ 'i). In order to conclude, it 
suffices therefore to show the following : 

Lemma 1.5.14. In the situation of example 11.5.131 let 5?' C 5? be two sieves ofSB/X, and 
suppose that, for every object f : Y — > X of 5? , the sieve 5?' x x f lies in J F (Y). Then 
y E J F (X) if and only if 5? E J F (X). 

Proof. Up to replacing U by a larger universe, we may assume that SB and are small. Notice 
then that our assumptions are preserved under any base change X' — > X in SB, hence it suffices 
to show that <9" is a sieve of F-2-descent if and only if the same holds for 5? . To this aim, for 
every small category srf we construct a functor 



2-Hm Cart^(G,y, 



where Gy : -Y — > Cat j SB is the functor introduced in remark [T.4.20[ Indeed, let tp : J7" — > srf 
be a cartesian functor; for every object / : Y — > X of y, denote 



the natural functors. By assumption, there exist cartesian functors (ff : SB/Y 
isomorphisms 



srf , and natural 



oif : iff o jf =>• ip o if 

for every such /. Moreover, for every morphism g : Z 
isomorphism of functors 



Y in y, there exists a unique 



Uf,g ■■<Pf°9*^ ffog 



fitting into the commutative diagram 



ff ° 9* ° J fog 
u) f,a*3f°9 



ffog ° J fog 



*/°9 



f ° V°s 



ff ° Jf ° h 

Ctf*ig 

if O I J O 



The uniqueness of Uf >g implies that the datum (cpf, Uf >g \ f E Ob(y),g E Morph(J^)) defines 
a pseudo-natural transformation tp m : Gy F^r. Moreover, if r : ip =>- ip' is any natural 
transformation of cartesian functors =5^' — > there exists, for every / E Ob(J^), a unique 
natural transformation Ty : cpf =>- ip'j fitting into the commutative diagram : 



ff ° Jf 

Ctf 

S 

ip o if 



T f*3f 



>ff°Jf 



T*Jf 



> (fi OZf. 



In other words, the rule ip \— > ip, defines a functor i? as sought. 

Notice next that, if / : Y -»• X lies in Ob(^")» tnen ^' x x / = it follows that the 

restriction to ,Y' of the functor Gy agrees with the functor Gy, and this restriction operation 
induces a functor 



p : 2-lim Cart^(G,y >, 



2-limCart«(GV/ 
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Summing up, we arrive at the essentially commutative diagram : 

Cart . (/A *) Cart " (tX) > Cart , (./'. 




2-hmCart$g(GV, =2/) >■ 2-hm Cart^(GV/ 

in which t : Sf" — > J? 7 is the inclusion functor, and where co> and u/ are equivalences deduced 
from the equivalence (1 1 .4.21 b . A little diagram chase shows that Cart^(t, srf) must then also be 
an equivalence, whence the contention. □ 

1.5.15. Suppose now that ^ has small Horn-sets. Then, in view of the discussion in (11.4.31) . a 
topology can also be defined by assigning, to any object X of , a family J'(X) of subobjects 
of hx, such that : 

(a) For every X G Ob(^), every R G J'(X), and every morphism Y — > X in ^ , the fibre 
product iixjfF lies in J'(T). 

(b) Say that X G Ob(if), and let 7?, R' be two subobjects of h x , such that 7? G J'(X). 
Suppose that, for every Y G Ob(^), and every morphism / : h Y — > R, we have 
R' x x Y e J'(Y). Then Ft! G J'(X). 

(c) h x G J'(X) for every X G Ob(if). 

In this case, the elements of J'(X) are naturally called the subobjects covering X. This view- 
point is adopted in the following : 

Definition 1.5.16. Let V be a universe, C : = ( < ^, 7) be a site, and suppose that the category ^ 
has V-small Horn-sets. Let also F G Ob(^). 

(i) We say that F is a separated \l-presheaf (resp. a \l -sheaf) on C, if for every X G 
Ob(^) and every subobject R covering X, the induced morphism : 

F{X) = Rom K (h x ,F) -> Horn* a (72, F) 

is injective (resp. is bijective). For V = U, we shall just say separated presheaf instead 
of separated U-presheaf, and likewise for sheaves. 

(ii) The full subcategory of consisting of all V-sheaves (resp. all separated presheaves) 
on C is denoted Cy (resp. C v op ). For V = U, this category will be usually denoted 
simply C~ (resp. C sep ). 

I . 5. 17. In the situation of definition ! 1 .5.161 ^), say that R = hy for some sieve 5? covering X, 
and let (Si — > X | i G 7) be a generating family for ,Y. Combining lemma [L4.7l and examples 

II. 3.10r iv) J1.4.9r ii). we get a natural isomorphism : 

Hom^A (R, F) ^ Equal I JJ Carty^/Si,^) JJ Cart^/%, ^) 

\ ie/ (ij)eixi 

which - again by example fl . 3 . 1 Of i v. v. vi) - we may rewrite more simply as : 

Hom^-A (72, F) A Equal j J] F(S t ) — J] Eom v ,(h Si x x h Sp F) 

(i,j)€lxl 

The above equalizer can be described explicitly as follows. It consists of all the systems 

(di | i G 7) with di G 7 1 (S'j) for every i G 7 
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such that, for every i,j £ I, every object Y — > X of ^/X, and every pair (gi : Y — ► Si, gj : 
Y — > Sj) of morphisms in ff/X, we have : 

(1.5.18) F(gi){a i ) = F{g j )(a j ). 

If the fibred product SV, := Si x x Sj is representable in the latter expression takes the more 
familiar form : 

Hom^(F,F) A Equal I J] F(^) J] F(<%) 

\*eJ (i,j)eixi 

Remark 1.5.19. Let ^ be a category with small Horn-sets. 

(i) The arguments in (|1.5.17l) yield also the following. A presheaf F on ^ is separated 
(resp. is a sheaf) on C, if and only if every covering sieve of C is a sieve of 1 -descent (resp. of 
2-descent) for the fibration ipp ■ — ► ^ of example [1.3.1 Or iii). 

(ii) Let F be a presheaf on c £. We deduce from (i) and example 11.5.131 that the topology 
J F := J^p is the finest on for which F is a sheaf. A subobject R C h x (for any X £ Ob(^)) 
lies in J F (X) if and only if the natural map F(X') — > Hom^^F X', F) is bijective for 
every morphism X' — > X in ^. 

(iii) More generally, if (Fj | z £ /) is any family of presheaves on c tf, we see that there exists 
a finest topology for which each F is a sheaf : namely, the intersection of the topologies J Fi as 
in (ii). 

(iv) As an important special case, we deduce the existence of a finest topology J on such 
that all representable presheaves are sheaves on J). This topology is called the canonical 
topology on c £. The foregoing shows that a sieve of ^/X is universal strict epimorphic (see 
example [1.4.1 II) if and only if it covers X in the canonical topology of . 

1.5.20. Suppose furthermore, that is small; then, directly from definition 11.5.161 (and from 
(11.1.291 )), we see that the category C~ is complete, and the fully faithful inclusion C~ — > c io h 
commutes with all limits; moreover, given a presheaf F on ^ , it is possible to construct a 
solution set for F relative to this functor, and therefore one may apply theorem [1.1.32| to produce 
a left adjoint. However, a more direct and explicit construction of the left adjoint can be given; 
the latter also provides some additional information which is hard to extract from the former 
method. Namely, we have : 

Theorem 1.5.21. In the situation of (11.5.201) , the following holds : 

(i) The inclusion functor i : C~ — > ^ A admits a left adjoint 

(1.5.22) ^ A -> C~ F ^ F a . 

For every presheaf F, we call F a the sheaf associated to F. 

(ii) Morever, (11.5.221) is an exact functor. 

Proof. We begin with the following : 

Claim 1.5.23. Let F be a separated presheaf on c £, and C two sieves covering some 
X £ Ob(^). Then the natural map Hom^A (h y 2 , F) — > Hom^A (/t yi , F) is injective. 

Proof of the claim. We may find a generating family (/$ : Si —> X \ i £ J 2 ) for =5*2, and a 
subset fx C J 2 , such that (/$ | i £ fx) generates <5*i. Let s, s' : ^ 2 — > F, whose images agree 
in Hoiii^a(/j j^, F). By (11.5.171 ), s and s' correspond to families (s$ | i £ J 2 ), (s^ | i £ 7 2 ) with 
Sj, £ F(5i) for every z £ I 2 , fulfilling the system of identities (11.5.181 ), and the foregoing 
condition means that Si = for every i £ Jj. We need to show that Sj = for every i £ J 2 . 
Hence, let i £ J 2 be any element; by assumption, the natural map 

F(Si)^Rom^(h yi x x Si,F) 



) 
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is injective. However, the objects of 5?\ x x f are all the morphisms gi : Y — > Si in & such that 
fi° 9i — fj ° 9j f° r some j G Ji and some gj :Y —> Sj in If we apply the identities (11.5.181 ) 
to these maps g^, gj, we deduce that : 

F( gi )(si) = F( 9j )( Sj ) = F(g j )(s' j ) = F(g i )(s' i ). 

In other words, and s- have the same image in Hom^A (hy 1 x x Si, F), hence they agree, as 
claimed. 

Next, for every X E Ob(^), denote by J(X) the full subcategory of Cat/(W/X) such that 
Ob(J(X)) = J(X). Notice that J(X) is small and cofiltered, for every such X. Define a 
functor h : J(X) — > ^ A by the rule : i— > for every ^ G J(X); to an inclusion of sieves 
S?" C there corresponds the natural monomorphism hy> — > h y of subobjects of fix- 

For a given presheaf F on set 

F + (X) : = colim Hom^f h°,F). 

3{X)° 

For a morphism / : Y — > X in ^ and a sieve E J(X), the natural projection hyX X Y — > fry 
induces a map : 

Hom^A(/iy, F) — > Hom.tf/\(hy x x Y,F) 
whence a map F + (X) — > F + (Y), after taking colimits. In other words, we have a functor : 
(1.5.24) tf A ^tf A F^F + . 

with a natural transformation F(X) -> F+(X), since <^/X G J(X) for every X G Ob(^). 

Claim 1.5.25. (i) The functor (11.5.241) is left exact. 

(ii) For every F G Ob(^ A ), the presheaf F + is separated. 

(iii) If F is a separated presheaf on C S', then F + is a sheaf on C~. 

Proof of the claim, (i) is clear, since J(X)° is filtered for every X G Ob(^). 

(ii) : Let s, s' G F + (X), and suppose that the images of s and s' agree in Hom^A^y, F + ), 
for some J? 7 G J(X). We may find a sieve & G J(X) such that s and s' come from elements 
s, s' G HomyA(^, F). Let (#j : Si — > X | i G J) be a family of generators for S fi ; in view 
of (11.5.171) . the images of s and s' agree in F + (Si) for every i E I. The latter means that, for 
every i E I, there exists E J (Si), refining x x gi , such that the images of s and s' agree 
in Hom^A(/iy., F). For every i E I, let : T iA — ► ^ | A G Aj) be a family of generators for 
5?i, and consider the sieve of ^/X generated by (gi o g iX : TjA — > X \ i E I, X E Aj). Then 

covers X and refines 2? , and the images of s and s' agree in Hom^A (hgrr, F) (as one sees 
easily, again by virtue of (11.5.171) ). This shows that s = s', whence the contention. 

(iii) : In view of (ii), it suffices to show that the natural map F + (X) — ► HomyA(/iy, F + ) is 
surjective for every y E J(X). Hence, say that s E Hom<fA(/iy,F + ), and let (Si \ i E I) 
be a generating family for y. By (11.5.171) , s corresponds to a system (sj g F + (Si) \ i E I) 
such that the following holds. For every i,j E I, and every pair of morphisms 9i : Y — > Si and 
gj :Y — ► Sj in ^/X, we have 

(1.5.26) F+(gi)(s i ) = F+(g j )(s j ). 

For every i E I, let ^ G J(Sj) such that Sj is the image of some Sj G HomyA(/iy, F). For 
every gi, gj as above, set := x s t <?j) fl (J?j x Sj gj)', since F is separated, (11.5.261) and 
claim 11.5 .231 imply that the images of s, andsj agree in Hom^A(/iy.., F), for every i,j E I. 

However, for every i E I, let (g iX : T iX — > Si | A G Aj) be a generating family for then 
e5^j is the sieve of all morphisms / : Z — > Y such that 

9i° f = 9ix° fl and 9j° f = 9j^ ° 
for some A G Aj, /x G A 3 - and some fl: Z T iX , fj-.Z—t T^. 



FOUNDATIONS OF p-ADIC HODGE THEORY 



53 



Finally, let & be the sieve of ^/X generated by (Tj> | i 6 /, A G Aj); then ^ covers X, and 
the foregoing (together with (11.5.171 )) shows that the system (F(gi\) (sj) | i G I, A G Aj) defines 
an element of Hom^/> (h*r, F), whose image in F + (X) agrees with s. 

From claim [T3.25I we see that the rule : F i— > F a := defines a left exact functor 

^ A — ► C~, with natural transformations r] F : F i(F a ) for every F G Ob(^ A ) and : 
(iG) a =>- G for every G G Ob(C~) fulfilling the triangular identities of (11.1.81) . The theorem 
follows. □ 

Remark 1.5.27. Let C := J) be a small site. 

(i) It has already been remarked that C~ is complete, and from theorem 11.5.211 we also 
deduce that C~ is cocomplete, and the functor (|1.5.22l) (resp. the inclusion functor i : C~ — > 
C € N ) commutes with all colimits (resp. with all limits); more precisely, if F : I — > C~ is any 
functor from a small category /, we have a natural isomorphism in C~ (resp. in ^ A ) : 

colimF —>■ (coliim o F) a (resp. z(limF) ^ limz o F). 

Especially, limits in C~ are computed argumentwise (see (|1.1.31l) ). Moreover, it follows that 
all colimits and all epimorphisms are universal in C~ (see example ll.l.24r v.vii)). and filtered 
colimits in C~ commute with finite limits, since the same holds in c € h . 

(ii) Furthermore, C~ is well-powered and co-well-powered, since the same holds for ^ A . Es- 
pecially, every morphism / : F — ► G in C~ admits a well defined image (example II . 1 .24r viii)). 
Such an image can be constructed explicitly as the subobject (lmi(f)) a (details left to the 
reader). 

(iii) By composing with the Yoneda embedding, we obtain a functor 

h a : -> C~ : X i-f (h x ) a for every X G Ob(tf) 
and lemma [L 5 . 1 1 yields a natural isomorphism : 

colim h°y ^ F for every sheaf F onC . 

hV/F X J 

(iv) From the proof of claim [T3.25| it is clear that the functor 

^ ^sep p ^ F scp ._ lm ( F ^ p +j 

is left adjoint to the inclusion C scp — ► ^ A . Moreover, we have a natural identification : 

pa ^ (psep^+ for eyery p e Qb(^ A ). 

(v) Let V be a universe such that U C V; from the definitions, it is clear that the fully faithful 
inclusion ^ C restricts to a fully faithful inclusion 

Moreover, by inspecting the proof of theorem 11.5.211 we deduce an essentially commutative 
diagram of categories : 



whose vertical arows are the inclusion functors, and whose horizontal arrows are the functors 
F ^ F a . 

In practice, one often encounters sites that are not small, but which share many of the prop- 
erties of small sites. These more general situations are encompassed by the following : 



Definition 1.5.28. Let C := 



(ff, J) be a site. 
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(i) A topologically generating family for C is a subset G C Ob(^), such that, for every 
X £ Ob(^), the family 

G/X := (J Honv(F, X) C Ob(^/X) 

generates a sieve covering X. 

(ii) We say that C7 is a U-szYe, if has small Horn-sets, and C admits a small topologically 
generating family. In this case, we also say that J is a li-topology on . 

1.5.29. Let G = : ( < ^ 3 , J) be a U-site, and G a small topologically generating family for C. 
For every X £ Ob(^), denote by J G {X) C J(X) the set of all sieves covering X which are 
generated by a subset of G/X (notation of definition 1 1 .5 .28I T)) . 

Lemma 1.5.30. With the notation of (11.5.291) . for every X £ Ob(^) the following holds : 

(i) Jq(X) is a small set. 

(ii) J G (X) is a cofinal subset of the set J(X) (where the latter is partially ordered by 
inclusion of sieves). 

Proof, (i) is left to the reader. 

(ii): Let .Y be any sieve covering X, and say that .Y is generated by a family (/$ : Si — > 
X | i £ J) of objects of ^/X (indexed by some not necessarily small set /). Let 5?' be the sieve 
generated by 

\J{f t og\geG/S t }. 

It is easily seen that C & and J?*' £ J G {X). □ 

Remark 1.5.31. (i) In the situation of (11.5.291) , let V be a universe with U C V, and such that C 
is a V-small site. For every X £ Ob(^), denote by 3 G (X) the full subcategory of J(X) such 
that Ob(J G (X)) = J G (X), and let h G : J G (X) -> ^ A be the restriction of h (notation of the 
proof of theorem fl .5.211) . Lemma [T .5.301 implies that the natural map : 

colimHonWh" F) -> F + (X) 

is bijective. Therefore, if F is a U-presheaf, F + (X) is essentially U-small, and then the same 
holds for F a (X). In other words, the restriction to of the functor — > C7y : F i— > F Q , 
factors through C7~. 

(ii) We deduce that theorem [l . 5 . 2 1 1 holds . more generally, when C is an arbitrary U-site. 
Likewise, a simple inspection shows that remark [T.5.27r i.iv.v) holds when C is only assumed 
to be a U-site. 

Proposition 1.5.32. Let C :— (tf, J) be a U-site. The following holds : 

(i) A morphism in C~ z'^ an isomorphism if and only if it is both a monomorphism and an 
epimorphism. 

(ii) All epimorphisms in C~ are universal effective. 

Proof, (i): Let y? : F — > G be a monomorphism in C~; then the morphism of presheaves 
i(ip) : iF ^ iG is also a monomorphism, and it is easily seen that the cocartesian diagram : 

i(<p) 

iF —^iG 

iG %G U lF iG 

is also cartesian, hence the same holds for the induced diagram of sheaves 3> a . If moreover, (p 
is an epimorphism, then a a is an isomorphism, hence the same holds for ip = [i(Lp)) a . 
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(ii): Let / : F — > G be an epimorphism in C~; in view of remarks [L5.27I X) and ll.5.3lT ii). 
it suffices to show that / is effective. However, set G' := Im(i(/)), and let : F x G F — > F 
(for % = 1, 2) be the two projections. Suppose ip : F — > X is a morphism in C~ such that 
yop! = tpop 2 ; since i(F x G F) = iF x iG iF = iF Xqi iF, the morphism i(ip) factors through 
a (unique) morphism tp : G' — > X. On the other hand, it is easily seen that (G') a = G, hence if 
factors through the morphism ip a : G — > X. □ 

Remark 1.5.33. Propo sition 1 1 . 5 . 3 2t i) implies that every morphism cp : X — > F in C~ factors 
uniquely (up to unique isomorphism) as the composition of an epimorphism followed by a 
monomorphism. Indeed; such a factorization is provided by the natural morphisms X — ► Im(yj) 

and Im(y>) — > F (see example [1 . 1 .24| fviii)). If X Z — > F is another such factorization, 
then by definition factors through a unique monomorphism ^ : Im((p) — > Z. However, ■?/> is 
an epimorphism, since the same holds for (//. Hence ip is an isomorphism. 

Proposition 1.5.34. Let J) be a U-site, X G Ob(^), and R any subobject of h x . The 
following conditions are equivalent : 

(a) The inclusion map i : R — > hx induces an isomorphism on associated sheaves : 

i a :R a ^ h a x . 

(b) R covers X. 

Proof. (b)=Ka) : By definition, the natural map R a (X) — > Hoiii^a(E, R a ) is bijective, hence 
there exists a morphism / : hx — » R a in ^ A whose composition with i is the unit of adjunction 
R — > i? a . Therefore, f a : h a x ^ R a is a left inverse for i a . On the other hand, we have a 
commutative diagram : 

Hom^(^, /i« ) ^ Hom^A (R a , h a x ) 



h a x (X) >- Hom^A h a x ) 

whose bottom and vertical arrows are bijective, so that the same holds also for the top arrow. 
Set g := i a o f a , and notice that g o i a = i a , therefore g must be the identity of h x , whence the 
contention. 

(a)=Kb): Let rjx '■ h x — > h a x be the unit of adjunction, and set j := (z a ) _1 o r\ x : h x — > R a - 
By remarks [l.5.27f iv) and 1 1.5 .3 if ii). we may find a covering subobject z x : i?x — > hx, and a 
morphism j 1 : — > R scp whose image in Hom<^A(i? 1 , R a ) equals jo i x . Denote by r]' x : h x — > 
/i^ p the unit of adjunction; by construction, the two morphisms 

have the same image in Hom^A (R 1 , h x ). This means that there exists a subobject i 2 : R2 — > -Ri 
covering X, such that z scp o j x o % 2 = v( x o i x o i 2 . 

Next, let V be a universe such that U C V, and ^ is V-small; by lemma [L5.1l we may find a 
family (F A | A G A) of objects of (indexed by a V-small set A) and an epimorphism 

P '■ II h Yx -»• ^2 

AeA 

in . There follows, for every A G A, a commutative diagram : 

h Yx i? se P 
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where j\ (resp. i\) is the restriction of j\ o i 2 o p (resp. of %\ o i 2 o p). Then, we may repeat 
the arguments above with X replaced by Y x : first, j x G -R S6P (Ya) lifts to some t\ G 
and second, there exists a covering subobject s\ : R\ — > hy x such that i o t\ o sa = «a ° sa in 
Hom^A(i? A , frx)- Finally, set 

# := |J Im(z A o s x : R x -> fo) 

AeA 

(notice that i?/ G Ob( < ^ , l j X ) even m case A i s not a small set). It is easily seen that R' is a covering 
subobject of X, and the inclusion map R 1 — ► /ix factors through i?, so i? covers X as well. □ 

Definition 1.5.35. Let J) be a site, such that has small Horn-sets, and let p : F — ► C7 be 
a morphism in 

(i) We say that <p is a covering morphism if, for every X G Ob(^) and every morphism 
hx — > G in the image of the induced morphism F x G h x — > h x is a covering 
subobject of X. 

(ii) We say that ip a bicovering morphism if both cp and the morphism G — >• Gx F G induced 
by (p, are covering morphisms. 

Example 1.5.36. In the situation of definition 1 1.5 .351 let S := {Xj | % G 1} be a family of 
morphisms in ^, and pick a universe V containing U, such that / is V-small. Using example 
11.4.41 it is easily seen that S covers X if and only if the induced morphism in ^ 

is a covering morphism. 

Corollary 1.5.37. Let C :— ( < ^ 3 , J) be a D-site, and if : F —>■ G a morphism in c € h . Then tp is 
a covering (resp. bicovering) morphism if and only if tp a : F a — > G a is an epimorphism (resp. 
is an isomorphism) in C~ . 

Proof. Let V be a universe with U C V, and such that is V-small. Clearly ip is a covering 
(resp. bicovering) morphism in if and only if the same holds for the image of cp under the 
fully faithful inclusion ^ C c £^. Hence, we may replace U by V, and assume that C is a small 
site. 

Now, suppose that tp a is an epimorphism; let X be any object of , and h x — > G a morphism. 
Since the epimorphisms of C~ are universal (remark [1 .5.27^ )), the induced morphism 

( V x G X) a :(Fx G h x ) a ^h a x 

is an epimorphism. Let R C h x be the image of >p x G h x ; then the induced morphism R a — > h a x 
is both a monomorphism and an epimorphism, so it is an isomorphism, by proposition ll.5.32( i). 
Hence R is a covering subobject, according to proposition ll .5.341 

Conversely, suppose that cp is a covering morphism. By remark [T.5.27r iii). G is the colimit 
of a family (h x . \ i G I) for certain Xj G Ob(^). By definition, the image Ri of the induced 
morphism tp x G Xj : F x G h x . — > h Xi covers Xj, for every i G I. Now, the induced mor- 
phism F x G h Xi — > Ri is an epimorphism, and the morphism i?" — > /i^. is an isomorphism 
(propo sition 1 1 .5.34b , hence (tp x G Xj) a is an epimorphism, and then the same holds for 

colim Up x G Xi) a : colimF a x G a h x . colim/i^. = G a 

which is isomorphic to tp a , since the colimits of C~ are universal (remark [l . 5 . 27 \ i) ) ; so tp a is an 
epimorphism. 

Next, if tp is a bicovering morphism, the foregoing shows that p a is an epimorphism, and the 
induced morphism G a — > C7 a x F a G a is both an epimorphism and a monomorphism, hence it is 
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an isomorphism (proposition I1.5.32U )). therefore tp a is monomorphism (remark fl . 1 .36f iii)). 
So finally, (p a is an isomorphism, again by proposition I1.5.32I X). Conversely, if Lp a is an 
isomorphism, the reader may show in the same way, that both (p and the induced morphism 
G — > G x F G are covering morphisms. □ 

Definition 1.5.38. Let C = (if, J) and C = (if', J') be two sites, and g : ^ -> <€' a functor 
on the underlying categories. 

(i) We say that g is continuous for the topologies J and J', if the following holds. For 
every universe V such that and have V-small Horn-sets, and every V-sheaf F on 
C', the V-presheaf g v F is a V-sheaf on C (notation of (11.5.31) ). In this case, g clearly 
induces a functor 

such that the diagram of functors : 

Uy *- O y 

v ®V 

commutes (where the vertical arrows are the natural fully faithful embeddings). 

(ii) We say that g is cocontinuous for the topologies J and J' if the following holds. For 
every X e Ob(V), and every covering sieve E J'(gX), the sieve g^x^" covers X 
(notation of definition [L4JIiii) and (11.1.161) ). 

Lemma 1.5.39. In the situation of definition W .5 .38] the following conditions are equivalent : 

(a) g is a continuous functor. 

(b) There exists a universe V, such that c € is \l -small, c €' is a V-site, and for every V-sheaf 
F on C', the V-presheaf g y F is a V-sheaf. 

Proof. Obviously, (a)=Kb). For the converse, we notice : 

Claim 1.5.40. Let V be a universe such that ^ and c &' are V-small. The following conditions 
are equivalent : 

(c) For every V-sheaf F on C', the V-presheaf g y F is a V-sheaf. 

(d) For every X 6 Ob(^), and every covering subobject R C h x , the induced morphism 
gy\R — > h g (x) is a bicovering morphism in ^y A (notation of (I1.5.3I )). 

Proof of the claim. (c)=Kd): By assumption, for every sheaf F on C', the natural map 

gyF(X)^Rom^(R,gyF) 

is bijective. By adjunction, it follows that the natural map F(g(X)) — > Hom^A (gv\R, F) is also 
bijective, therefore the morphism (gy\R) a — > ^ s an isomorphism, whence (d), in light of 
corollary II .5.371 The proof that (d)=Kc) is analogous, and shall be left as an exercise for the 
reader. 

Hence, suppose that (b) holds, and let V be another universe such that V C V; it follows 
easily from claim 1 1.5 .401 and remark \T.5.21[ \) that condition (b) holds also for V instead of V. 

Let V be any universe such that ^ and c €' have V'-small Horn-sets, and pick any universe 
V" such that VuV'c V". By the foregoing, for every V"-sheaf F, the V"-presheaf g y „F is a 
V"-sheaf; if F is a V-sheaf, then obviously we conclude that g y F is a V-sheaf. □ 

Lemma 1.5.41. In the situation of definition 11.5.38] consider the following conditions : 

(a) g is continuous. 

(b) For every covering family (Xj — > X | i G /) in C, the family (gXj, — > gX) covers gX. 
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(c) For every small covering family (Xj — > X \ i E /) in C, the family (gXi — > gX) covers 
gX. 

Then (a)=Kb)=Kc). Moreover, if all fibre products are representable in ^ \ and g commutes with 
fibre products, then (b)=Ka). Furthermore, ifC is a \J-site, then (c)=Kb). 

Proof. Obviously (b)=Kc). 

(a)=Kb): After replacing U by a larger universe, we may assume that / is a small set and both 
^ and c £' are small. Let F be any sheaf on C; by assumption, g*F is a sheaf on C, hence the 
natural map : 

F(gX) = g*F(X) - Y[g*F(Xi) = J]>G^) 

is injective (by (11.5.171) ). This means that the induced morphism U. i€ ihg Xi — > h a qX is an epi- 
morphism in C~. Then the assertion follows from corollary 11.5.371 and example [1 5.361 

Conversely, suppose that (b) holds, the fibre products in ^ are representable, and g commutes 
with all fibre products. For every i, j E I, set Xij := X{ x x Xj. To show that (a) holds, it 
suffices - in view of (11.5.171 ) - to prove : 

Claim 1.5.42. The natural map 

g*F(X) -> Hom^A ( Coequal ( ]J h Xt] ^\\h x \ ,g*F 

\ \i,jel i£l J / 

is bijective. 

Proof of the claim. Since g\ is right exact, and due to (11.5.41) . this is the same as the natural map 



F(gX) — > Hom^A Coequal j JJ h gXiJ ; JJ/i 9 



iei 

However, by assumption gXij = gX; t x gX gXj, and then the claim follows by applying (|1.5.17l) 
to the covering family (gX^ — > gX \ i E I). 

Lastly, suppose that C is a U-site; in order to show that (c)=Kb), we remark more precisely : 

Claim 1.5.43. Let C be a U-site, & := (ip,, : X { — > X \ i E I) any covering family. Then there 
exists a small set J C / such that the subfamily ((ft | i E J) covers X. 

Proof of the claim. Let y C ^/X be the sieve generated by 5? . By lemma [L5.3Q[ we may find 
a small covering family := (ipi : X[ — ► X \ % E F) {i.e. such that /' is small), that generates 
a sieve y C 5? . Then, for every i E I' we may find 7(2) E I such that ipi factors through 
(fj(i). The subset J := 7/' will do. 

Let & and J be as in claim [L5 .431 then the sieve gSf generated by (g(tpi) \ i E I) contains 
the sieve gJ7" generated by (g(^Pi) \ i E J). Especially, if gj?" is a covering sieve, the same 
holds for gy, whence the contention. □ 

1.5.44. In the situation of definition 1 1.5 .381 let V be a universe with U C V, such that C is a 
V-site, and c &' has V-small Hom-sets. Then we may define a functor 

ft:Cv -<?v F^(g*ot c ,Fr 

(where ic ■ Clf — > 'tfy is the forgetful functor). As usual, when V = U we often omit the 
subscript U. With this notation, we have : 

Lemma 1.5.45. In the situation of definition 11.5.38] let V be a universe with U C V, such that 
^ is \l -small, and has \l -small Hom-seto. Then the following conditions are equivalent : 
(a) g is a cocontinuous functor. 
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(b) For every V 'sheaf 'F on C, the V-presheaf g*F is a \l -sheaf on C. (Notation of (11.5.31) ). 

When these conditions hold, the restriction o/gv* is a functor g v * : Cy — > C^, which is right 
adjoint to cjy. 

Proof. After replacing V by U, we may assume that if is small, and if' has small Horn-sets. To 
begin with, we remark : 

Claim 1.5.46. Let X be any object of if, and C ff'/gX a covering sieve; to ease notation, 
set ST := g^^'. Then : 

hzr = g*h^> x g * hgX h X - 

Proof of the claim. Left to the reader. 

(b)=Ka): The assumption implies that, for every sheaf F on C, every X £ Ob(if ), and every 
covering sieve -Y' C ^'/gX, the natural map 

g*F(gX) -> Kom<e>*(hs»,g*F) 

is bijective. By adjunction, the same then holds for the natural map 

Rom v a (g*h gX ,F) -> Hom^A (g*hy, F) 

so the induced morphism g*hy — > g*h gX is bicovering (proposition II .5.34b . Also, this mor- 
phism is a monomorphism (since g* commutes with all limits); therefore, after base change 
along the unit of adjunction h x — > g*h gX , we deduce a covering monomorphism 

g*hyi X g *h gX h x — » h x - 

Then the contention follows from claim [T3.461 

(a)=Kb): Let F be any sheaf on C; we have to show that the natural map 

g*F(Y) — > Hom^A(/iy,g»F) 

is bijective, for every Y E Ob(if' ), and every sieve y" covering Y. By adjunction (and by 
corollary ll .5.371) . this is the same as saying that the monomorphism g*/i yi — > a*/ty is a covering 
morphism. Hence, it suffices to show that, for every morphism ip : h x — ► <?*/iy in if A , the 
induced subobject g*hy x g * hY hx covers X. However, by adjunction cp corresponds to a 
morphism h gX — ► fty, from which we obtain the subobject / x fey h gX covering gX. Then 
the assertion follows from claim 1 1.5.461 applied to :— hy> x hy h gX . 

Finally, the assertion concerning the left adjoint g^ is immediate from the definitions. □ 

Lemma 1.5.47. Let C : = (^", J') be a 0-site, C : = (if, J) a small site, and g : if — > ^" a 
continuous functor. Then the following holds : 

(i) 77ze composition 

provides a left adjoint to gu*- (#ere i c : Cy — > ify is the forgetful functor.) 

(ii) 77ze natural diagram of functors : 

if— ?—if' 



h a 



h" 



9m 



is essentially commutative. (Notation of (|1 .5.201) . ) 
(iii) Suppose moreover that all the finite limits in if are representable, and that g is left 
exact. Then is exact. 
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Proof. The first assertion is straightforward, and (ii) is reduced to the corresponding assertion 
for <| 1 .5.4b , which has already been remarked. Next, since the functor F i— ► F a is left exact on 
C' A , assertion (iii) follows from propo sition 1 1 . 5 . 5 f iii) . □ 

1.5.48. Let J) be a small site, (&', J') a U-site, u, v : ^ — > ^" two functors, such that u 
is continuous and v is cocontinuous. Let also V be a universe such that U C V. Then it follows 
easily from (11.5.71) . lemmata fl .5.45l and ll .5.47IX ). and remark [T".5.27t v) that we have essentially 
commutative diagrams of categories : 



V S-l/rv fir*, " V .^/r^ 

whose vertical arrows are the inclusion functors. More generally, the diagram for is well 
defined and essentially commuative, whenever C is a U-site, and c €' has small Horn-sets. 

Lemma 1.5.49. Let C := (if, J) and C" := (<*f' , J') &e fwo site, andv : <jf -> <af', u : *f' -> <jf 
two functors, such that v is left adjoint to u. The following conditions are equivalent : 

(a) u is continuous. 

(b) v is cocontinuous. 

Moreover, when these conditions hold, then for every universe V such that e & and c €' are V- 
small, we have natural isomorphisms of functors : 

Proof. In view of lemma II .5.391 we may replace U by a larger universe, after which we may 
assume that C and C are small sites. In this case, the lemma follows from lemma [L5 .81 □ 

Lemma 1.5.50. Let (W, J) be a small site, (&', J') a U-site, u : — > a continuous and 
cocontinuous functor. Then we have : 

(i) Ui, = it* and this functor admits the left adjoint u* and the right adjoint u t . 

(ii) u* is fully faithful if and only if the same holds for «*. 

(iii) If u is fully faithful, then the same holds for u*. The converse holds, provided the 
topologies J and J' are coarser than the canonical topologies. 

Proof, (i) is clear by inspecting the definitions. Assertion (ii) follows from (i) and proposition 
I1.1.12r iii). Next, suppose that u is fully faithful; then the same holds for u* (lemma n.5.8f i)). 
so the claim follows from (ii). Finally, suppose that u* is fully faithful, and both J and J' are 
coarser than the canonical topologies on ^ and c £' In such case, the Yoneda imbedding for 
< io (resp. < io") realizes (resp. as a full subcategory of C~ (resp. of C"~). Then, from 
(11.5.41 ) and the explicit expression of u* provided by lemma [T75.47r i), we deduce that u is fully 
faithful. □ 

Definition 1.5.51. Let C := J) be a site, SB any category, and g : SB — > a functor. Pick 
a universe V such that SB is V-small and C is a V-site. According to remark [T. 5 . 1 9f iii) , there is 
a finest topology J g on SB such that, for every V-sheaf F on C, the V-presheaf g*F is a V-sheaf 
on (SB, J g ). By lemma [L5.391 the topology J g is independent of the chosen universe V. We call 
J g the topology induced by g on SB. Clearly g is continuous for the sites (SB, J g ) and C. 

We have the following characterization of the induced topology. 

Lemma 1.5.52. In the situation of definition ^ .5.511 let X be any object of SB, and R C hx any 
subobject in S3 h . The following conditions are equivalent : 
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(i) R G J g (X). 

(ii) For every morphism Y X in SB, the induced morphism gy\{R Y) — > h g {y) is a 
bicovering morphism in (for the topology J on'io). 

Proof. (i)=Kii) by virtue of claim [L5 .251 The converse follows easily from remark [T.5.19n i) 
and corollary 1 1.5 .371 (Details left to the reader.) □ 

Example 1.5.53. (i) Resume the situation of example [1 .5 .91 and let / : Y — > X be any object 
of ff/X; it is easily seen that the rule J? ^ (ix)~f~y establishes a bijection between the sieves 
of i^/X)/ f and the sieves of <g/Y (notation of definition dAJ^iii) and (11.1.161) ). Also, for 
every subobject R C hf of the presheaf hf on ff/X, the presheaf tx\R is a subobject of hy. 
More precisely, for a sieve ,5? of i^ojX) / f and a sieve & of ff/Y, we have the equivalence : 

(1.5.54) = L X ihy y = (lx)^ 1 ^- 

(ii) Suppose now that J is a topology on ^ ', and set C := J). Let us endow ff/X with 
the topology Jx induced by ix, and let us pick a universe V such that is V-small; since (l x )v\ 
commutes with fibre products, the criterion of lemma ll.5.52l says that a subobject R of an object 
/ : Y — > X of ff/X is a covering subobject, if and only if the induced morphism (ix)v\R ~ > hy 
covers Y. In view of (11.5.541 ), it follows easily that i x is both continuous and cocontinuous. 

(iii) Moreover, if J is a U-topology, J x is a U-topology as well : indeed, if G C Ob(^) is 
a small topologically generating family for C, then G/X C Ob^/X) is a small topologically 
generating family for (ff/X, J x ). 

(iv) Next, suppose that C is a U-site; then by example |1.5.9r ii) and remark ll.5.3ir ii). it 
follows that we may define a functor 

T x : (ff/X, Jx)u — > 

by the same rule as in lemma [T".5.47r i). Moreover, say that V is a universe with U C V, and 
such that ^ is V-small; then, remark |1.5.27r v) (and again remark |1.5.3ir ii)) implies that this 
functor is (isomorphic to) the restriction of (t x )y, and since the inclusion functor Cy — ► Cy is 
fully faithful, we deduce that it is also a left adjoint to T x *. 

(v) Furthermore, recalling example [l .5 .9r iii), we see that T* x factors through a functor 

e x : (tf/X, J x )- -> C~/h a x 

and the functor ; C~/h a x — > C~ from (|1.1.14l) . Indeed, a direct inspection shows that we 
have a natural isomorphism : 

e x (F) ^ {e x otF) a 

with ex as in example [1.5.9r iii). and where i : (ff/X, Jx)- — > (^/X) A is the forgetful functor. 

(vi) Let g : Y — ► Z be any morphism in ( €\ then we have the sites (ff/Y, Jy) and (ff/Z, Jz) 
as in (ii), as well as the functor g* : ^/Y — ► *€jZ of (11.1.151) . Since iz ° g* = l-y, we 
deduce easily from (ii) that g* is continuous for the topologies Jy and Jz, and more precisely, 
Jy is the topology induced by g* on ^/Y . Notice also the natural isomorphism of categories 
'tf/Y ^ {^£jZ)j g, in terms of which, the functor g* can be viewed as a functor l x of the type 
occuring in example [1.5.90 ) (where we take X := g, regarded now as an object of ^/Z). Hence, 
all of the foregoing applies to g* as well; especially, g* is cocontinuous, and if C is a U-site, 
then : (tf/Z, JzT -> (&/Y, Jy)- admits a left adjoint (<?*)*. 

Proposition 1.5.55. WzY/i f/ie notation of example W .5 .53\ v). the functor ex is an equivalence. 
Proof. To begin with, let us remark the following : 
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Claim 1.5.56. Let F be a presheaf on "rf/X, and set G := l x \F. Then F is a sheaf for the 
topology J x , if and only if the diagram : 



G^+G a 



ex(F) a 



is cartesian in (Here Eq and e x are the units of adjunction.) 

Proof of the claim. In view of lemma [L"5 .11 the diagram Ql is cartesian if and only if, for every 
object (p : Y — > X of ^/X, the morphism eq induces a bijection : 

(1.5.57) Rom V A /hx (h v ,e x (F)) A Hom ¥ A /fc « (e^ ° /i^e^F)") 

and notice that, by example [l.5.9r iii). the source of (11.5.571) is just F(ip). Now, suppose first 
that 9) is cartesian, and let R C h v be a covering subobject for the topology J x . We have 
natural isomorphisms : 

Hom ( y/ X )A (R, F) A Kom v */ hx (e x (R),e x (F)) ^ Hohi^a/^ (e x o e x (-R), e x (F) a ). 

However, a morphism ° e x (R) — ► ex(F) a is just a /i x -morphism - ► C a ; since i^i-R 
covers Y for the topology J (example ll.5.53r ii)). any such morphism extends uniquely to a 
/i x -morphism /i v — >■ C7 a , and in view of the bijection (11.5.571) . the latter comes from a unique 
element of F(ip). This shows that the natural map F(<p) — > Hom^x) A -F) is bijective, i.e. 
F is a sheaf, as claimed. 

Conversely, suppose that F is a sheaf; let ip : y — > X be any object of ff/X, and (3 : h Y ^ G a 
a given /i x -morphism. We may then find a subobject i?' C fry covering Y, such that /? lifts 
to a /i x -morphism /3' : R' — > G; after replacing i?' by a smaller covering subobject i2" C -R', 
we may also assume that /3' is a /ix-morphism. By example [ 1 . 5 . 5 3 [ i ,ii) , R' = i X \R for some 
subobject R C h v covering (p. We then have natural isomorphisms : 

(1.5.58) Rom^ /hx {R',G) ^ Rom (m) , (R,F) ^ F{cp). 

This shows that (11.5.571 ) is surjective. Lastly, suppose that Eg ° Pi = £g ° P2 for two given 
/ix- mor phisms h Y G; then we may find a covering subobject l X \R C h Y such that (3\ and 
/3 2 restrict to the same /ix-morphism i x \R — > C7. Then again, (11.5.581) says that (3i = (3 2 , as 
required. 
Now, let H — > /i x be any object of C~/h x , and set if' := H x hx h x ; by example |T3T9][iii) , 
we may find an object F of (ff/X) A such that e x (F) = -> hx). Since clearly if /a = H, 
claim [T3 .561 shows that F is a sheaf for the topology J x , and clearly e x (F) ~ ii. Lastly, say 
that Hi and are two /i^-object of C~, define H[, H' 2 as in the foregoing, and pick sheaves 
Fx, F 2 in J x )~ with e x (Fi) ~ if - (for i = 1, 2); then we have natural bijections : 

Rom^A /h a x (H 1 ,H 2 ) A Hom^A/^^,^) -> Hom OT A (Fi, F 2 ) 
so ex is also fully faithful. □ 

The functor T x given explicitly in example \l . 5 . 5 3 f iv) is a special case of a construction which 
generalizes lemma IT75 .471 to any continuous functor between two U-sites. To explain this, we 
notice the following : 

Proposition 1.5.59. Let C : = J) be a \J-site, G a small topologically generating family for 
C. Denote by Sf the full subcategory oftf with Ob(£f ) = G, and endow £f with the topology J' 
induced by the inclusion functor u : & — ► c £. Then : 

(i) u is cocontinuous. 

(ii) The induced functor : C~ — > (£f , J')~ w an equivalence. 
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Proof. For every presheaf F on c £, denote by Ep '■ u\u*F — > F the counit of adjunction. 

Claim 1.5.60. (i) £f is a bicovering morphism, for every F E Ob(^ A ). 
(ii) The functor is fully faithful. 

Proof of the claim, (i): First we show that ep is a covering morphism. To this aim, recall that 
both u* and u\ commute with all colimits, hence the same holds for the counit of adjunction. 
In view of lemma 11.5.11 and corollary 11.5.371 we may then assume that F = hx for some 
X E Ob(^). In this case, by assumption there exists a family (Yi \ i E I) of objects of Sf, 
and a covering morphism / : \J ieI h U Y t — > h x in By adjunction (and by (11.5.41) ), / factors 
(uniquely) through sp, so the latter must be a covering morphism as well, again by corollary 
[13371 

The claim amounts now to the following. Let F E Ob(^ A ), X E Ob(^), and p, q : h x — > 
U\U*F two morphisms such that £p op = e F og; then Equal(p, g) is a covering subobject of hx- 
However, pick again a covering morphism / as in the foregoing; for every i E I, the restriction 
fi : Yi — > X of / satisfies the identity epopo/j = e F o q o f. Again by adjunction and (11.5.41) . 
it follows that p o ft — q o f h i.e. f factors through EqualQo, q), whence the contention, in view 
of corollary |1.5.37[ 

(ii): In view of lemma 1 1 . 5 .47 I T) , it is easily seen that, for every sheaf F on C, the morphism 
(e ic p) a is the counit of adjunction u* o u^F — > F. By (i) and corollary 11.5.371 the latter is an 
isomorphism, so is fully faithful (proposition 11.1.1 2l ii)) . 

(i): Let Y be an object of £f and <9" a sieve covering uY; we need to show that u^}y" covers 
Y in the induced topology of Sf . Since u is fully faithful, the counit of adjunction u*h uY — * h Y 
is an isomorphism, hence the latter amounts to showing that u*hy is a covering subobject of h Y 
for the induced topology (claim [T75 .461) . This in turns means that, for every morphism X — > Y 
in Sf , the induced morphism u\ (u*hy x hY h x ) — > h uX is a bicovering morphism in c € h (lemma 
11.5.52b . However : 

u l (u*hy> x hy h x ) = mu*(h y , x huY h uX ) 

hence claim 11.5.60( 1) reduces to showing that the natural morphism h y> x huY h u x — > h uX is 
bicovering, which is clear. 

From (i) and lemma ll.5.50f ii) we deduce that u* is fully faithful. Combining with claim 
ll.5.60t ii) and proposition 11.1.1 2( i). we deduce that is an equivalence, as stated. □ 

Corollary 1.5.61. Let C := (ff, J) and C := J') be two U-sites, g : ^ -> a functor. 
We have : 

(i) If g is continuous, the following holds : 

(a) For every universe V such that U C V, the functor g v * : C(T ~~ > admits a left 
adjoint g^ : Cy — > Ci^. 

(b) For every pair of universes Vc V containing U, we have an essentially commu- 
tative diagram of categories : 

°V U V 



whose vertical arrows are the inclusion functors. 
(c) Suppose moreover that all the finite limits in are representable, and that g is left 
exact. Then g(j is exact. 
(ii) If g is cocontinuous, the following holds : 
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(a) For every universe V such that U C V, the functor g y : Cy — > Cy admits a right 
adjoint gy* : Cy — ► Cy 1 . 

(b) For every pair of universes Vc V containing U, we /zave an essentially commu- 
tative diagram of categories : 

°v *" °v 

V» ^y/^ 

Oy/ >■ Uy, 

w/zose vertical arrows are the inclusion functors. 
(iii) Tfg po?/j continuous and cocontinuous, we have a natural isomorphism : 

5V* — ► 5V 

/or every universe V vwY/z U C V. 

Proof, (i.a): We choose a small topologically generating family G for C, and define the site 
(£f , J') and the continuous functor it : (Sf , J') — > C as in proposition II .5.591 By applying 
lemma [L5.47f i) to the continuous functor h := g o u, we deduce that hy* = uy* o gv* admits a 
left adjoint. Then the assertion follows from proposition |1.5.59t ii). 

(i.b): More precisely, g v = hy o m v *. Thus, the assertion follows from (| 1 .5.48b . 

(i.c): In view of (i.b), the assertion can be checked after enlarging the universe U, so that we 
may assume that is small, in which case we conclude by lemma [L5 . 47r iii) . 

(ii.a): Let u and h be as in the foregoing; from proposition I1.5.59IT ) we deduce that h is 
cocontinuous, hence h y = u y o g y admits a right adjoint; however u y = u\* (lemma [l.5.50I T)). 
and the latter is an equivalence (proposition |1.5.597 ii)), whence the contention. 

(ii.b): More precisely, gv* = ^v* ° u y , hence the assertion follows from (11.5.481) . 

(iii): In view of (i.b) and (ii.b), in order to prove the assertion, we may assume that and c €' 
are V-small, and this case is already covered by lemma [L5.50r i). □ 

Example 1.5.62. (i) In the situation of example !! .5.53f iv). by corollary 1 1 . 5 . 6 1 f ii.iii) . the func- 
tor Tx* = l*x '■ C~ — > Jx)~ admits also a right adjoint l x *- We introduce a special 
notation and terminology for these functors : 

• The functor T x * shall be also denoted j x , and called the functor of restriction to X. 

• The functor l x * shall be denoted j x *, and called the direct image functor. 

• The functor T* x shall be denoted j X \, and called the functor of extension by empty. 

Thus, j x is right adjoint to j X \, and left adjoint to j x *- 

(ii) Likewise, let g : Y — > Z be any morphism in c €\ by example |1.5.53f vi) and corollary 
|1.5.6ir ii,iii). the functor (g*)* admits also a right adjoint (</*)*. In agreement with (i), we shall 
let: 

jg ■= (<?*)* Jg* '■= (<?*)* 3 g \ ■= (<?*)*■ 

Clearly j*oj z = j Y , and we have isomorphisms of functors : jz*°j g * — > jy* &ndjz\°j g \ jy\- 

(iii) Moreover, under the equivalence ex of proposition Q3351 the functor j* x is identified 
to the functor : 

C~ -> C~/h a x U^X xU 

and jx\ is identified to the functor C~ /h x — > C7~ of (11.1.141) . Likewise, g* is identified to the 
functor C~/h z — > C~/h z given by the rule : (U — > h z ) i— > (U x h a h Y ), and g\ is identified to 
the functor (h%)* : C J /h Y -> C~ /h%. 
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1 .6. Topoi. A \J-topos T is a category with small Hom-sets which is equivalent to the category 
of sheaves on a small site. We shall usually write "topos" instead of "U-topos", unless this may 
give rise to ambiguities. Denote by Ct the canonical topology on T, and say that T = C~, for 
a small site C := (if, J); then the set {h\ \ X e Ob(if )} is a small topological generating 
family for the site (T, Ct), especially, the latter is a U-site. Moreover, the Yoneda embedding 
induces an equivalence 

(1.6.1) T^(T,C T y 

between T and the category of sheaves on the site (T, CV). The Hom-sets in the category 
(T, CV)~ are not small in general; however, they are essentially small, therefore (T, CV)~ is 
isomorphic to a U-topos. In view of this, the objects of T may be thought of as sheaves on 
(T, Ct), and one uses often the suggestive notation : 

X(S) := Hom T (S, X) for any two objects X, S of T. 

The elements of X(S) are also called the S-sections of X. The final object of T shall be denoted 
It, and X(1 T ) is also called the set of global sections of X. 

Remark 1.6.2. (i) By proposition [T339]ji), if C is a U-site, then C~ is a U-topos. 

(ii) Remark W.5. 27r iii) can be summarized by saying that every U-topos T is a complete and 
cocomplete, well-powered and co-well-powered category. Morever, every epimorphism in T is 
universal effective, every colimit is universal, and all filtered colimits in T commute with finite 
limits. 

Definition 1.6.3. (i) Let C = (if, J) and C = (if', J') be two sites. A morphism of sites 
C — > C is the datum of a continuous functor g : if — > if' ', such that the left adjoint g^ of the 
induced functor gu* is exact (notation of definition !! .5.38( 1)). 

(ii) A morphism of topoi f : T — > S is a datum (/*, /*, 77), where 

f*:T^ S f* :S ^ T 

are two functors such that /* is left exact and left adjoint to /*, and 77 : I5 =>■ /*/* is a unit of 
the adjunction (these are sometimes called geometric morphisms : see lfl2l Def.2.12.1]). 

(iii) Let / := (/*, /*, 777) : T" -> T" and := rj g ) : T' -> T be two morphisms of 
topoi. The composition g o f is the morphism 

(/* ^ /*, (9* * ^/ * 9*) = r" - T 

(see (11.1.101) ). The reader may verify that this composition law is associative. 

(iv) Let f,g:T^Sbe two morphisms of topoi. A natural transformation r : / =>■ g is 
just a natural transformation of functors r* : /* =>- g>*. Notice that, in view of remark [T.l.l lf i). 
the datum of t* is the same as the datum of a natural transformation r* : g* =^> /* . 

Remark 1.6.4. (i) By coroirary ll.5.6ir i.c). if C and C are U-sites, and all finite limits of are 
representable, every left exact continuous functor if — > if' defines a morphism of sites C —> C. 
(ii) More generally, let Jzf be the category whose objects are all morphisms X — » in 
where X (resp. F) ranges over the objects of ( €' (resp. of if). The morphisms (j3 : X — > 
gY) — > (/?' : X' — > ^y') in J2f are the pairs (cp, ip) where cp : X — > X' (resp. ip : Y — >• F') is 
a morphism in if' (resp. in ^) and j3' o (p = o /3. There is an obvious fibration p : «5f — ► < ^' / , 
such that p(X — > ^F) := X for every object (X — > pF) in «5f, and one can prove that a 
continuous functor g : if — > ^" defines a morphism of sites, if and only if the fibration p is 
locally cofiltered (see [4, Exp.V, Def.8.1.1]; the necessity is a special case of [4, Exp.V, lemme 
8.1.11]). This shows that the definition of morphism of sites depends only on g, and not on the 
universe U. 
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(iii) Every morphism of U-sites g : C — > C induces a morphism of topoi #~ : C"~ — > C~, 
and conversely, a morphism / : T — ► S 1 of topoi determines a morphism of sites : (T, C T ) — > 
(S,Cs) for the corresponding canonical topologies. 

(iv) The topoi form a 2-category, denoted 

Top os 

whose objects are all the topoi, whose 1-cells are the morphisms of topoi, and whose 2-cells are 
the natural transformations between such morphisms, as in definition 1 1 .6 . 3^ ii,iv) . 

Proposition 1.6.5. Let T, T be two topoi, f : T — > T' be a functor. 

(i) If f commutes with all colimits, and all fibre products in T, the following holds : 

(a) / is continuous for the canonical topologies on T and T'. 

(b) There exists a morphism of topoi tp : T' — > T, unique up to unique isomorphism, 
such that tp* = f. 

(ii) Iff is exact, the following holds : 

(a) / is conservative if and only if it reflects epimorphisms. 

(b) For every morphism tp in T, the natural morphism /(Im tp) — > Im (/</?) is an 
isomorphism. 

Proof, (i.a): Let S := : X,- t — > X \ i E 1} be a small covering family of morphisms in 
(T, Ct)\ by lemma [L"5 .411 it suffices to show that fS := {f(gi) \ i £ 1} is a covering family 
in (T',Ct>). However, our assumption implies that the induced morphism Jl i€ jXi — >• X is 
an epimorphism, hence the same holds for the induced morphism Jl ieI fXi — > fX in T' (by 
example fl . 1 .24r iii)). But all epimorphisms are universal effective in X" (remark [1.6.2r ii)), hence 
(f(9i) I i G /) is a universal effective family, as required. 

(i.b): By corollary 1 1.5 .6 lf i-ajx), for every universe V such that U C V, the functor / gives 
rise to a morphism of topoi 



(/vJv*,^):(nCV)v-(T,G 



(where i] is any choice of unit of adjunction), and it remains only to check that /y is isomorphic 
to /, under the natural identifications : T ^ (T, C T )y , h' u : T ^ (T 1 , Ct>)u- In view of 
corollary ll.5.6ir i.b). it suffices to show that there exists a universe V such that the diagram 



T -T" 



(T, C T )v {T', C T ')v 

is essentially commutative (where hy and h' v are the Yoneda embeddings). By lemma [L"5.47I T) 
and (|1.5.4I) . the latter holds whenever T is V-small. 
(ii.b) follows easily from remark [T.5. 331 

(ii.a): The condition is necessary, due to example ll . 1 .24r iii). Conversely, assume that / 
reflects epimorphisms, and suppose that cp is a morphism in T such that f((p) is an isomorphism. 
It follows already that cp is an epimorphism, hence it suffices to show that tp is a monomorphism 
(propo sition 1 1 . 5 . 3 2T i) ) . This is the same as showing that the natural map l v : Y — >• Equal(y?, cp) 
is an isomorphism (again by example fl . 1 .24f iii)); however, l v is always a monomorphism, and 
since / is left exact, /(t^) is the natural morphism fY — > Equal(/y9, ftp), which we know to 
be an isomorphism, so i v is an epimorphism, under our assumption. □ 



Example 1.6.6. Let T be a topos. 
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(i) Say that T = ( < ^, J)~ for some small site ( c tf, J). Then the category C £ A is also a topos 
((31 Exp. IV, §2.6]), and since the functor F i— ► F a of (11.5.201 ) is left exact, it determines a 
morphism of topoi T — > c € h . (On the other hand, the category T A is too large to be a U-topos.) 

(ii) If / := (/*, /*, 77) : T — > S is any morphism of topoi, we have an essentially commuta- 
tive diagram of categories : 



T T 



A 



/. 



s — >S A 

whose horizontal arrows are the Yoneda embeddings, and where / A = Fun(/*°, Set). 

(iii) Let U be any object of T. By applying the discussion of example [1.5.621 to the U-site 
(T, Ct), we deduce that the category T/U (notation of (11.1.21) ) is a topos, and the natural functor 

j* : T - T/C/ X ^ X^ := (X x U - 17) 

induces a morphisms of U-sites (T, Ct) —* (T/U,Ct/u)> whence a morphism of topoi ju : 
T/U — > T, unique up to unique isomorphism. Moreover, we also obtain a left adjoint ju\ ■ 
T/U -> T for jTy, given explicitly by the rule : (X U) ^ X for any [/-object X of T. 
In case U is a subobject of the final object, the morphism ju is called an open subtopos of T. 
Likewise, any morphism g : Y — > Z in T determines, up to unique isomorphism, a morphism 
of topoi j g : T/y — > T/Z, with an isomorphism o j 3 ^ jy of morphisms of topoi. 

(iv) Let U be a subobject of It- We denote by CU the full subcategory of T such that 

Ob(Cf/) = {X G Ob(T) I j-X = 1 T/U }. 

Then C£7 is a topos, called the complement ofU in T, and the inclusion functor : Ct/ — > T 
admits a left adjoint i* : T — > CC/, namely, the functor which assigns to every X 6 Ob(T) the 
push-out X| C [/ in the cocartesian diagram : 

X xU-^X 

PU 

U >■ X\ CU 

where px and pu are the natural projections. Moreover, i* is an exact functor, hence the adjoint 
pair (i*, i*) defines a morphism of topoi CU — > T, unique up to unique isomorphism. (See (31 
ExpXV, Prop.9.3.4].) 

(v) Another basic example is the global sections functor T : T — >• Set, defined as : 

U ^ r(T,f/) := U(1 T ). 

T admits a left adjoint : 

Set -> T : 5 i-f 5 T := 5 x 1 T 

(the coproduct of S copies of It) and for every set S, one calls St the constant sheaf with value 
S. This pair of adjoint functors defines a morphism of topoi r : T — > Set (j3l Exp. IV, §4.3]). 
One can chek that there exists a unique such morphism of topoi, up to unique isomorphism. 

Example 1.6.7. Let T be a topos. 

(i) We say that T is connected (resp. disconnected) if the same holds for the final object It 
of T (see example [l . 1 .26r iii)). Notice that, if U is any object of T, then U is connected if and 
only if the same holds for the topos T/U. 

(ii) T is connected if and only if the natural map 

(1.6.8) Z/2Z -> r(T, Z/2Z T ) 
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is surjective (notation of example [l.6.6f v)). Indeed, Z/2Zt is the coproduct It II It, and any 
decomposition a : It — > X II X x determines a section of It II 1 T , namely the composition 
a' of a with the coproduct of the unique morphisms X — > 1 T and Xi — > 1 T . Conversely, 
let (5' : It — > Z/2Zt be a global section, and denote by jo, ji : It — > It LI It the natural 
morphisms (so {j , ji} is the image of the map (11.6.81) ). We define Xi for i = 0, 1, as the fibre 
products in the cartesian diagrams : 



X; 



Z/2Z 7 



Since all colimits in T are universal (remark fl .6.20 1)). the induced morphism j3 : XoIIXi — > It 
is an isomorphism, and it is easily seen that the rules a i— > a' and /?' i— ► /3 establish mutually 
inverse bijections (details left to the reader). 

Remark 1.6.9. (i) Let / : T" — ► T be a morphism of topoi, U an object of T, and suppose 
that s : T' — > T/U is a morphism of topoi with an isomorphism j v os^/. Hence, we have a 
functorial isomorphism s*(j^X) —> f*X for every X G Ob (T), and especially, s*l[/ = Its let 
Ajj : lu — >■ j^rjc/! = ju(U) be the unit of adjunction (z'.e. the diagonal morphism in T/U); then 
cr := s*(A;7) : 1 T ' — > /*?7 is an element of r(T', /*£/"). Moreover, for every object </j : X — > C7 
in T/Z7, we have a cartesian diagram in T/U : 




where is the graph of ip, and s*^ is isomorphic to the cartesian diagram (in T) : 



s (p 



i_t' 



/*x 

f*U. 



This shows that s* - and therefore also s - is determined, up to unique isomorphism, by cr. 

(ii) Conversely, if cr e r(T", /*£/) is any global section, then we may define a functor 
s* : T/U — > T" by means of the cartesian diagram <f, and clearly s* o = f*. Let us also 
define a functor t\ : T' —> T'/f*U, by the rule : 

t, (F ) = cr o My for every K G Ob(T') 

where «y : F — > It is the unique morphism in T'. By inspecting the diagram $ , we deduce 
natural bijections : 

Hohit' (F, s*ip) ^ Komr/ruttiY, /» for every F £ Ob(T') and ^ £ Gb(T/U). 

Since /* is exact, it follows easily that s* is left exact (indeed, s* commutes with all the limits 
with which /* commutes). Moreover, since all colimits are universal in T (see (|1.5.27l) (i)). it 
is easily seen that s* commutes with all colimits. Then, by proposition 1 1.6.5f i.b). the functor 
s* determines a morphism of topoi s : T' — > T/U, unique up to unique isomorphism, and an 
isomorphism j v o s ^ f. 
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(iii) Summing up, the constructions of (i) and (ii) establish a natural bijection between 
r(T", f*U) and the set of isomorphism classes of morphisms of topoi s : T' — ► T/U such 
that ju o s is isomorphic to /. 

Definition 1.6.10. Let T be a topos. 

(i) A point of T (or a T -point) is a morphism of topoi Set — ► T. If £ = (£*, £*) is a point, 
and F is any object of T, the set £*T is usually denoted by F%. 

(ii) If £ is a point of T, and / : T — > S 1 is any morphism of topoi, we denote by /(£) the 
S-point / o £. 

(iii) A neighborhood of £ is a pair (£/, a), where U G Ob(T), and a G L^. A morphism of 
neighborhoods (U, a) — > (U', a') is a morphism / : U — > t/ 7 in T such that /^(a) = a'. 
The category of all neighborhoods of £ shall be denoted Nbd(£). 

(iv) We say that a set f2 of T-points is conservative, if the functor 

T^U'-Set F^Y[F^ 

is conservative (definition ll.l.4f ii)). (Here U' is a universe such that U C U' and 
f2 G U'.) We say that T /las enough points, if T admits a conservative set of points. 

1.6.11. It follows from remark [T.6.9r iii), that a neighborhood (U, a) of £ is the same as the 
datum of an isomorphism class of a point & of the topos T/U which lifts £, i.e. such that 
£ ~ o Moreover, say that is another lifting of £, corresponding to a neighborhood 
([/', a') of £; then, by inspecting the constructions of remark [T. 6 .9r i,ii) we see that, under this 
identification, a morphism (U, a) — > ([/', a') of neighborhoods of £ corresponds to the datum of 
a morphism ip : U — > t/"' in T and an isomorphism of T-points : 

where is the morphism of topoi T/U — > T/Z7' induced by Thus, let Lift(£) denote the 
category whose objects are the triples (U, wu), where [/ G Ob(T), £t/ is a T/£7-point lifting 
£, and : ju°£,u — ► f is an isomorphism of T-points (here we fix, for every object U and every 
morphism p of T, a choice of the morphisms and j v : recall that the latter are determined by 
U and respectively p, up to unique isomorphism). The morphisms (U, £u, ^u) — > (V, fy, wy) 
are the pairs (<p, uj v ), where p : U — > V is a morphism in T, and 

<*v : &/ -* £v 

is an isomorphism of T/V-points, such that : 

The composition of such a morphism with another one (ip, u^) : (V, ay) — > (W, ^w) 
is the pair (ip o (p, L0^ otp ) determined by the commutative diagram of T/W -points : 



d-6.12) wiu 



where c^, )(p : o j v j^, 0(/ , is the unique isomorphism. As an exercise, the reader may verify 
the associativity of this composition law. The foregoing shows that we have an equivalence of 
categories : 

(1.6.13) iV 5 : Lift® ^ Nbd(0 (U,^,uu) ^ (U,au) 
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where au G U$ is the unique morphism which fits in the commutative diagram : 



£*1 T ™ ^ £*([/) 



(notation of remark [T.6.9r i)). To check the functoriality of (11.6.131 ), let (</?, u^) be as in (11.6.1 II) , 

and set d v := j 9 o we can write : 

^ V (A V ) = Q o £(A V ) = ^(r„) = ° e^(A^) = #* v {<p) o &(At,) 

from which it follows easily that a v = (p^(au), as required. 

Remark 1.6.14. (i) Let T be a topos with enough points, and U any object of T; as a con- 
sequence of the discussion in (11.6.111 ), we deduce that also T/U has enough points. More 
precisely, say that Vt is a conservative set of T-points, and denote by jjj l Vt the set of all T/U- 
points £ such that ju ° £ £ H; we claim that jjj l Vt is a conservative set of points. Indeed, let 
(p : X — * Y be a morphism in T/Z7 such that is an epimorphism for every £ G j;/ 1 ^; by 
proposition ! 1.6.5r ii.a). it suffices to show that ip is an epimorphism, and the latter will follow, if 
we show that the same holds for ju\<p. 

Thus, suppose by way of contradiction, that ju\(f is not an epimorphism; then there exists 
a point £ G fi, and y 6 (j'j/!^)^. sucn that y does not lie in the image of (jm<f)^. Let a : = 
(juWx)z{y) G where n x ■ X — ► is the unique morphism in T/U. By (11.6.131) , we may 
find a lifting (U,£u,Uu) of £ such that 

(1.6.15) ^(tf,fo,wt,) = (tf,a). 

After replacing £ by o £u, we may assume that cuy is the identity of £, in which case (11.6.151 ) 
means that a = ^Afj, where : l T m — > j v ju\^T/u is the unit of adjunction (z'.e the diagonal 
£/ — > £7 x [/). We have a commutative diagram of sets : 



v - 



where Ax : X — > jujw.X is the unit of adjunction, and likewise for Ay. More plainly, 
Ay : Y x \ T m — > Y x (j*ju\l-T/u) is the product ly x A[/, and under this identification, 
<^}Ay is the mapping £ V Y — > x (j*ju\^T/u) given by the rule : z i— > (z, a) for every 
z G QjY. Especially, we see that y lies in the image of <^>Ay . But by assumption, the map ^ v Lp 
is surjective, hence y lies in the image of (juiQt* a contradiction. 

(ii) The localization morphisms ju of example [l .6.6l fiii). and the notion of point of a topos, 
form the basis for a technique to study the local properties of objects in a topos. Indeed, suppose 
that P(T, F, (f) is a property of sequences F := . . . , F n ) of objects in a topos T, and of 
morphisms if : = (<^i, . . . , Lp m ) in T; we say that P can be checked on stalks, if the following 
two conditions hold for every topos T, every F G Ob(T) n , and every <p G Morph(T) m . 

(a) P(T, F, implies P(Set, F € , ^) for every T-point £. (Here F c := . . . , 
and likewise for cp^.) 

(b) If Q is a conservative set of T-points such that P(Set, F%, holds for every £ G fi, 
then P(T,F,(p) holds. 

Then we have the following : 
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Lemma 1.6.16. Let T be a topos with enough points, {U\ — > It | A G A) a family ofmorphisms 
in T covering the final object ( in the canonical topology Ct ), and P a property that can be 
checked on stalks. Then, for any F G Ob(T) n and ip G Morph(T) m , we have P(T, F, p) if and 
only if P(T/U\, F\u x ,<p\u x ) holds for every A G A. 

Proof. Suppose first that P(T, F, ip) holds. If r] is any T/U\-po'mt, then £ := ju x °V is a T-point, 
and (ju F)^ = F^, (and likewise for ip, with obvious notation) hence P(Set, (jy F) v , (Jjj x (p)n) 
holds. Since P can be checked on stalks, remark [TT6.14r i) then implies that P(T/U\, Fp x ,ipp x ) 
holds. 

Conversely, suppose that P(T/U\, F\u x , f\u x ) holds for every A G A, and let £ be any T- 
point. By claim 11.5.431 we may assume that A is a small set; then for every T-point £, the set 
(U\ € aU\)£ = H\ e A£*U\ covers the final object of Set, i.e. is not empty. Pick A G A such that 
£,*U\ 7^ 0; by the discussion of (11.6.1 II) we see that £ lifts to a T/U\ -point 77. Since P can be 
checked on stalks, P(Set, (F\ Ux ) v , (ip\ Ux ) v ) holds, and this means that P(Set, F$, (p$) holds, so 
P(T,F,ip) holds. ■ ^ 

1.6.17. Let X be any (small) set; we consider the functor 

F x : Lift(0° -> Set ([/, fr, ^) h-> &foX 

For a given morphism (</?, ct^) : ([/, ct^) -> (V, £y, u v ) in Lift(£), set $y := j<p £1/; by 
definition ! 1.6.3f iv). uj, r is a natural isomorphism of functors uj, r * : —* £y*, which determines 
(and is determined by) a natural isomorphism of functors u;* : £ y ^> i9 y . The morphism 
Fx(v 5 ? ^v) is then defined by the commutative diagram : 



where : 7'* 7 V * =>• lset is the counit of adjunction. With the notation of (I1.6.11I) . to verify 
that Fx is a well defined functor, amounts to checking that Fx(4> f-,oj^ oip ) = Fx(y>, ^) 
Fx (ip, u}$). To this aim, we may assume that either is the identity of o ^ (which then 
coincides with £y), or else that ip is the identity (in which case U coincides with V, and j v is the 
identity of T/U), and likewise for u>^ and We have then four cases to consider separately; we 
will proceed somewhat briskly, since these verifications are unenlightening and rather tedious. 
First, suppose that both tu v and oty are identities. In this case, we have : 

and we remark as well that u>^ oip = (c^ * £c/) _1 - Then the sought identity translates the 
commutativity of the diagram ^ * 3) * where 3 is the diagram : 



Jtp ° Jip ° Jipoip* >■ J^ 0i p ° Jipotp* 

S-ipop 



3 V °3^° Ji>* J<p* " J v 3<p* »- 1. 

Now, notice that the bottom row is the counit of adjunction defined by the morphism o j v ; 
then the commutativity of @ is just a special case of remark fT.1.1 U ii). 

Next, suppose that ip is the identity of U = V, and uj^ is the identity of o £ v = £ w . In this 
case, Ujp oip = j^p * LO^, and fx(ip, u$) is the same as in the previous case, whereas : 

?x(<P, w v ) = (wj * &*) o (£* * 
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Then the sought identity translates the commutativity of the diagram : 

Cw ° £w* iw ° J^* ° &* £u ° h ° H* ° 



iv ° £,v* iv ° iu* >■ €u ° 

which is an immediate consequence of the naturality of and cj* . 

The case where u>^ is the identity of £w and ip is the identity of V = W, is similar to the 
previous one. The remaining case where both ip and ip are identities is easy, and shall be left to 
the reader. 

Remark 1.6.18. (i) Let £ be a point of the topos T; we remark that the category Nbd(£) 
is cofiltered; indeed, if (Ui,a\) and (U 2 ,a 2 ) are two neighborhoods, the natural projections 
U12 '■= U± X U 2 — > U{ (for i = 1,2) give morphisms of neighborhoods (C/12, (ai, aa)) — * 
(Z7i, Oi). (Notice that (Z7i x [72)5 = E/i,§ X Z7" 2 ^.) Likewise, since £* commutes with equalizers, 
for any two morphisms ip, ip' : (Ui, a\) — > (?7 2 , a 2 ), we have a morphism of neighborhoods 
■0 : (Equal(</?, ip'), 01) — >■ (£/i, ai), such that ip o ip = ip' o ip. 

(ii) Denote by 6 : Nbd(£) — * T the functor given by the rule : (U, a) 1— > C7. Then there is a 
natural transformation of functors : 

r € : Hom T (t°, F) => c Fi : Nbd(£)° -> Set 

where cp. denotes the constant functor with value F^. Indeed, if ([/, a) is any neighborhood of 
£, we define (C/, a) : Hornet/, F) — ► F^ by the rule : s 1— > s^(a) for every s : U F. Then 
we claim that induces a natural bijection : 

(1.6.19) colim Rom T U°, F) A F e . 

Nbd(£)° ^ 

Indeed, every element of the above colimit is represented by a triple (U,a,{3), where (U, a) 
is a neighborhood of £, and /3 G Hohit(?7, F); two such triples (U\, ai, (3i) and (U 2 , a 2 , (3 2 ) are 
identified if and only if there exist morphisms ipi : (V, b) — > (Ui, a^) in Nbd(£) (for i = 1, 2), 
such that ipi o = ip 2 o /3 2 . It is then easily seen that every such triple is equivalent to a unique 
triple of the form (F, a, lp), which gets mapped to a under r^(F, a), whence the assertion. 

(iii) For every object (U, £u, uj v ) of Lift(£), let eu '■ £,u£,u*X — > X be the counit of adjunc- 
tion coming from the morphism of topoi we claim that the rule (U, uj v ) 1— > defines a 
natural transformation 

(1.6.20) Fx^c x 

where cx denotes the constant functor with value X. Indeed, let (ip,to v ) : (U,£u,uju) — > 
(V, £y, uy) be a morphism in Lift(£); we need to show that Eu ° Fx(</?,^v) = £v- This 
amounts to checking the identity : 

eu o (£* * £^ * o (cj* * #y*) = £y ° (£y * f*V») 

where #y := j^, o Now, notice that e'y := e v o (£ v *e< p * £ Uif ) : fiyfiv* — > 1 is the counit of 
adjunction given by the morphism of topoi #y. On the other hand, remark [T. 1.1 lf i) says that : 

^* = (e v * d* v ) o (£* * cj^* * ^) o (£* * 77y) 

where : 1 — > "iV*$y is the unit of adjunction given by i?y. The naturality of ey implies the 
identity : 

£V (^y * Z.V* * e' V ) = £y ( £ V * ^y * ^V*)" 

Hence we come down to showing that 

(Cv * ^y* * 40 (Cv * ^* * * ^v*) (£v * ^y * ^y*) = ^y * 
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The latter in turn will follow, once we know that 

(1-6.21) * e' v ) o *$* v * tfy*) ° (v'v * $v*) = 

However, the naturality of says that 

(1-6.22) {oj vif * ■dy * tfy*) o (77^ * i? Vslt ) = * 77^) o ^ 

Then (11.6.211) follows easily from (11.6.221) and the triangular identities of (11.1.81) . 
Lemma 1.6.23. The natural transformation (11.6.201) induces a natural isomorphism : 

colim Fx — > X for every (small) set X. 

Lift(£)° 

Proof Set ^ := Morph(Lift(£)°). We define yet another functor 

G : <af -> Set 

by the rule : 

(here we regard ^ : U' —> U as an object of T/U). Recall that a moronism ojp) — > (-0, c<ty) 
in ^ is a commutative diagram of morphisms in Lift(£) 



G9.W/3) 



([/, UJu) (V, £y, U)y). 

To such a morphism, we assign the map G(@) : G(/3, a;/?) — > G(/0, ttty) defined as follows. First, 
we may regard <p' as a morphism j'^i (0) — >■ /3 in T/V. Denote by 

: -> j*j<pl(ip) 

the unit of adjunction. Then, for every s : /3 — > £y*X, the section G(^)(s) : — > is the 

composition : 

^ ► J v tv*X ► 3 v 3<p*£,u*X ► £ Um X. 

With some patience, the reader may check that G is really a well defined functor. Next, we 
define a natural transformation : 

(1.6.24) G^Fjos 

where s : ^ — > Lift(£)° is the source functor of (11.1.181) . Indeed, notice that, for every lifting 
(U, £u, <^u) of £, we have an isomorphism of categories : 

Lift(f)/ (U, fa, ui v ) A Lift(^) (-0, uty) i-> (V>, c^) 

(where (■0, toy,) is as in the foregoing). On the other hand, by composing the equivalence 

of (11.6.131 ), and the natural transformation t^ v of remark [L6T8fii) (for F := £u*X), we obtain 

a natural transformation : 

which yields ( 11.6.241) . By inspecting the construction, and in view of (11.6.191 ), we get a natural 
isomorphism : 

colim G ^ colim F. 

c e Lift(£)° 

Now, notice that the functor 

(1.6.25) Lift(0° -> # (E/,fr,Wtf) ^ l (CWu) 
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is cofinal. A simple inspection reveals that the composition of G with (11.6.251) is the constant 
functor with value X, whence the contention. □ 

1.6.26. Suppose now that T = C7~ for some small site C := , J). For a point £ of T, we 
may define another category Nbd(£, C), whose objects are the pairs (U, a) where U £ Ob(^) 
and a £ {hfj)^; the morphisms (U, a) (U', a') are the morphisms f : U — > {/' in ^ such that 
(/ij)^(a) = a'. (Notation of remark [T.5.27r iii'). N ) The rule ([/, a) t— > (/i^, a) defines a functor 

(1.6.27) Nbd(£, C) -> Nbd(f). 

Proposition 1.6.28. /n situation of (11.6.261) . we /zave : 

(i) 77ze category Nbd(£, C) « cofiltered. 

(ii) The functor (11.6.271) w cofinal. 

Proof. To begin with, since £* commutes with all colimits, remark [T".5.27r iii) implies easily that, 
for every object (U, a) of Nbd(£) there exists an object (V, b) of Nbd(£, C) and a morphism 
(hy, b) — > (U, a) in Nbd(£). Hence, it suffices to show (i). 

Thus, let (Ui, cli) and (U2, 0-2) be two objects of Nbd(£, C); since Nbd(£) is cofiltered, we 
may find an object (F, b) of Nbd(£) and morphisms (fi : (F, b) — > (hfj., a*) (for i — 1, 2). By 
the foregoing, we may also assume that (F, 6) = (/t v , 6) for some object (V, b) of Nbd(£, C), 
in which case £ /ij/ (V) for i = 1,2. By remark n".5.27r iv). we may find a sieve J? 7 covering 
V such that y?j £ Hohi^a (hy, ti^) for both % = 1,2. 

On the other hand, (11.5.21) and proposition ll.5.34l yield a natural isomorphism : 

colim/i" o s ^ 

Therefore, since £* commutes with all colimits, we may find (f : S —> V) & Ob(J^) and 
c £ such that h°j : (h a s ,c) — > (Tiy, 6) is a morphism of neighborhoods of £. 

For i = 1,2, denote by Tp s i £ h s ^ p (S) the image of (under the map induced by the natural 
morphism h s — > hy coming from (|1.5.2I) ). Pick any Lp s ,i £ Honv (S, V) in the preimage of 
<Ps,i> men defines a morphism (S 1 , c) — > (C/j, o») in Nbd(£, C). 

Next, suppose that v 9 i ) V 9 2 : a ) - ► (U',a r ) are two morphisms in Nbd(£,C); argu- 
ing as in the foregoing, we may find an object (V,b) of Nbd(£, C), and ip £ /i^ p (\^) = 
Hom^A (hy P , h s ^ p ) whose image in h%{V) yields a morphism ip a : (h v ,b) — ► (hjj,a) in 
Nbd(£), and such that <^ ep o ip — Lp s 2 ep o ^ in /i^, p (\^). We may then find a covering sub- 
object z : R —> hy, such that cp\ o (ip o 1) = cp 2 o (ip o i) in Hom^A (i2, h' v ) . Again, by combining 
(11.5.21) and proposition !! .5.341 we deduce that there exists a morphism (3 : (V, V) — > (V, b) in 
Nbd(£, C), such that cpi o (ip o 0) = cp 2 o (-0 o (3). This completes the proof of (i). □ 

As a corollary of propo sition ll .6.281 and of remark (|1.6.18l )(ii), we deduce, for every sheaf F 
on C, a natural isomorphism : 

colim F o L° r —> Ft 

Nbd(£,C) 

where i c ■ Nbd(£, C) — > ^ is the functor given by the rule (Z7, a) 1— > [/ on every object (U, a). 

1.7. Algebra on a topos. Let X and X' be two objects of a topos T. It is easily seen that the 
presheaf on T : 

U i-> Hom T/c/ (X | ' l/ ,X| C7 ) = Hom T (X'x[/,X) 
is actually a sheaf on (T, CV) (notation of example !! .6.6n ii)). so it is an object of T, denoted : 

J?om T {X',X). 

The functor : 

T -> T : X ^ jrom T (X', X) 
is right adjoint to the functor r->T:Fh^FxX'. 
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If / : T — > S is a morphism of topoi, and K G Ob(S'), we have a natural isomorphism in S : 
(1.7.1) jPoms(yj,X) A /^om T (/T,X) 

which, on every [/ G Ob(S'), induces the natural bijection : 

Hornby x U, /*X) A Hom T (/*Y x /*[/, X) 

given by the adjunction (/*, /*). By general nonsense, from (11.7.11 ) we derive a natural mor- 
phism in S : 

f*Jt?om T (X',X) -> Jt?om s (f*X',f m X) 

and in T : 

f*Jftmis(Y', F) ^ ^om T (/*Y", f*Y) for any F, Y" G Ob(5). 
Moreover, if # : U — > T is another morphism of topoi, the diagram : 

g*f*Jiroms(Y', Y) ^ g*^om T (f*Y', f*Y) 

(1.7.2) 

commutes, up to a natural isomorphism. 

Definition 1.7.3. Let T be a category in which products are representable, A and B any two 
objects of T. 

(i) A left A-module (resp. a ng/z? B -module) is a datum (X, fix), consisting of an object 
X of T, and a morphism in T : 

/ix : A x X — » X (resp. /ix : X x £? — > X) 

called the scalar multiplication of X. 

(ii) A morphism of left A-modules (X, /ix) — ► (X', fix') is a morphism / : X — > X' in T 
which makes commute the diagram : 

AxX' — ^ X'. 

One defines likewise morphisms of right £>-modules. 

(iii) An (A, B)-bimodule is a datum (X, l^xi^x) sucn tnat /^x) is a left A-module, 
(X, pf x ) is a right 5-module, and the scalar multiplications commute, i.e. we have : 

/4 o (1 A x = n T x o (jj x x 1 B ). 

Of course, a morphism of (A, £>)-bimodules must be compatible with both left and 
right multiplication. 

We denote by A-Modj (resp. £>-Mod r , resp. (A, £>)-Mod) the category of left A-modules 
(resp. right 5-modules, resp. (A, £?)-bimodules). 
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1.7.4. Suppose now that T is a topos, and let (X, fix) be a left A-module; for every object U 
of T we obtain a left A^-module (on the topos T/U : see example [1 . 6 . 6r iii) ) , by the rule : 

(X,(i x )\u ■= {X\u,Px x If/)- 
If (X', nx>) is another left A-module, it is easily seen that the presheaf on T : 

U i-> Hom A|l7 . Modi ((X, jj x )\u,(X',fi X ')\u) 
is actually a sheaf for the canonical topology, so it is an object of T, denoted : 

J4?om Al ((X, fix), {X',nx>)) 

(or just ^fbm^X, X'), if the notation is not ambiguous). The same considerations can be re- 
peated for the sets of morphisms of right £>-modules, and of (A, _B)-bimodules, so one gets ob- 
jects JWiB r (X,X') and J$?orri(A,B)(X, X'). Furthermore, J^om Al (X, X') is also the equal- 
izer of two morphisms in T : 

jTom T (X, X') ^om T (A x X, X') 

P 

where a (resp. (3) represents the natural transformation 

if i-> ip o (fj, x x lu) (resp. y> h-> x 1^) o (1 A x </?)) 
for every object U of T, and every morphism cp : Xp — > XL in T/C7". 

1.7.5. Next, let A, 5,C7 G Ob(T); suppose that (X, fi l x , fi r x ) is an (A, £?)-bimodule, and 
(X', /J x ,, fj, x ,) a (C, £>)-bimodule. Then we claim that Jtf?om Br ((X, ff x ), (X', /i^,)) is natu- 
rally a (C, v4)-bimodule. Indeed, to define the scalar multiplications on this object, amounts to 
exhibiting a natural transformation, that assigns to every object U of T, a map of sets : 

C(U) x r(C/, J^om Br (X, X')) x A(U) -> r(C/, ^om Br (X, X')) (c, /, a) >-> c • / • a. 

This is obtained as follows. Given a G A (£/"), c G C(U), and a morphism / : X\u — >■ XL 
of right fi-modules, the left scalar multiplication fi l x (resp. restricts to a morphism : 
X|[/ -> Xic/ (resp. /4 : Xfa -> XLJ such that /^(x) = fM x (a,x) (resp. = a4,(c,x)) 

for every local section x of X|t/ (resp. of XL); since /U^- commutes with /i^ (and likewise 

for fi l x ,), one checks easily that fJ a and /4 are morphisms of right £>-modules, and one sets 
c • / • a :— fj, l c o f o /J a . This rule yields a bifunctor : 

(1.7.6) jeom Br (-, -) : (A, B)-Mod° x (C, B)-Mod -> (C, A)-Mod. 

Likewise, we may define a bifunctor : 

JTom^(-,-) : (A -B)-Mod° x (A, C7)-Mod -> (£,C)-Mod 
(details left to the reader). 

1.7.7. Fix a (A, £>)-bimodule (X, fj, l x , fi x ); the functor 

(C, B)-Mod -> (C, A)-Mod : X' h-> JTom Br (X, X') 
admits a left adjoint, the tensor product 

(C,A)-Mod - (C ;J B)-Mod : (X',/4,,/4) h- (X',/4,^,) ® A (X/4,/4) 
which can be defined as the coequalizer (in T) of the morphisms : 

l x /XfJ, l x 

x x a x x ; X' x X 
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with scalar multiplications induced by n x and ji x , . Likewise, we have a functor : 

(A, C)-Mod - (B, C)-Mod : (X', ^ (X, fi l x , ff x ) ® A (X', 

which admits a similar description, and is left adjoint to the functor X' i— > ^bm^fX, X') 
(verifications left to the reader). 

1.7.8. As a special case, notice that, for any object A of T, the rule (Y, fj, Y ) (Y,py,/J>y) 
(where py '■ It x Y — > Y is the natural projection), induces an isomorphism of categories 
A-Mod r ^ (1 T , A)-Mod. Letting C := 1 T in (fTTTTTi we see that any (A, 5) -bimodule X 
also determines a functor : 

A-Mod r -> 5-Mod r : F ^ F ® A X 

and likewise for left A-modules. 

Example 1.7.9. If T = Set is the category of sets, then a left A-module is just a set X' with a 
/e// action of A, i.e. a map of sets A x X' — > X' : (a, x) i— > a • £. A bimodule X is a set with 
both left and right actions of A, such that (a • x) ■ a' = a ■ (x ■ a') for every a, a' E A and every 
x E X. With this notation, the tensor product X' ®a X is the quotient (X' x X)/~, where ~ 
is the smallest equivalence relation such that (x'a, x) ~ (x', ax) for every x E X, x' E X' and 
a E A. 

1.7.10. Let / : T\ — > T 2 be a morphism of topoi, Ai an object of Ti, and (X, fi x ) a left A\- 
module. Since /„ is left exact, we have a natural isomorphism : /*(A L x X) A x /*X, 
so we obtain a left f*A 1 -module : 

f m (X,fi X ) ■= [f*X,f m fi X ) 

which we denote just /*X, unless the notation is ambiguous. Likewise, since /* is left exact, 
from any object A 2 of T 2 , and any left ^-module (Y, fj, Y ), we obtain a left /""^-module : 

f*(Y,» Y ) := (/TJV). 

The same considerations apply of course, also to right modules and to bimodules. Furthermore, 
let Ai,Bi,Ci be three objects of T (for i = 1,2); since /* is left exact, for any (A 1 ,B 1 )- 
bimodule X and any (Ci, Ai) -bimodule X' we have a natural morphism of (/*Ci, f*Bi)- 
bimodules : 

/*X' ® f . Ax f*X^U{X' ® Al X) 

and since /* is exact, for any (v4 2 , 5 2 ) -bimodule F and any (C 2 , A 2 ) -bimodule V we have a 
natural isomorphism : 

f*Y' ® /M2 /*Y^f (Y' ®a 2 Y) 

of Cf* C 2 , /*£ 2 )-bimodules. 

1.7.1 1. The constructions of the previous paragraphs also apply to presheaves on T : this can 
be seen, e.g. as follows. Pick a universe V such that T is V-small; then Ty is a V-topos. Hence, 
if A is any V-presheaf on T, and X, X' G Ob(Ty) two left A-modules, we may construct 
J^om Al (X, X') as an object in Ty . Now, if A, X, X' lie in the full subcategory T^ of Ty\ it is 
easily seen that also ifom^^J, X') lies in Ty . Likewise, if A, B, C are two U-presheaves on 
T, we may define X' ®^ X in Ty , for any (A, £>)-bimodule X and (C, A)-bimodule X', and 
this tensor product will still be left adjoint to the ^om-functor for presheaves on T. 

Moreover, we have a natural morphism of topoi iy : (T, CV)y — > Ty , given by the forgetful 
functor (and its left adjoint F i— »■ T a ) (see example I1.6.6I T)). The restriction of iy* to the 
full subcategory Ty factors through the inclusion T — > (T, CV)y, therefore, the discussion 
of (11.7.101) specializes to show that, for every U-presheaf A on T, and every A-module X G 
Ob(T u x ), the object X a G Ob(T) is naturally an ^"-module. Also, for any (A, 5) -bimodule X 
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and (C, A)-bimodule X', such that A, B, C, X, X' are U-small, we have a natural isomorphism 
of (C a , E 11 ) -bimodules : 

X' a ® A a X a ^ {X' ® A X) a . 

1.7.12. Let T be a category in which all products are representable, and which admits a final 
object It- A T -semigroup is a datum (M, /im) consisting of an object M of T and a morphism 
//m : MxM — >■ M, the multiplication law of M, such that (M, /im, A*m) is a (M, M)-bimodule. 
A morphism of T-semigroups is a morphism cp : M — » M' in T, such that : 

A*M' ° (<£ x V 9 ) = <P Vm- 

A T -monoid is a datum M := (M, /ijvf, 1 m), where (M, /zm) is a semigroup, and Im '■ It — ► M 
is a morphism in T, called the wmY of M, such that : 

fJ>M ° (U/ x 1m) = 1m = AtM ° (1m x 1m)- 

This is the same as requiring that, for every object U of T, the set M{U) := Hom T (?7, M), 
endowed with the composition law : 

M(U) x M(U) ^ Hom(C/, M x M) Homr(l/ '^ M) ) M ( f/ ) ( m> m ') m . m > 

and the unit Im 1m(U) G M(U), is a monoid. Of course, one says that M is commutative, if 
m • m' = m' ■ m for all objects U of T and every m, m' G M(U). A morphism of monoids 
M — > M' is a morphism of semigroups cp : M — > M' such that (/?(1m) = Im'- 

The category of T-monoids admits an initial object which is also a final object, namely 1^ : = 
(It, Hi, li T ), where /ii is the (unique) morphism 1 T x l r — > l r . (Most of the above can be 
repeated with the theory of semigroups replaced by any "algebraic theory" in the sense of IfTTl 
Def.3.3.1] : e.g. in this way one can define T-groups, T-rings, and so on.) 

1.7.13. Let M := (M, /j, M , 1 M ) be a T-monoid, where T is a category as in (|1.7.12l) ; of 
course, we are especially interested in the M -modules (X, uj) which are compatible with the 
unit and multiplication law of M. Hence we define a left M_-module as a left M -module (S, fxs) 
such that : 

(is ° (Im x Is) = Is y"s ° (Im x fi S ) = /i s o (jjt, M x l s ). 

Likewise we define right M-modules, and (M, iV)-bimodules, if iV is a second T-monoid; 
especially, (M, M)-bimodules shall also be called simply M-bimodules. 

A morphism of left M-modules (S, fj,$) — >• (5", fig') is just a morphism of left M-modules, 
and likewise for right modules and bimodules. For instance, M is a M-bimodule in a natural 
way, and an ideal of M is a sub-M-bimodule I of M. We denote by M-Mod^ (resp. M-MocL, 
resp. M-Mod) the category of left (resp. right, resp. bi-) M-modules; more generally, if TV is 
a second T-monoid, we have the category (M, AQ-Mod of the corresponding bimodules. 

Example 1.7.14. Take T = Set. Then a T-monoid is just a usual monoid M, and a left M- 
module is a datum (S, fis) consisting of a set S and a scalar multiplication M x S — > S : 
(m, s) i— > m ■ s such that : 

1 ■ s = s and x ■ (y ■ s) = (x ■ y) ■ s for every x,y G M and every s G S. 

A morphism cp : (S, fj,s) — > (T, /i T ) of M-modules is then a map of sets S — > T such that 

x • </?(s) = y3(x • s) for every x G M and every s E S 

Likewise, an ideal of M is a subset I C M such that a - x, x ■ a E I whenever a E I and x G M. 

Of course, for a general topos T, a left M-module is the same as the datum of a sheaf S in 
(T, C T ), such that S(U) is a left M(?7)-module, for every object U of T. 
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Remark 1.7.15. Let T be a complete and cocomplete category, whose colimits are universal 
(see example [1 . 1 .24| v)), and M a T-monoid. 

(i) The categories M-Mod;, M-Mod r and (M, A[)-Mod are complete and cocomplete, 
and the forgetful functor M-Mod/ — > T (resp. the same for right modules and bimodules) 
commutes with all limits and colimits. 

(ii) Notice also that the forgetful functor M -Mod/ — > T is conservative. Together with (i) 
and remark [T. 1 .36r iii.iv). this implies that a morphism of left M-modules is a monomorphism 
(resp. an epimorphism) if and only if the same holds for the underlying morphism in T (and 
likewise for right modules and bimodules). 

(iii) For each of these categories, the initial object is just the initial object T of T, endowed 
with the trivial scalar multiplication. Likewise, the final object is the final object 1 T of T, with 
scalar multiplication given by the unique morphism M x 1 T —> 1 T . Moreover, the forgetful 
functor M-Mod/ — > T admits a left adjoint, that assigns to any £ G Ob(T) the free M-module 

generated by £; as an object of T, the latter is just M x S, and the scalar multiplication 
is derived from the composition law of M, in the obvious way. 

For instance, for any n G N, and any left (or right or bi-) M-module S, we denote as usual 
by S® n the coproduct of n copies of S. 

(iv) Suppose that T is a topos; then, via the equivalence (11.6.11) . a T-monoid is also the same 
as a sheaf of monoids on the site (T, CV). 

The following definition gathers some standard notions connected to monoids which shall be 
used in this work. 

Definition 1.7.16. Let T be a topos, M a T-monoid, S a left (resp. right, resp. bi-) M-module. 

(i) S is said to be of finite type, if there exists a covering family {U\ — > It | A G A) of the 
final object of T, and for every A G A an integer n\ G N and an epimorphism of left 
(resp. right, resp. bi-) M^ -modules : M_^ x -> S\ Ux . 

(ii) S is finitely presented, if there exists a covering family (U\ — > It | A G A) of the 
final object of T, and for every A G A integers m A , n\ G N and morphisms f\,g\ : 
M^ A — > Mj^" A whose coequalizer - in the category of left (resp. right, resp. bi-) 
M^-modules - is isomorphic to S\u x - 

(iii) S is said to be coherent, if it is of finite type, and for every object U in T, every 
submodule of finite type of Sm is finitely presented. 

(iv) S is said to be invertible, if there exists a covering family (U\ — > ly | A G A), and 
for every A G A, an isomorphism M^ ^> of left (resp. right, resp. bi-) My_ T - 
modules. (Thus, every invertible module is finitely presented.) 

(v) An ideal / C M is said to be invertible, (resp. of finite type, resp. finitely presented, 
resp. coherent) if it is such, when regarded as an M-bimodule. 

Example 1.7.17. (i) Take again T = Set. Then an M-module S is of finite type if and only 
if there exists a finite subset S C S, such that S = M ■ E, with obvious notation. In this case, 
we say that E is a. finite system of generators of S 1 (and we also say that S is finitely generated; 
likewise, an ideal of finite type is also called finitely generated). We say that S is cyclic, if 
S = M ■ s for some s G S. 

(ii) If S and S" are two M-modules, the coproduct S © 5" is the disjoint union of S and 
5", with scalar multiplication given by the disjoint union of the laws /is and fj,s'. The product 
S x S' is the cartesian product of the underlying sets, with scalar multiplication given by the 
rule : x • (s, s') := (x • s,x- s') for every x G M, s, G 5, s' G S". 

For future use, let us also make the : 

Definition 1.7.18. Let T be any topos, P a T-monoid, and (N, +, 0) any monoid. 
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(i) We say that P is N -graded, if it admits a morphism of monoids n : P — > Nt, where 
N T is the constant sheaf of monoids arising from iV (the coproduct of copies of the 
final object It indexed by N). For every n E N we let P n : = 7r _1 (nr), the preimage 
of the global section corresponding to n. Then 

£=Il£. 

n£N 

the coproduct of the objects P_ n , and the multiplication law of P restricts to a map 
E-n x P-m ~^ £-n+m' f° r ever Y n,m E N. Especially, each P_ n is a P -module, and P 
is also the direct sum of the P_ n , in the category of P -modules. The morphism n is 
called the grading of P. 

(ii) In the situation of (i), let S be a left (resp. right, resp. bi-) P-module. We say that S is 
A -graded, if it admits a morphism of P-modules 7rs : S — > Ay, where iVV is regarded 
as a P-bimodule via the grading n of P. Then 5 is the coproduct S = JJ neAr S n , where 
S n '■= (^t)* and the scalar multiplication of S restricts to morphisms P_ n x S m — > 
Sn+m* for every n,m E N. The morphism 7r s is called the grading of 5. 

(iii) A morphism P — > Q of A^-graded T-monoids is a morphism of monoids that respects 
the gradings, with obvious meaning. Likewise one defines morphisms of A^-graded 
P-modules. 

1.7.19. Let T be a topos, M, N_, P three T-monoids, S a (M, A[)-bimodule, S' a (P, N)- 
bimodule and S" a (P, M)-bimodule. Then it is easily seen that the (P, M)-bimodule (resp. 
the (P, A r )-bimodule) J$?om Nr (S, S') (resp. S" ® M S) is actually a (P,M) -bimodule (resp. 
a (P,N_) -bimodule) and the adjunction of (11.7.71) restricts to an adjunction between the corre- 
sponding categories of bimodules : the details shall be left to the reader. These objects are also 
the sheaves on (T, C T ) associated to the presheaves given by the rules : U i— > S'(U) ®m(u) S(U) 
and U i — ► Hom A/|!7 (S\u, S\u)> f° r every object U of T. 

The same applies also to presheaves of monoids on T and their bimodules, thanks to the 
considerations of (|1.7.1 II) . 

1 .7.20. We have as well the analogue of the usual associativity constraints. Namely, if M, N_, 
P and Q are T-monoids, then, for every (M, N) -bimodule S, every (N_,P) -bimodule S' and 
every (P, Q)-bimodule S", there is a natural isomorphism 

(S ® N S') ® P S" ^> S® N (S' ® P S") in (M, Q)-Mod 

and natural isomorphisms M ® M S ^ S ^ S <$ N N in (M, A[)-Mod. 

Also, if M is commutative, every left (or right) M-module is naturally a (M, M) -bimodule, 
and we have a commutative constraint 

S ® M S' ^ S' (g) M S for all left (or right) M-modules. 

(In such situation, one says that M-Mod; is a symmetric monoidal category.) 

Example 1.7.21. Take T = Set, and let M be any commutative monoid. Then we claim that 
the only invertible object in the monoidal category M-Mod; is M; i.e. if S and S' are any two 
(M, M)-bimodules, then S ® M S' ~ M if and only if S and 5" are both isomorphic to M. 

Indeed, let ip : S ®a/ 5" ^> M be an isomorphism, and choose s E S, s' E S' such that 
(f(so ® Sq) = 1. Consider the morphisms of left M-modules : 

M S M M S' — .1/ 

such that : 

a(m) = m • s /3(s) = <p(s <S> s' Q ) a'(m) — m • s' P'(s') = ip(s ® s') 
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for every m<EM,seS,s'e S'; we notice that f3 o a = 1m = P' ° oi 1 . There follows natural 
moronisms : 

b — > M <g) M b > b ®M b ► J-vl ®M O > b 

whose composition is the identity l s >. However, it is easily seen that ip o (a ® M S') o 7 = (3' 
and 7" 1 o ((3 ® M S') o ip~ x = a', thus a' o @' = l S r, hence both a 1 and (3' are isomorphisms, 
and the same holds for a and (3. 

Example 1.7.22. Let M be a T-monoid, and «£? a M-bimodule. For every n G N, let ££® n : = 
®m_ ■ ■ ■ ®m the n-fold tensor power of Jz? . The N-graded M-bimodule 

Tens^Jzf := \\^® n 

neN 

is naturally a N-graded T-monoid, with composition law induced by the natural morphisms 
S£® n ®m ^ ^® n+m , for every n, m G N. (Here we set := M.) If is invertible, 

Tens* 7 J2f is a commutative N-graded T-monoid, which we also denote Sym* f J?f . 

1.7.23. Let if : M 1 — >■ M 2 be a morphism of T-monoids; we have the (M 1 , M 2 )-bimodule : 

Mi )2 := (M 2 ,/iM 2 (v 3 x lM 2 ),/iM 2 )- 

Letting X := M 1)2 in (|1.7.8I) . we obtain a frase change functor for right modules : 

Mi-MocL M 2 -Mod r : X i-> X ® Ml M 2 := X ® Ml M 1>2 . 

The base change is left adjoint to the restrictions of scalars associated to ip, i.e. the functor : 

M 2 -Mod r -> M 1 -Mod i : (X, ii x ) ^ (X, := (X, fx x o (l x x p)) 

(verifications left to the reader). The same can be repeated, as usual, for left modules; for 
bimodules, one must take the tensor product on both sides : X 1— ► M 2 X (g)^ M 2 . 

Example 1.7.24. Take T = Set, and let M be any monoid, E any set, and M (s) the free 
M-module generated by S. From the isomorphism 

we see that the cardinality of £ is an invariant, called the rank of the free M-module and 
which we denote rk^M^. 

Remark 1.7.25. (i) Let / : T — > S be a morphism of topoi, M := (M, a T-semigroup, 
and X := (X, fi N ) a S'-semigroup. Then clearly /*M := (f*M, is a ^-semigroup, and 

/*iV := (/* X, />jv) is a T-semigroup. 

(ii) Furthermore, if 1^ : It — > M (resp. Ijv : I5 — ► X) is a unit for M (resp. for X), then 
notice that /*1t = I5 (resp. = It), since the final object is the empty product; it follows 
that (resp. f*ls) is a unit for /*M (resp. for /*jV). 

(iii) Obviously, if M (resp. X) is commutative, the same holds for f*M (resp. /*X). 

(iv) If X is a left M-module, then /*X is a left /^M-module, and if Y is a left X-module, 
then f*Y is a left /*X-module. The same holds for right modules and bimodules. 

(v) Moreover, let e M : f*f*M — > M (resp. 77^ : X — > f*f*N) be the counit (resp. unit) of 
adjunction. Then the counit (resp. unit) : 

ex : - ^sp. ^ : Y - fJ*Y (m) ) 

is a morphism of f*f*M_- modules (resp. of X-modules) (notation of (11.7.231) ). (Details left to 
the reader.) 

(vi) Let ip : f*N_ — > M be a morphism of T-monoids. Then the functor 

X-Modz -> M-Mod z : 7hM /*Y 
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is left adjoint to the functor : 

M-Mod/ -> X-Mod/ : Ih/J (w) . 

(And likewise for right modules and bimodules : details left to the reader.) 

(vii) The considerations of (|1.7.1 II) also apply to monoids : we get that, for any presheaf of 
monoids M := (M, /i M , 1 M ) on T, the datum M a := (M a , 1^) is a T-monoid, and we 
have a well defined functor : 

M-Mod/ -> M a -Mod/ X h-> X a . 

(And as usual, the same applies to right modules and bimodules.) 

1.7.26. Let T be a topos, U any object of T, and M a T-monoid. As a special case of re- 
mark [HL25]X), we have the T/[/-monoid j^M = M^, and if we take if := lj* m in remark 
|1.7.25f vi), we deduce that the functor 

ju : M-Mod/ -> M^-Mod/ F i— > Yjj/ 

admits the right adjoint jV*- Now, suppose that X — > U is any left M^-module. The scalar 
multiplication of X is a [/-morphism /ix : M x X — > X and jm^x is the same morphism, 
seen as a morphism in T (notation of example !! .6.6r iii)). In other words, ju\ induces a faithful 
functor on left modules, also denoted : 

j m : Mp-Modi -> M-Mod/. 

It is easily seen that this functor is left adjoint to the foregoing functor Especially, this 
functor is right exact; it is not generally left exact, since it does not preserve the final object 
(unless U = It)- However, it does commute with fibre products, and therefore transforms 
monomorphisms into monomorphisms. All this holds also for right modules and bimodules. 

1 .7.27. Let T be as in (11.7.121) . and M any T-monoid. A pointed left M_-module is a datum 

(S,0 S ) 

consisting of a left M-module S and a morphism of M-modules 0^ : — » S, where denotes 
the final object of M-Mod/. Often we shall write S instead of (S, Os), unless this may give 
rise to ambiguities. As usual, a morphism cp : S — » T of pointed modules is a morphism of 
M-modules, such that Or = O5. In other words, the resulting category is just O/M-Mod/, 
and shall be denoted M-Mod io . 

Likewise one may define the category M-Mod ro of right M-modules, and (M, AQ-Mod 
of pointed bimodules, for given T-monoids M and N_. 

Remark 1.7.28. Let T be a category as in remark [L7. 151 

(i) For reasons that will become readily apparent, for many purposes the categories of pointed 
modules are more useful than the non-pointed variant of (11.7.131) . In any case, we have a faithful 
functor : 

(1.7.29) M-Mod/ -> M-Mod/ S i-> S := (S © 0, 5 ) 

where 05:0^S'©0is the obvious inclusion map. Thus, we may - and often will, without 
further comment - regard any M-module as a pointed module, in a natural way. (The same can 
of course be repeated for right modules and bimodules.) 

(ii) In turn, when dealing with pointed M -modules, things often work out nicer if M itself 
is a pointed T-monoid. The latter is the datum (M, M ) of a T-monoid M and a morphism of 
M-modules 0m '■ — > M. A morphism of pointed T-monoids is of course just a morphism 
/ : M — > M of T-monoids, such that / o M = Q M ,. As customary, we shall often just write 
M instead of (M, 0^), unless we wish to stress that M is pointed. 
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(iii) Let (M, Om) be a pointed T-monoid; a pointed left (M, 0M)-module is a pointed left 
M-module S 1 , such that ■ s = for every s £ S. A morphism of pointed left (M, Om)- 
modules is just a morphism of pointed left M -modules. As usual, these gadgets form a category 
( M , 0m)-Mo(1| o . Similarly we have the right and bi-module variant of this definition. 

(iv) The forgetful functor from the category of pointed T-monoids to the category of T- 
monoids, admits a left adjoint : 

M^{M o ,0 Mo ). 

Namely, M Q is the M-module M © 0, the zero map Mo '■ — > M © is the obvious inclusion, 
and the scalar multiplication M x M D — > M is extended to a multiplication law /i : M x M D — > 
M D in the unique way for which (M ,/x, 0a/ o ) is a pointed monoid. The unit of adjunction 
M — > M_ is the obvious inclusion map. 

(v) If M is a (non-pointed) monoid, the restriction of scalars 

(lo, A /J-Mod Zo -> M-Mod, 

is an isomorphism of categories. Namely, any pointed left M-module S is naturally a pointed 
left M -module : the given scalar multiplication M x S — > S extends to a scalar multiplication 
M Q x 5 — > S whose restriction x S — > S factors through the zero section S (and likewise 
for right modules and bimodules). 

(vi) Let T be a topos. The notions introduced thus far for non-pointed T-monoids, also admit 
pointed variants. Thus, a pointed module (S, O5) is said to be of finite type if the same holds for 
S, and S is finitely presented if, locally on T, it is the coequalizer of two morphisms between 
free M-modules of finite type. 

Example 1.7.30. Take T := Set, and let M be any monoid; then a pointed left M-module is 
just a left M-module S endowed with a distinguished zero element e S, such that m ■ = 
for every m G M. A morphism ip : S — > S' of pointed left M-modules is just a morphism of 
left A/-modules such that 99(0) = (and similarly for right modules and bimodules.) 

Likewise, a pointed monoid is endowed with a distinguished zero element, denoted as usual, 
such that ■ x = for every x £ M. 

Remark 1.7.31. Let T be a category as in remark [T.7.151 and M a T-monoid. 

(i) Regardless of whether M is pointed or not, the category M-Mod; D is also complete 
and cocomplete; for instance, if (S, O5) and (S 1 , O5/) are two pointed modules, the coproduct 
(S", S ") := (S, 5 ) © (S', S >) is defined by the push-out (in the category M-Mod/) of the 
cocartesian diagram : 

© ^ S © S' 



5"'. 

Likewise, if if 1 : 5" — > S and ip" : S" —> S are two morphisms in M-Mod/ , the fibre product 
S' x s S" in the category M-Mod^ is naturally pointed, and represents the fibre product in the 
category of pointed modules. All this holds also for right modules and bimodules. 

(ii) The forgetful functor M-Mod io — > T := 1 T /T to the category of pointed objects of 
T, commutes with all limits, since it is a right adjoint; it also commutes with all colimits. This 
forgetful functor admits a left adjoint, that assigns to any E £ Ob(T) the free pointed M-module 
M}^° . If M is pointed, the latter is defined as the push-out in the cocartesian diagram 



1 T x S ^ M x E 



It M (s)o 
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and if M is not pointed, one defines it via the equivalence of remark ll.7.28f v) : by a simple 
inspection we find that in this case M^'° = (M^) p , where is the free (unpointed) 

M-module, as in remark [T. 7 . 1 5 f iii) . 

Notice as well that the forgetful functors T Q — > T and M-Modz — > M-Mod ; both commute 
with all connected colimits, hence the same also holds for the forgetful functor M-Mod; — ► T. 
(See definition ! 1 . 1 .35r vii).) The same can be repeated for right modules and bimodules. 

(iii) Moreover, if cp : S — > S 1 is any morphism in M-Mod; , we may define Kenp and 
Coker ip (in the category M-Mod/ ); namely, the kernel is the limit of the diagram S — ► S' <— 
and the cokernel is the colimit of the diagram *— S — > S'. Especially, if S is a submodule of 
S', we have a well defined quotient S'/S of pointed left M-modules. Furthermore, we say that 
a sequence of morphisms of pointed left M-modules : 

o _> S' ^ S ^ S" -> 

is right exact, if ij) induces an isomorphism Coker (p A 5"'; we say that it is left exact, if if 
induces an isomorphism S' —> Kertp, and it is short exact if it is both left and right exact. 
(Again, all this can be repeated also for right modules and bimodules.) 

Example 1.7.32. Take T = Set, and let M be a pointed or not-pointed monoid. Then the 
argument from example fl .7.24l can be repeated for the free pointed M -modules : if S is any set, 
we have 

® M {1} ^ {l} (S)o = S 
where S is the disjoint union of £ and the final object of Set (a set with one element). Hence, 
the cardinality of £ is an invariant, called the rank of the free pointed M-module , and 
denoted rk^M( E K 

1.7.33. Let T be a topos, (M, M ), (N, N ) and (P, P ) three pointed T-monoids, S, (resp. 
S') a pointed (M, iV)-bimodule (resp. (P, iV)-bimodule); we denote 

Kom.(N i0N ) r (S, S') 

the set of all morphisms of pointed right iV-modules S — > 5". As usual, the presheaf 

^om(N,o N ) r (S,S r ) : ?7i-^HomQv j o w ) r | £ ,(5 , [i7,S , f l/ ) 

(with obvious notation) is a sheaf on (T, CV), hence it is represented by an object of T. Indeed, 
this object is also the fibre product in the cartesian diagram : 

jeom (KfiN)r (S, S') J?om Nr (S, S') 

os 

Jtbm Nr (0, 0) ° s '* * J?om Nr (0, S'). 

Especially, ^om{N^ N \ (S, S') is naturally a (P, M)-bimodule, and moreover, it is pointed : its 
zero section represents the unique morphism S — > 5" which factors through 0. 

Notice also that, for every pointed (P, M)-bimodule S", the tensor product 5"' ®m S is 
naturally pointed, and as in the non-pointed case, the functor 

(1.7.34) (P,M)-Mod -> (P,iV)-Mod : S" ^ S" ® M S 

is left adjoint to the functor 

(P, iV)-Mod -> (P, M)-Mod Q : 5' i-> jr O m ( jv, 0jv ) r (S r , S'). 

By general nonsense, the functor (11.7.341) is right exact; especially, for any right exact sequence 
T' — > T — >• T" — >• of pointed (P, M) -bimodules, the induced sequence 
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is again right exact. 

Remark 1.7.35. Suppose M, N_ and P are non-pointed T-monoids, S is a (M_,N_) -bimodule 
and S" a (P, M) -bimodule. 

(i) If S and 5"' are pointed, one may define a tensor product S" ®m S in the category 
(P, AQ-Mod , if one regards 5 as a pointed (M ,iV ) -bimodule, and S" as a (P , M )- 
bimodule as in remark \lJ.2S\ v): then one sets simply S" ®m S : = 5"' ®m q S, which is then 
viewed as a pointed (P, iV) -bimodule. In this way one obtains a left adjoint to the corresponding 
internal Hom-functor JforriN from pointed (P, iV)-bimodules to pointed (P, M )-bimodules 
(details left to the reader). 

(ii) Finally, if neither S nor S" is pointed, notice the natural isomorphism : 

(S" (g) M S) ^ S" ® Mo So in the category (P, iV)-Mod . 

Definition 1.7.36. In the situation of (11.7.331) , let P = N := (1t)o» and notice that - with these 
choices of P and iV - a pointed (P, M)-bimodule (resp. a pointed ( M , iV)-bimodule) is just a 
right pointed M-module (resp. a left pointed M -module), and a pointed (P, iV)-module is just 
a pointed object of T. 

(i) We say that S is a^to pointed left M-module (or briefly, that S is M-flat), if the functor 
(11.7.341) transforms short exact sequences of right pointed M-modules, into short exact 
sequences of pointed T-objects. Likewise, we define flat pointed right M-modules. 

(ii) Let Lp : M — > M be a morphism of pointed T-monoids. We say that ip is flat, if M is 
a flat left M-module, for the module structure induced by (p. 

Remark 1.7.37. (i) In the situation of remark \TJ.25\ i). suppose that M := (M, Om) is a 
pointed T-monoid and N_ := (N, Ojv) a pointed 5-monoid. By arguing as in remark IT.7.25l fii). 
we see that f*N_ := (f*N, /*0n) is a pointed T-monoid, and f*M := (f*M, /*0m) is a pointed 
5-monoid. 

(ii) Likewise, if (X, Ox) is a pointed left M-module, and (Y, Oy) a pointed left iV- module, 
the f*(X,O x ) := (ftX,f.O x ) is a pointed /,M-module, and f*{Y,0 Y ) := (f*YJ*0 Y ) is a 
pointed /*iV-module (and likewise for right modules and bimodules). 

(iii) Also, just as in remark ll.7.25r vii). the associated sheaf functor F i— > F a transforms 
a presheaf M of pointed monoids on T, into a pointed T-monoid M\ and sends pointed left 
(resp. right, resp. bi-) M-modules to pointed left (resp. right, resp. bi-) M a -modules. 

(iv) Moreover, if ip : f*N_ — > M is a morphism of pointed T-monoids, then - in view of the 
discussion of (11.7.331 ) - the adjunction of remark [T.7.25r vi) extends to pointed modules : we 
leave the details to the reader. 

(v) Furthermore, in the situation of (|1.7.26l) . we may also define a functor 

j m : M\u-Mod l0 -> M-Mod Zo 

which will be a left adjoint to Indeed, let (X, Ox) be a left pointed M^-module; the functor 
from (11.7.261) yields a morphism j V \ Q x of (non-pointed) M-modules, and we define ju\(X, Ox) 

to be the push-out (in the category M-Mod;) of the diagram jufix ju '° x > ju\X. The 
latter is endowed with a natural morphism — > jw{X, Ox), so we have a well defined pointed 
left M-module. We leave to the reader the verification that the resulting functor, called extension 
by zero, is indeed left adjoint to the restriction functor. 

(vi) It is convenient to extend definition 11.7.361 to non-pointed modules and monoids : 
namely, if S is a non-pointed left M-module, we shall say that S is flat, if the same holds for 
the pointed left M D -module S Q . Likewise, we say that a morphism cp : M — > N of non-pointed 
T-monoids is flat, if the same holds for ip a . 
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Lemma 1.7.38. Let T be a topos, U any object ofT, and denote by i* : CU — > T the inclusion 
functor of the complement ofU in T (see example \\.6.6[ iv)l Let also M_, N_, P be three pointed 
T -monoids. Then the following holds : 

(i) The functor jm of extension by zero is faithful, and transforms exact sequences of 
pointed left M\y -modules, into exact sequences of pointed left M -modules (and like- 
wise for right modules and bimodules). 

(ii) For every pointed ( M , N_)-bimodule S and every pointed (P\u, M\jj)-bimodule S', the 
natural morphism of pointed (P, N_)-modules 

jm(S' ® M]U S\u) -> jmS' ® M S 

is an isomorphism, 

(iii) If S is flat pointed left M_\\j-module, then ju\S is a flat pointed left M-module (and 
likewise for right modules). 

(iv) For every pointed (M, N_)-bimodule S, and every pointed (i*P, i*M)-bimodule S', the 
natural morphism of pointed (P, N_)-bimodules 

i*S' ® M S — > ®i*M i*S) 

is an isomorphism. 

(v) If S is a flat pointed left i* M_-module, then i*S is aflat left pointed M-module (and 
likewise for right modules). 

(vi) If S is aflat pointed left M-module, then S\u is aflat left pointed M ^-module. 

Proof, (i): Let us show first that ju\ is faithful. Indeed, suppose that ip, ip : S — > S' are two 
morphisms of left pointed M^-modules, such that ju\ip = ju\4>- We need to show that if = ip. 
Let p : S' — > S" be the coequalizer of (p and ip; then jmp is the coequalizer of ju\<p and ju\ift 
(since j V \ is right exact); hence we are reduced to showing that a morphism p : 5" — ► S" is an 
isomorphism if and only if the same holds for ju\p. This follows from remarkQTTTStii) and the 
following more general : 

Claim 1.7.39. Let tp : X — » X', A — > X, A — >• B be three morphisms in T. Then ip is a 
monomorphism (resp. an epimorphism) if and only if the same holds for the induced morphism 

<p U A B : X U A B -> X' U A B. 

Proof of the claim. We may assume that T = C~ for some small site C := ( < ^, J). Then 
ip ILa B = (iip JliA iB) a , where % : C~ — > < ^' A is the forgetful functor. Since the functor 
F i— > F a is exact, we are reduced to the case where T = ( t? A , and in this case the assertion can 
be checked argumentwise, i.e. we may assume that T = Set, where the claim is obvious. 

Next, we already know that ju\ transforms right exact sequences into right exact sequences. 
To conclude, it suffices then to check that ju\ transforms monomorphisms into monomor- 
phisms.To this aim, we apply again remark IT.7. 15T ii) and claim ll .7.391 

(ii) is proved by general nonsense, and (iii) is an immediate consequence of (i) and (ii) : we 
leave the details to the reader. 

(iv) : By (11.7.101) . we have j^(i*5" ® M S) ~ <g> j&M foS ~ l T /u, hence i*S' ® M S G 
Ob(CC/). Notice now that, for every object X of CU, the counit of adjunction i*i*X — » X is an 
isomorphism (propo sition 11.1.1 2U i) ) ; by the triangular identities of (11.1.81 ), it follows that the 
same holds for the unit of adjunction i*X — ► i^Vi+X. Especially, the natural morphism : 

i*S' <g> M S — > i*i*(i*S' ®m S) A z*(i*z*5" ®i*u i*S) ®j» M ^-S 1 )- 

is an isomorphism. The latter is the morphism of assertion (iv). 

(v) follows easily from (iv) and its proof. 

(vi) : In view of (i), it suffices to show that the functor 5" i— > jv\{S' ®m w Sp) transforms 
exact sequences into exact sequences. The latter follows easily from (ii). □ 
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Proposition 1.7.40. Let P(T, M_, S) be the property : "S is aflat pointed left M_-module" (for 
a monoid M_ona topos T). Then P can be checked on stalks. (See remark [T . 6 . 1 4r ii). ) 

Proof. Suppose first that S% is a flat left M^-module for every £ in a conservative set of T- 
points; let ip : X — ► X' be a monomorphism of pointed right M- modules; by (11.7.101 ) we have 
a natural isomorphism 

in the category of pointed sets, and our assumption implies that these morphisms are monomor- 
phisms. Since an arbitrary product of monomorphisms is a monomorphism, remark n~.1.36f iii) 
shows that (p ®m S is also a monomorphism, whence the contention. 

Next, suppose that S is a flat pointed left M-module. We have to show that the functor 

(1.7.41) S'^S'® M( Sz 

from pointed right M^-modules to pointed sets, preserves monomorphisms. 

However, let (U, ^u) be any lifting of £ (see (11.6.111) ); in view of (11.7.101) . we have 

and then lemma [T.7.38r vi) implies that the functor 5" — > Pu(S') preserves monomorphisms. 
By lemma [L6.23l remark [T.6.18r i) and (11.6.131) . the functor (11.7.411) is a filtered colimit of such 
functors Pjj, hence it preserves monomorphisms as well. □ 

1 .7.42. We wish now to introduce a few notions that pertain to the special class of commutative 
T-monoids. When T = Set, these notions are well known, and we wish to explain quickly that 
they generalize without problems, to arbitrary topoi. 

To begin with, for every category T as in (11.7.121) , we denote by Mnd T (resp. Mnd To ) the 
category of commutative unitary non-pointed (resp. pointed) T-monoids; in case T = Set, we 
shall usually drop the subcript, and write just Mnd (resp. Mnd ). Notice that, if M is any 
(pointed or not pointed) commutative T-monoid, every left or right M-module is a M-bimodule 
in a natural way, hence we shall denote indifferently by M-Mod (resp. M-Mod Q ) the category 
of non-pointed (resp. pointed) left or right M-modules. 

The following lemma is a special case of a result that holds more generally, for every "alge- 
braic theory" in the sense of [fTTl Def.3.3.1] (see [|TTl Prop. 3. 4.1, Prop. 3. 4. 2]). 

Lemma 1.7.43. Let T be a topos. We have : 

(i) The category Mnd^ admits arbitrary limits and colimits. 

(ii) In the category Mnd^, filtered colimits commute with all finite limits. 

(iii) The forgetful functor i : Mnd^ — > T that assigns to a monoid its underlying object of 
T, commutes with all limits, and with all filtered colimits. 

Proof, (iii): Commutation with limits holds because i admits a left adjoint : namely, to an object 
S of T one assigns the free monoid W T generated by E, defined as the sheaf associated to the 
presheaf of monoids 

U ^ for every U G Ob(T) 

where N is the additive monoid of natural numbers (see remark [T.7.25r vii)). One verifies easily 
that this T-monoid represents the functor 

M i — ► Hom T (S, M) Mnd T -> Set. 

Moreover, if I is any small category, and F : I — > Mnd T any functor, one checks easily 
that the limit of i o F can be endowed with a unique composition law (indeed, the limit of the 
composition laws of the monoids Tj), such that the resulting monoid represents the limit of F. 

A similar argument also shows that Mnd^ admits arbitrary filtered colimits, and that i com- 
mutes with filtered colimits. It is likewise easy to show that the product of two T-monoids M 
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and N_ is also the coproduct of M and N_. To complete the proof of (i), it suffices therefore 
to show that any two maps f , q : M — » N admit a coequalizer; the latter is obtained as the 
coequalizer iV' (in the category T) of the two morphisms : 

jUjV°(/xljv) 

MxN r N. 

/i N o(gxl N ) 

We leave to the reader the verification that the composition law of N descends to a (necessarily 
unique) composition law on N_'. 

(ii) follows from (iii) and the fact that the same assertion holds in T (remark [l.6.2r iii)). □ 

Example 1.7.44. (i) For instance, if T = Set, the product Mi x M 2 of any two commutative 
monoids is representable in Mnd; its underlying set is the cartesian product of Mi and M 2 , and 
the composition law is the obvious one. 

(ii) As usual, the kernel Ker ip (resp. cokernel Coker ip) of a map of T-monoids <p : M — » N 
is defined as the fibre product (resp. push-out) of the diagram of T-monoids 

M N «- 1 T (resp. 1 T <- M N). 

Especially, if M C N, one defines in this way the quotient N/M. 

(iii) Also, if T = Set, and <p x ■ M -> Mi, y2 2 : M -> M 2 are two maps in Mnd, the 
push-out Mi II Af M 2 can be described as follows. As a set, it is the quotient (Mi x M 2 )/~, 
where ~ denotes the minimal equivalence relation such that 

(mi, m 2 • yj 2 (m)) ~ (mi ■ (pi(m), m 2 ) for every m G M, mi G Mi, m 2 G M 2 

and the composition law is the unique one such that the projection Mi x M 2 — > Mi II a/ M 2 is 
a map of monoids. We deduce the following : 

Lemma 1.7.45. Let G be an abelian group. The following holds : 

(i) If (p : M N and ip : M — > G are two morphisms of monoids ( in the topos T = Set ), 
G II a/ N is the quotient (G x N)/m, where ~ is the equivalence relation such that : 

(g, n) ~ (g', n') ^ (V ; ( a ) ' 9-, ^fip) ■ n) = ijpip) ■ g', <p(a) ■ n') for some a, b G M. 

(ii) //' 7 ; : G - M and tp : G ^ N are two morphisms of monoids, the set underlying 
MJIgN is the set-theoretic quotient (M x N) / Gfor the G-action defined via (</?, ip 

(iii) Especially, if M is a monoid and G is a submonoid of M, then the set underlying Mj G 
is the set-theoretic quotient of M by the translation action of G. 

Proof, (i): One checks easily that the relation w thus defined is transitive. Let ~ be the equiv- 
lence relation defined as in example !! .7.44r iii). Clearly : 

(g, n ■ ip(m)) fa (g ■ ip(m),n) for every g G G, n G N and m G M 

hence (g, n) ~ (g', n') implies (g, n) w (g\ n'). Conversely, suppose that (ip(a) ■ g, cp(b) ■ n) = 
(ip(b) ■ g', (f(a) ■ n') for some g E G, n E N and a,b E M. Then : 

(9, n) = (g, <p(a) ■ ^(a)' 1 ■ n) ~ (ip(a) ■ g, p(a)- 1 ■ n) = (ip(b) ■ g', p(a)' 1 ■ n) 

as well as : (g',n r ) = (g',(p(b) ■ p(a)^ 1 ■ n) ~ {i>{b) ■ g',p(a)~ 1 ■ n). Hence (g,n) ~ (g',n ! ) 
and the claim follows. 

(ii) follows directly from example fl .7.44r iii), and (iii) is a special case of (ii). □ 
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1.7.46. Let T be a topos. For any T-ring R, we let i?-Mod be the category of i?-modules 
(defined in the usual way); especially, we may consider the T-ring Z T (the constant sheaf with 
value Z : see example 11.6.6^ )). Then Z^-Mod is the category of abelian T-groups. The 
forgetful functor Z^-Mod — > Mndy admits a right adjoint : 

Mnd T -> Z T -Mod : M i-> M x . 

The latter can be defined as the fibre product in the cartesian diagram : 

M x ^ M x M 



For i — 1, 2, let : M x M — > M be the projections, and p\ : M x — > M_ the restriction of p^, 
for every U E Ob(T), the image of Pi(t/) : M x ([/) — > M_{U) consists of all sections x which 
are invertible, i.e. for which there exists y E M(U) such that Hm(x, y) = 1a/. It is easily seen 
that such inverse is unique, hence p\ is a monomorphism, p[ and p' 2 define the same subobject 
of M, and this subobject M x is the largest abelian T-group contained in M. We say that M is 
sharp, if M x = 1 T . The inclusion functor, from the full subcategory of sharp T-monoids, to 
Mnd T , admits a left adjoint 

M^M} :=M/M x . 

We call M} the sharpening of M. 



1.7.47. Let 5 be a submonoid of a commutative T-monoid M, and F s : Mnd T — > Set the 
functor that assigns to any commutative T-monoid N_ the set of all morphisms f : M — > N 
such that C iV x . We claim that F s is representable by a T-monoid S^M. 

In case T = Set, one may realize S^M as the quotient (S_ x M)/ ~ for the equivalence 
relation such that (s 1; xi) ~ (s 2 , x 2 ) if and only if there exists t <E S_ such that tsix 2 = ts 2 Xi. 
The composition law of S^ l M_ is the obvious one; then the class of a pair (s,x) is denoted 
naturally by s _1 x. This construction can be repeated on a general topos : letting X := S_ x M, 
the foregoing equivalence relation can be encoded as the equalizer R of two maps X xX x S — > 
M , and the quotient under this equivalence relation shall be represented by the coequalizer of 
two other maps R — > X; the reader may spell out the details, if he wishes. Equivalently, S^M 
can be realized as the sheaf on (T, CV) associated to the presheaf : 

T -> Mnd : [/ ^ S^U^MiU) 

(see remark [T.7.25r vii)). The natural morphism M — >■ iS _1 M is called the localization map. 
For T = Set, and f E M any element, we shall also use the standard notation : 

Mf := Sj l M where S f := {f n | n e N}. 

Lemma 1.7.48. Le? A : M — » Ni and f 2 :M_^N 2 be morphisms of T-monoids, S C M, 
S_i C Ni (i = 1,2) three submonoids, such that fi (S_) C S_i for i = 1,2. Then the natural 
morphism : 

(S, ■ i S 2 )- 1 (iV 1 Em iV 2 ) ^ Sr 1 ^ 5 2 x iV 2 

Z5 an isomorphism. 

Proof. One checks easily that both these T-monoids represent the functor Mnd r — > Set that 
assigns to any T-monoid P the pairs of morphisms (oi,o 2 ) where ^ : Nj — > P satisfies 
<?i(tLi) C P x , for i = 1, 2, and «i o f x = g 2 o / 2 . The details are left to the reader. □ 
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1.7.49. The forgetful functor Z-Mod^ — > Mnd-r from abelian T-groups to commutative 
T-monoids, admits a left adjoint 

M i — ► M gp := M_- l M. 

A commutative T-monoid M is said to be integral if the unit of adjunction M — > M gp is a 
monomorphism. The functor M i— > M gp commutes with all colimits, since all left adjoints do; 
it does not commute with arbitrary limits (see example [1 .7 . 50r v)) . 

We denote by Int.Mnd r the full subcategory of Mnd^ consisting of all integral monoids; 
when T = Set, we omit the subscript, and write just Int.Mnd. The natural inclusion i : 
Int.Mnd T — > Mnd T admits a left adjoint : 

Mnd T -> Int.Mnd T : M i-> M int . 

Namely, M int is the image (in the category T) of the unit of adjunction M — * M gp . It follows 
easily that the category Int.Mnd^ is cocomplete, since the colimit of a family (M\ | A 6 A) 
of integral monoids is represented by 



int 



(colim lM\) 
xeA 

Likewise, Int.Mnd r is complete, and limits commute with the forgetful functor to T; to check 
this, it suffices to show that 

L : = limi(M A ) 

AeA 

is integral. However, by lemma [TT7.43r iii) we have L C JIagA— a c FT AeA whence the 
claim. 

Example 1.7.50. (i) Take T = Set; if M is any monoid, and a e M is any element, we say 
that a is regular, if the map M — > M given by the rule : x h- > a ■ x is injective. It is easily seen 
that M is integral if and only if every element of M is regular. 

(ii) For an arbitrary topos T, notice that the T-monoid G a associated to a presheaf of groups 
G on T, is a T-group : indeed, the condition G x = G implies (C7 a ) x = G a , since the functor 
F i— > F a is exact. More precisely, for every presheaf M of monoids on T, we have a natural 
isomorphism : 

(M gp ) a A (M a ) gp for every T-monoid M 

since both functors are left adjoint to the forgetful functor from T-groups to presheaves of 
monoids on T. 

(iii) It follows from (ii) that a T-monoid M is integral if and only if M(U) is an integral 
monoid, for every U G Ob(T). Indeed, if M is integral, then MjU) C M_ gP (U) for every 
such U, so M(U) is integral. Conversely, by definition M gp is the sheaf associated to the 
presheaf U h- > M(f/) gp ; now, if M(Z7) is integral, we have M(U) C M(t/) gp , and consequently 
M c M gp , since the functor T i— > T a is exact. 

(iv) We also deduce from (ii) that the functor M i— > M a sends presheaves of integral 
monoids, to integral T-monoids. Therefore we have a natural isomorphism : 

(1.7.51) (M int ) a A (M a ) int 

as both functors are left adjoint to the forgetful functor from integral T-monoids, to presheaves 
of monoids on T. In the same vein, it is easily seen that the forgetful functor Int.Mnd^ — > T 
commutes with filtered colimits : indeed, (|1.7.51l) and lemma [T".7.43r iii) reduce the assertion 
to showing that the colimit of a filtered system of presheaves of integral monoids is integral, 
which can be verified directly. 

(v) Take T = Set, and let ip : M — > N be an injective map of monoids; if N (hence M) is 
integral, one sees easily that the induced map v? gp : M gp — > N gp is also injective. This may fail, 
when N is not integral : for instance, if M is any integral monoid, and N := M Q is the pointed 
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monoid associated to M as in remark [T. 7 . 2 8 l i v ) . then for the natural inclusion i : M — > M we 
have z gp = 0, since (M ) gp = {1}. 

Lemma 1.7.52. Let T be a topos, M_ be an integral T -monoid, and N C M_a T-submonoid. 
Then M_/N_ is an integral T -monoid. 

Proof. In light of example ll .7.50r iv). we are reduced to the case where T = Set. Moreover, 
since the natural morphism M_/N_ — > N^ 1 M j N_ gp is an isomorphism, we may assume that N_ is 
an abelian group. Now, notice that (M /N) gp = M gp / N since the functor P i— > P gp commutes 
with colimits. On the other hand, M_/N_ is the set-theoretic quotient of M by the translation 
action of N (lemma \T7TA5\ m)). This shows that the unit of adjunction M_/N -> {M/N) gp is 
injective, as required. □ 

1.7.53. Let M be an integral monoid. Classically, one says that M is saturated, if we have : 

M = {a G M gp | a n G M for some integer n > 0}. 
In order to globalize the class of saturated monoid to arbitrary topoi, we make the following : 

Definition 1.7.54. Let T be a topos, (p : M — > N_ a morphism of integral T-monoids. 

(i) We say that cp is exact if the diagram of commutative T-monoids 

M — 

% : 

M gp — ^ 

is cartesian (where the vertical arrows are the natural morphisms). 

(ii) For any integer k > 0, the k-Frobenius map of M is the endomorphism ku of M given 
by the rule : x h- > x fc for every [/ e Ob(T) and every x G M(U). We say that M is 
k-saturated, if fcjv/ is an exact morphism. 

(iii) We say that M is saturated, if M is integral and A;- saturated for every integer k > 0. 

We denote by Sat.MncL the full subcategory of Int.Mnd T whose objects are the saturated 
T-monoids. As usual, when T = Set, we shall drop the subscript, and just write Sat.Mnd for 
this category. The above definition (and several of the related results in section I2T21) is borrowed 
from 11701. 

Remark 1.7.55. (i) Clearly, when T = Set, definition 11.7 . 54f iii) recovers the classical no- 
tion of saturated monoid. Again, for usual monoids, it is easily seen that the forgetful functor 
Sat.Mnd — > Int.Mnd admits a left adjoint, that assigns to any integral monoid M its satu- 
ration M sat . The latter is the monoid consisting of all elements x 6 A/ gp such that x k E M for 
some integer k > 0; especially, the torsion subgroup of Af gp is always contained in M sat . The 
easy verification is left to the reader. Clearly, M is saturated if and only if M = M sat . More 
generally, the unit of adjunction M — > M sat is just the inclusion map. 

(ii) For a general topos T, and a morphism ip as in definition |1.7.54t T), notice that ip is exact if 
and only if the induced map of monoids <p(U) : M(U) — > N_(U) is exact for every U G Ob(T). 
Indeed, if ^ is cartesian, then the same holds for the induced diagram @<p(U) of monoids; 
since the natural map M_(U) SP — > M gp (U) is injective (and likewise for N) , it follows easily 
that the diagram of monoids ^ v (u) is cartesian, i.e. (p(U) is exact. For the converse, notice that 
9ly is of the form {h2>^) a , where h : T — >• T A is the Yoneda embedding, and F i— > F a denotes 
the associated sheaf functor T A — > (T, CV)~ = T; the assumption means that /i^ is a cartesian 
diagram in T A , hence 9) is exact in T, since the associated sheaf functor is exact. 

(iii) Example II .7 .50r iii) and (ii) imply that a T-monoid M is saturated, if and only if M(U) 
is a saturated monoid, for every U G Ob(T) . We also remark that, in view of example fl .7.50r ii). 



92 



OFER GABBER AND LORENZO RAMERO 



the functor F i— »■ F a takes presheaves of ^-saturated (resp. saturated) monoids, to ^-saturated 
(resp. saturated) T-monoids : indeed, if 77 : M — > M gp is the unit of adjunction for a presheaf 
of monoids M, then 77° : M a -> (M gp ) a = (M a ) gp is the unit of adjunction for the associated 
T-monoid, hence it is clear the functor F 1— > T a preserves exact morphisms. 

(iv) It follows easily that the inclusion functor Sat.Mnd r — > Int.Mnd T admits a left 
adjoint, namely the functor M 1— > M sat that assigns to M the sheaf associated to the presheaf 
U -> M'(C/) := M([/) sat on T (notice that the functor IhM' from presheaves of integral 
monoids, to presheaves of saturated monoids, is left adjoint to the inclusion functor). Just as in 
example Fl .7.50t iv). we deduce a natural isomorphism 

(1 .7.56) (M sat ) a A (M a ) sat for every T-monoid M 

since both functors are left adjoint to the forgetful functor from Sat.Mnd^, to presheaves of 
integral monoids on T. 

(v) By the usual general nonsense, the saturation functor commutes with all colimits. More- 
over, the considerations of (11.7.491) can be repeated for saturated monoids : first, the category 
Sat.Mndr is cocomplete, and arguing as in example ll .7.50r iv). one checks that filtered col- 
imits commute with the forgetful functor Sat.Mnd T — > T; next, if F : A — > Sat.Mnd^ is a 
functor from a small category A, then for each integer k > 0, the induced diagram of integral 
monoids 

lim F lhnAkp , lim F 

A A 

lim^ fcF : 

lim T gp limAfc|P , lim T gp 

A A 

is cartesian; since the natural morphism 

(limF) gp -> limF gp 

A A 

is a monomorphism, it follows easily that the limit of F is saturated, hence Sat.Mndr is 
complete, and furthermore all limits commute with the forgetful functor to T. 

1.7.57. In view of remark [T.7.25r i.ii.iii). a morphism of topoi / : T — >• S induces functors : 
(1.7.58) /* :Mnd T ^Mnd 5 /* : Mnd s -> Mnd T 

and one verifies easily that (11.7.581) is an adjoint pair of functors. 

Lemma 1.7.59. Let f : T — > S be a morphism of topoi, M_ an S -monoid. We have : 

(i) If M. 25 integral (resp. saturated), f*M_ is an integral (resp. saturated) T-monoid. 

(ii) More precisely, there is a natural isomorphism : 

f*(M int ) ^ (f*M) int (resp. /*(M sat ) ^ (f*M) sat , if Mis integral). 

(iii) If ip is an exact morphism of integral S-monoids, then f*{p is an exact morphism of 
integral T-monoids. 

Proof. To begin with, notice that the adjoint pair (/*, /*) of (11.7.581 ) restricts to a corresponding 
adjoint pair of functors between the categories of abelian T-groups and abelian ^-groups (since 
the condition G = G x for monoids, is preserved by any left exact functor). 
There follows a natural isomorphism : 

(f*M) gp ^ f*(M gp ) for every S-monoid M 

since both functors are left adjoint to the functor /* from abelian T-groups to S-monoids. Now, 
if M is an integral ^-module, and rj : M — > M gp is the unit of adjunction, it is easily seen that 
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f*V '■ f*M. — *■ (/*M) gp is also the unit of adjunction. From this and proposition ! 1.6.5f ii.b). we 
deduce the assertion concerning f*(M mt ). 

By the same token, we get assertion (iii) of the lemma. Especially, if M is saturated, then the 
same holds for f*M. The assertion concerning f*(M sat ) follows by the usual argument. □ 

Lemma 1.7.60. (i) The functor f* of (11.7.581) commutes with all finite limits and all colimits. 

(ii) Let P(T, M) be the property "M is an integral (resp. saturated) T-monoid" (for a 
topos T). Then P can be checked on stalks. (See remark \l .6. 14[ ii). ) 

Proof, (i): Concerning finite limits, in light of lemma l 1 .7.43r iii) we are reduced to the assertion 
that /* : S — > T is left exact, which holds by definition. Next /* commutes with colimits, 
because it is a left adjoint. 

(ii): A T-monoid M is integral if and only if the unit of adjunction 77 : M — > M mt is an iso- 
morphism. However, (M int ) 5 A (M c ) int , in view of lemma Q7z39£ii), and % : M 5 -> (M c ) int 
is the unit of adjunction. The assertion is an immediate consequence. The same argument 
applies as well to saturated T-monoids. □ 

Example 1.7.61. (i) For instance, the unique morphism of topoi r : T — > Set (see example 
ll.6.6r iii)) induces a pair of adjoint functors : 

(1.7.62) Mnd T — > Mnd : M k T(T, M) and Mnd -> Mnd T : P ^ P T 

where Pt is the constant sheaf of monoids on (T, CV) with value P. 

(ii) Specializing lemma [L7.59r ii) to this adjoint pair, we obtain natural isomorphisms : 

(1.7.63) (M T ) int A (M int ) T (M T ) sat A (M sat ) T 

of functors Mnd — > Int.Mnd T and Int. Mnd — > Sat.Mnd T . Especially, if M is an integral 
(resp. saturated) monoid, then the constant T-monoid M T is integral (resp. saturated). 

(iii) If £ is any T-point, notice also that the stalk M T .£ is isomorphic to M, since £ is a section 
ofr:T^Set. 

1.7.64. Let T be a topos, R sl T-ring. We have a forgetful functor P-Alg — > Mnd T that 
assigns to a (unitary, commutative) P-algebra (A, +, -, 1a) its multiplicative T-monoid (A, ■). 
If T = Set, this functor admits a left adjoint Mnd -> P-Alg : M ^ P[M]. Explicitly, 
R{M\ = aeM xP, and the multiplication law is uniquely determined by the rule : 

xa ■ yb := (x ■ y)ab for every x,y G M and a,b E R. 

For a general topos T, the above construction globalizes to give a left adjoint 

(1.7.65) Mnd T ^ P-Alg : M^R{M]. 

The latter is the sheaf on (T,Ct) associated to the presheaf U 1— > R(U) [M(U)], for every 
U E Ob(T). The functor (11.7.651) commutes with arbitrary colimits (since it is a left adjoint); 
especially, if M — » M i and M — > M 2 are two morphisms of monoids, we have a natural 
identification : 

(1.7.66) R[Mi M 2 ] ^ P[MJ ® M P[M 2 ]. 

By inspecting the universal properties, we also get a natural isomorphism : 

(1.7.67) S^RIM]^ RiS^M] 
for every monoid M and every submonoid S_ C M. 
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1.7.68. Likewise, if M is any T-monoid, let R[M]-~Mod denote as usual the category of 
modules over the T-ring i?[M]; we have a forgetful functor i?[M]-Mod — > M-Mod. When 
T = Set, this functor admits a left adjoint M-Mod -> R[M}-Mod : S i-> R[S]. Explicitly, 
R{S] is the free i?-module with basis given by S, and the i?[M]-module structure on R[S] is 
determined by the rule: 

xa ■ sb := fxs(x, s)ab for every x E M, s E S and a,b E R. 

For a general topos T, this construction globalizes to give a left adjoint 

M-Mod -> #[M]-Mod : (S, h+ 

which is defined as the sheaf associated to the presheaf U i— > [^(t/)] in T A . 

Definition 1.7.69. Let T be a topos, and G a T-group. 

(i) A left G-torsor is a left G-module (X, /ix), inducing an isomorphism : 

(Hx,p x ):GxX xX 

(where p x '■ G x X — > X is the natural projection) and such that there exists a covering 
morphism U — > It in T for which X(U) ^ 0. This is the same as saying that the 
unique morphism X — > 1 T is an epimorphism. 

(ii) A morphism of left G-torsors is just a morphism of the underlying C7-modules. Like- 
wise, we define right G-torsors, G-bitorsors, and morphisms between them. We let: 

H\T, G) 

be the set of isomorphism classes of right G-torsors. 

(iii) A (left or right or bi-) G-torsor (X, jj x ) is said to be trivial, if T(T, X) ^ 0. 

Remark 1.7.70. (i) In the situation of definition II .7 .69[ notice that i/ 1 (T, G) always contains 
a distinguished element, namely the class of the trivial G-torsor (G, fie)- 

(ii) Conversely, suppose that (X, fi x ) is a trivial left G-torsor, and say that a E T(T, X); 
then we have a cartesian diagram : 

Mo- 

G -X 

1 X X(T 

GxX { " x ' Px) : XxX 

which shows that (X, fx x ) is isomorphic to (G, /ig) (and likewise for right G-torsors). 

(iii) Notice that every morphism / : (X, fx x ) (X', /i^') of G-torsors is an isomorphism. 
Indeed, the assertion can be checked locally on T (i.e., after pull-back by a covering morphism 
U — > It)- Then we may assume that X admits a global section a E T(T, X), in which case 
a' := a o f e T(T, X'). Then, arguing as in (ii), we get a commutative diagram : 

G 




X ■ -X' 

where both fj, a and /v are isomorphisms, and then the same holds for /. 

(iv) The tensor product of a G-bitorsor and a left G-bitorsor is a left G-torsor. Indeed the 
assertion can be checked locally on T, so we are reduced to checking that the tensor product of 
a trivial G-bitorsors and a trivial left G-torsor is the trivial left G-torsor, which is obvious. 

(v) Likewise, if Gi — > G2 is any morphism of T-groups, and X is a left Gi-torsor, it is easily 
seen that the base change G2 <8>Gi X yields a left G2-torsor (and the same holds for right torsors 
and bitorsors). Hence the rule G 1— > -ff 1 (T, G) is a functor from the category of T-groups, to 
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the category of pointed sets. One can check that H X (T, G) is an essentially small set (see ll38l 
Chap.IIL §3.6.6.1]). 

(vi) Let / : T — > S be a morphism of topoi; if X is a left G-torsor, the /*G-module f*X is 
not necessarily a /*G-torsor, since we may not be able to find a covering morphism U — > lg 
such that f*X(U) ^ 0. On the other hand, if H a S-group and Y a left ii-torsor, then it is 
easily seen that f*Y is a left f*H-torsor. 

1.7.71. Let / : T' — > T be a morphism of topoi, and G a T'-monoid; we define a U-presheaf 
R l f*G on T, by the rule: 

[/ -> H^T'/fU^u). 

(More precisely, since this set is only essentially small, we replace it by an isomorphic small 
set). If ip : U — > V is any morphism in T, and X is any G|/*y-torsor, then X x j»y /*f is 
a G|/»t/-torsor, whose isomorphism class depends only on the isomorphism class of X; this 
defines the map R x f£G(ip), and it is clear that R l f^G(ip o = R 1 f^G{ijj) o R l f£G{ip), for 
any other morphism ip : W — > {7 in T. Finally, we denote by : 

R l f*G 

the sheaf on (T, Gt) associated to the presheaf R l f£G. Notice that the object R l f*G is pointed, 
i.e. it is endowed with a natural global section : 

T ftG : It -> #7*G 

namely, the morphism associated to the morphism of presheaves It — > R 1 f*G which, for every 
U E Ob(T), singles out the isomorphism class Tf t c(U) E R 1 f£G(U) of the trivial G|/.[/-torsor. 

1.7.72. Let g : T" — > T" be another morphism of topoi, and G a T"-group. Notice that : 

f*R l g*G = R\f o g)$G 

hence the natural morphism (in T' A ) R l f^G — > R l f*G induces a morphism o g) A G — > 
f^R 1 g*G in T A , which yields, after taking associated sheaves, a morphism in T : 

(1.7.73) R\fog)*G^UR l g*G. 

One sees easily that this is a morphism of pointed objects of T, i.e. the image of the global 
section T/ os ,g under this map, is the global section f*r g G . 

Next, suppose that U E Ob(T) and X is any g^Gi/.^-torsor (on T' / f*U); we may form 
the g*g*G| 9 */«t/-torsor g*X, and then base change along the natural morphism g*g*G — > G, to 
obtain the G| g ./*;y-torsor G (8> 9 * 9 »g g*^- This rule yields a map R}f^(g^G) — ► -R 1 (/ o g) A G, 
and after taking associated sheaves, a natural morphism of pointed objects : 

(1.7.74) R 1 f*(g*G)^R 1 (fog)*G. 

Remark 1.7.75. As a special case, let h : S' — > 5 be a morphism of topoi, if a 5"-group. If we 
take T" := 5", T' := S, g := h and / : S — > Set the (essentially) unique morphism of topoi, 
(11.7.741 ) and (11.7.731) boil down to maps of pointed sets : 

(1.7.76) H\S, h*H) -> if 1 ^', if) -> r(5, R l KH). 

These considerations are summarized in the following : 

Theorem 1.7.77. in the situation of (11.7.721 ), ?/zere exists a natural exact sequence of pointed 
objects of T : 

It -> R x f*{g*G) -+R\fo g)*G -> f*R 1 g*G. 
Proof. The assertion means that (|1.7.74l) identifies R 1 f*(g*G) with the subobject : 

(briefly : the preimage of the trivial global section). We begin with the following : 
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Claim 1.7.78. In the situation of remark [T.7.751 the sequence of maps (11.7.761) identifies the 
pointed set H 1 ^, h*H) with the preimage of the trivial global section r h H of R l h*H. 

Proof of the claim. Notice first that a global section Y of R l h^H maps to the trivial section 
Th,H °f F^h^H if and only if there exists a covering morphism U — > lg in (S, Cg), such that 
Y(h*U) 7^ 0. Thus, let X be a right ft* -torsor; the image in H 1 (£", H) of its isomorphism 
class is the class of the if-torsor Y := h*X ®h*KH H. The latter defines a global section of 
R 1 h*H. However, by definition there exists a covering morphism U — > lg such that X(U) ^ 
0, hence also h*X(h*U) ^ 0, and therefore Y(h*U) ^ 0. This shows that the image of 
H l (S, h*H) lies in the preimage of t^h- 

Moreover, notice that h*Y(U) ^ 0, hence h*Y is a h*H -torsor. Now, let e h : h*h*H — > H 
(resp. T]h*H '■ h*H — > h*h*h*H) be the counit (resp. unit of adjunction); we have a natural 
morphism a : h*X — > Y^ H ) of ft* ft* H -modules, whence a morphism : 

h^a : h„h*X — > h^ ht£H ) 

of ft^ft^if-modules. On the other hand, the unit of adjunction r^x : X — > h*h*X( nh H ) is a 
morphism of -modules (remark [T7722v)). Since /i*^ o = (see (|1 1.81) ). the 
composition ft*a o r]x is a morphism of ft* H -modules, hence it is an isomorphism, by remark 
|1.7.70f iii). This implies that the first map of (11.7.761 ) is injective. 

Conversely, suppose that the class of a iJ-torsor X' gets mapped to r h we need to show 
that the class of X' lies in the image of H l (S, h*H). However, the assumption means that there 
exists a covering morphism U — > lg such that X'(h*U) ^ 0; by adjunction we deduce that 
h*X'{U) 7^ 0, hence h*X' is a h*H -torsor. In order to conclude, it suffices to show that the 
image in if 1 (S", H) of the class of h*X' is the class of X. 

Now, the counit of adjunction ft*ft*X' — > X' is a morphism of ft* ft* if -modules (remark 
ll.7.25f v)); by adjunction it induces a map ft*ft*X' ®h*h,H H — > H of ii-torsors, which must 
be an isomorphism, according to remark [T.7 JOf iii) . 

If we apply claim MM with S := T'/f*U, S' := T"/(g*f*U) and ft, := g/(g*f*U), for [/ 
ranging over the objects of T, we deduce an exact sequence of presheaves of pointed sets : 

from which the theorem follows, after taking associated sheaves. □ 

1 .7.79. Let / : T' -> T be a morphism of topoi, U an object of T, G a T'-group, p : X ^ U 
a right G^-torsor. Then, for every object V of T we have an induced sequence of maps of sets 

X(f* V ) ^ U(f*V) ^ R'f^GiV) 

where p* is deduced fromp, and for every a E U(f*V), we let d(a) be the isomorphism class of 
the right G\f*v -torsor (X x v f* V — > f*V). Clearly the image of p* is precisely the preimage of 
(the isomorphism class of) the trivial G^y -torsor. After taking associated sheaves, we deduce 
a natural sequence of morphisms in T : 

(1.7.80) f,X A f*U ^ R l f,G 

such that the preimage of the global section tj g is precisely the image in T(T', U) of the set of 
global sections of X. 

1.7.81. A ringed topos is a pair (T, &t) consisting of a topos T and a (unitary, associative) 
T-ring &t, called the structure ring of T. A morphism / : (T, &t) — > (S, 6g) of ringed topoi 
is the datum of a morphism of topoi / : T — > S and a morphism of T-rings : 
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We denote, as usual, by 0^, C 6? the subobject representing the invertible sections of Gt- For 
every object U of T, and every s G &t{U), let -D(s) C Z7 be the subobject such that : 

Rom T (V, D(s)) := {ip G C/(V) | <^*s G ^£ (V)}. 

We say that (T, is locally ringed, if -D(O) = 0y (the initial object of T), and moreover 

D(s) \JD(l-s) = U for every U G Ob(T), and every s G #r(/). 

A morphism of locally ringed topoi / : (T, ff T ) — > (S, ^5) is a morphism of ringed topoi such 
that 

f*D(s) = D(f\U)(f*s)) for every U G Ob{S) and every s G S (U). 

If T has enough points, then (T, <^ T ) is locally ringed if and only if the stalks of the 
structure ring at all the points £ of T are local rings. Likewise, a morphism / : (T, ^) — ► 
(S 1 , ^5) of ringed topoi is locally ringed if and only if, for every T-point £, the induced map 
&s,f{£) @r,£ is a local ring homomorphism. 



1.7.82. In the rest of this section we present a few results concerning the special case of 
topologies on a scheme. Hence, for any scheme X, we shall denote by X& t (resp. by X Zar ) the 
small etale (resp. the small Zariski) site on X. It is clear that X Zar is a small site, and it is not 
hard to show that X& is a U-site ([4, Exp. VII, §1.7]). The inclusion of underlying categories : 

UX '■ Xzax — > X& 

is a continuous functor (see definition 1 1 . 5 . 3 8 I T) ) commuting with finite limits, whence a mor- 
phism of topoi : 

u x ■= (u x ,u x *) ■■ X£ -> X Zar . 
such that the diagram of functors : 



X' 



u x 



Zar 



X, 



et. 



X, 



Zar 



commutes, where the vertical arrows are the Yoneda embeddings (lemma [T.5.47|) . 

The topoi X Zar and X£ t are locally ringed in a natural way, and by faithfully flat descent, we 
see easily that ux*@x it = <^x Zar - By inspection, ux is a morphism of locally ringed topoi. 



1.7.83. For any ring R (of our fixed universe U), denote by Sch/R the category of i?-schemes, 
and by Sch/i? Zar (resp. Sch/i?6t) the big Zariski (resp. etale) site on Sch/R. For R = Z, we 
shall usually just write Sch Zar and Sch^ for these sites. The morphisms u x of (11.7.811) are 
actually restrictions of a single morphism of sites : 

u : Sch Zar — > Sch fit 

which, for every universe V such that U G V, induces a morphism of V-topoi : 

m v : (Sch 6t )v -> (Sch Zar )y. 
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1.7.84. Let X be scheme; a geometric point of X is a morphism of schemes £ : Spec k — > 
X, where k is an arbitrary separably closed field. Notice that both the Zariski and etale 
topoi of Spec k are equivalent to the category Set, so £ induces a topos -theoretic point : 
(Spec K,)y t — > X^ of X^ (and likewise for X^ ar ). A basic feature of both the Zariski and etale 
topologies, is that every point of X^ ar and X^ t arise in this way. 

More precisely, we say that two geometric points £ and £' of X are equivalent, if there 
exists a third such point £" which factors through both £ and £'. It is easily seen that this is an 
equivalence relation on the set of geometric points of X, and two topos -theoretic points £^ and 
£^ are isomorphic if and only if the same holds for the points £z ar and £z ar , if and only if £ is 
equivalent to £'. 

Definition 1.7.85. Let X be a scheme, x a point of X, and x : Spec k — ► X a geometric point. 

(i) We let k(x) be the residue field of the local ring &x,x, an d set 

\x\ := Specks) k(x) := ft |a;| := Specft(x) 

If {x} C X is the image of x, we say that x is localized at x, and that x is the support of x. 

(ii) The localization of X at x is the local scheme 

X(x) := Spec & x ,x- 
The sfricf henselization of X at x is the strictly local scheme 

X(x):= Spec <ff x ,x 

where &x,x denotes the strict henselization of &x,x relative to the geometric point x ( ll33l Ch.IV, 
Def. 18.8.7]) (recall that a local ring is called strictly local, if it is henselian with separably 
closed residue field; a scheme is called strictly local, if it is the spectrum of a strictly local ring: 
see ll33l Ch.IV, Def. 18.8.2]). By definition, the geometric point x lifts to a unique geometric 
point of X(x), which shall be denoted again by x. 

(iii) Moreover, we shall denote by 

i x : X(x) -> X ^ : X(x) -> X(x) 
the natural morphisms of schemes, and if J? is any sheaf on Xz ar (resp. X<s t ), we let 

&(x) := i* x & &(x) := i%&{x) 

and &(x) is a sheaf on X(af) Zar (resp. on X(x)&). 

(iv) If / : Y — > X is any morphism of schemes, we let 

f-\x) :=Y x x \x\ f-\x) :=Y x x \x\ Y(x) := Y x x X(x) Y(x) := Y x x X(x). 
Also, if £ is any geometric point of Y, we define /(£) as the geometric point / o £ of X. 

1.7.86. Many discussions concerning the Zariski or etale site of a scheme, only make appeal 
to general properties of these two topologies, and therefore apply indifferently to either of them, 
with only minor verbal changes. For this reason, to avoid tiresome repetitions, the following 
notational device is often useful. Namely, instead of referring each time to X Zar and in 
the course of an argument, we shall write just X r , with the convention that r G {Zar, et} has 
been chosen arbitrarily at the beginning of the discussion. In the same manner, a r-point of 
X will mean a point of the topos X~, and a r-open subset of X will be any object of the site 
X T . With this convention, a Zar-point is a usual point of X, whereas an et-point shall be a 
geometric point. Likewise, if £ is a given r-point of X, the localization X(£) makes sense 
for both topologies : if r = et, then X(£) is the strict henselization as in definition 1 1.7. 85 f ii); 
if r = Zar, then X(£) is the usual localization of X at the (Zariski) point £. If r = et, the 
support of £ is given by definition ll.7.85I T); if r = Zar, then the support of £ is just £ itself (and 
correspondingly, in this case £ is localized at £). Furthermore, &x,£ is a local ring if r = Zar, 
and it is a strictly local ring, in case r — et. 
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1.7.87. Let / : X — > Y be a morphism of schemes, x a geometric point of X, and set 
y := /(x). The natural morphism f x : X(x) — > y(y) induces a unique local morphism of 
strictly local schemes 

/_ . X (x) - Y(y) 
(L33, Ch.IV, Prop.l8.8.8(ii)]) that fits in a commutative diagram : 



\x\ 



i— i f 
2/ 



X(x) 
■Y(y) 



X(x) 

/» 



y 



Let now be any sheaf on Y^; there follows a natural isomorphism 



Notice also the natural bijections : 



(1.7.88) 



^7 



r(y(y),j%))^r(|y|,r^(y)) 



f^^r(x(x),f,?(i)) ^ r(\x\,x*f*j?{x)) 



which induce a natural identification : 



(1.7.89) 



a 



/;(*)■ 



1.7.90. Let X be a scheme, x, x' G X any two points, such that x is a specialization of x' . 
Choose a geometric point x localized at x. The localization map 6\ %x — > ^y,*' induces a natural 
specialization morphism of X- schemes : 

X(x') -> 

Set W := X(x) Xx(x) X(x'). The natural map p : — > X(x') is faithfully flat, and is the limit 
of a cofiltered system of etale morphisms; hence we may find w E W lying over the closed 
point of X(x'), and the induced map k(x') — > k(w) is algebraic and separable. Choose also a 
geometric point w of W localized at w, and set x' := g(w). Then g induces an isomorphism 
g w : W(w) X(x'), whence a unique morphism 



(1.7.91) X(x) 
which makes commute the diagram : 



X(x) 



W(w) 



W{w) 



y— 



X(x') 



X(x) 



X(x') 



X(x) 



where the left bottom arrow is the natural projection, and the right-most vertical arrow is the 
specialization map. In this situation, we say that x is a specialization of x' (and that x' is 
a generization of x), and we call (11.7.911) a strict specialization morphism. Combining with 
(11.7.881 ), we obtain the strict specialization map induced by (11.7.911 ) 

(1.7.92) %^%> 

for every sheaf £f on 
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Remark 1.7.93. (i) In the situation of (11.7.871) . suppose that £f = f*& for a sheaf & on 
Then (11.7.921 ) is a map ^ftx) — >■ ^f(x')- By inspecting the definition, it is easily seen that the 
latter agrees with the strict specialization map for & induced by a unique strict specialization 
morphism -> 

(ii) Notice that (11.7.911) and (11.7.921 ) depend not only on the choice of w (which may not be 
unique, when X(x) is not unibranch) but also on the geometric point w. Indeed, the group 
of automorphisms of the X(x') -scheme X(x') is naturally isomorphic to the Galois group 
G&\(k(x') s /k(x')) (El Ch.IV, (18.8.8.1)]). 

Lemma 1.7.94. Let X be a scheme, & a sheaf on X&. We have : 

(i) The counit of the adjunction Eg; : u x o 5 x#t f — > & is a monomorphism. 

(ii) Suppose there exists a sheaf £f on X Zar , and an epimorphism f : u*^ — > ( re^p. a 
monomorphism f : & — f u*@). Then eg zs an isomorphism. 

(iii) The functor u x is fully faithful. 

(iv) (Hilbert90) R l ux*ff^ = U Zar . 

Proof, (i): The assertion can be checked on the stalks. Hence, let £ be any geometric point of 
X; we have to show that the natural map (u x *^)^ — > ^ is injective. To this aim, say that 
s, s' G and suppose that the image of s in ^ agrees with the image of s'; we may 

find an open neighborhood U of £ in Xz ar , such that s and s' lie in the image of &(U), and by 
assumption, there exists an etale morphism / : V — > U such that the images of s and s' coincide 
in &(V). However, f(V) C U is an open subset (ED Ch.IV, Th.2.4.6]), and the induced map 
V — > /(V) is a covering morphism in X&t, it follows that the images of s and s' agree already 
in JP(f(V)), therefore also in (ux*^)^- 

(iii) : According to proposition 11.1.1 2U i). it suffices to show that the unit of the adjunction 
% : Sf — > «x* ° w£Sf is an isomorphism, for every Sf G Ob(Xz ar ). However, we have 
morphisms : 

> U x O O Ux& > u x W. 

whose composition is the identity of u* x & (see (11.1.81 )); also, (i) says that £g* ^ is a monomor- 
phism, and then it follows formally that it is actually an isomorphism (e.g. from the dual of ifTOl 
Prop. 1.9.3]). Hence the same holds for u x {tyf), and by considering the stalks of the latter, we 
conclude that also 77^ is an isomorphism, as required. 

(ii): Suppose first that / : — > & is an epimorphism. We have just seen that r\<$ is an 
isomorphism, therefore we have a morphism u* o u*f : — > u* o whose composition 
with Eg; is /; especially, eg; is an epimorphism, so the assertion follows from (i). 

In the case of a monomorphism / : & — > u*^, set 3^ := II j? we may represent 
/ as the equalizer of the two natural maps jxiji '■ — * ^ ■ However, the natural morphism 
v*(^S II — > 3^ is an epimorphism, hence the counit is an isomorphism, by the previous 
case. Then (iii) implies that ji = u*j[ for morphisms j[ : Sf — > (i = 1, 2). Let J^"' be 

the equalizer of and men w*^"' — & , and since we have already seen that the unit of 
adjunction is an isomorphism, the assertion follows from the triangular identitities of (11.1.81) . 

(iv) : The assertion can be checked on the stalks. To ease notation, set & := R x ux*@x 6 - 
Let £ be any geometric point of X, and say that s G J^; pick a (Zariski) open neighborhood 
U C X of £ such that s lies in the image of &(U). We may then find a Zariski open covering 
(Ux — > U I A G A) of U, such that the image of s in ^(Ui) is represented by a ^ ^-torsor on 
U\ t et, for every A G A. After replacing U by any U\ containing the support of £, we may assume 
that s is the image of the isomorphism class of some ^ -torsor X& on By faithfully flat 
descent, there exists a ^ z -torsor X on Uzax, an d an isomorphism of -torsors : 
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However, after replacing U by a smaller open neighborhood of £, we may suppose that X{U) ^ 
0, therefore X 6t (U) ^ as well, i.e. s is the image of the trivial section of &{U). □ 

2. Monoids and polyhedra 

Unless explicitly stated otherwise, every monoid encountered in this chapter shall be com- 
mutative. For this reason, we shall usually economize adjectives, and write just "monoid" when 
referring to commutative monoids. 

2.1. Monoids. If M is any monoid, we shall usually denote the composition law of M by 
multiplicative notation: (x,y) i— > x ■ y (so 1 is the neutral element). However, sometimes it 
is convenient to be able to switch to an additive notation; to allow for that, we shall denote by 
(logM, +) the monoid with additive composition law, whose underlying set is the same as for 
the given monoid (M, •), and such that the identity map is an isomorphism of monoids (then, 
the neutral element of log M is denoted by 0). For emphasis, we may sometimes denote by 
log : M ^ log M the identity map, so that one has the tautological identities : 

log 1 = and log(x • y) = log x + log y for every x,y G M. 

Conversely, if (M, +) is a given monoid with additive composition law, we may switch to a 
multiplicative notation by writing (exp M, •), in the same way. 

2.1.1. For any monoid M, and any two subsets S, S' C M, we let : 

S ■ S' := {s ■ s' | s G S, s' G S'} 

and S a is defined recursively for every a G N, by the rule : 

S' := {1} and S a := S ■ S*' 1 if a > 0. 

Notice that the pair (^(M), •) consisting of the set of all subsets of M, together with the 
composition law just defined, is itself a monoid : the neutral element is the subset {1}. In the 
same vein, the exponential notation for subsets of M becomes a multiplicative notation in the 
monoid (log ^(M), +) = (^(logM), +), i.e. we have the tautological identity : logS*" = 
a ■ log S, for every S G ^(M) and every a G N. 

Furthermore, for any two monoids M and N, the set HomM n d(M, N) is naturally a monoid. 
The composition law assigns to any two morphisms <p,ijj : M — > iV their product ip ■ ip, given 
by the rule : (p ■ ip(m) := ip(m) ■ ip(m) for every m G M. 

Basic examples of monoids are the set (N, +) of natural numbers, and the non-negative real 
(resp. rational) numbers (R+, +) (resp. (Q + , +)), with their standard addition laws. 

2.1.2. Given a surjection X — > Y of monoids, it may not be possible to express Y as a 
quotient of X - a problem relevant to the construction of presentations for given monoids, in 
terms of free monoids. For instance, consider the monoid (Z, 0) consisting of the set Z with 
the composition law such that : 

^ ( x + y if either x, y > or x, y < 

x ' y ' S max(x, y) otherwise 

for every x, y G Z. Define a surjective map ip : N® 2 — > (Z, 0) by the rule (n, m) i— > n —m, 
for every n G N. Then one verifies easily that Ker p = {0}, and nevertheless ip is not an 
isomorphism. The right way to proceed is indicated by the following : 

Lemma 2.1.3. Every surjective map of monoids is an effective epimorphism {in the category 
Mndj. 
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Proof. (See example 11.4.131 for the notion of effective epimorphism.) Let n : M — > N be a 
surjection of monoids. For every monoid X, we have a natural diagram of sets : 

Hom Mn d(iV, X) -U. Hom Mn d(M, X) ==£ Hom M nd(iV X M N, X) 

where pi, p 2 : N x M N — > N are the two natural projections, and we have to show that the map 
j identifies Hom Mnd (iV, X) with the equalizer of p\ and p\. First of all, the surjectivity of n 
easily implies that j is injective. Hence, let cp : M — > X be any map such that cp o p 1 = cp o p 2 , 
we have to show that cp factors through n. To this aim, it suffices to show that the map of sets 
underlying cp factors as a composition cp' o it, for some map of sets cp' : N — > X, since cp' will 
then be necessarily a morphism of monoids. However, the forgetful functor F : Mnd — > Set 
commutes with fibre products (lemma [l.7.43r iii)). and F(it) is an effective epimorphism, since 
in the category Set all surjections are effective epimorphisms. The assertion follows. □ 

2.1.4. Lemma |2. 1 .31 allows to construct presentations for an arbitrary monoid M, as follows. 
First, we choose a surjective map of monoids F := — > M, for some set S. Then we 
choose another set T and a surjection of monoids N^ T ^ — > F x« F. Composing with the 
natural projections pi,p 2 '■ F x M F — > F, we obtain a diagram : 

(2.1.5) N (S) m 

which, in view of lemma [Zl.3[ identifies M to the coequalizer of qi and q 2 . 

Definition 2.1.6. Let M be a monoid, ScMa subset. 

(i) Let (e a \a E S) be the natural basis of the free monoid We say that S is a system 
of generators for M, if the map of monoids — > M such that e CT i— > cr for every 
cr G S, is a surjection. 

(ii) M is said to be- finitely generated if it admits a finite system of generators. 

(iii) M is said to be fine if it is integral and finitely generated. 

(iv) A finite presentation for M is a diagram such as (12.1.51) that identifies M to the co- 
equalizer of qi and q 2 , and such that, moreover, S and T are finite sets. 

(v) We say that a morphism of monoids ip : M — > iV is finite, if X is a finitely generated 
M-module, for the M-module structure induced by 

Lemma 2.1.7. (i) Every finitely generated monoid admits a finite presentation. 

(ii) Let M be a finitely generated monoid, and (iVj | z 6 /) a filtered family of monoids. 
Then the natural map : 

colimHom M nd(^ ? iVj) — > Hom Mnd (M, colimXj) 

?5 a bijection. 

Proof, (i): Let M be a finitely generated monoid, and choose a surjection n : — ► M with S 
a finite set. We have seen that M is the coequalizer of the two projections p 1 , p 2 : P := x M 
pj(S') _^ p or every finitely generated submonoid N C P, tetpi j N,P2,N ■ N — > be the 
restrictions of p\ and p 2 , and denote by the coequalizer of p^jy and P2,at- By the universal 
property of Cat, the map 7r factors through a map of monoids tin '■ Cn — » M, and since 7r 
is surjective, the same holds for -k^. It remains to show that -kn is an isomorphism, for N 
large enough. We apply the functor M i— > Z[M] of (|1.7.64l) . and we derive that Z[M] is the 
coequalizer of the two maps Z[pi],Z[p 2 ] : Z[P] — > ZlS 1 ], Z[M] ~ ZlS 1 ]//, where J is 
the ideal generated by Im(Z[pi] — Z[p 2 ])- Clearly / is the colimit of the filtered system of 
analogous ideals I N generated by Im(Z[p l iV ] — Z[p 2 ,jv]), for N ranging over the filtered family 
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& of finitely generated submonoids of P. By noetherianity, there exists N E & such that 
I = In, therefore Z[M] is the coequalizer of Z[pi and Z[p 2 ,jv]- But the latter coequalizer is 
also the same as Z[Cjv], whence the contention. 

(ii): This is a standard consequence of (i). Indeed, say that /i,/2 : M — > Ni are two 
morphisms whose compositions with the natural map N i: — > iV := colim Aj agree, and pick a 

finite set of generators Xi, . . . , x n for M. For any morphism 99 : i — j in the filtered category J, 
denote by g v : Aj — > A^ the corresponding morphism; then we may find such a morphism ip, so 
thatp ¥ ,o/ 1 (a?fe) = (7^0/2 (xfc) for every A; < n, whence the injectivity of the map in (ii). Next, let 
/ : M — > N be a given morphism, and pick a finite presentation (12.1.5k we deduce a morphism 
g : — > N, and since 5 is finite, it is clear that g factors through a morphism g { : — > Ni 
for some i E I. Set := o q 1 and := gj o q 2 ; by assumption, after composing g\ and of 
grf with the natural map Aj — > A 7 ", we obtain the same map, so by the foregoing there exists a 
morphism cp : i — ► j in J such that g<p o g^ — g v o g". It follows that ^ o ^ factors through M, 
whence the surjectivity of the map in (ii). □ 

Definition 2.1.8. Let M be a monoid, JcMan ideal. 

(i) We say that I is principal, if it is cyclic, when regarded as an M -module. 

(ii) The radical of I is the ideal rad(J) consisting of all x G M such that x n E I for every 
sufficiently large n E N. If I = rad(7), we also say that / is a radical ideal. 

(iii) A face of M is a submonoid F C M with the following property. If x, y E M are any 
two elements, and xy E F, then x,y E F. 

(iv) Notice that the complement of a face is always an ideal. We say that / is a prime ideal 
of M, if M\I is a face of M. 

Lemma 2.1.9. Let M be a finitely generated monoid, and S a finitely generated M -module. 
Then we have : 

(i) Every submodule of S is finitely generated. 

(ii) Especially, every ideal of M is finitely generated. 

Proof. Of course, (ii) is a special case of (i). To show (i), let 5" C S be an M-submodule, S C 
S' any system of generators. Let be the set of all finite subsets of E, and for every A E 

denote by S' A C S' the submodule generated by A; clearly 5" is the filtered union of the 
family (S' A \ A e hence Z[S'] is the filtered union of the family of Z[M]-submodules 

(Z[S"] I S E ^'(T)). Since Z[M] is noetherian and Z[S] is a finitely generated Z[M]-module, 
it follows that Z[S' A ] = Z\S'} for some finite subset AcE, whence the contention. □ 

2.1.10. Let M be a monoid, (I x | A E A) any collection of ideals of M; then it is easily seen 
that both Uaga h an( ^ Haga are ideals of M. The spectrum of M is the set : 

SpecM 

consisting of all prime ideals of M. It has a natural partial ordering, given by inclusion of prime 
ideals; the minimal element of Spec M is the empty ideal C M, and the maximal element is: 

m M := M\M X . 

If (pA I A E A) is any family of prime ideals of M, then [Jaga ^ s a P r i me ideal of M. 
Any morphism : M — > N of monoids induces a natural map of partially ordered sets : 

Lp* : Spec N -> Spec M p i-> <^ _1 p. 

We say that cp is local, if ^(him) C mjv. 

Lemma 2.1.11. Le? f\ : M N± and f 2 : M — > fee ftvo /oca/ morphisms of monoids. If 
Ni and N 2 are sharp, then N± 11m N 2 is sharp. 
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Proof. Let (a, 6) E Ni x N 2 , and suppose there exists c G M, a' E iVi, 6' G iV 2 such that 
(a, 6) = (a'/i(c), 6') and (1, 1) = (a', f 2 (c)b'); since iV 2 is sharp, we deduce / 2 (c) = 6' = 1, so 
6=1. Then, since / 2 is local, we get c G iV x , hence f(c) = 1 and a = a' = 1. One argues 
symmetrically in case (1, 1) = (a'fi(c), b') and (a, 6) = (a', / 2 (c)6'). We conclude that (a, 6) 
represents the unit class in N 1 II M iV 2 if and only if a = 6 = 1. Now, suppose that the class of 
(a, 6) is invertible in Ni IIm N 2 ; it follows that there exists (c, d) such that ac — 1 and 6rf = 1, 
which implies that a = 1 and 6 = 1, whence the contention. □ 

Lemma 2.1.12. Let S C M be any submonoid. The localization j : M — > S _1 M induces 
an injective map j* : Spec S _1 M — > SpecM which identifies Spec S~ l M wif/i subset of 
Spec M consisting of all prime ideals p swc/z ?/za? p fl 5 = 0. 

Proof. For every p G Spec M, denote by S' _1 p the ideal of S~ l M generated by the image of 
p. We claim that p = j*(S~ 1 p) for every p G Spec M such that p fl S — 0. Indeed, clearly 
p C j*(S~ 1 p); next, if / G j*(S~ 1 p), there exists s E S and g E p such that s~ l g = f 
in S~ l M; therefore there exists t E S such that tg = tsf in M, especially tsf E p, hence 
/ G p, since t, s ^ p. Likewise, one checks easily that S'~ 1 p is a prime ideal if p fl S — 0, and 
q = S~ l (j*q) for every q G Spec S _1 M, whence the contention. □ 

Remark 2.1.13. (i) If we take S p := M\p, the complement of a prime ideal p of M, we obtain 
the monoid 

M p := S~ X M 

and Spec M p C Spec M is the subset consisting of all prime ideals q contained in p. 

(ii) Likewise, if p C M is any prime ideal, the spectrum Spec(M\p) is naturally identified 
with the subset of Spec M consisting of all prime ideals q containing p (details left to the reader). 

(iii) Let S C M be any submonoid. Then there exists a smallest face F of M containing S 
(namely, the intersection of all the faces that contain S). It is easily seen that F is the subset of 
all x E M such that xM fl S ^ 0. From this characterization, it is clear that S~ l M = F~ l M. 
In other words, every localization of M is of the type M p for some p G Spec M. 

Lemma 2.1.14. Let M be a monoid, and JcM any ideal. Then rad(J) is the intersection of 
all the prime ideals of M containing I. 

Proof. It is easily seen that a prime ideal containing I also contains rad(J). Conversely, say 
that f E M \ rad(J); let (p : M — > Mf be the localization map. Denote by m the maximal 
ideal of Mf. We claim that I C tp~ l m, Indeed, otherwise there exist g E I, h E M and n E N 
such that g^ 1 = f~ n h in Mf; this means that there exist m E N such that f rn+n = f m gh in 
M, hence f m+n e I, which contradicts the assumption on /. On the other hand, obviously 
/ i V^m- □ 

Lemma 2.1.15. (i) Let M be a monoid, and G C M x a subgroup. 

(a) The map given by the rule : I \— > I/G establishes a natural bijection from the set 
of ideals of M onto the set of ideals of Mj G. 

(b) Especially, the natural projection n : M — > Mj G induces a bijection : 

7i* : Spec M/G -> Spec M 

(ii) Le? (Mj | i G /) be any finite family of monoids, and for each j E I, denote by 
TTj : Yliei ^ — > Mj the natural projection. The induced map 

]J Spec Mj -> Spec JJ M : (p< | % E I) h-> (J vr*p, 
is a bijection. 



FOUNDATIONS OF p-ADIC HODGE THEORY 



105 



(iii) Let {Mi \ i E J) be any filtered system of monoids. The natural map 

Spec colim Mj — > lim Spec Mj 

iei iel 

is a bijection. 

Proof, (i): By lemma [r.7.45f iii). M/G is the set-theoretic quotient of M by the translation 
action of G. By definition, any ideal / of M is stable under the G-action, hence the quotient 
I/G is well defined, and one checks easily that it is an ideal of M/G. Moreover, if p C M 
is a prime ideal, it is easily seen that p/G is a prime ideal of M/G. Assertions (a) and (b) are 
straightforward consequences. 

(ii) : The assertion can be rephrased by saying that every face F of Yliei is a product of 
faces Fi C Mj. However, if m := (mj | i E I) E F, then, for each i E / we can write 
m = m{i) ■ n(i), where, for each j E I, the j-th-component of m[i) (resp. of n{i)) equals 1 
(resp. rrij), unless j = i, in which case it equals rrii (resp. 1). Thus, m(i) E F for every i E I, 
and the contention follows easily. 

(iii) : Denote by M the colimit of the system (Mj \ i E I), and cpi : Mj — ► M the natural 
morphisms of monoids, as well as : Mj — ► Mj the transition maps, for every morphism 
/ : i — > j in /. Recall that the set underlying M is the colimit of the system of sets (Mj | i E I) 
(lemma [T.7.43r iii)). Let now p. := (p, | E I) be a compatible system of prime ideals, i.e. 
such that pj E SpecMj for every i E I, and ^l x pj = pi for every / : i — > j. We let 
P(P») '■= Uj£/ ^i(Pi)- We claim that /3(p.) is aprime ideal of M. Indeed, suppose that x,y E M 
and E /3(p.); since / is filtered, we may find i E I, Xi,y,i E Mj, and ^ E pi, such that 
x = ifii(xi), y = tpi(yi), and xy = tpi(zi). Especially, ifi(zi) = ifi(xiyi), so there exists a 
morphism / : i — > j such that <fif(zi) = ipf(xiyi). But ff{zij E pj, so either <Pf(xi) E pj or 
PfiVi) ^ Pj> an d finally either x e p or y G p, as required. 

Let p C M be any prime ideal; it is easily seen that / 9(<^~ 1 p | i E I) = p. To conclude, it 
suffices to show that p, = yj~ 1 /5(p.), for every compatible system p. as above, and every i E I. 
Hence, fix % E I and pick Xi E Mi such that (fi(xi) E /3(p.); then there exists j E I and Xj E pj 
such that (fi(xi) = cpj(xj). Since / is filtered, we may find k El and morphisms / : % — > k and 
g : j — > k such that (pf(xi) = ip g (xj), so (ff(xi) E pk, and finally Xj E pi, as sought. □ 

Remark 2.1.16. In case (Mj | i E I) is an infinite family of monoids, the natural map of lemma 
I2.1.15f ii) is still injective, but it is not necessarily surjective. For instance, let / be any infinite 
set, and let % C &{F) be a non-principal ultrafilter; denote by *N the quotient of N 1 under 
the equivalence relation ~^ such that (a« | % E I) ~f/ | i E I) if and only if there exists 
U E % such that = hi for every i E U. It is clear that the composition law on descends 
to *N; the resulting structure (*N, +) is called the monoid of hypernatural numbers. Denote by 
7r : — > *N the projection, and let 6 N ; be the unit; then it is easily seen that {vr(0)} is a 
face of *N, but 7r -1 (7r(0)) is not a product of faces Fi C N. 

Definition 2.1.17. Let M be a monoid. 

(i) The dimension of M, denoted dim M G N U {+oo}, is defined as the supremum of all 
r E N such that there exists a chain of strict inclusions of prime ideals of M : 

po C pi C ■ • • C p r . 

(ii) The height of a prime ideal p G Spec M is defined as lit p := dim M p . 

(iii) A facet of M is the complement of a prime ideal of M of height one. 

Remark 2.1.18. (i) Notice that not all epimorphisms in Mnd are surjections on the underlying 
sets; for instance, every localization map M — > S~ l M is an epimorphism. 
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(ii) If ip : iV — > M is a map of fine monoids (see definition I2.1.6f vi)). then it will follow 
from corollary 12.4.21 that N x M N is also finitely generated. If M is not integral, then this fails 
in general : a counter-example is provided by the morphism (p constructed in (12.1.21) . 

(iii) Let S be any set; it is easily seen that a free monoid M ~ admits a unique minimal 
system of generators, in natural bijection with S. Especially, the cardinality of £ is determined 
by the isomorphism class of M ; this invariant is called the rank of the free monoid M. This is 
the same as the rank of M as an N-module (see example [1 .7.241) . 

(iv) A submonoid of a finitely generated monoid is not necessarily finitely generated. For 
instance, consider the submonoid M C N® 2 , with M := {(0, 0)} U {(a, b) \ a > 0}. However, 
the following result shows that a face of a finitely generated monoid is again finitely generated. 

Lemma 2.1.19. Let f : M — > N be a map of monoids, F d N a face of N, and £ C N a 

system of generators for N. Then : 

(i) iV x is a face of N, and f~ 1 F is a face of M. 

(ii) £ fl F is a system of generators for F. 

(iii) If N is finitely generated, Spec iV is a finite set, and dim iV is finite. 

(iv) IfN is finitely generated (resp. fine) then the same holds for F~ l N. 

Proof, (i) and (ii) are left to the reader, and (iii) is an immediate consequence of (ii). To show 
(iv), notice that - in view of (ii) - the set E U {f^ 1 \ f G F fl £} is a system of generators of 
F^N. ' ' " □ 

Definition 2.1.20. (i) If M is a (pointed or not pointed) monoid, and S is a pointed M-module, 
we say that S is integral, if for every x,y G M and every s G S such that xs = ys ^ 0, we 
have x = y. The annihilator ideal of S is the ideal 

Ann M (5') := {m G M \ ms = for every s G S}. 

The support of S is the subset : 

Supp S:={pG Spec M \ S p ^ 0}. 

(ii) A pointed monoid (M, 0m) is called integral, if it is integral when regarded as a pointed 
M-module; it is called fine, if it is finitely generated and integral in the above sense. 

(iii) The forgetful functor Mnd — > Set (notation of (11.7.421) ) admits a left adjoint, which 
assigns to any set S the free pointed monoid := (N^ s ^) . 

(iv) A morphism cp : M — > N of pointed monoids is local, if both M, N ^ 0, and >p is local 
when regarded as a morphism of non-pointed monoids. 

Remark 2.1.21. (i) Quite generally, a (non-pointed) monoid M is finitely generated (resp. 
free, resp. integral, resp. fine) if and only if M Q has the corresponding property for pointed 
monoids. However, there exist integral pointed monoids which are not of the form M Q for any 
non-pointed monoid M. 

(ii) Let (M, 0m) be a pointed monoid. An ideal of (M, 0m) is a pointed submodule I C M. 
Just as for non-pointed monoids, we say that / is a prime ideal, if M \ I is a (non-pointed) 
submonoid of M, and a non-pointed submonoid which is the complement of a prime ideal, is 
called a face of M. Hence the smallest ideal is {0}. Notice though, that {0} is not necessarily a 
prime ideal, hence the spectrum Spec (M, m) does not always admit a least element. However, 
if M = N for some non-pointed monoid N, the natural morphism of monoids iV — » N 
induces a bijection : 

Spec (iV o ,0jv o ) — ► SpeciV. 

(iii) Let / C M be any ideal; the inclusion map / — > M can be regarded as a morphism of 
pointed M -modules (if M is not pointed, this is achieved via the faithful imbedding (11.7.291 )), 
whence a pointed M -module M / 1, with a natural morphism M — > Mj I. The latter map is also 
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a morphism of monoids, for the obvious monoid structure on M/I. One checks easily that, if 
M is integral, MJ I is an integral pointed monoid. 

(iv) Let M be a (pointed or not pointed) monoid, p C M a prime ideal. Then the natural 
morphism of monoids M — > M/p induces a bijection : 

SpecM/p ^ {q G SpecM | p C q} = Spec M\p. 

(v) Let M be a (pointed or not pointed) monoid, and 5 / a pointed M-module. Then 
the support of S contains at least the maximal ideal of M. This trivial observation shows that a 
pointed M -module is if and only if its support is empty. 

(vi) Let M be a pointed monoid, and E C M a non-pointed submonoid. The localization 
E -1 M (defined in the category of monoids, as in (| 1.7.47b ) is actually a pointed monoid : its 
zero element O^-i m is the image of Om- 

(vii) If M is a (pointed or not pointed) monoid, E C M any non-pointed submonoid, and S 
a pointed M-module, we let as usual E _1 S := Yr l M ® M 5 (see remark [T.7.35r i), if M is not 
pointed). The resulting functor M-Mod — > E -1 M-Mod is exact. Indeed, it is right exact, 
since it is left adjoint to the restriction of scalars arising from the localization map M — > E -1 M 
(see ( 11.7.23b ). and one verifies directly that it commutes with finite limits. Also, it is clear that 

Supp E^S = Supp S n Spec E^M. 

(viii) Let M be a pointed monoid, and N C M a pointed submonoid. Since the final object 
1 of the category of pointed monoids is not isomorphic to the initial object 1 , the push-out of 
the diagram 1 <— iV — > M is not an interesting object (it is always isomorphic to 1). Even if 
we form the quotient M/N in the category of non-pointed monoids, we still get always 1, since 
Om G N, and therefore in the quotient M/N the images of Om and of the unit of M coincide. 

The only case that may give rise to a non-trivial quotient, is when N is non-pointed; in this 
situation we may form M/N in the category of non-pointed monoids, and then remark that the 
image of Om yields a zero element Om/n for M/N, so the latter is a pointed monoid. 

Example 2.1.22. (i) Let M be a (pointed or not pointed) monoid, G C M x a subgroup, and 
S a pointed M-module. Then M/G <S)m S = S/G is the set of orbits of S under the induced 
G- action. 

(ii) In the situation of (i), notice that the functor 

M-Mod -> M/G-Mod : S h+ S/G 

is exact, hence M/G is a flat M-module. (See definition II .7.361 1).) 

(iii) Likewise, if E C M is a non-pointed submonoid, then the localization E _1 M is a flat 
M -module, due to remark |2~. 1 . 2 1 [ vii) . 

(iv) Suppose that S is an integral pointed M-module (with M either pointed or not pointed), 
and let E C M be a non-pointed submonoid. Then E^S 1 is also an integral pointed E _1 M- 
module. Indeed, suppose that the identity 

(2.1.23) (s^a) ■ (s'-ty = (s^a) ■ (s'^c) ^ 

holds for some a, b, c G S and s, s', s" G E; we need to check that s'~ l b = s"~ l c, or equiva- 
lently, that s"b = s'c in E _1 5. However, (|2.1.23b is equivalent to s"ab = s'ac in E^S, and 
the latter holds if and only if there exists t G E such that ts"ab = ts'ac in S. The two sides in 
the latter identity are ^ 0, as the same holds for the two sides of the identity (12.1.23b : therefore 
s"b = s'c holds already in S, and the contention follows. 

(v) Likewise, in the situation of (iv), S/H := S®mM/Y> is an integral pointed M /E-module. 
Indeed, notice the natural identification 5/E = E^S 1 ® s -i M (E _1 M)/E gp which - in view of 
(iv) - reduces the proof to the case where E is a subgroup of M x . Then the assertion is easily 
verified, taking into account (i). 
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Especially, if M is an integral pointed monoid, and S C Mis any non-pointed submonoid, 
then both £ _1 M and M/H are integral pointed monoids (this generalizes lemma [L7.52|) . 

(vi) Let G be any abelian group, <p : M — > G a morphism of non-pointed monoids. Then 
G is a flat M D -module. For the proof, we may - in light of (iii) - replace M by M gp , thereby 
reducing to the case where M is a group. Next, by (ii), we may assume that ip is injective, in 
which case G is a free M -module with basis G/M. 

Remark 2.1.24. (i) Let M — > A and M — > N' be morphisms of pointed monoids; iV and 
iV' can be regarded as pointed M-modules in an obvious way, hence we may form the tensor 
product iV" := iV ® M A'; the latter is endowed with a unique monoid structure such that the 
maps e : A — > N" and e! : A' — > N" given by the rule n i— > n ® 1 for all n G iV (resp. 
n' i— > 1 ® n' for all n' G A') are morphisms of monoids. Just as for usual ring homomorphisms, 
the monoid A" is a coproduct of iV and A' over M, i.e. there is a unique isomorphism of 
pointed monoids: 

(2. 1 .25) A ® M N' ^ N U M N' 

that identifies e and e' to the natural morphisms A ^ A H M A' and A' ^ A II A/ A'. As usual 
all this extends to non-pointed monoids. (Details left to the reader.) 

(ii) Especially, if we take M = {l} , the initial object in Mnd D , we obtain an explicit 
description of the pointed monoid iV © N' : it is the quotient (A x A')/ ~, where ~ denotes 
the minimal equivalence relation such that (x, 0) ~ (0, x') for every x G N, x' G N' . From 
this, a direct calculation shows that a direct sum of pointed integral monoids is again a pointed 
integral monoid. 

Remark 2.1.26. (i) Clearly every pointed M-module S is the colimit of the filtered family 
of its finitely generated submodules. Moreover, S is the colimit of a filtered family of finitely 
presented pointed M-modules. Recall the standard argument : pick a countable set /, and let ^ 
be the (small) full subcategory of the category M-Mod whose objects are the coequalizers of 
every pair of maps of pointed M-modules p, q : M* 7 ^ — > M^ l2 \ for every finite sets 7i, J 2 C I 
(this means that, for every such pair p, q we pick one representative for this coequalizer). Then 
there is a natural isomorphism of pointed M -modules : 

colim is —> S 

where % : — > M-Mod D is the inclusion functor, and is is the functor as in (11.1.171) . 

(ii) If S is finitely generated, we may find a finite filtration of S by submodules = So C 
Si C • ■ ■ C S n = S such that Si+i/Si is a cyclic M-module, for every i — 1, . . . , n. 

(iii) Notice that, if S is integral and S' C S is any submodule, then S/S' is again integral. 
Moreover, if S is integral and cyclic, we have a natural isomorphism of M-modules : 

S A M/Ann M (S). 

(Details left to the reader.) 

(iv) Suppose furthermore, that is finitely generated, and S is any pointed A/-module. 
Lemmata |2.1.15t i.a) and |2.1.9r ii) easily imply that every ascending chain 7 C I\ C • ■ • of 
ideals of M is stationary; especially, the set {Ann a/ (s) | s G 5'\{0}} admits maximal elements. 
Let 7 be a maximal element in this set; a standard argument as in commutative algebra shows 
that / is a prime ideal : indeed, say that xy G I = Annjvf(s) and x £ I; then xs ^ 0, hence 
y G AnnAf(^s) = /, by the maximality of /. Now, if S is also finitely generated, it follows that 
we may find a finite filtration of S as in (ii) such that, additionally, each quotient Si+i/Si is of 
the form M/p, for some prime ideal p C M. 

These properties make the class of integral pointed modules especially well behaved : es- 
sentially, the full subcategory M-Int.Mod of M-Mod D consisting of these modules mimics 
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closely a category of A-modules for a ring A, familiar from standard linear algebra. This shall 
be amply demonstrated henceforth. 

2.1.27. Let R be any ring, M a non-pointed monoid. Notice that the M-module underlying 
any i?[M]-module is naturally pointed, whence a forgetful functor i?[M]-Mod — > M-Mod . 
The latter admits a left adjoint 

M-Mod -> R[M]-Mod : (S, S ) i-> R(S) : = Coker R[0 S \. 

Likewise, the monoid (A, •) underlying any (commutative unitary) _R-algebra A is naturally 
pointed, whence a forgetful functor i?-Alg — ► Mnd Q , which again admits a left adjoint 

Mnd -> R-Alg : (M, M ) >-> i2(M) := #[M]/(0 M ) 

where (0 A /) C i?[M] denotes the ideal generated by the image of M - 

If (M, Ojvf) is a pointed monoid, and S is a pointed (M, 0A/)-module, then notice that R(S) 
is actually a R(M) -module, so we have as well a natural functor 

(M, M )-Mod o -> #(M)-Mod 5 i — > 

which is again left adjoint to the forgetful functor. 

For instance, let / C M be an ideal; from the foregoing, it follows that R(M/I) is naturally 
a i?[M]-algebra, and we have a natural isomorphism : 

R(M/I) A R[M]/IR[M]. 

Explicitly, for any x G F := M\J, let x G R(M/I) be the image of x; then R(M/I) is a free 
i?-module, with basis (x \ x G F). The multiplication law of R(M/ 1) is determined as follows. 
Given x,y E F, then x • y = xy if xy G F, and otherwise it equals zero. 

Notice that, if I\ and J 2 are two ideals of M, we have a natural identification : 

R(M/(h n J 2 )> ^ i?(M// x ) x w(/lU/2)) R(M/I 2 ). 

These algebras will play an important role in section [531 As a special case, suppose that p C M 
is a prime ideal; then the inclusion M\p C M induces an isomorphism of i?-algebras : 

R[M\p] A R(M/p). 

Furthermore, general nonsense yields a natural isomorphism of _R-modules : 

(2. 1 .28) R(S ®m S'} A ®ij (M) i?(^> for all pointed M -modules S and 5'. 

2.1.29. Let A be a commutative ring with unit, and / : M — > (A, ■) a morphism of pointed 
monoids. Then / induces (forgetful) functors : 

A- Mod -> M-Mod A-Alg -> M/Mnd 

(notation of (|1.1.13l) ) which admit left adjoints : 

M-Mod -> A-Mod 5^5 ® M A := Z(5) ®z(m) A 
M/Mnd -> A-Alg N ^ N ®m A := Z(N) ® 2 (m) ^4- 

Sometimes we may also use the notation : 

5 ® M := Z(S) ® %{M) N and S® M K.:=Z(S)® Z{M) K. 

for any pointed M-module 5, any A-module N and any object K, of D~(A-Mod). The latter 
derived tensor product is obtained by tensoring with a flat Z(M)-flat resolution of Z(S). (Such 
resolutions can be constructed combinatorially, starting from a simplicial resolution of S.) All 
the verifications are standard, and shall be left to the reader. 
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Definition 2.1.30. Let M be a pointed monoid, A a commutative ring with unit, p : M — > (A, ■) 
a moronism of pointed monoids, N an ^-module. We say that iV is p-flat (or just M-flat, if no 
ambiguity is likely to arise), if the functor 

M-Int.Mod -> A-Mod : S i-> S ® M N 

is exact, in the sense that it sends exact sequences of pointed integral M-modules, to exact 
sequences of A-modules. We say that N is faithfully cp-flat if this functor is exact in the above 
sense, and we have S ®m N = if and only if S = 0. 

Remark 2.1.31. (i) Notice that the functor S i— > S m N of definition ^. 1 .301 is right exact in 
the categorical sense (i.e. it commutes with finite colimits), since it is a right adjoint. However, 
even when N is faithfully flat, this functor is not always left exact in the categorical sense : it 
does not commute with finite products, nor with equalizers, in general. 

(ii) Let M and S be as in definition 12. 1.301 and let R be any non-zero commutative unitary 
ring. Denote by p : M — > (R(M), •) the natural morphism of pointed monoids. In light of 
(12.1.281) . it is clear that if R(S) is a flat R(M) -module, then S is a flat pointed M -module, and 
the latter condition implies that R(S) is p-flat. 

Lemma 2.1.32. Let M be a monoid, A a ring, ip : M — > (A, ■) a morphism of monoids, and 
assume that p is local and A is p-flat. Then A is faithfully p-flat. 

Proof. Let S be an integral pointed M-module, and suppose that S ®m A = {0}; we have to 
show that S = {0}. Say that s 6 S, and let Ms C S be the M-submodule generated by s. 
Since A is p-Hat, it follows easily that Ms ® M A = {0}, hence we are reduced to the case 
where S is cyclic. By remark [2. 1 .26r iii), we may then assume that S = M/I for some ideal 
I C M. It follows that S ®m ^ = A/p(I)A, so that p(I) generates A. Since p is local, this 
implies that I = M, whence the contention. □ 

Lemma 2.1.33. Let M be an integral pointed monoid, I, J C M two ideals, A a ring, a : 
M — > (A, •) a morphism of monoids, N an a-flat A-module, and S aflat M-module. Then : 

IS n JS = (I n J)S 
a(I)N n a( J)N = a(I n J)N. 

Proof. We consider the commutative ladder of pointed M-modules, with exact rows and injec- 
tive vertical arrows : 

o — - in J — - 1 n J) — - o 

(2.1.34) 

" 

J M M/(I U J) 

By assumption, the ladder of A-modules (12.1. 341) <8mN has still exact rows and injective vertical 
arrows. Then, the snake lemma gives the following short exact sequence involving the cokernels 
of the vertical arrows : 

-> JN/(I n J)N -> N/IN ^ N/(IN + JN) -> 

(where we have written JN instead of a(J)N, and likewise for the other terms). However 
Kerp = JN/(IN fl JN), whence the second stated identity. The first stated identity can be 
deduced from the second, by virtue of remark l2.1.3ir ii). □ 

Remark 2.1.35. By inspection of the proof, we see that the first identity of lemma |2. 1 .33| holds, 
more generally, whenever Z(5) is i^-flat, where p : M — > Z(M) is the natural morphism of 
pointed monoids. 
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Proposition 2.1.36. Let M be a pointed integral monoid, A a ring, ip : M — > (A, •) a morphism 
of monoids, N an A-module. Then we have : 

(i) The following conditions are equivalent : 

(a) iV is (p-flat. 

(b) Torf <A/) (Z(T), N) = Ofor every i > and every pointed integral M -module T. 

(c) Tor? M> (Z(M//),iV) = Ofor every ideal I C M. 

(d) The natural map I <E>m N — ► N is injective for every ideal I C M. 

(ii) If moreover, is finitely generated, then the conditions (a)-(d) of{\) are equivalent to 
either of the following two conditions : 

(e) Torf (M> (Z(M/p), N) = for every prime ideal p C M. 

(f) The natural map p <S>m N — *■ N is injective for every prime ideal p C M. 

Proof. Clearly (a)=Kb)=Kc)=Ke). Next, by considering the short exact sequence of pointed 
integral M-modules — > I — > M — > M/J — > we easily see that (c)<^(d) and (e)«=Kf). 

(c)=^>(a) : Let E := (0 — > S" — > 5 — > S" — > 0) be a short exact sequence of pointed 
integral M-modules; we need to show that the induced map S' <S>m N — > 5 ®m ^ is injective. 
Since the sequence Z(S) is still exact, the long Tor-exact sequence reduces to showing that 
Torf M> (Z(T),A0 = for every pointed integral M-module T. In view of remark [2. 1.26IT ). 
we are easily reduced to the case where T is finitely generated; next, using remark [2. 1 .26r ii.iii). 
the long exact Tor-sequence, and an easy induction on the number of generators of T, we may 
assume that T = M/I, whence the contention. 

Lastly, if M" is finitely generated, then remark [2. 1.26r iv) shows that, in the foregoing argu- 
ment, we may further reduce to the case where T = Mj p for a prime ideal p C M; this shows 
that (e)=Ka). □ 

Lemma 2.1.37. Let M be a pointed monoid, S a pointed M-module, and suppose that the 
following conditions hold for S : 

(Fl) Ifs G S and a G AniiM(s), then there exist b G Annj^(a) such that s G bS. 
(F2) Ifai,a>2 G M and si,S2 G S satisfy the identity a\S\ = a<is<i ^ 0, then there exist 
fox, bi G M and t G S such that = b{t for i = 1, 2 and a\b\ = a^b^- 
Then the natural map I ®m S — ► S is injective for every ideal I C M. 

Proof. Let I be an ideal, and suppose that two elements a^si and a 2 £g>s 2 of I®mS are mapped 
to the same element of S. If cijSj = for i = 1, 2, then (Fl) says that there exist foi, fo 2 G M and 
ti, t 2 <E S such that = and Sj = fo^j for 2 = 1,2; thus Oj <8> s» = a» <8> fojtj = a^foj ® Sj = 
in / ®m S. In case aiSi ^ 0, pick foi,fo 2 G M and t G 5 as in (F2); we conclude that 
a\ ® s\ = ai g) foit = aifoi ® t = a 2 fo 2 (g) t = a 2 ® s 2 in I ® M S, whence the contention. □ 

Theorem 2.1.38. Let M be an integral pointed monoid, S a pointed M-module. The following 
conditions are equivalent : 

(a) S is M-flat. 

(b) For every morphism M — > P of pointed monoids, P ®m S is P-flat. 

(c) For every short exact sequence S of integral pointed M-modules, the sequence S ®m S 
is again short exact. 

(d) Conditions (Fl) and (F2) of lemma 12. 1 37\ hold for S. 

Proof. Clearly (b)=Ka)=Kc). 

(c)=Kd): To show (Fl), set I := Ma, and denote by % : I — ► M the inclusion; (c) implies that 
the induced map i ® M S : I ®m S — > 5 is injective. However, we have a natural isomorphism 
/ ^ M/Annjv/(a) of M-modules (remark |2. 1 .26r iii)). whence an isomorphism : I ®m S 
S/Aim M (a)S, and under this identification, i ® M S is induced by the map S — > 5 : s h as. 
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Thus, multiplication by a maps the subset S \ kxm M (a)S injectively into itself, which is the 
claim. 

For (F2), notice that Z(S) is <^-flat under condition (c), for (p : M — > Z(M) the natural 
morphism. Now, say that a±si = a 2 s 2 7^ in S; set I := Mai, J '■= Ma 2 ; the assumption 
means that a\Sx E IS fl JS, in which case remark [2. 1.351 shows that there exist t E S and 
bi, 62 £ M such that a\bi = a 2 b 2 , and a±si = a\b\t, hence a 2 S2 = o^M- Since we have seen 
that multiplication by a\ maps S \ Annjw(ai)5' injectively into itself, we deduce that s\ = bit, 
and likewise we get s 2 = b 2 t. 

To prove that (d)=Kb), we observe : 

Claim 2.1.39. Let P be a pointed monoid, A a small locally directed category (see definition 
ll.l.35r ivU and S. : A -> P-Mod a functor, such that S x fulfills conditions (Fl) and (F2), for 
every A E Ob(A). Then the colimit of S, also fulfills conditions (Fl) and (F2). 

Proof of the claim. In light of remark [T. 1 .36f ii). we may assume that A is either discrete or 
path-connected. Suppose first that A is path-connected; then remark [T.7 .3 lf ii) allows to check 
directly that conditions (Fl) and (F2) hold for the colimit of S„ since they hold for every S\. 
If A is discrete, the assertion is that conditions (Fl) and (F2) are preserved by arbitrary (small) 
direct sums, which we leave as an exercise for the reader. 

To a given pointed M-module S, we attach the small category S*, such that : 



The composition of morphisms is induced by the composition law of M, in the obvious way. 
Notice that S* is locally directed if and only if S satisfies condition (F2). 

We define a functor F : S* — > Af-Mod Q as follows. For every s E Ob(5'*) we let F(s) : = 
M, and for every morphism a : s' — > s we let F(a) := a ■ 1m- We have a natural transformation 
t : F cs, where cs ■ S* — > M-Mod is the constant functor associated to S; namely, for 
every s E Ob(5'*), we let t s : M — > S be the map given by the rule a ^ as for all a E M. 
There follows a morphism of pointed M-modules : 

(2.1.40) colimF^S 

s* 

Claim 2.1.41. If S fulfills conditions (Fl), the map (12.1.401) is an isomorphism. 

Proof of the claim. Indeed, we have a natural decomposition of S* as coproduct of a family 
(S* I i E I) of path-connected subcategories (for some small set / : see remark [T. 1 .36r ii)); 
especially we have Horns* (s, s') — if s E Ob(S*) and s' E Ob(S*) for some i 7^ j in /. 

For each i E I, let Fj : S* — > M-Mod D be the restriction of F. There follows a natural 
isomorphism : 



Since the colimit of Fj commutes with the forgetful functor to sets, an inspection of the defi- 
nitions yields the following explicit description of the colimit T 4 of Fj. Every element of Tj is 
represented by some pair (s, a) where s E Ob(S*) C 5'\{0} and a E M; such pair is mapped 
to as by (12.1.401 ), and two such pairs (s, a), (s', a') are identified in Tj if there exists b E M 
such that bs = s' and ba! = a. 

Hence, denote by Si the image under (12.1.401) of %; we deduce first, that Si fl Sj = {0} if 
% 7^ j. Indeed, say that t E Si n Sj-, by the foregoing, there exist Si E Ob(S*), Sj E Ob(S*), 
and ai,aj E M, such that ajSj = t = djSj. If t ^ 0, we get morphisms a« : t — > Sj and 
aj : t — > sj in S*; say that t E SI for some k E I; it then follows that 5* = = Sj, a 
contradiction. Next, it is clear that (12.1.401) is surjective. It remains therefore only to show that 
each Tj maps injectively onto 5j. Hence, say that (s 1 , a x ) and (s 2 , a 2 ) represent two elements of 



Ob(S*) = S\{0} 



and 



Hom 5 *(s', s) = {a E M \ as = s'}. 
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Ti with t := aiSi = a 2 s 2 . If t ^ 0, we get, as before, morphisms a\ : t — > si and a 2 : i — >■ s 2 in 
S 1 *, and the two pairs are identified in Tj to the pair (£, 1). Lastly, if t = 0, condition (Fl) yields 
b E M and s' E S such that ai& = and si = 6s', whence a morphism 6 : si — >■ s' in S 1 *, and 
Fi(b)(ai, si) = (0, s') which represents the zero element of p. The same argument applies as 
well to (a 2 , s 2 ), and the claim follows. 

Claim 2.1.42. Let M — > P be any morphism of pointed monoids, and S 1 a pointed M-module 
fulfilling conditions (Fl) and (F2). Then the natural map / ® M S — > P ®m S 1 is injective, for 
every ideal I C P. 

Proof of the claim. From claim |2T .4 II we deduce that P ®m S is the locally directed colimit of 
the functor P ®m F, and notice that the pointed P-module P fulfills conditions (Fl) and (F2); 
by claim [2T.39| we deduce that P ®m S also fulfills the same conditions, so the claim follows 
from lemma l2T.37l 

After these preliminaries, suppose that conditions (Fl) and (F2) hold for S, and let E := 
(0 — > T" — > T — >■ T" — > 0) be a short exact sequence of pointed M -modules. We wish to show 
that E ®m S 1 is still short exact. However, if U" C T" is any M-submodule, let P C T be the 
preimage of P", and notice that the induced sequence — > T' — > P — > P" — > is still short 
exact. Since a filtered colimit of short exact sequences is short exact, remark |2.1.26r i) allows to 
reduce to the case where T" is finitely generated. 

We shall argue by induction on the number n of generators of T". Hence, suppose first that 
T" is cyclic, and let t E T be any element whose image in T" is a generator. Set C := Mt C T, 
and let C C T' be the preimage of C. We obtain a cocartesian (and cartesian) diagram of 
pointed M -modules : 

a — >C 

3> : 




The induced diagram Q) <g> u S is still cocartesian, hence the same holds for the diagram of sets 
underlying @ ® M S (remark [L73TJii)). Especially, if the induced map C ®m S — > C ®m S 
is injective, the same will hold for the map T' ® M S T ® M S. We may thus replace T' and 
T by respectively C and C, which allows to assume that also T is cyclic. In this case, pick a 
generator u E T; we claim that there exists a unique multiplication law fi T on T, such that the 
surjection p : M — * T : a i— > au is a morphism of pointed monoids. Indeed, for every t, t' E T, 
write t = au for some a E M, and set /^r(i, i') := at'. Using the linearity of p we easily 
check that fMxit, t') does not depend on the choice of a, and the resulting composition law ht 
is commutative and associative. Then T" is an ideal of T, so claim I2TT .421 tells us that the map 
T' ®Af S — > T <8) M 5 is injective, as required. 

Lastly, suppose that n > 1, and the assertion is already known whenever T" is generated by 
at most n — 1 elements. Let U" C T" be a pointed APsubmodule, such that U" is generated by 
at most n — 1 elements, and T"/U" is cyclic. Denote by P C T the preimage of P"; we deduce 
short exact sequences £' := (0 -> T' -> P -»■ P" -> 0) and S" := (0 -> P -> T -> T"/P" -> 
0), and by inductive assumption, both E' ® M S 1 and E" (gij^ 5 are short exact. Therefore the 
natural map T' ®m S — >• T ®m 5 is the composition of two injective maps, hence it is injective, 
as stated. □ 

Remark 2.1.43. In the situation of remark |2.1.3ir ii), suppose that M is pointed integral. Then 
theorem [2. 1 .38| implies that S is a flat pointed M-module if and only if R(S) is Lp-Qat. 

Corollary 2.1.44. Let M be an integral pointed monoid, S a pointed M-module. Then 
(i) The following conditions are equivalent : 
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(a) S is M-flat. 

(b) For every ideal I C M, the induced map I ®m S — > S is injective. 

(ii) If moreover M" is finitely generated, then these conditions are equivalent to : 

(c) For every prime ideal p C M, the induced map p <S)m S — > S is injective. 

Proof, (i): Indeed, by remark [2.1.431 and proposition ^. 1 .36t T) (together with (12.1.281 )), both (a) 
and (b) hold if and only if Z(S) is y?-flat, for cp : M — > Z(M) the natural morphism. 

(ii): This follows likewise from proposition ^. 1.36f ii). □ 

Corollary 2.1.45. Let ip : M —> N be a morphism of pointed monoids, G C M x , H C N x 
two subgroups such that <f(G) C H, and denote by Tp : M/G — > N/H the induced morphism. 
Let also S be any N -module. We have : 

(i) IfS(<p) is aflat M-module, then S/H^ is aflat M/G-module (notation of (11.7.231) ). 

(ii) If moreover, M is a pointed integral monoid and S is a pointed integral H -module, 
then also the converse of(i) holds. 

Proof, (i): We have a natural isomorphism 

(S/H) m A N/H ® N/tpG S {tp) /<pG. 

However, by example |2T22ii), N/H is a flat iV/VG-module, and S^/ipG is a flat M/G- 
module, whence the contention. 

(ii): By theorem [2.1.381 it suffices to check that conditions (Fl) and (F2) of lemma IT. 1.371 
hold in Sfo), and notice that, by the same token, both conditions hold for the M/G-module 
S/Hffi = S(<p)/G, since M/G is pointed integral (example l2.1.22r v)). 

Hence, say that ip(a)s = for some a G M and s E S; we may then find b E M, t' E S and 
g E G such that (p(gb)t = s and ab = 0. Setting t := <p(g)t', we deduce that (Fl) holds. 

Next, say that <p(ax)si = (p(a 2 )s 2 ^ for some ai, a 2 € M and si,s 2 E S; then we may find 
g E G, hi,h 2 E H,bi,b 2 E M and i! E S such that ga^x = a 2 b 2 and 

(2.1.46) <f(bi)hit' = Si fori = 1,2. 

After replacing b\ by gb\ and hi by hiip(g~ l ), we reduce to the case where a\bi = a 2 b 2 . From 
(12.1.461) we deduce that 

ip(aibi)hit' = <£>(°i) s i = l f( a 2)s 2 = (p(a 2 b 2 )h 2 t' = ip(a 1 bi)h 2 t' 

whence h\ = h 2 , since S is a pointed integral //-module. Setting t := hit', we see that (F2) 
holds. □ 

Corollary 2.1.47. Let (p : M — > N be a flat morphism of pointed monoids, with M pointed 
integral, and letpcN be any prime ideal. Then the morphism Mj v? _1 p — > Nj p induced by ip 
is also flat. 

Proof. Let F := N\p; by theorem [2.1.381 it suffices to check that conditions (Fl) and (F2) 
of lemma |2~. 1 .371 hold for the <^ -1 F-module F. However, since ^ F, condition (Fl) holds 
trivially. Moreover, by assumption these two conditions hold for the M -module N; hence, say 
that <^( a i) • Si = V 9 ( a 2) ■ s 2 in F, for some ai,a 2 E ip~ x F and s 1; s 2 E F. It follows that there 
exist 61,62 £ M and t E N such that = a 2 b 2 in M, and <p(f>i) ■ t = Sj for % — 1, 2. Since F 
is a face, this implies that (p(bi), <p(b 2 ), t E F, so (F2) holds for F, as stated. □ 

Another corollary is the following analogue of a well known criterion due to Lazard. 

Proposition 2.1.48. Let M be an integral pointed monoid, S an integral pointed M-module, R 
a non-zero commutative ring with unit. The following conditions are equivalent : 

(a) S is M-flat. 

(b) S is the colimit of a filtered system of free pointed M -modules (see remark \T.7.31\ ii ) ). 
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(c) R(S) is aflat R(M) -module. 

Proof. Obviously (b)=Ka) and (b)=Kc). 

(c)=Ka) has already been observed in remark l2.1.3ir ii). 

(a)=Kb): It suffices to prove that if S is flat, the category S* attached to S as in the proof 
of theorem \2.\ .381 is pseudo-filtered. However, a simple inspection of the construction shows 
that S* is pseudo-filtered if and only if S satisfies both condition (F2) of lemma |2T.37l and the 
following further condition. For every a,b E M and s E S such that as = bs ^ 0, there exists 
t E S and c E M such that ac = be and ct = s. This condition is satisfied by every integral 
pointed M -module, whence the contention. □ 

2.1.49. Consider now, a cartesian diagram of integral pointed monoids : 

Po -Pi 

@{Po,I,Pi) ■ J 

P2 -P 3 

where Pi (resp. P3) is a quotient Pq/I (resp. Pi/ 1 Pi) for some ideal I C Po, and the vertical 
arrows of @(Po, I, Pi) are the natural surjections. In this situation, it is easily seen that the 
induced map I — > I Pi is bijective; especially, / is both a P -module and a Pi -module. Let 
(fi : Pi — > Z(P) be the units of adjunction, for i = 0,1, 2. Let also M be any Z(P )-module. 

Lemma 2.1.50. In the situation of (12.1.491 ), we have : 

(i) Let J C Po be any ideal. Then S : = Pq/J admits a three-step filtration 

c Fil S C FiliS C ¥\\ 2 S = S 

such that Fi\ S and gr 2 S are Pi-modules, and gr^ is a Pi-module. 

(ii) The following conditions are equivalent : 

(a) M is ipo-flat. 

(b) M Po Pi is ifi-flat and Torf (P,)> (M, Z(P t )) = 0, fori = 1,2. 

(iii) The following conditions are equivalent : 

(a) Torf (Po> (M,Z(P)) = Ofori = 1,2,3. 

(b) Torf (p> (M® Po P,Z(P 3 » = Ofori = 1,2. 

(iv) Suppose moreover, that P3 7^ is a free pointed P2-module. Then the Z(P ) -module 
M is (fo-flat if and only if the Z(Pi) -module M ®p Pi is (fiflat. 

Proof, (i): Define Fi^S := Kei(S -> P /(I U J)) = ( I U J) /J. Then it is already clear that 
S/FilxS is a P 2 -module. Next, let Fil S := Ker(Fili5 -»• (/ U JP X )/JP X ) = JP X /J. Since 
I Pi = I, we see that Fi\ S is a P 2 -module, and (/ U J Pi)/ J Pi is a P x -module. 

(ii) : Clearly (a)=Kb), hence suppose that (b) holds, and let us prove (a). By proposition 
12.1.36m . it suffices to show that Torf (Po> (M, Z(P Q /I)) = for every ideal J C P . In view of 
(i), we are then reduced to showing that Tor^ P °^(M, Z(5)) = 0, whenever S is a p-module, 
for i = 1,2. However, for such p-module S, we have a base change spectral sequence 

E 2 pq : Tor^)(TorW(M,Z(P i )),Z(5'}) =► TorJ| Po> (M, Z(5». 

Under assumption (b), we deduce : Torf (Po> (M, Z(3)) = Torf (p> (M ® Po P i: Z(S)) = 0. 

(iii) : Notice that the induced diagram of rings Z(^(P , /, Pi)) is still cartesian. Then, this is 
a special case of (361 Lemma 3.4.15]. 

(iv) : Suppose that M ®p Pi is <^i-flat, and P3 is a free pointed P 2 -module, say P 3 ~ P2 A ' ) °, 
for some set A 7^ 0; then the Z(P 2 )-module Z(P 3 ) is isomorphic to Z(P 2 )^ A \ especially it is 
faithfully flat, and we deduce that Torf <Po> (M, Z(P)) = for i = 1, 2, by (iii). On the other 
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hand, M <8> p P3 is y?3-fiat, so it also follows that M ®p P 2 is y2 2 -flat, by proposition 12.1.481 
Summing up, this shows that M fulfills condition (ii.b), hence also (ii.a), as sought. □ 

2.1.51. Let now P — ► Q be an injective morphism of integral pointed monoids, and suppose 
that P^ and Q$ are finitely generated monoids, and Q is a finitely generated P-module. Denote 
LfP : P — ► Z(P) and <£>q : Q — ► Z(Q) the usual units of adjunction. 

Theorem 2.1.52. f/ze situation of (12.1.511) . to M be a Z(P) -module, and suppose that the 
7j(Q) -module M ®p Q is (pQ-flat. Then M is (fp-flat. 

Proof. Using lemma l2~.1.50r iv). and an easy induction, it suffices to show that there exists a 
finite chain 

(2.1.53) P = Q cQ 1 C ■■■ cQ n = Q 

of inclusions of integral pointed monoids, and for every j = 0, . . . , n — 1 an ideal Ij C Qj, 
and a cartesian diagram of integral pointed monoids @(Qj,Ij, Qj+i) as in (12.1.491 ), and such 
that Qj + i/Ij 7^ is a free pointed Qj//, -module. (Notice that each Q\ is a quotient of Qi/P x , 
and the latter is a submodule of Q/P x , hence Q\ is still a finitely generated monoid, by lemma 
|2.1.9r i).) If P = Q, there is nothing to prove; so we may assume that P is strictly contained 
in Q, and - invoking again lemma I2.1.9I X) - we further reduce to showing that there exists a 
monoid Q\ C Q strictly containing P, and an ideal I C P, such that the diagram ^(P, /, Qi) 
fulfills the above conditions. 

Suppose first that the support of Q/P contains only the maximal ideal mp of P, and let 
x±, . . . , x r be a finite system of generators for trip (lemma |2.1.9r ii)). For each i = 1, . . . , r, 
the localization (Q/P) x . is a Pj-.-module with empty support, hence (Q/P) Xi = (remark 
I2.1.21T V)). It follows that every element of Q/P is annihilated by some power of Xj, and since 
Q/P is finitely generated, we may find N G N large enough, such that xfQ/P = for 
i = 1, . . . , r. After replacing N by some possibly larger integer, we get trip ■ Q/P = 0, and 
we may assume that N is the least integer with this property. If iV = 0, there is nothing to 
prove; hence suppose that N > 0, and set Q\ := P U m^ l Q. Notice that Qi is a monoid, 
and Q\/P 7^ is annihilated by mp. Especially, rripQi = trip. Moreover, the induced map 
P/mp — > Qi/vcip is injective and Qi is an integral pointed module, therefore the group P x acts 
freely on Qi\mp, i.e. Qi/mp is a free pointed P/mp-module. It follows easily that, if we take 
I := mp, we do obtain a diagram @(P, mp, Qi) with the sought properties, in this case. 

For the general case, let p C P be a minimal element of Supp Q/P (for the ordering given 
by inclusion). Then the induced morphism P p — > Q p still satisfies the conditions of (|2.1.51l) 
(lemma [2. 1 . 1 9t iv)). Moreover, SuppQp/Pp = {pPp} by remark [2. 1 . 2 1 f vii) . By the previous 
case, we deduce that there exists a chain of inclusions of integral pointed monoids P p C Q[ C 
Q p , such that the resulting diagram @(Pp, pPp, Q[) is cartesian, and Q[/pP p 7^ is a free 
pointed P p /pP p -module. Let ei, . . . , e<2 be a basis of the latter P p /pP p -module, with e.\ = 1. 
Hence, e, ; E Q p \ pP p for every i = 1, . . . , d, and after multiplying e 2 , . . . , e<i by a suitable 
element of P \ p, we may assume that each is the image in Q p of an element e Q. 
Moreover, for every i,j < d, either e^e., = 0, or else there exists G P p and j) < d 
such that ei&j = Oijem,j)' Furthermore, fix a system of generators Xi, . . . ,x r for p; then, for 
every i < r and every j < d we have x^ej G pP p . Again, after multiplying e 2 , . . . , by some 
c G P\p, we may assume that G P for every z, j < d, and moreover that Xi&j lies in the 
image of p for every i < r and j < d. 

And if we multiply yet again e 2 , . . . , by a suitable element of P\p, we may finally reach a 
system of elements e ± , . . . ,e d <E Q such that e\ — \ and : 

• For every i, j < d, we have either = or else CiCj = aije^ij). 

• x-iCj G p for every % < r and j < d. 
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Clearly these elements span a P-module Qi which is a monoid containing P and contained in 
Q; moreover, by construction we have pQi = p, hence the resulting diagram @(P, p,Qi) is 
cartesian. Notice also that (Qi/p) p ~ Q[/pP p , and that P/p = 1*, where P' := P\p is an 
integral (non-pointed) monoid. To conclude it suffices now to apply the following 

Claim 2.1.54. Let P' be an integral non-pointed monoid, S a pointed i^'-module, and e : = 
(ei, . . . , e d ) a system of generators for S. Suppose that S ® P j i^ /gp is a free pointed P^ gp - 
module, and the image of e is a basis for this module. Then S is a free pointed i^'-module, with 
basis e. 

Proof of the claim. If e is not a basis, we have a relation in S of the type a\&\ = a 2 e 2 , for 
some ai, a 2 E P' . This relation must persist in S <8>p D ' -fj, /gp , and implies that a\ = a 2 = in 
JJf gp . However, under the stated assumptions the localization map P^ — > i^ /gp is injective, a 
contradiction. □ 

2.2. Integral monoids. We begin presently the study of a special class of monoids, the integral 
non-pointed monoids, and the subclass of saturated monoids (see definition 11.7 .541 111)) . Later, 
we shall complement this section with further results on fine monoids (see sections [2~4l and 1531) . 

Throughout this section, all the monoids under consideration shall be non-pointed. 

Definition 2.2.1. Let tp : M — > N be a morphism of monoids. 

(i) (p is said to be integral if, for any integral monoid M' , and any morphism M — > M', 
the push-out N (g> m M' is integral. 

(ii) if is said to be strongly flat (resp. strongly faithfully flat) if the induced morphism 
Z[<p] : Z[M] -> Z[N] is flat (resp. faithfully flat). 

Lemma 2.2.2. Let f : M ^ N and g : N P be two morphisms of monoids. 

(i) Iff and g are integral (resp. strongly flat), the same holds for g o f. 

(ii) If f is integral ( resp. strongly flat), and M —> M' is any other morphism, then the 
morphism 1m> ®m f '■ M' — > M' %iV is integral (resp. strongly flat). 

(iii) If f is integral, and S C M and T C N are any two submonoids such that f(S) C T, 
then the induced morphism S _1 M — > T~ 1 N is integral. 

(iv) If S C M is any submonoid, the natural map M — > S^M is strongly flat. 

(v) Iff is integral, then the same holds for f mt , and the natural map M mt ® M N — > N mt 
is an isomorphism. 

(vi) The unit of adjunction M — > M mt is an integral morphism. 

Proof, (i) is obvious. Assertion (ii) for integral maps is likewise clear, and (ii) for strongly flat 
morphisms follows from (11.7.661) . Assertion (iv) follows immediately from (11.7.671) . 

(iii): Let S~ l M — > M' be any map of integral monoids; in view of lemma [L7.481 we have 
p ■= M' ® 8 -i M T~ l N ~ T- l (M' ® M N), hence P is integral, which is the claim. 

(v) : The second assertion follows easily by comparing the universal properties (details left to 
the reader); using this and and (ii), we deduce that f mt is integral. 

(vi) is left to the reader. □ 

Theorem 2.2.3. Let if : M — > iV be a morphism of integral monoids. Consider the following 
conditions : 

(a) (p is integral. 

(b) p is flat (see remark W.l 31[ vi) ). 

(c) <p is flat and injective. 

(d) (p is strongly flat. 

(e) For every field k, the induced map k[ip] : k[M] — > k[N] is flat. 
Then : (e) <£> (d) (c) =^> (b) <£> (a). 
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Proof. This result appears in ll50l Prop.4.1(l)], with a different proof. 

(a) =Kb): Let / C M be any ideal; we consider the M -module : 

R(M,I) :=0/" 

where I™ denotes, for each n E N, the n-th power of I in the monoid (<^(M), •) of (12.1.11) . 
Then there exists an obvious multiplication law on R(M, I), such that the latter is a N-graded 
integral monoid, and the inclusion M — > R(M, I) in degree zero is a morphism of monoids. 
We call R(M, J) the Rees monoid associated to M and I. 

Denote also by j : R(M, J) — > M x N the natural inclusion map. By assumption, the monoid 
R(M, J) ® M iV is integral. However, the natural map R(M, J) ® M JV -> (R(M, J) ® M A0 gp 
factors through ]®mN . The latter means that, for every n E N, the induced map I h ®mN — > A" 
is injective. Then the assertion follows from proposition ^. 1 .361 and remark |T.7.35l fii). 

(b) =Ka): Let M — > M' be any morphism of integral monoids; we need to show that the 
natural map M' ® M N -> M' SP ® A/gP N gp is injective (see remark I2T241 T)). The latter factors 
through the morphism M' 0m N — > M /gp ® M N, which is injective by theorem [2.1.381 and 
remark [T.7.35r ii). We are thus reduced to proving the injectivity of the natural map : 

M' gp ® MSP (M gp ® M N) -> M' gp ® MSP AT gp . 

By comparing the respective universal properties, it is easily seen that M gp (g> M N is the lo- 
calization Lp(M)~ 1 N, which of course injects into iV gp . Then the contention follows from the 
following general : 

Claim 2.2.4. Let G be a group, T — » T" an injective morphism of monoids, C7 — >• P a morphism 
of monoids. Then the natural map P ® G T — >• P (g) G T' is injective. 

Proof of the claim. This follows easily from remark I2.1.24IX ) and lemma [L7 .45 T ii). 

(d) =^(e) and (c)=Kb) are trivial. 

(e) =>(c): The flatness of cp has already been noticed in remark [2.1 .3 U ii). To show that (p is 
injective, let ai, a-i E M and let k be any field. Under assumption (e), the image in k[N] of 
the annihilator Ann fc [ M ](ai — a 2 ) generates the ideal Ann k [ N ](<p(ai) — (p(a 2 )). Set b := a]^ 1 ; 
it follows that Ann fc [A/gp](l — b) generates Ann fe [jvg P ](l — fib)). However, one checks easily 
that the annihilator of 1 — b in fc[M gp ] is either if b is not a torsion element of M gp , or else 
is generated (as an ideal) by 1 + b + • • • + b n ~ l , where n is the order of b in the group M gp . 
Now, if (p(ai) = tp(cL2), we have (p(b) = 1, hence the annihilator of 1 — b cannot be 0, and in 
fact A;[A^ gp ] = Ann fe [ A r gP (l — <p(b)) = nk[N gp ). Since k is arbitrary, it follows that n = 1, i.e. 

CLi =0,2- 

(c) =Kd): since ip is injective, A^ D is an integral pointed M Q -module, so the assertion is a 
special case of proposition ^. 1.481 □ 

Remark 2.2.5. (i) Let G be a group; then every morphism of monoids M — » G is integral. 
Indeed, lemma |2T2.2r i,vi) reduces the assertion to the case where M is integral, in which case it 
is an immediate consequence of theorem [2 . 2 . 3 1 and example (2X22^vi). 

(ii) Let M be an integral monoid, and S a flat pointed M D -module. From theorem [2 . 1 . 3 8 1 we 
see that T := S\{0} is an M-submodule of S, hence S = T . 

(iii) Let ip : M — > N be a morphism of integral monoids, and set T := Coker <y? gp ; then the 
natural map ir : N — > T defines a grading on A^ (see definition 11.7.18^ )). which we call the 
ip-grading. As usual, we shall write A^ 7 instead of 7r _1 (7), for every 7 E T. We shall use the 
additive notation for the composition law of T; especially, the neutral element shall be denoted 
by 0. Clearly ip factors through a morphism of monoids M — > No, and each graded summand 
A^ 7 is naturally a M-module. 
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(iv) With the notation of (iii), we claim that the induced morphism Tp : <p(M) — > N is fiat 
(hence strongly flat, by theorem |2.2.3l ), if and only if iV 7 is a filtered union of cyclic M-modules, 
for every 7 G T. Indeed, notice that a cyclic Af-submodule of iV 7 is a free (£>(M)-module of 
rank one (since N is integral), hence the condition implies that iV 7 is a flat y?(M) -module, 
hence Tp flat. Conversely, suppose that Tp is flat, and let ni,n 2 E iV 7 (for some 7 G T); this 
means that there exist ai, a 2 G M such that tp(ai)rii = (p(a 2 )n 2 in N. Then, condition (F2) of 
theorem [2X38] says that there exist n' E N and 61, b 2 G M such that rii = (p(bi)n' for 2 = 1,2; 
especially, n' G iV 7 , which shows that iV 7 is a filtered union of cyclic M-modules. 

(v) With the notation of (iii), notice as well, that a morphism ip : M — > N of integral monoids 
is exact (see definition |1.7.54r i)) if and only if Ker ip gp C M and y2 induces an isomorphism 
M/Ker y2 gp A iV . (Details left to the reader.) 

Theorem 2.2.6. Let M — > N be a finite, injective morphism of integral monoids, and S a 
pointed M Q -module. Then S is M a -flat if and only if N Q ® Mo S is N -flat. 

Proof. In light of theorem l2. 1.381 we may assume that iV ® Mo S is iVVfiat, and we shall show 
that S is M -flat. To this aim, let 1 denote the trivial monoid (the initial and final object in 
the category of monoids); any pointed M -module X is a pointed 1 -module by restriction of 
scalars, and if X and Y are any two pointed M D -modules, we define a M D -module structure on 
X <g> lo Y by the rule 

a ■ (x ® y) := ax (g> ay for every a G M , x G X and y G Y. 

With this notation, we remark : 

Claim 2.2.7. Let ip : M — > G be a morphism of monoids, where G is a group and M is 
integral. Then a pointed M a -module S is Af -flat if and only if the same holds for the Mo- 
module S ®i G - 

Proof of the claim. Suppose that S is A/ -flat; then S = T a for some M-module T (remark 
|2.2.5r ii)), and it is easily seen that S ®i G Q = (T xG) Q . By theorem [2. 1.381 it suffices to check 
that conditions (Fl) and (F2) of lemma 123371 hold for (T x G) a . 

Hence, suppose that a G M and h G (T x G) satisfy the identity ah = 0; in this case, a 
simple inspection shows that either a = or h = 0; condition (Fl) follows straightforwardly. 
To check (F2), say that ai • (si, g) = a 2 ■ (s 2 , g 2 ) 7^ 0, for some a« G M, Sj G 5, gi G G 
(i = 1, 2); since (F2) holds for S, we may find b\, b 2 G M and t G S 1 such that ai&i = a 2 b 2 and 
6jt = (i = 1, 2). Notice that g := — 1 c?i = (p(b 2 )~ 1 g 2 in G, therefore 6j ■ (t, g) = (s i; g>j) 
for « = 1,2, whence the contention. 

Conversely, suppose that S ®i D G a is M -flat; we wish to show that (Fl) and (F2) hold for S. 
However, suppose that as = for some a G M D and s G S with s 7^ 0; then a ■ (s ® e) =0 
(where e G G is the neutral element); since (Fl) holds for S* <8>i G , we deduce that there exist 
b G M and t0g e S ® lo G such that 6a = and s ® e = b ■ (t ® 5) = 6t (g) ^>(b)g; this implies 
that 6t = s, so (Fl) holds for S, as sought. 

Lastly, suppose that a\Si = a 2 s 2 ^ for some a, G M and S{ G S (i — 1, 2). It follows that 
ai • (si (8> V 9 ( a 2)) = ^2 • («2 ® ^( a i))- By applying condition (F2) to this identity in S <8>i G , 
we deduce that the same condition holds also for S. 

Next, we observe that there is a natural isomorphism of iV -modules : 
(2.2.8) iV ®M (S® lo N^ p ) ^ (N ® Mo S) ®i A^ Q gp n®(s®^(n®s)®^(n)j 

whose inverse is given by the rule : (n ® s) ® (7 1— > n <E> (s ® ip{n)^ l g) for every n E N, s E S, 
g E iVf p . We leave to the reader the verification that these maps are well defined, and they are 
inverse to each other. In view of (|2.2.8I) and claim [2^2771 we may then replace S by S ®i D -/V| p , 
which allows to assume that S is an integral pointed A/ -module and iV ® Mo S is an integral 
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pointed iV -module. In this case, in view of proposition ^. 1.481 we know that Z(N a ® Mo S) is a 
flat Z(N a ) -module, and it suffices to show that Z(5) is a flat Z(Af )-module. 

However, under our assumptions, the ring homomorphism Z(M Q ) — > Z(JV ) is finite and 
injective, so the assertion follows from H3l Part II, Th. 1.2.4] and (|2.1.28l) . □ 

Lemma 2.2.9. Let M be an integral monoid, and S C M a submonoid. We have : 

(i) The natural map S~ 1 M sat — > (S'~ 1 M) sat is an isomorphism. 

(ii) If M is saturated, then M/S is saturated, and if S is a group, also the converse holds. 

(iii) The inclusion map M — > M sat is a local morphism. 

(iv) The inclusion M C M sat induces a natural bijection : 

Spec M sat A Spec M. 

Proof, (i) and (iii) are left to the reader. For (ii), the natural isomorphism S^M/S 59 M/S, 
together with (i), reduces to the case where S is a group, in which case it suffices to remark that 
{M/S) saX = M sat /S. Lastly, to show (iv) it suffices to prove that, for any face F C M, the 
submonoid F sat C M sat is a face, and F sat PI M = F, and that every face of M sat is of this 
form. These assertions are easy exercises, which we leave as well to the reader. □ 

Lemma 2.2.10. Let M be a saturated monoid such that M* is fine. Then there exists an iso- 
morphism of monoids : 

M A M fl x M x 

and if M is fine, M x is a finitely generated abelian group. Moreover, the projection M — > M* 
induces a bijection : 

Spec M tt ^ Spec M : pnpxM x . 

Proof. Under the stated assumptions, G := M gp /M x is a free abelian group of finite rank, 
hence the projection M gp — >• G admits a splitting a : G Af gp . Set M := M n a(C7); it is 
easily seen that M = M x M x , whence M ^ M". If M is fine, M gp is a finitely generated 
abelian group, hence the same holds for its direct factor M x . The last assertion can be proven 
directly, or can be regarded as a special case of lemma |2T.15r i.b). □ 

Definition 2.2.11. Let : M — > iV be a morphism of integral monoids. 

(i) We say that <p is k-saturated (for some integer k > 0), if the push-out P ® M N is 
integral and ^-saturated, for every morphism M — > P with P integral and ^-saturated. 

(ii) We say that ip is saturated, if the following holds. For every morphism of monoids 
M — > P such that P is integral and saturated, the monoid P ®m N is also integral and 
saturated. 

Clearly, if <p is ^-saturated for every integer k > 0, then cp is saturated. 

Lemma 2.2.12. Let if : M —>■ N be a morphism of integral monoids, and S C M, T C N two 
submonoids such that <p(S) C T. The following holds : 

(i) The localization map M — » S~ X M is saturated. 

(ii) If ip is saturated, the same holds for the morphisms S~ X M — ► T~ l N and M / S — ► iV/T 
induced by <p. 

(iii) 7/" 5 anJ T are groups, then <p is saturated if and only if the same holds for the 
induced morphism M/S — > iV/T. 

(iv) If if is saturated, then the natural map N <S)m M sat — > A^ sat 15 an isomorphism. 

Proof, (i) follows from the standard isomorphism : S' _1 M <&m N ^> cp(S)~ 1 N, together with 
lemma [2T2.9f i). Next, let M/S — > P and S~ X M — > Q be morphisms of monoids. Then 

P® M /sN/T ~(P® M N)/T and Q T" 1 ^ ~ T'^Q ® M iV) 
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(lemma fl .7.481) so assertions (ii) and (iii) follow from lemma I2i2.9f i.ir). 

(iv) follows by comparing the universal properties. □ 

Example 2.2.13. (i) Let M be an integral monoid, JcMan ideal, and consider again the Rees 
monoid R(M, I) of the proof of theorem l2.2.3l Clearly R(M, I) is an integral monoid. However, 
easy examples show that, even when M is saturated, R(M, I) is not generally saturated. More 
precisely, the following holds. For every ideal J C M, set 

J sat : = { a e M gp | a n G J n for some integer n > 0} 

where J n denotes the n-th power of J in the monoid •) of (12. 1.1ft . Then J sat is an ideal of 
M sat . With this notation, we have the identity : 

R(M,/) sat = 0(/ n ) sat . 

raGN 

(Verification left to the reader.) 

(ii) For instance, take M := Q® 2 , and let I C M be the ideal consisting of all pairs (x, y) 
such that x + y > 1. Then J n = {(x, y) G Q® 2 | x + y > n}, and it is easily seen that 
jn _ ^jnysit ^ or ever y n e hence in this case R(M, 7) is saturated, in view of (ii). It is easily 
seen that R(M, I) does not fulfill condition (F2) of lemma IT. 1 .371 hence the natural inclusion 
map i : M — > R(M, /) is not flat (theorem 12.1.381) . hence it is not an integral morphism, 
according to theorem \2 .2 .31 On the other hand, we have : 

Lemma 2.2.14. With the notation of example 12.2. 13[ ii). the morphism i is saturated. 

Proof. We prefer to work with the multiplicative notation, so we shall argue with the monoid 
(exp Q® 2 , ■) (see (12.1ft ). Indeed, let <p : M — > P be any morphism of monoids, with P saturated. 
Clearly R(M, I) is the direct sum of the P-modules P ® M I n , for all nGN. 

Claim 2.2.15. The natural map P ® M I n — ► F l P is an isomorphism, for every neN 

Proof of the claim. Indeed, the map is obviously surjective. Hence, suppose that a\X\ = a 2 x 2 
for some ai, a 2 G I n , xi, x 2 G P such that x\®a\ = x 2 ® a 2 . For every i? G Q with < i? < 1, 
set a# := af • a\~® and notice that 

:= aia^ 1 ^! = a 2 a^ 1 x 2 G P gp 

and if iV G N is large enough, so that N%9 G N, then x$ = x^x^ G P, hence x$ G P. 

Next, for any (a, 6), (a', 6') G Q® 2 , set (a, 6) V (a', 6') := (min(a, a'), min(6, 6')). Choose an 
increasing sequence := $0 < ^1 < ■ ■ • < $ n '■= 1 of rational numbers, such that 

hi := V a$ i+1 G P for every i = 0, . . . , n — 1. 

Then there exist q, dj G Q® 2 such that a$ i = biCi and = hidi for z = 0, . . . , n — 1. We 
may then compute in P ® M P : 

<8) = g) = ft, ® c i x^ i and likewise a^ +1 ® = 6j <g> diX& i+1 . 

By construction, we have c i x$ i = diX$ i+1 for i = 0, . . . , n — 1, whence the contention. 

In view of claim |2.2T5l we are reduced to showing that R(P, IP) is saturated, and by example 
12.2.131 this comes down to proving that (/ n p) sat = PP for every neN. However, say that 
x e P gp , and x n = a\X\ ■ ■ ■ a n x n for some aj G I and G P; set a := (ai ■ • - an) 1 /™, 
and notice that a e L Then a; n = a n ■ x\ - ■ ■ x n , so that a;a _1 G P, and finally x G IP, as 
required. □ 

Lemma [2.2.141 shows that a saturated morphism is not necessarily integral. Notwithstanding, 
we shall see later that integrality holds for an important class of saturated morphisms (corollary 
12.4.41) . Now we wish to globalize the class of saturated morphisms, to an arbitrary topos. Of 
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course, we could define the notion of saturated morphism of T-monoids, just by repeating word 
by word definition 12.2. 1 H ii). However, it is not clear that the resulting condition would be of 
a type which can be checked on stalks, in the sense of remark |TT67T4jii). For this reason, we 
prefer to proceed as in Tsuji's work 117011 . 

Lemma 2.2.16. Let T be a topos, <p : M_ N_ and ip : N_ — > P_ two morphisms of integral 
T-monoids. We have: 

(i) If ip and ip are exact, the same holds for ip o tp. 

(ii) Ifipoipis exact, the same holds for p. 

(iii) Consider a commutative diagram of integral T-monoids : 



M —^N 



(2.2.17) 



M' JV'. 

Then the following holds : 

(a) If (12.2.171 ) is a cartesian diagram and tp' is exact, then p is exact. 

(b) If (12.2.171 ) is cocartesian (in the category Int.Mnd^J and tp is exact, then tp' is 
exact. 

Proof. For all these assertions, remark ll.7.55r ii) easily reduces to the case where T = Set, 
which therefore we assume from start. Now, (i) and (ii) are left to the reader. 

(iii.a): Let x G M gp such that y? gp (x) G N; hence (<p' o ^) gp (x) = ?/% gp (x)) G N', and 
therefore ?/> gp (x) G M', since cp' is exact. It follows that x G M, so tp is exact. 

(iii.b): Let a; G (M') gp such that (^') gp (x) G N'; then we may write ((p') gl? (x) = ip , (y)-ip'(z) 
for some y G M' and z E N . Therefore, (y?') gP (xy -1 ) = ip'(z); since the functor P i— > P gp 
commutes with colimits, it follows that we may find w G M gp such that ip gp (w) = xy~ l and 
ip gp (w) = z. Since (p is exact, we deduce that w G M, therefore xy" 1 G M', and finally 
x G M', whence the contention. □ 

2.2.18. Let T be a topos; for two morphisms P_ <— M — * N_ of integral T-monoids, we set 

K® M P:= (N® M P) int 

which is the push-out of these morphisms, in the category Int.Mnd T . Notice that, for every 
morphism / : T' — > T of topoi, the natural morphism of T'-monoids 

(2.2.19) f*(N® M P) -> f*N® f * M f*P 

is an isomorphism (by lemmata [l.7.59r i) and ll.7.60T i)). 

Let now tp : M — > iV be a morphism of integral T-monoids. For any integer fc > 0, let 
k M and k N be the fc-Frobenius maps of M and (definition |1.7.54r ii)), and consider the 
cocartesian diagram : 

M — ^ M 

(2.2.20) 



V 



The endomorphism factors through ku ®m Ijv an d a unique morphism f3 : P_—+ N_ such 
that P o tp' = ip. A simple inspection shows that fcp = [k M ® M 1 N ) o (3. Now, if k M is exact, 

then the same holds for k M ®m ~^n, in view of lemma |2 . 2 . 1 6r iii.b) . Hence, if P is ^-saturated, 
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then (3 is exact (lemma |2 . 2 . 1 6f ii)) . and if M is k- saturated, also the converse holds. Likewise, 
if M is fc-saturated and (3 is exact, then N_ is &;-quasi-saturated. 
These considerations motivate the following : 

Definition 2.2.21. Let T be a topos, tp : M — ► N_ a morphism of integral T-monoids. 
(i) A commutative diagram of integral T-monoids : 



M 



N 



M' 



N' 



is called an exact square, if the induced morphism M' ®m N_ — > TV' is exact, 
(ii) if is said to be k-quasi-saturated if the commutative diagram : 



(2.2.22) 



M 



M 



N 



N 



is an exact square (the vertical arrows are the /c-Frobenius maps), 
(iii) cp is said to be quasi-saturated if it is fc-quasi-saturated for every integer k > 0. 

Proposition 2.2.23. Let T be a topos. 

(i) If (12.2.171) is an exact square, and M — » Pis any morphism of integral T-monoids, 

the square P_®m (12.2.171) is exact. 

(ii) Consider a commutative diagram of integral T-monoids : 



M -^N -f^P 



(2.2.24) 



M < _^ N > _^ P > 



and suppose that the left and right square subdiagrams of (|2.2.24l) are exact. Then the 
same holds for the square diagram : 



M 

%• 
M' 



P 



P'. 



Proof, (i): We have a commutative diagram : 

{P®mM1) ®mN- 



(P®mM ) ®p {P®mN) 



_ int , » int . 

■£® M {M'® M N) 

int 

P®MiV' 



/9 



where to, a axe the natural isomorphisms, and p and a : M ® M N_ — > N_ are the natural maps. 

By assumption, a is exact, hence the same holds for lp ®m oc, by lemma IZ2. 16r iii.b). So (3 is 
exact, which is the claim. 
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. int . . int ^ 

(ii): Let a : M ®m £l — ► N_ an d P '■ N_ ®n E_ ^> E_ be the natural maps; by assumptions, 
these are exact morphisms. However, we have a natural commutative diagram : 

, , int . int UJ , int 

(M ® M K) ® N P * M ® M P 



7 



o® jvlp 



where u is the natural isomorphism, and 7 is the map deduced from ip' and <// 2 o ip' x . Then the 
assertion follows from lemma [2T2 . 1 6r i.iii.fr). □ 

Corollary 2.2.25. Let T be a topos, <p : M_ — > Nj ip : N_ — > P_ two morphisms of integral 
T-monoids, and h, k > any two integers. The following holds : 

(i) If ip is both h-quasi-saturated and k-quasi-saturated, then ip is hk-quasi-saturated. 

(ii) If ip and ip are k-quasi-saturated, the same holds for ip o p. 

(iii) If M — ► P is any map of integral T-monoids, and ip is k-quasi-saturated (resp. quasi- 

int hit 

saturated), then the same holds for ip (£>m lp : P — » N §§m P. 

(iv) Let S C v 9_1 (^ x ) be a T-submonoid. Then ip is k-quasi-saturated (resp. quasi- 
saturated) if and only if the same holds for the induced map ipg : S^ l M_ — > N_. 

(v) Let G C Ker ip be a subgroup. Then ip is k-quasi-saturated ( resp. quasi-saturated) if 
and only if the same holds for the induced map Tp : M/ G — > N. 

(vi) ip is quasi-saturated if and only if it is p-quasi-saturated for every prime number p. 

(vii) M is k-saturated ( resp. saturated) if and only if the unique morphism of T-monoids 
{1} — » M_is k-quasi-saturated (resp. quasi-saturated). 

(viii) If ip is k-quasi-saturated (resp. quasi-saturated), and M is k-saturated (resp. satu- 
rated), then N_ is k-saturated ( resp. saturated). 

(ix) If M_ is integral, and N_is a T -group, ip is quasi-saturated. 

Proof, (i) and (ii) are straightforward consequences of proposition 12 .2 . 23f ii) . 

. int 

To show (iii), set P := N_ ®m P. an d let us remark that we have a commutative diagram 



such that : 

• the composition of the top (resp. bottom) arrows is the A;-Frobenius map 

• the left square subdiagram is (12.2.221) ® m P. 

• the right square subdiagram is cocartesian (hence exact). 

then the assertion follows from proposition l2.2.23l 

(iv) : Suppose that ip is A;-quasi-saturated. Then the same holds for >S _ V : S_~ l M — > 

£T l M ®m N_, according to (iii). However, we have a natural isomorphism iS _1 M ® M N_ ^ 
<^(S^) -1 A[ = N, so ips is fc-quasi-saturated. 

Conversely, suppose that cps is A;-quasi-saturated. By (ii), in order to prove that the same 
holds for if, it suffices to show that the localisation map M — > 5 _1 M is /c-quasi-saturated. But 
this is clear, since (12.2.221) becomes cocartesian if we take for if the localisation map. 

(v) : To begin with, M/G is an integral monoid, by lemma [L7.52l Suppose that if is A;-quasi- 

saturated. Arguing as in the proof of (iv) we see that the natural map is an 

isomorphism, hence Tp is /c-quasi-saturated, by (iii). 
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Conversely, suppose that Tp is fc-quasi-saturated. By (ii), in order to prove that <p is saturated, 
it suffices to show that the same holds for the projection M — ► M/G. By (iii), we are further 
reduced to showing that the unique map G — > {1} is /c-quasi-saturated, which is trivial. 

(vi) is a straightforward consequence of (i). Assertion (vii) can be verified easily on the 
definitions. Next, suppose that ip is quasi-saturated and M is saturated. By (ii) and (vii) it 
follows that the unique morphism {1} — > N_ is quasi-saturated, hence (vii) implies that N is 
saturated, so (viii) holds. 

(ix): In view of (iv), we are reduced to the case where M is also a group, in which case the 
assertion is obvious. □ 

Proposition 2.2.26. Let <p : M — > N be an integral morphism of integral monoids, k > an 
integer. The following conditions are equivalent : 

(a) ip is k-quasi-saturated. 

(b) ip is k-saturated. 

(c) The push-out P of the cocartesian diagram ([2.2.20b . is k-saturated. 

Proof. (a)=Kb) by virtue of corollary l2.2.25r iii.viii). and trivially (b)=Kc). Lastly, the implica- 
tion (c)=Ka) was already remarked in (12.2.181) . □ 

Corollary 2.2.27. Let p : M — > N be an integral morphism of integral monoids. Then tp is 
quasi- saturated if and only if it is saturated. □ 

Proposition 12.2.261 motivates the following : 

Definition 2.2.28. Let T be a topos, p : M — > N_ a morphism of integral T-monoids, k > 
an integer. We say that <p is k-saturated (resp. saturated) if cp is integral and A;-quasi-saturated 
(resp. and quasi- saturated). 

In case T = Set, we see that an integral morphism of integral monoids is saturated in the 
sense of definition 12.2.281 if and only if it is saturated in the sense of the previous definition 
12.2.1 U We may now state : 

Corollary 2.2.29. Let P(T, tp) be the property "<p is an integral (resp. exact, resp. k-saturated, 
resp. saturated) morphism of integral T-monoids" (for a topos T). Then P can be checked on 
stalks. (See remark lT.6. 14r ii). ) 

Proof. The fact that integrality of a T-monoid can be checked on stalks, has already been es- 
tablished in lemma [L7.60f ii). For the property "(p is an integral morphism" (between integral 
T-monoids), it suffices to apply theorem [2 . 2 . 3 1 and proposition II .7.401 

For the property "(p is exact" one applies lemma [L7 . 60r iii) . From this, and from (12.2.191 ) one 
deduces that also the properties of ^-saturation and saturation can be checked on stalks. □ 

Lemma 2.2.30. Let f : M — > iV be a morphism of integral monoids. We have : 

(i) If f is exact, then f is local. 

(ii) Conversely, if f is an integral and local morphism, then f is exact. 

Proof, (i) is left to the reader as an exercise. 

(ii): Suppose x £ M gp is an element such that b := fs(x) G N. Write x = z~ l y for certain 
y,z G M; therefore b ■ f(z) = f(y) holds in N, and theorems 12.2.31 12~l .381 imply that there 
exist c E N and ai, a 2 G M, such that 1 = c • /(aj), b = c ■ f{a,2) and ya\ = za 2 . Since / is 
local, we deduce that a\ G M x , hence x = a^ 1 a 2 lies in M. □ 

Proposition 2.2.31. Let f : M — > N be an integral map of integral monoids, k > an integer, 
and N = © 7gr iV 7 the f -grading of N (see remark l2.2.5r iii) ). Then the following conditions 
are equivalent : 
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(a) / is k-quasi-saturated. 

(b) N k ~ t = N k for every 7 G T. (Here the k-th power of subsets of N is taken in the 
monoid &>(N), as in (12.1.11) .) 

Proof. (a)=Kb): Let ir : A^ gp — > T be the projection, suppose that y G N kl for some 7 G T, 
and pick x G iV gp such that ir(x) = 7. This means that y = x k ■ f ZP (z) for some z G M gp . 
By (a), it follows that we may find a pair (a, b) G M x N and an element w G M gp , such 
that (aw~ k ,bw) = (z,x) in M gp x iV gp . Especially, 6,6 • f(a) G iV 7 , and consequently y = 
b k ~ l ■ (b ■ f(a)) G N kj , as stated. 

(b)=Ka): Let 5 := f~ l {N x ); by lemmata E230tii) a nd ggg Eiii), the induced map /<? : 
S^M — > A" is exact and integral. Moreover, by corollary |2.2.25r iv), / is A;-quasi- saturated if 
and only if the same holds for f$, and clearly the /-grading of iV agrees with the /^-grading. 
Hence we may replace / by f s and assume from start that / is exact. In this case, G : = 
Ker / gp C M, and corollary I2.2.25f v) says that / is fc-quasi- saturated if and only if the same 
holds for the induced map / : Mj G — > N; moreover / is still integral, since it is deduced from 
/ by push-out along the map M — > Mj G. Hence we may replace / by /, thereby reducing to 
the case where / is injective. Also, / is flat, by theorem \2. 2 .31 The assertion boils down to the 
following. Suppose that (x, y) G M gp x iV gp is a pair such that a := f gp (x) ■ y k G iV; we have 
to show that there exists a pair (m, n) e M x N whose class in the push-out P of the diagram 

NJ-M M 

agrees with the image of (x, y) in P gp . However, set 7 := n(y), and notice that a G N k ~ n hence 
we may write a = n\ • ■ • n k for certain m, . . . , n k G iV 7 . Then, according to remark l2.2.5r iv). 
we may find n G iV 7 and x%, . . . , x k G M such that rii = n ■ f(xi) for every i = 1, . . . , k. It 
follows that y ■ n _1 G / gp (M gp ), say y = n ■ f(z) for some z G M gp . Set m := x\ - ■ ■ x k \ then 
(x, y) = (x,n- f(z)) represents the same class as (x ■ z k , n) in P gp . Especially, f(x ■ z k ) ■ n k = 
a = f(m) ■ n k , hence m = x ■ n k , since / is injective. The claim follows. □ 

Corollary 2.2.32. Let f : M — > iV be an integral and local morphism of integral and sharp 
monoids. Then : 

(i) / is exact and injective. 

(ii) If furthermore, f is saturated, then Coker / gp is a torsion-free abelian group. 

Proof, (i): It follows from lemma |2~. 2 . 3 1 1 that / is exact. Next, suppose that f(a{) = ffa) 
for some ai, a-i G M. By theorem \2. 2 .3 1 and 12. 1 .381 it follows that there exist 61, 62 G M and 
t E N such that 1 = /(&i)t = f{b-i)t and a\b\ = a 2 b 2 . Since is sharp, we deduce that 
f(bi) = f(b 2 ) = 1, and since / is local and M is sharp, we get b\ = b 2 = 1, thus a x = a 2 , 
whence x — 1, which is the contention. 

(ii): Let us endow with its /-grading. Suppose now that g G G is a torsion element, and 
say that g k = 1 in G for some integer k > 0; by propositions 12.2.3 fl and |2.2!26l we then have 
Ni = Ng. Especially, there exist ai, . . . ,a k G N g , such that ai • • • a k = 1. Since A^ is sharp, 
we must have eij = 1 for i = 1, . . . , k, hence g = 1. □ 

Corollary 2.2.33. Let if : M — > A^ be a morphism of integral monoids, F G N any face, and 
ifF : (p~ x F — > F the restriction of if. 

(i) If if is flat, then the same holds for fp, and the induced map Coker <^fP — > Coker <^ gp 
is injective. 

(ii) Iff is saturated, the same holds for if p. 
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Proof, (i): The fact that ip F is flat, is a special case of corollary 12.1.471 The assertion about 
cokernels boils down to showing that the induced diagram of abelian groups : 

(ip^F)^ — ^ F gp 
M SP *- A^ SP 

is cartesian. However, say that <^ gp (aia 2 x ) = /i/ 2 1 f° r some ai, a 2 G M and /i, / 2 € F. This 
means that ip(ai)f 2 = f(a 2 )fi in AT; by condition (F2) of theorem [2T381 we deduce that there 
exist bi, b 2 G M and t E N such that 6 2 fl i = ^i fl 2 an d fi — t ■ if(bi) = 1, 2). Since F is a 
face, it follows that bi, b 2 G f^F, hence aia^ 1 = b\b 2 1 G (</? _1 F) gp , as required. 

(ii): By (i), the morphism ip F is integral, hence it suffices to show that ip F quasi- saturated 
(proposition 12.2.261) . and to this aim we shall apply the criterion of proposition l2.2.31l Indeed, 
let iV = 7er iV 7 (resp. F = 7erF F y ) be the ^-grading (resp. the ^-grading); according 
to (i), the induced map j : T F — > T is injective. This means that F 7 = F fl NjM for every 
7 G IV. Hence, for every integer k > we may compute 

F kl = F n Nfw = (F n % 7) ) fc = F 7 fc 

where the first identity follows by applying proposition 12.2.3 ll (and proposition 12.2.261) to the 
saturated map if, and the second identity holds because F is a face of TV. □ 

2.3. Polyhedral cones. Fine monoids can be studied by means of certain combinatorial ob- 
jects, which we wish to describe. Part of the material that follows is borrowed from 11351 . 
Again, all the monoids in this section are non-pointed. 

2.3.1. Quite generally, a convex cone is a pair (V,a), where V is a finite dimensional K- vector 
space, and o C V is a non-empty subset such that : 

M + ■ a = a = a + a 

where the addition is formed in the monoid (&(V), +) as in (12.1.11 ), and scalar multiplication 
by the set R + is given by the rule : 

R + • S := {r ■ s | r G R+, s G S} for every S G &>{V). 

A subset S C cr is called a ray of er, if it is of the form K + • {s}, for some s G a\{0}. 

We say that (V, cr) is a closed convex cone if a is closed as a subset of V (of course, V is 
here regarded as a topological space via any choice of isomorphism V ~ IR n ). We denote by 
(a) C V the IR-vector space generated by a. To a convex cone (V, cr) one assigns the dual cone 
(V v , a v ), where V y := Hom K (V, R), the dual of V, and : 

cr v := {n G K v | ) > for every v G a}. 

Notice that cr v is always a closed cone. Notice as well that the restriction of the addition law of 
V determines a monoid structure (cr, +) on the set cr. A map of cones if : (W, aw) — * (V, oy) 
is an IR-linear map if : W — > V such that if {aw) C a v . Clearly, the restriction of ip yields a 
map of monoids (aw, +) — * (crv, +)■ 
If S C V is any subset, we set : 

S 1 - ■= { u G V v | u(s) = for every s G S} C K v . 
Lemma 2.3.2. Le? ( V, cr) Z?e a closed convex cone, Then, under the natural identification V 

(V V ) V , we W(cr V ) V =cr. 

Proof. This follows from EH Ch.II, §5, n.3, Cor.5]. □ 
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2.3.3. A convex polyhedral cone is a cone (V, cr) such that cr is of the form : 

a := \r\V\ + V r s v s E V | > for every i < s} 

for a given set of vectors vi,...,v a E V, called generators for the cone a. One also says that 
{vi, . . . , v s } is a generating set for cr, and that K + • t>i, . . . , R + ■ v s are generating rays for ex. 
We say that cr is a simplicial cone, if it is generated by a system of linearly independent vectors. 

Lemma 2.3.4. Let (V, cr) be a convex polyhedral cone, S a finite generating set for a. Then : 

(i) For every v E a there is a subset T C S consisting of linearly independent vectors, 
such that v is contained in the convex polyhedral cone generated by T. 

(ii) (V, a) is a closed convex cone. 

Proof, (i): Let T C S be a subset such that v is contained in the cone generated by T; up to 
replacing T by a subset, we may assume that T is minimal, i.e. no proper subset of T generates 
a cone containing v. We claim that T consists of linearly independent vectors. Otherwise, we 
may find a linear relation of the form X^er o, w ■ w = 0, for certain a w G R, at least one of 
which is non-zero; we may then assume that : 

(2.3.5) a w > for at least one vector w G T. 

Say also that v = J2 weT b w ■ w with b w G R+; by the minimality assumption on T, we must 
actually have b w > for every w E T. We deduce the identity : t> = ^2 weT (b w — £a TO ) ■ u> for 
every t el; let t be the supremum of the set of positive real numbers t such that b w — ta w > 
for every w E T. In view of (12.3.51) we have i G M + ; moreover b w — t a w > for every w E T, 
and b w — t a w = for at least one vector w, which contradicts the minimality of T. 

(ii): In view of (i), we are reduced to the case where a is generated by finitely many linearly 
independent vectors, and for such cones the assertion is clear (details left to the reader). □ 

2.3.6. A face of a convex cone a is a subset of the form a n Kern, for some u E cr v . The 
dimension (resp. codimension) of a face r of o is the dimension of the IR-vector space (r) (resp. 
of the E- vector space (a) / (r)). A facet of a is a face of codimension one. Notice that if a is 
a polyhedral cone, and r is a face of a, then (V, r) is also a convex polyhedral cone; indeed if 
r := ad Ker it for some u E cr v , and S 1 C V is a generating set for cr, then S fl r is a generating 
set for r. 

Lemma 2.3.7. Let (V, a) be a convex polyhedral cone. Then the faces of(V, cr) are the same as 
the faces of the monoid (cr, +). 

Proof. Clearly we may assume that a ^ {0}. Let F be a face of the polyhedral cone a, and 
pick u E cr v such that F = a fl Ker u. Then a\F = {xEcr \ u(x) > 0}, and this is clearly an 
ideal of the monoid (cr, +); hence F is a face of (cr, +). 

Conversely, suppose that F is a face of (a, +). First, we wish to show that F is a cone in V. 
Indeed, let f E F, and r > any real number; we have to prove that r • / G F. To this aim, it 
suffices to show that (r/N) ■ f G F for some integer iV > 0, so that, after replacing r by r/N 
for iV large enough, we may assume that < r < 1. In this case, (1 — r) ■ f E a, and we have 
/ = r ■ f + (1 — r) • /, so that r ■ f E F, since F is a face of (a, +). 

Next, denote by W C V the IR-vector space spanned by F. Suppose first that V = W, and 
consider any m E a; then m — fi — f 2 for some /i, / 2 G F, hence /i = / 2 + m - Since F is a 
face of (a, +), this implies that m lies in F, so F = a in this case, especially F is a face of the 
convex polyhedral cone cr. 

So finally, we may assume that W is a proper subspace of V. In this case, let iV := cr+ (— F). 
We notice that N ^ V. Indeed, if m E a and — m E N, we may write — m — m! — f for some 
ml E a and / G F; hence f = m + ml , and therefore m G F; in other words, iV avoids the 
whole of — (cr \ F), which is not empty for cr ^ {0}. 
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Thus, N is a proper convex cone of V. Now, let u\ : . . . , Uk E A^ v be a system of generators of 
the IR-subspace of V v spanned by iV v , and set u :=«! + ■•■ + u k . Suppose that x E a n Ker u; 
then —x E Ker m for every i = 1, . . . , k, and therefore — x G A^ vv = N (lemma l2.3.2|) . Hence, 
we may write — x = m — / for some m G cr and / G F, or equivalently, f = m + x, which 
shows that x E F. Summarizing, we have proved that F = cr fl Kerw, i.e. F is a face of the 
convex cone cr. □ 

Proposition 2.3.8. Let (V, a) be a convex polyhedral cone. The following holds : 

(i) Any intersection of faces of a is still a face of a. 

(ii) If r is a face of a, and 7 is a face of(V, r), then 7 is a face of a. 

(iii) Every proper face of a is the intersection of the facets that contain it. 

Proof, (i): Say that Tj = a fl Ker u h where u±, . . . ,u n E cr v . Then r)™ =1 Tj = cr fi Ker Yli=i u i- 

(ii) : Say that r = a D Ker u and 7 = r fl Ker v, where u E a v and v E r v . Then, for large 
r E WL + , the linear form v' := u + r-u is non-negative on any given finite generating set of cr, 
hence it lies in cr v , and 7 = a fl Kert>'. 

(iii) : To begin with, we prove the following : 

Claim 2.3.9. (i) Every proper face of a is contained in a facet. 

(ii) Every face of cr of codimension 2 is the intersection of exactly two facets. 

Proof of the claim. We may assume that (cr) = V. Let r be a face of a of codimension at least 
two, and denote by a be the image of o in the quotient V := V/ (r); clearly (V,a) is again a 
polyhedral cone. Moreover, choose u E a v such that r = a fl Ker it; the linear form u descends 
to u G a v , therefore <x fl Ker u— {0} is a face of a. 

(ii): If r has codimension two, V has dimension two. Suppose that the assertion is known for 
(V, cx); then we find exactly two facets 7 1; 7 2 of a whose intersection is {0}. Their preimages 
in V intersect o in facets 71, 72 that satisfy 71 fl 72 = r. Hence, we may assume from start that 
r = {0} and V has dimension two, in which case the verification is easy, and shall be left to the 
reader. 

(i): Arguing by induction on the codimension, it suffices to show that r is contained in a 
proper face spanning a larger subspace. To this aim, suppose that the claim is known for a; 
since {0} is a face of a of codimension at least two, it is contained in a proper face 7; the 
preimage 7 of the latter intersects a in a proper face containing r. Thus again, we are reduced 
to the case where r = {0}. Pick uq E a v such that a fl Kerw = {0}; choose also any other 
u\ E V v such that a fl Ker«i ^ {0}. Since dimiftV AV > 2, we may find a continuous map 
/ : [0, 1] -> V v \{0} with /(0) = u Q and /(l) = m. Let P+(V) be the topological space 
of rays of V (i.e. the topological quotient V\{0}/ ~ by the equivalence relation such that 
v ~ v' if and only if v and v' generate the same ray), and define likewise P + (V V ); let also 
Z C P := P+(V) x F + (V V ) be the incidence correspondence, i.e. the subset of all pairs 
(v, u) such that u(v) = 0, for any representative u of the class u and v of the class v. Finally, 
let P+(cr) C P+(V) be the image of cr\{0}. Then Z (resp. P+(cr)) is a closed subset of P 
(resp. of P+(V r )), hence 7 := Zfl (P+(» x P+(^ v )) is a closed subset of F. Since the 
projection tt : F -> P+(V V ) is proper, tt(F) is closed in P + (V V ). Let J : [0, 1] -> P+(V V ) 
be the composition of / and the natural projection ^ v \{0} — ► P + (V V ); then / _1 (7r(F)) is a 
closed subset of [0, 1], hence it admits a smallest element, say a (notice that a > 0). Moreover, 
u a E cr v ; indeed, otherwise we may find v E cr\{0} such that u a {v) < 0, and since u (v) > 0, 
we would have Uf,(v) = for some b E (0, a). The latter means that f(b) E n(Y), which 
contradicts the definition of a. Since by construction, a fl Ker u a 7^ {0}, the claim follows. () 

Let r be any face of cr; to show that (iii) holds for r, we argue by induction on the codimension 
of r. The case of codimension 2 is covered by claim [23T9T iiy If r has codimension > 2, we 
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apply claim l2~3l)L i) to find a proper face 7 containing r; by induction, r is the intersection of 
facets of 7, and each of these is the intersection of two facets in a (again by claim |2.3.9r ii)), 
whence the contention. □ 

2.3.10. Suppose a spans V (i.e. (a) = V) and let r be a facet of a; by definition there exists an 
element u T E <j v such that r = a fl Ker u T , and one sees easily that the ray R T := R + ■ u T C ct v 
is well-defined, independently of the choice of u T . Hence the half- space : 

H T ■= {v E V I u T (v) > 0} 

depends only on r. Recall that the interior (resp. the topological closure) of a subset E C V is 
the largest open subset (resp. the smallest closed subset) of V contained in E (resp. containing 
E). The topological boundary of E is the intersection of the topological closures of E and of 
its complement V\E. 

Proposition 2.3.11. Let (V, a) be a convex polyhedral cone, such that o spans V. We have: 

(i) The topological boundary of a is the union of its facets. 

(ii) Ifa^V, then a = f] TCa H T , where r ranges over the facets of a. 

(iii) The rays R T , where r ranges over the facets of a, generate the cone cr v . 

Proof, (i): Notice that o spans V if and only if the interior of a is not empty. A proper face 
r is the intersection of a with a hyperplane Keru C V with u E cr v \{0}; therefore, every 
neighborhood U C V of any point v E r intersects V \ cr. This shows that r lies in the 
topological boundary of cr. 

Conversely, if v is in the boundary of a, choose a sequence (vi \ i E N) of points of V \ a, 
converging to the point v; by lemma |2.3.2[ for every i E N there exists U{ E cr v such that 
Ui(vi) < 0. Up to multiplication by scalars, we may assume that the vectors Ui lie on some 
sphere in V v (choose any norm on V v ); hence we may find a convergent subsequence, and we 
may then assume that the sequence [ui \ i E N) converges to an element u E V y . Necessarily 
u E o" v , therefore v lies on the face o n Keru, and the assertion follows from proposition 

[Uliii). 

(ii) : Suppose, by way of contradiction, that v lies in every half-space H T , but v ^ a. Choose 
any point v' in the interior of a, and let t E [0, 1] be the largest value such that w := tv + 
(1 — t)v' E a. Clearly w lies on the boundary of a, hence on some facet r, by (i). Say that 
r = a fl Kerw; then u(v') > and u(w) = 0, so u(v ) < 0, a contradiction. 

(iii) : When a = V, there is nothing to prove, hence we may assume that a ^ V. In this case, 
suppose that u E <x v , and u is not in the cone C generated by the rays R T . Applying lemma 
12.3.21 to the cone (V v , C), we deduce that there exists a vector v E V with v E H T for all the 
facets r of a, and u(v ) < 0, which contradicts (ii). □ 

Corollary 2.3.12. Let (V, a) and (V, a 1 ) be two convex polyhedral cones. Then : 

(i) (Farkas' theorem) The dual (V v , a v ) is also a convex polyhedral cone. 

(ii) Ifr is a face of a, then r* := cr v flr- L is a face of a y such that (r*) = (t)- 1 . Especially: 

(2.3.13) dim M (r) + dim R (r*) = dim M V. 

The rule r 1— > r* is a bijection from the set of faces of a to those of a v . The smallest 
face of a is ad (—cr). 

(iii) (V, R a') is a convex polyhedral cone, and every face of a fl a' is of the form r fl r', 
for some faces r of a and r' of a'. 

Proof, (i): Set W := (cr) C V, and pick a basis u%, . . . , it& of W^; by proposition 12.3.11 T in) . 
the assertion holds for the dual (W y , cr v ) of the cone (W, a). However, W y ~ V v jW^, hence 
the dual cone (V y , <r v ) is generated by lifts of generators of (W y , cr v ), together with the vectors 
Ui and —Ui, for i = 1, . . . , k. 
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(ii) : Notice first that the faces of cr v are exactly the cones cr v fl {u} ± , for u E o = (cr v ) v . For 
a given v E cr, let r be the smallest face of cr such that v E r; this means that r v fl {v} ± = r 1 - 
(where (V v ,r v ) is the dual of (V, r)). Hence cr v n{w} ± = a v n(r v n{w} ± ) = r*. so every face 
of cr v has the asserted form. The rule r i— > r* is clearly order-reversing, and from the obvious 
inclusion r C (r*)* it follows that r* = ((r*)*)*, hence this map is a bijection. It follows from 
this, that the smallest face of cr is (cr v )* = cr n (cr^ 7 )" 1 = (o- v ) ± = cr n (-cr). In particular, 
we see that (cr n {—cr))* = cr v , and furthermore, (12.3.131) holds for r := a D {—cr). Identity 
(12.3.131 ) for a general face r can be deduced by inserting r in a maximal chain of faces of a, 
and comparing with the dual chain of faces of cr v (details left to the reader). Finally, it is clear 
that (r) C (t*)- 1 ; since these spaces have the same dimension, we deduce that (t) 1 - = (r*). 

(iii) : Indeed, lemma [2.3.21 implies that cr v + cr' v is the dual of a fl a', hence (i) implies 
that cr fl cr' is polyhedral. It also follows that every face r of a fl a' is the intersection of 
a fl a' with the kernel of a linear form u + u', for some u E cr v and v! E cr /v . Consequently, 
r = {c> n Keru) H (a' n Ker it'). □ 

Corollary 2.3.14. For a convex polyhedral cone (V, a), the following conditions are equivalent: 

(a) a n (-a) = {0}. 

(b) a contains no non-zero linear subspaces. 

(c) There exists u E cr v such that a fl Ker u = {0}. 

(d) cr v spans V v . 

Proof, (a) (b) since cr fl {—cr) is the largest subspace contained in a. Next, (a) (c) since 
cr fl {—cr) is the smallest face of a. Finally, (a) <^ (d) since dimmer fl {—cr)) + dim^{a y ) = n 
(corollary EH2tii))- □ 

2.3.15. A convex polyhedral cone fulfilling the equivalent conditions of corollary 12.3.141 is 
said to be strongly convex. Suppose that (V, a) is strongly convex; then proposition 12.3.1 If iii) 
says that cr is generated by the rays R T , where r ranges over the facets of cr v . The rays R T are 
uniquely determined by cr, and are called the extremal rays of cr. Moreover, these R T form the 
unique minimal set of generating rays for cr. Indeed, concerning the minimality : for each facet 
r of cr v , pick v T E cr with IR + ■ v T = R T ; suppose that v TQ = J2 T &s ^ ' Vr f° r some subset S of 
the set of facets of cr v , and appropriate t T > 0, for every r E S. It follows easily that u{v T ) = 
for every u E r , and every r E S. But by definition of R T , this implies that S = {t }, which 
is the claim. Concerning uniqueness : suppose that E is another system of generating rays; 
especially, for any facet r C cr v , the ray R T is in the convex cone generated by S; it follows 
easily that there exists p E £ such that u{p) — for every u E r, in which case p = R T . This 
shows that £ must contain all the extremal rays. 

Example 2.3.16. (i) Suppose that dim^ V — 2, and ( V, a) is a strongly convex polyhedral 
cone, and assume that cr generates V . Then the only face of codimension two of a is {0}, so 
it follows easily from claim |2.3.9f ii) that cr admits exactly two facets, and these are also the 
etremal rays of cr, especially a is simplicial. Of course, these assertions are rather obvious; in 
dimension > 2, the general situation is much more complicated. 

(ii) Let (V, a) be a convex polyhedral cone, and suppose that cr spans V. Let r be a face 
of cr. Notice that (cr, +) gp = (V, +), and (r, +) is a face of the monoid (cr, +), by lemma 
12.3.71 Hence we may view the localization r _1 cr naturally as a submonoid of (V, +), and it 
is easily seen that r _1 cr is a convex cone. By proposition 12.3.11 U ii) . the polyhedral cone cr v 
is generated by its extremal rays Mli, . . . , EZ„, and by proposition I2.3.8r iii). we may assume 
that r = cr fl Ker {h + • • • + Ik) for some k < n. Clearly U{v) > for every v E t~ 1 <j and 
every i < k. Conversely, if I E (r _1 cr) v , we must have r C Ker / and I E cr v ; if we write 
/ = Y^=i a di f° r some a i > 0, it follows easily that cij = for every i > k. On the other 
hand, suppose that v E V satisfies the inequalities U{v) > for % = then, for every 
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j = fc + l,...,nwe may find Ui G r such that Uiy + Ui) > 0, hence v + Uk+i + • • • + u n G a, 
and therefore v G r~ l a. This shows that r~ x a is a closed convex cone, and its dual (t _1 o-) v is 
the convex cone generated by h, . . . , Ik', especially, it is a convex polyhedral cone, and then the 
same holds for T _1 er, by virtue of lemma 123. 21 and corollary 12.3. 12[ i). 

(iii) In the situation of (ii), let v G r be any element that lies in the relative interior of r, i.e. 
in the complement of the union of the facets of r. Denote by S v C r the submonoid generated 
by v. Then we claim that 

r~ x a = S~ x a. 

Indeed, let s G a and t G r be any two element; in view of proposition l2.3. 1 lt i). it is easily seen 
that there exists an integer N > such that v — iV^t G r, hence £' := Nv — t G r. Therefore 
s — t = (s + 1') — iVt; G S~ l a, and the assertion follows. 

Lemma 2.3.17. Le? f : V —>■ W be a linear map of finite dimensional R- vector spaces, (V, a) 
a convex polyhedral cone. The following holds : 

(i) (W, /(er)) z's a convex polyhedral cone. 

(ii) Suppose moreover, that a fl Ker / Joe* rcctf contain non-zero linear subspaces of V. 
Then, for every face r of f(a) there exists a face r' of a such that f(r') C r, and f 
restricts to an isomorphism : (r') ^> (r). 

Proof, (i) is obvious. To show (ii) we argue by induction on n := dim R Ker /. The assertion is 
obvious when n — 0, hence suppose that n > and that the claim is already known whenever 
Ker / has dimension < n. Let r be a face of /(c); then /~V is a face of / _1 /(a), hence 
(xfl/^Visa face of a = an/ _1 /(cr). In view of proposition 12.3 .8r ii). we may then replace 
a by a fl / _1 r, and therefore assume from start that r = f{a). We may as well assume that 
V = (a) and W = (r). The assumption on a implies especially that a ^ V , hence a is the 
intersection of the half-spaces H~ t corresponding to its facets 7 (propo sition 12 . 3 . 1 lT ii) ) . For each 
facet 7 of a, let w 7 be a chosen generator of the ray i? 7 (notation of (12.3.10I )). Since a fl Ker / 
does not contain non-zero linear subspaces, we may find a facet 7 such that V := Ker u y does 
not contain Ker /. Then, the inductive assumption applies to the restriction fiy> : V — > W 
and the convex polyhedral cone a fl V, and yields a face r' of the latter, such that / induces 
an isomorphism (r') ^ (f(a fl V 7 )). Finally, (f(a fl V')) = W, since V does not contain 
Ker/. ' " ' □ 

Lemma 2.3.18. Let f : V ^ W be a linear map of finite dimensional M.-vector spaces, / v : 
W v — > V v the transpose of f, and (W, a) a convex polyhedral cone. Then : 

(i) (V, / _1 cr) is a convex polyhedral cone and (/ _1 a) v = / v (cr v ). 

(ii) For every face 5 of f~ l a, there exists a face r of a such that 5 = f~ l r. If furthermore, 
(a) + f(V) = W, we may find such ar so that additionally, f induces an isomorphism: 

V/(5) A W/(r). 

(iii) Conversely, for every face r of a, the cone f~ l r is a face of f~ x a, and (/ _1 r)* is the 
smallest face o/(/ _1 a) v containing / v (r*) (notation of corollary 12.3 .12l ii) ). 

Proof, (i): By corollary 12.3. 12IT ). (W v ,a v ) is a convex polyhedral cone, hence we may find 
m,...,u s G ct v such that a = f|J =1 Therefore /"V = f\=i(^ Let 

7 C V v be the cone generated by the set {u\ o /,..., u s o /}; then / _1 cr = 7 V , and the assertion 
results from lemma l2i3 .21 and a second application of (i). 

(iii): For every u G <r v , we have : / _1 (o" fl Kerw) = (f~ l a) fl Ker -u o /. Since we already 
know that (/ _1 a) v = / v (a v ), we see that the faces of / _1 cr are exactly the subsets of the form 
/ _1 r, where r ranges over the faces of a. Next, for any such r, the set / v (r*) consists of all 
u E V v of the form w = w o f for some w 6 <r v such that u?(r) = 0. From this description it 
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is clear that / v (r*) C (/ _1 r)*. To show that (f~ x r)* is the smallest face containing / v (r*), it 
then suffices to prove that / v (r*) ± n / _1 er C /"V. However, let v G / V (r*)- L n / _1 cr; then 
w o f(v) = for every w G r*, i.e. /(f) G (r*)* = r, whence the contention. 

(ii) : The first assertion has already been shown; hence, suppose that (a) + f(V) = W. We 
deduce that <x v R Ker / v does not contain non-zero linear subspaces of W v ; indeed, if u G W v , 
and both u and — u lie in cr v , then m vanishes on (cr), and if w G Ker f v , then w vanishes as well 
on f(V), hence u = 0. We may then apply lemma l2~.3.17r ii) to find a face 7 of cr v such that 
/ v (7) C 5* and f v restricts to an isomorphism : (7) (5*). Especially, 5* is the smallest face 
of (/ _1 er) v containing / v (7), hence 5* = (f~ lr y*)* by (iii), i.e. 5 = / _1 7*. We also deduce 
that / induces an isomorphism : V/(5*)- L ^ W/^)- 1 -. Since (5*) 1 - = (5) and (j) 1 - = (7*), the 
second assertion holds with r := 7*. □ 

Lemma 2.3.19. Let (V, a) and (V, a') be two convex polyhedral cones. Then : 

(i) {V © V, a x a') is a convex polyhedral cone. 

(ii) Every face ofaxa' is of the form t x r',for some faces t of o and r' of a'. 

Proof. Indeed, a x a' = (p± a) fl (pj V), where p\ and p 2 are the natural projections of 
V @ V onto V and V. Hence, assertions (i) and (ii) follow from corollary |2.3.12f iii) and 
lemma[2JLMi). □ 

2.3.20. Let (L,+) be a free abelian group of finite rank, a C L R := L ®i E a convex 
polyhedral cone. We say that cr is L-rational (or briefly : rational, when there is no danger of 
ambiguity) if it admits a generating set consisting of elements of L. Then it is clear that every 
face of a rational convex polyhedral cone is again rational (see (|2.3.6I) ~). On the other hand, let 

(M,+) c (L,+) 

be a submonoid of L; we shall denote by (Lr, Mr) the convex cone generated by M {i.e. the 
smallest convex cone in Lr containing the image of M). If M is fine, Mr is a convex polyhedral 
cone. Later we shall also find useful to consider the subset : 

M Q := {m <g> g | m G M, g G Q+} C L Q := L ® z Q 

which is a submonoid of Lq. 

Proposition 2.3.21. Lef (L, +) Z?e a free abelian group of finite rank, with dual 

L y := Hom z (L,Z). 

Let also (L K , a) and (L K , cr') be two L-rational convex polyhedral cones. We have : 

(i) The dual (L^, a v ) is an L y -rational convex polyhedral cone. 

(ii) (Lr, (t fl a') is also an L-rational convex polyhedral cone. 

(iii) Let g : L' —>■ L (resp. h : L — > L'J &e a map of free abelian groups of finite rank, 
and denote by Or : L R — > L K (re^p. /ir : Lr — > L R J induced M.-linear map. Then, 
(L' R , g^cr) and (L' R , /ir(ct)) are L' -rational. 

(iv) Le? L' Z7e another free abelian group of finite rank, and {L' R , a') an V -rational convex 
polyhedral cone. Then (L K © L' R , a x a') is L © L' -rational. 

Proof, (i) and (ii) follow easily, by inspecting the proof of corollary 12.3. 12f i), (iii) : the details 
shall be left to the reader. 

(iii) : The assertion concerning /ir(<t) is obvious. To show the assertion for g^cr, one ar- 
gues as in the proof of lemma 12.3.18( 1) : by (i), we may find u\, . . . , u s G L y such that 
°" = Di=i m j ~r( k +)- Therefore g R x a = f]i=i( u i fi , )R 1 ( K +)- Let 7 C V v be the cone gen- 
erated by the set {(ui o g) R , . . . , (u s o o)r}; then g R V = 7 V , and the assertion results from 
lemma [2321 and a second application of (i). 

Lastly, arguing as in the proof of lemma [273 .19( 1), one derives (iii) from (ii) and (iii). □ 
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Parts (i) and (iii) of the following proposition provide the bridge connecting convex polyhe- 
dral cones to fine monoids. 

Proposition 2.3.22. Let (L, +) be a free abelian group of finite rank, and (Lr, a) an L-rational 
convex polyhedral cone. Then : 

(i) (Gordon's lemma) The subset := L D o is a fine and saturated monoid. 

(ii) For every v G Lr, the subset L D (<r — v) is a finitely generated ai-module. 

(iii) For any submonoid M C L, we have : Mq = Mr n Lq and M sat = Mr fl L. 

Proof. (Here a — v C Lr denotes the translate of cr by the vector — v, i.e. the subset of all 
w G Lr such that w + v G a.) Choose vi, . . . , v s G L that generate a, and set 

S £ := / ^ tjf i | tj G [0, 1 [ for i = 1, . . . , s \ for every e > 0. 

(i) : Clearly L fl o is saturated. Since the topological closure S\ of S\ in L K is compact and 
L is discrete, Si fl L is a finite set. We claim that S\ fl L generates the monoid 07, . Indeed, if 
t> G a L , write t> = Xli=i r i v i> w ^ m r i > for every % = 1, . . . , s; hence r i = m i J v U for some 
mi G N and £, G [0, 1], and therefore u = v' + Yli=i m i v ^ where v', v 1, . . . , v s G S\ fl L. 

(ii) is similar : from the compactness of Si one sees that L fl (Si — u) is a finite set; on 
the other hand, arguing as in the proof of (i), one checks easily that the latter set generates the 
aL -module L fl (cr — v). 

(iii) : Let x G Mr fl L Q ; then we may write 

n 

(2.3.23) x = Ti ® mi where m ; G M, > for every i <n. 

Claim 2.3.24. In the situation of proposition !2.3.22U ii). let x G Mr fl Lq, and write x as in 
(12.3.231) . Then, for every e > there exist q Xl . . . , q n G Q + with jr^ — qi\ < e for every 
i = 1, . . . , n, and such that x = X^ILi 9» ® m «- 

Proof of the claim. Up to a reordering, we may assume that mi, ... , form a basis of the 
Q- vector space generated by m 1; ... , m„, therefore m k+i = J2j=i Qij m j f° r a matrix 

A := (g y I % = 1, . . . , n - k; j — l,...,k) 

with entries in Q. Let r := (n, . . . , r fc ) and r' := (r fc+ i, . . . , r n ); since x G Lq, we deduce that 
b:=r + r'-A G Q® fc . Moreover, if s : = (si,...,s fc ) G Q® fc ands' := (s fc+ i, . . . , s n ) G Q«"- fc 
satisfy the identity 6 = s + s' ■ A, then YH=i Si® m i = If we choose s' very close to r', then 
s shall be very close to r ; especially, we can achieve that both s and s' are vectors with positive 
coordinates. 

Claim [273 .241 shows that x G Mq, whence the first stated identity; for the second identity, we 
are reduced to showing that M sat = Mq fl L, which is immediate. □ 

For various algebraic and geometric applications of the theory of polyhedral cones, one is led 
to study subdivisions of a given cone, in the sense of the following definition l2.3.25l Later we 
shall see a more abstract notion of subdivision, in the context of general fans, which however 
finds its roots and motivation in the intuitive manipulations of polyhedra that we formalize 
hereafter. 

Definition 2.3.25. Let V be a finite dimensional IR-vector space. 

(i) A fan in V is a finite set A consisting of convex polyhedral cones of V, such that : 
• for every a G A, and every face r of a, also r G A; 
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• for every cr, r G A, the intersection a n r is also an element of A, and is a face of 
both a and r. 

(ii) We say that A is a simplicial fan if all the elements of A are simplicial cones. 

(iii) Suppose that V = L%i for some free abelian group L; then we say that A is 
L-rational if the same holds for every r G A. 

(iv) A refinement of the fan A is a fan A' in V with IJo-eA a = UreA' r ' an( ^ sucn mat everv 
r G A is the union of the 7 G A' contained in r. 

(v) A subdivision of a convex polyhedral cone (V, a) is a refinement of the fan A a consist- 
ing of a and its faces. 

Lemma 2.3.26. Let (V, a) be any convex polyhedral cone, A a subdivision of(V, a). We let 

A* := {t G A I (r) = (a)}. 

Then {J reAs r = a. 

Proof. Let r G A be any element. Then a' := U T ^r r * s a c l° se( i subset of a. If (r ) 7^ (cr), 
then a \ r is a dense open subset of a contained in o'\ it follows that a' = a in this case. 
Especially, t = Ut^to( t ^ r o)' smce eacn t fl r is a face of r , we see that there must exist 
r 7^ t such that r is a face of r. The lemma follows immediately. □ 

Example 2.3.27. (i) Certain useful subdivisions of a polyhedral cone a are produced by means 
of auxiliary real- valued functions defined on a. Namely, let us say that a continuous function 
/ : a — > R is a roo/, if the following holds. There exist finitely many IR-linear forms ix, . . . , l n 
on V, such that /(v) = min(Z 1 (f ), . . . , l n (v)) for every v E a. The concept of roof shall be 
reintroduced in section [231 in a more abstract and general guise; however, in order to grasp the 
latter, it is useful to keep in mind its more concrete polyhedral incarnation. We attach to / a 
subdivision of cr, as follows, for every i,j = 1, . . . , n define Uj := U — lj, and let T{ C V y be 
the polyhedral cone cr v + Wla + • • • + Kim- From the identity = Uj + Ijk we easily deduce 
that Tj V fl Tj is a face of both and rj 7 , for every i, j = 1, . . . , n. Denote by 6 the smallest 
subdivision of a containing all the r^; it is easily seen that 

n 

i=i 

and the restriction of / to each r 4 v agrees with 

(ii) Conversely, let / : a — > K a continuous function; suppose there exists a subdivision 
of a, and a system (Z r | r G 0) of IR-linear forms on V such that 

• f(v) = l T (v) for every r G and every v G r. 

• /(w + u) > f(u) + /(f) for every u,v G cr. 

Then we claim that / is a roof on a. Indeed, let 9 s C be the subset of all r that span (a). 
Notice fist that the system [l T | t G s ) already determines / uniquely, by virtue of lemma 
12.3.261 Next, let r, r' G s be any two elements, and pick an element v of the interior of r. For 
any u G r' and any e > we have, by assumption : f(v + eu) > f(v) + f(eu). If e is small 
enough, we have as well v + eu G r, in which case the foregoing inequality can be written as : 

Z T (i>) + s ■ l T (u) = l T (v + eu) > l T (v) + e ■ l T >(u) 

whence l T (u) > l T >(u) = f(u) and the assertion follows. 

Proposition 2.3.28. Let f : V — > W be a linear map of finite dimensional M>-vector spaces, 
(V, a) a convex polyhedral cone, and h : a —> /(cr) the restriction of f. Then : 
(i) There exists a subdivision A of(W, / (cr)) such that : 

h~ l (a + b) = hr l (a) + h~ l (b) for every r G A and every a,b G r. 
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(ii) Suppose moreover that V = L ®% R, W = L' <S>z R and / = g <8>z 1r for a map 
g : L — > V of free abelian groups. If a is L-rational, then we may find an L-rational 
subdivision A such that (i) holds. 

Proof. Let V be the largest linear subspace contained in a R Ker /. Notice that, under the 
assumptions of (ii), we have : V = R <S>z Kerg. One verifies easily that the proposition 
holds for the given map / and the cone (V,a), if and only if it holds for the induced map 
/ : V/Vq — > W/ f(Vo) and the cone (V/Vq, a) (where a is the image of a in V/Vq). Hence, we 
may replace / by /, and assume from start that o n Ker / contains no non-zero linear subspaces. 
Moreover, we may assume that a spans V and f(a) spans W. 

(i): Let S be the set of faces r of a such that / restricts to an isomorphism (t) ^> W. 

Claim 2.3.29. Let A C f(a) be any ray. Then : 

(i) A' := h~ 1 \ is a strongly convex polyhedral cone. Especially, A' is generated by its 
extremal rays (see (12.3.151) ). 

(ii) For every extremal ray p of A' with p Ker /, there exists r E S such that p = 
rn/- l (A). 

Proof of the claim. A' is a convex polyhedral cone by lemma l23.18r i) and corollary 12.3.1 2r iii) . 
To see that A' is strongly convex, notice that any subspace L C / _1 (A) lies already in Ker/, 
and if L C a, we must have L = {0} by assumption. Let p be an extremal ray of A' which is not 
contained in Ker /; notice that A' is the intersection of the polyhedral cones Ai := /i _1 (A) and 
A 2 := / _1 A, hence we can find faces 8i of \ (i = 1, 2) such that p = 5ifl5 2 (corollary 12 . 3 . 1 2r iii) 
and lemma l23.18t i)). However, the only proper face of X 2 is Ker / (lemma l2.3.18f ii)). hence 
82 = A2. Likewise, / _1 (A) has no proper faces, hence 8\ — 7 fl / _1 (A) for some face 7 of a 
(again by corollary 12.3.1 2r iii)) . Since A 2 is a half-space in / _1 (A), we deduce easily that either 
8\ = p or 8\ = (p). Especially, dim K (/ _1 (A))/((5i) = dim K Ker/. We may then apply lemma 
|2.3.18r ii) to the imbedding / _1 (A) C V, to find a face r of a such that : 

r n /- 1 ( A) = 8 1 (r) n f- 1 (A) = (p) dim R V/(r) = dim R Ker /. 

It follows that (r) H Ker / = {0}, and therefore r G S, as required. 
We construct as follows a subdivision of (W, /(cr)). For every r E S, let -F(t) be the set 
consisting of the facets of the polyhedral cone /(r); set also F := U T es -^( r )- Notice that, for 
every 7 G F, the subspace (7) is a hyperplane of W; we let : 

U:= m\\J(7). 

Then U is an open subset of /(cr), and the topological closure C of every connected component 
C of U is a convex polyhedral cone. Moreover, if C and D are any two such connected compo- 
nents, the intersection C fl D is a face of both C and D. We let A be the subdivision of f(a) 
consisting of the cones C - where C ranges over all the connected components of U - together 
with all their faces. 

Claim 2.3.30. For every 8 E A and every r E S, the intersection 8 fl /(r) is a face of 8. 

Proof of the claim. Due to proposition |2.3.8r iii), we may assume that 8 is the topological closure 
of a connected component C of U . We may also assume that /(r) 7^ W, otherwise there is 
nothing to prove; in that case, we have /(r) = f] ieF ^ H 1 , where, for each 7 G F(t), the 
half-space H 1 is the unique one that contains both /(r) and 7 (proposition 12.3 .llT ii)). It then 
suffices to show that 8 fl H 1 is a face of 8 for each such H~ r We may assume that 8 £ H 1 . 
Since C is connected and C C W\ (7), it follows that 8 C — ff 7 , the topological closure of the 
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complement of if 7 . Hence (— i/ 7 ) v C <5 V (where (— H^) y is the dual of the polyhedral cone 
(W, -# 7 )), and therefore 5 H E 1 = 5 n F 7 n (-# 7 ) = 5 D (7) is indeed a face of 5. 

Next, for every w E /(cr), let I(u>) := {t G S \ w E /(t)}. 

C/a?'m 2.3.31. Let 5 G A, and Wi,w 2 E 5. Then /(^ + w 2 ) C I(wi) H I(w 2 ). 

Proof of the claim. Suppose first that wi+w 2 is contained in a face 5' of 5; say that 5' = <5flKer u, 
for some u E 5 V . This means that u(wi + w 2 ) = 0, hence u(wi) = u(w 2 ) = 0, i.e. w 1 ,w 2 E 5'. 
Hence, we may replace S by 5' , and assume that S is the smallest element of A containing 
Wi + w 2 . Thus, suppose that r G I(w\ + w 2 ); therefore W\ + w 2 E f(r) n 5. From claim 12 .3 .301 
we deduce that 5 C /(t), hence r G 7(ii>i) H I(w 2 ), as claimed. 

Finally, we are ready to prove assertion (i). Hence, let a,b E /(cr) be any two vectors that lie 
in the same element of A. Clearly : 

h-\a) + h~ 1 (b) C h-\a + b) 

hence it suffices to show the converse inclusion. However, directly from claim |2.3.29r ii) we 
derive the identity : 

h~ 1 (R+ • w) = (o-nKer/) + (r n ■ w)) for every to G /(cr). 

TGi"(iy) 

Taking into account claim l2.3.31l we are then reduced to showing that : 

mf-^R+'ia + b)) C (t f] r 1 (R + ■ a)) + (t f] f-\R + ■ b)) for every r G /(a + b). 

The latter assertion is obvious, since / restricts to an isomorphism (r) A 

(ii): By inspecting the construction, one verifies easily that the subdivision A thus exhibited 
shall be L-rational, whenever cr is. □ 

2.3.32. Later we shall also be interested in rational variants of the identities of proposition 
|2.3.28f i). Namely, consider the following situation. Let g : L — ► L' be a map of free abelian 
groups of finite rank, # R : L R — ► L' R the induced IR-linear map, and (L R , cr) an L-rational convex 
polyhedral cone; set r := <7r(ct), and denote by h® : cr — > r (resp. /t,q : cr n — >■ r fl Lq) the 
restriction of gu- We point out, for later reference, the following observation : 

Lemma 2.3.33. In the situation of (12.3.321 ), suppose that : 

fht'M + KrM = h R 1 (x 1 +x 2 ) for every x u x 2 E r 
(where the sum is taken in the monoid (&(a), +) ). Then we have as well : 

h^ixi) + h^(x 2 ) = Iiq 1 ^! + x 2 ) for every x x , x 2 E r n L' Q . 

Proof. Let x\,x 2 E r fl L' Q be any two elements, and v E {x\ + x 2 ), so we may write 
v = vi + v 2 for some E h^}(xi) (i = 1,2). Let also u\, . . .,Uf, be a finite system of 
generators for cr v , and set 

Ji ■= {j <k \ Uj{vi) = 0} Ei := g^ixi) n p| Keruj (i = 1, 2). 

Clearly Lq fl £7j is a dense subset of i% for i = 1,2, hence, in any neighborhood of (xi,x 2 ) in 
Lj^ 2 we may find a solution (y 1 , y 2 ) E Lq 2 for the system of equations 

gm(yi) = Xi Ujd/i) = for i = 1, 2 and every j G Jj. 

Since Mj(xj) > for every j ^ Jj, we will also have Uj(yi) > for every j ^ Jj, provided yi is 
sufficiently close to a^. The lemma follows. □ 
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2.3.34. We conclude this section with a result that shall be useful later, in our discussion of 
normalized lengths for model algebras (see (18.3.41I )). Keep the notation of proposition 12.3.221 
and let 

y L , a := {L D (a - v) \ vEL R } 

and for every S G J^l.o- define 

Q(a, S) := {v G Lr | Lf](a - v) = S} 

and denote by £l(a, S) the topological closure of Q(a, S) in Lr. For given u G LJ^ and r G R, 
set H ur := {v E L K \ u(v) > r}. We shall say that a subset of L K is Q-linearly constructible, 
if it lies in the boolean subalgebra of <^(L K ) generated by the subsets H u ^ qlUjJ ., for u ranging 
over all the Q-linear forms Lq — > Q, and r ranging over all rational numbers. 

Proposition 2.3.35. Wf/z ?/ze notation of (12.3.341) . the following holds : 

(i) ^l,<t zs a finite set. 

(ii) For every S G ^£ )(T , ?/?e subset Q(cr, 5 1 ) « Q-linearly constructible. 

(iii) Suppose moreover, that o spans Lr. TTzen, /or every 5 1 G J^l, ct , ^e subset fl(a, S) is 
contained in the topological closure of its interior (see (12.3.101) ). 

(iv) For every S G and every v G fi(er, S 1 ), we have S C L R (cr — f ). 

Proof, (i): Define 5* e as in the proof of proposition 12.3.221 the proof of proposition 12.3 .22t ii) 
shows that every o"L-module of the form L n (cr — v) is generated by a subset of L n S2. The 
latter is a finite set, so the claim follows. 

(ii) : Indeed, we have 

(2.3.36) n(a,S) = {veL R \S Ca-v}\ (J G L R | S' C a - v}. 

SCS' 

and since S is finitely generated (proposition l2.3.22T ii)). we reduce to showing that, for every 
a G L, the subset £l(a,a) := {v G L K | a G a — t> } is Q-linearly constructible, which follows 
easily from proposition l2.3.2ll T) and lemma [23.21 

(iii) : To begin with, we remark that, since a is closed in Lr, for every a e Lg and every 
6 G LR\n(<T, a) there exists e > such that (6+S , £ )nfi(a, a) = 0. Taking into account (12.3.361) . 
it follows easily that, for every a G fi(er, 5) there exists £ > such that a + S £ C Q(cr, £). 
However, if a span Lr, the subset ^ has non-empty interior U £ , for every e > 0, and indeed 
the topological closure of f/ e contains S £ . The assertion is an immediate consequence. 

(iv) : The assertion follows easily from proposition |2.3.22f ii) : the details shall be left to the 
reader. □ 

2.3.37. Let L be as in (12.3.341) . and for all integers n, m > set 

—L := {v G Lq I mv G L} —L[l/n] := I J —r—L. 
m m w rrm 

k>0 

For future reference, let us also point out : 

Lemma 2.3.38. With the notation of (12.3.371) . let Q C L K be a Q-linearly constructible subset. 
Then we have : 

(i) The topological closure ofQ in Lr is again Q-linearly constructible. 

(ii) There exists an integer m > such that —L [1/n] fl Q is dense in Q, for every n > 1. 

Proof, (i): is a finite union of non-empty subsets of the form H± n • • • H i^fc, where each ifj 
is either of the form H u ®i M>r for some non-zero Q-linear form w of Lq and some r G Q (and 
this is a closed subset of Lr), or else is the complement in L K of a subset of this type (and 
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then its closure is a half-space H- u ®i Mtr ). One verifies that the closure of Hi fl • • • D is the 
intersection of the closures of H 1 , . . . , H k , whence the assertion. 

(ii): We may assume that O = flifl Vt 2 , where fi a is a finite intersection of rational hy- 
plerplanes, and Vt 2 is a finite intersection of open half-spaces {i.e. of complements of closed 
half-spaces). Suppose that — L[l/n] fl Vti is dense in f^; then clearly —L[l/n] Pi O is dense in 
f2. Hence, we may further assume that is a non-empty intersection of rational hyperplanes. 
In this case, £1 is of the form Vr + v , where v G Lq, and Vr = V ®i M. for some subgroup 
V C L. Notice that L[l/n] fl Vr is dense in for every integer n > 1. Then, any integer 
m > such that Vn G — L will do. □ 

2.4. Fine and saturated monoids. This section presents the more refined theory of fine and 
saturated monoids. Again, all the monoids in this section are non-pointed. We begin with a few 
corollaries of proposition l2.3.22f i.iii). 

Corollary 2.4.1. Let M be an integral monoid, such that M* is fine. We have : 

(i) The inclusion map M — > M sat is a finite morphism of monoids. 

(ii) Especially, if M is fine, any monoid N with MciVc M sat , is fine. 

Proof, (i): From lemma |2!2.9r ii) we deduce that M sat is a finitely generated M -module if and 
only if (M^) sa,t is a finitely generated M'-module. Hence, we may replace M by M", and 
assume that M is fine. Pick a surjective group homomorphism cp : Z® n — > M gp ; it is easily 
seen that : 

and clearly it suffices to show that ip~ l N is finitely generated, hence we may replace M by 
ip" l M, and assume throughout that M gp is a free abelian group of finite rank. In this case, 
proposition I2.3.22f i.iv) already implies that M sat is finitely generated. Let ai, . . . , au G M sat 
be a finite system of generators, and pick integers n\, . . . ,n& > such that a"' e M for 
i = 1, . . . , k. For every z = 1, . . . , k let Ej := {a^ | j = 0, . . . , rij — 1}; it is easily seen 
Ei • ■ • £fc C M sat is a system of generators for the M-module M sat (where the product of the 
sets Ej is formed in the monoid ^>(M sat ) of (12.1.11) ). 

(ii) follows from (i), in view of lemma |2T.9I t). □ 

Corollary 2.4.2. Let f : Mi — > M and g : M 2 —>■ M be two morphisms of monoids, such that 
Mi and M 2 are finitely generated, and M is integral. Then the fibre product Mi x M M 2 is a 
finitely generated monoid, and if Mi and M 2 are fine, the same holds for Mi x M M 2 . 

Proof. If the monoids M, M x and M 2 are integral, M\ x M M 2 injects in Mf x MgP Mf 
(lemma [1 .7.43r iii)), hence it is integral. To show that the fibre product is finitely generated, 
choose surjective morphisms N ffia — > Mi and N® fc — > M 2 , for some a, b e N; by composition 
we get maps of monoids ip : N® a — > M, ip : N® 6 — > M, such that the induced morphism 
p ■= N® a M® fe -> Mi x ^ M 2 is surjective. Hence it suffices to show that is finitely 
generated. To this aim, let L := Ker(^ SP - ^ gp : Z® a+b -> M gp ); for every i = 1, . . . , a + b, 
denote also by 7Tj : Z® a+fc — >■ Z the projection onto the i-th direct summand. The system 
{iii j i = 1, . . . , a+6} generates a rational convex polyhedral cone a C L v ®zM, and one verifies 
easily that P = L fl cr v , so the assertion follows from propositions 12.3.2 lT i) and !2.3.22f i). □ 

Corollary 2.4.3. Let (T, +, 0) be an integral monoid, M a finitely generated T -graded monoid. 
Then Mo is a finitely generated monoid, and M 7 is a finitely generated Mo-module, for every 

7 g r. 

Proof. We have M = M x r {0}, hence M is finitely generated, by corollary 12.4.21 The 
given element 7 G T determines a unique morphism of monoids N — ► T such that 1 1— ► 7. 
Let pi : M' := M x r N — > N and p 2 : M' — > M be the two natural projections; by lemma 
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ll.7.43r iii). we have M 7 = p 2 (p]" 1 (l)). In light of corollary 12.4.21 M' is still finitely generated, 
hence we are reduced to the case where r = N and 7 = 1. In this case, pick a finite set of 
generators S for M. One checks easily that M\ fl S generates the M -module M\. □ 

Corollary 2.4.4. Let M be an integral monoid, such that is fine, and <p : M — > A" a 
saturated morphism of monoids. Then <p is flat. 

Proof. In view of corollary 12.4. U P and theorem [2. 2 .61 it suffices to show that the M sat -module 
M sat (g>M N is flat. Hence we may replace M by M sat , and assume that M is saturated. Let 
I C M be any ideal, and define R(M, J) as in the proof of theorem [2.2.31 by assumption, 
R(M, J) sat ® M N is a saturated - especially, integral - monoid, i.e. the natural map 

R(M, I) ® M N -> R(M, J) gp ® MSP A^ gp 

is injective. The latter factors through the morphism j ® jy A/", where j : R(M, 7) — > M x N is the 
obvious inclusion. In light of example [2.2.13r p. we deduce that the induced map J sat 0m N — > 
A^ is injective. Now, if I is a prime ideal, then J sat = J, hence the contention follows from 
corollary |ZL44iii). □ 

The following corollary generalizes lemma 12^2.101 

Corollary 2.4.5. Let f : M N be a local, flat and saturated morphism of fine monoids, with 
M sharp. Then there exists an isomorphism of monoids 

g : N ^> x N x 



that fits into a commutative diagram 



ft 

M — - — - 



f 



N — ^ x A^ x 
whose right vertical arrow is the natural inclusion map. 

Proof. From lemma l2T2.30f iP. we know that / is exact, and since M is sharp, we easily deduce 
that /(M) gp n A^ x = {1}. Hence, the induced group homomorphism M gp © A^ x -> A^ p is 
injective. On the other hand, since / is flat, local and saturated, the same holds for /" : M — > 
(lemma [2.2. 12r iip and corollary 12.4.41 ); then corollary |2.2.32r ip says that the cokernel of the 
induced group homomorphism M gp — > (A^) gp = N gp /N x is a free abelian group G (of finite 
rank). Summing up, we obtain an isomorphism of abelian groups : 

h : M gp © N x © G ^ N SP 

extending the map / gp . Set A" := A^ n h(M SP © G); it follows easily that the natural map 
NqX N x — » A^ is an isomorphism; especially, the projection A^ — > AT" maps No isomorphically 
onto A^*, and the contention follows. □ 

2.4.6. Let (M, •) be a fine (non-pointed) monoid, so that M gp is a finitely generated abelian 
group. We set M| p := log M gp © z E, and we let M K be the convex polyhedral cone generated 
by the image of log M. Then (Mr, +) is a monoid, and we have a natural morphism of monoids 

(p : logM^ (M R ,+). 

Proposition 2.4.7. With the notation of (12.4.61) . we have : 

(i) Every face of the polyhedral cone M K is of the form F K , for a unique face F of M. 
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(ii) The induced map : 



ip* : Spec Mr 



SpecM 



is a bijection. 

Proof. Clearly, we may assume that M ^ {1}. Let p C M be a prime ideal; we denote by 
pm. the ideal of (Mr, +) generated by all elements of the form r • (p(x), where r is any strictly 
positive real number, and x is any element of p. We also denote by (M\p) K the convex cone of 
M| p generated by the image of M\p. 

Claim 2.4.8. M R is the disjoint union of (M\p) K and p K . 

Proof of the claim. To begin with, we show that M K = (M\p) K U pR. Indeed, let x G Mr; then 
we may write x = J2i=x m « ® a i for certain ai, . . . , a h G R+ and mi, . . . , m h G M. We may 
assume that a%, . . . , at G p and ak+i, ■ ■ ■ , % G M\p. Now, if k = we have x G (M\p) R , and 
otherwise x G pR, which shows the assertion. 

It remains to show that (M\p) K PI Pr = 0. To this aim, suppose by way of contradiction, 
that this intersection contains an element x; this means that we have finite subsets So C M\p 
and Si C M such that Si fl p ^ 0, and an identity of the form : 

(2.4.9) x= ^a®a a = cr <g> 6 CT 



where a G > for every a G S and b a > for every a £ Si. For every a G S , choose 
a rational number a' a > a a ; after adding the summand ^2 aeS cr (a' a — a a ) to both sides 
of (12.4.91 ), we may assume that a a G Q+ for every a G So. Let N C M be the submonoid 
generated by Si; it follows that x G TVr fl Mq = A/q (propo sition 12 . 3 . 22t iii)) , hence we may 
assume that all the coefficients a a and b a are rational and strictly positive (see remark 12.3.241) . 
We may further multiply both sides of (12.4.91) by a large integer, to obtain that these coefficients 
are actually integers. Then, up to further multiplication by some integer, the identity of (12.4.91 ) 
lifts to an identity between elements of log M, of the form : ^2 aeS a a ■ a = J2aeSi ^ ' a - ^ ne 
latter is absurd, since Si fl p ^ and S fl p = 0. 

Claim |24~8l implies that pR is a prime ideal of Mr, and clearly p C y?*(pR). Since we have 
as well M\p C v9 _1 (M\p)r, we deduce that p = </>*(Pr). Hence the rule p i— > Pr yields a 
right inverse y?* : SpecM — > Spec Mr for the natural map ip* . To show that is also a left 
inverse, let q C Mr be a prime ideal; by lemma l23.7l and proposition l2.3.2lt i). the face M^\q 
is of the form Mr n Ker u, for some u G M^ n (log M gp ) v . Then it is easily seen that M R \q 
is the convex cone generated by (p(M) fl Ker u, in other words, Mr \ q = <^ _1 (Ker w)r. Again 
by claim I2.4!8l it follows that q = (M\^ _1 (Ker m))r = (yj*q)R, as stated. The argument also 
shows that every face of Mr is of the from (M\p) R for a unique prime ideal p, which settles 
assertion (i). □ 

Corollary 2.4.10. Let M be a fine monoid. We have : 

(i) dimM = rk z (Ms p /M x ). 

(ii) dim(M\p) + ht p = dim M for every p G Spec M. 

(iii) IfM ^ {1} is sharp (see (11.7.461) ). there exists a local morphism M — ► N. 

(iv) IfM is sharp and M gp is a torsion-free abelian group of rank r, there exists an injective 
morphism of monoids M — > N ffir . 

Proof, (i): By proposition 12.4.71 the dimension of M can be computed as the length of the 
longest chain F C F\ C ■ • • C Fd of strict inclusions of faces of Mr. On the other hand, given 
such a maximal chain, denote by r { the dimension of the E- vector space spanned by F,; in view 
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proposition I2.3.8r ii).(iii). it is easily seen that r»+i — T{ = 1 for every i = 0, . . . , d — 1. Since 
Mr n (—M R ) is the minimal face of Mr, we deduce that 

dim M = dim ; Mf p - dim , M K n (-Mr). 

Clearly dim R M^F = rk z M gp ; moreover, by proposition |2.4.7l the face M R n(— M R ) is spanned 
by the image of the face M x of M. whence the assertion. 

(ii) is similar : again proposition 12.3 . 8f ii) .(iii) implies that, every face F of Mr fits into a 
maximal strictly ascending chain of faces of Mr, and the length of any such maximal chain is 
dim M, by (i). 

(iii) : Notice that rk z M gp > 0, by (i). By proposition |2.4.7f i), M K is strongly convex, there- 
fore, by proposition I2.3.21U ), we may find a non-zero linear map ip : M gp ®i Q — > Q, such 
that Mr R Ker ip ®q R = {0} and (p(M) C Q + . A suitable positive integer of ip will do. 

(iv) : Under the stated assumption, we may regard M as a submonoid of Mr, and the latter 
contains no non-zero linear subspaces. By corollary 12.3. 141 and proposition 12.3.2 we may 
then find r linearly independent forms ui,...,u r : M gp £g>^ Q — > Q which are positive on 
M. It follows that tii ®q R, . . . , u r ®q R generate a polyhedral cone a v C Mr, so its dual 
cone a C M| p contains Mr. By construction, a admits precisely r extremal rays, say the 
rays generated by the vectors v i, . . . , v r , which we can pick in Mq P , in which case they form 
a basis of the latter Q-vector space. Now, every x G M K can be written uniquely in the form 
x = Y^i=i a i v i f° r certain ai,...,a r G Q+; since M is finitely generated, we may find an 
integer N > independent of x, such that Ndi 6 N for every i — 1, . . . , r. In other words, M 
is contained in the monoid generated by A^ _1 t> 1; . . . , N~ x v r \ the latter is isomorphic to M® r . □ 

2.4.11. For any monoid M, the dual of M is the monoid M v := Hom Mn d(M,N) (see fl2JLp ). 
As usual, there is a natural morphism 

M — > M vv : m i— > (</? i— > <^( m )) for every m G M and y> G M v . 

We say that M is reflexive, if this morphism is an isomorphism. 

Proposition 2.4.12. Le? M be a monoid. We have : 

(i) M v z'^ integral, saturated and sharp. 

(ii) 7/"M is finitely generated, M v is fine, and we have a natural identification : 

(M V ) M ^ (Mr) v . 

Moreover, dim M = dim M v . 

(iii) If M is finitely generated and sharp, we have a natural identification : 

(M v ) gp ^ (M gp ) v . 

(iv) If M is fine, sharp and saturated, then M is reflexive. 
Proof, (i): It is easily seen that the natural group homomorphism 
(2.4.13) (M v ) gp -> (M gp ) v := Hom z (M gp , Z) 

is injective. Now, say that <p G (M v ) gp and A^y? G M v for some iV e N; we may view cp as 
group homomorphism cp : M gp — > Z, and the assumption implies that (p(M) C ZD Q + = N, 
whence the contention. 

(ii): Indeed, let xi, . . . , x n be a system of generators of M. Define a group homomorphism 
/ : (M gp ) v -> Z® n by the rule : <p i-> (y(ari), . . . , for every / : M gp -> Z. Then M v = 

(p>~ 1 {R® n ), and since (M gp ) v is fine, corollary [2X2] implies that M v is fine as well. Next, the 
injectivity of (12.4.131) implies especially that (M v ) gp is torsion-free, hence (12.4.131) ®% R is still 
injective; its restriction to (M v )r factors therefore through an injective map / : (M v )r — > 
(M R ) V . The latter map is determined by the image of M v , and by inspecting the definitions, 
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we see that f(ip) := <p sp <g> 1 for every ip E M v . To prove that / is an isomorphism, it suffices 
to show that it has dense image. However, say that cp E (M R ) V ; then <p : M gp — > R is a group 
homomorphism such that (p(M) C R+. Since M is finitely generated, in any neighborhood of 
<p in Mf p we may find some ip' : M gp — > Q + , and then Nip' E M v for some integer N E N 
large enough. It follows that </?' is in the image of /, whence the contention. 
The stated equality follows from the chain of identities : 

dimM = dim M = dim(M R ) v = dim(M v ) R = dimM v 

where the first and the last follow from proposition l2.4.7r ii). and the second follows from corol- 
lary ESStii). 

(iii) : Let us show first that, under these assumptions, (12.4.131 ) ®i R is an isomorphism. In- 
deed, if M is sharp, (M R ) V spans (M| p ) v (corollary I23T41 and proposition l2A7f i)): then the 
assertion follows from (ii). We deduce that (M v ) gp and (M gp ) v are free abelian groups of the 
same rank, hence we may find a basis ipi, . . . ,tp r of (M v ) gp (resp. ?pi, . . . ,ip r of (M gp ) v ), 
and positive integers N±, . . . ,N r such that (12.4.131) is given by the rule : (fi f— > Niipi for every 
i = 1, . . . ,r. But then necessarily we have iVj = 1 for every i < r, and (iii) follows. 

(iv) : It is easily seen that M v = (M R ) V n (M gp ) v (notation of (|2A6T) i After dualizing again 
we find : A-f vv = ((M V ) R ) V n (M Vgp ) v . From (ii) we deduce that ((M V ) R ) V = (M R ) VV = M R 
(lemma I2T21) . and from (iii) we get : (M Vgp ) v = (M gp ) vv = M gp . Hence M vv = M R n 
M gp = M (proposition [2T3T22f iii)). □ 

Remark 2.4.14. (i) Let M be a sharp and fine monoid. Proposition 12.4. 12r iii) implies that the 
natural map 

Hom Mnd (M, Q + ) gp -> Hom Mn d(M, Q) 

is an isomorphism. Indeed, it is easily seen that this map is injective. For the surjectivity, one 
uses the identification Hom Mnd (M, Q) ^> (M v ) gp ® z Q, which follows from loc.cit. (Details 
left to the reader.) 

(ii) For i = 1,2, let Ni — > N be two morphisms of monoids. By general nonsense, we have 
a natural isomorphism : 

{N^n N 2 ) y ^ x W viV 2 v . 

(iii) If fi : Mi — ► M (i — 1, 2) are morphisms of fine, saturated and sharp monoids, there 
exists a natural surjection : 

(2.4.15) M x v <g) M v M 2 V ^ (M! x M M 2 ) v 

whose kernel is the subgroup of invertible elements. Indeed, set P := ®m v in view of 
(ii) and proposition |2.4.12f iv), we have a natural identification P vv ^> (Mi x M M 2 ) v , and the 
sought map is its composition with the double duality map P — > P vv . Moreover, clearly P is 
finitely generated, and it is also integral and saturated, since saturation commutes with colimits. 
Hence - again by proposition I2.4.12f iv) - the double duality map induces an isomorphism 

(iv) In the situation of (iii), if fi : Mi — > M (i = 1, 2) are epimorphisms, then (12.4.151) is an 
isomorphism. Indeed, in this case the dual morphisms f^ : M v — > M± are injective, so that P 
is sharp (lemma l2.1.11l) . whence the claim. 

Theorem 2.4.16. Let M be a saturated monoid, such that M* is fine. We have : 

(i) M — M p (where the intersection runs over the prime ideals of M of height one). 

htp=l 

(ii) If moreover, dimM = 1, then there is an isomorphism of monoids : 

M x xN^ M. 
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(iii) Suppose that M gp is a torsion-free abelian group, and let R be any normal domain. 
Then the group algebra R[M] is a normal domain as well. 

Proof, (i): Pick a decomposition M = x M x as in lemma [272 .101 and notice that M" is fine, 
sharp and saturated. The prime ideals of M are of the form p = p x M x , where p is a prime 
ideal of MK Then it is easily seen that M p = M Po x M x . Therefore, the sought assertion holds 
for M if and only if it holds for M", and therefore we may replace M by M*, which reduces 
to the case where M is sharp, hence the natural morphism ip : log M — > Mr is injective. In 
such situation, we have M = Mr n M gp and M p = M Pi r n M gp for every prime ideal pel 
(proposition |2.3.22t iii) and lemma |272~9U )). Thus, we are reduced to showing that 

m r = p| Mp.K. 

htp=l 

However, set r := (M\p) K ; by inspecting the definitions, one sees that M P) r = Mr + (— r), 
and proposition l2.4.7l shows that r is a facet of Mr, hence M Pi r is the half-space denoted H T in 
(12.3.101) . Then the assertion is a rephrasing of proposition 12.3. 1 lt ii). 

(ii) : Arguing as in the proof of (i), we may reduce again to the case where M is sharp, in 
which case M = Mr n M gp . The foregoing shows that, in case dimM = 1, the cone Mr 
is a half-space, whose boundary hyperplane is the only non-trivial face o of Mr. However, o 
is generated by the image of the unique non-trivial face of M, i.e. by M x = {1} (proposition 
I2.4.7H )), hence a = {0}, so Mr is a half-line. Now, let u : M| p — ► R be a non-zero linear form, 
such that u(M) > 0, and xi, . . . , x n a system of non-zero generators for M; say that u(x{) is 
the least of the values u(xi), for i = 1, . . . , n. Since M is saturated, it follows easily that every 
value is an integer multiple of u(x\) (proposition 12 .3 . 22f iii)) . and then x\ is a generator 
for M, so M ~ N. 

(iii) : To begin with, i?[M] C i?[M gp ], and since Af gp is torsion-free, it is clear that [M gp ] 
is a domain, hence the same holds for R\M\. Furthermore, from (i) we derive : R[M] = 
flhtp=i -^[^p]' hence it suffices to show that i?[M p ] is normal whenever p has height one. How- 
ever, we have _R[M p ] ~ i?[M x ] ® R R[N] in light of (ii), and since M p x is torsion free, it is a 
filtered colimit of a family of free abelian groups of finite rank, so everything is clear. □ 

Example 2.4.17. Let M be a fine, sharp and saturated monoid of dimension 2. 

(i) By corollary 12.4. lOf i) and example 12.3 . 1 61 we see that M admits exactly two facets, 
which are fine saturated monoids of dimension one; by theorem \2 . 4 . 1 6( ii) each of these facets 
is generated by an element, say (for i — 1, 2). From proposition |2.3.22U ii) it follows that 
Q+ei © Q+e2 = Mq. Especially, we may find an integer N > large enough, such that : 

N ei ©Ne 2 cMcN|eN|. 

N N 

(ii) Moreover, clearly e\ and t2 are unimodular elements of M gp (i.e. they generate direct 
summands of the latter free abelian group of rank 2). We may then find a basis fi, f 2 of M gp 
with ei = f\, and e 2 = afi + bf 2 , where a,b 6 Z and (a, b) = 1. After replacing / 2 by some 
element of the form cf% + df\ with c G {1,-1} and d E Z, we may assume that 6 > and 
< a < 6. Clearly, such a normalized pair (a, 6) determines the isomorphism class of M, since 
Mr is the strictly convex cone of M| p whose extremal rays are generated by e\ and e 2 , and 
M = M gp n M R . 

(iii) More precisely, suppose that M' is another fine, sharp and saturated monoid of dimen- 
sion 2, and y? : M — > M' an isomorphism. Pick a basis f{, f 2 of M ,gp and a normalized pair 
(a', b') as in (ii), such that e[ := fi and e 2 := a'/{ + fc'/^ generate the two facets of M' . Clearly, 
if must send a facet of M onto a facet of M'; we distinguish two possibilities : 
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• either </?( e i) = e' x and </?(e 2 ) = e 2 , in which case we get y?(/ 2 ) = b~ l (a' —a)f[+b~ 1 b' f' 2 ; 
especially, b', a — a' E bZ. By considering cp* 1 , we get symmetrically that b E b'Z, so 
b = b' and therefore (a', b) = 1 = (a, b) and < a, a' < b, whence a = a' 

• or else <p(ei) = e' 2 and y?(e 2 ) = e[, in which case we get y(/ 2 ) = b~ l (l — aa')fi + 
b~ l b'af 2 . It follows again that b' E bZ, so b = b', arguing as in the previous case. 
Moreover, < a' < b, and 1 — aa' E bZ. In other words, the class of a' in the group 
(Z/bZ) x is the inverse of the class of a. 

Conversely, it is easily seen that, if M' is as above, f[, f 2 is a basis of M /gp , and the two facets 
of M' are generated by f[ and a' f[ + b'f 2 , for a pair (a', b') normalized as in (ii), and such that 
aa' = 1 (mod b), then there exists an isomorphism M ^> M' of monoids (details left to the 
reader). Hence, set (Z/bZY := (Z/6Z) x /~, where ~ denotes the smallest equivalence relation 
such that [a] ~ [a] -1 for every [a] E (Z/bZ) x . We conclude that there exists a natural bijection 
between the set of isomorphism classes of fine, sharp and saturated monoids of dimension 2, 
and the set of pairs (b, [a]), where b > is an integer, and [a] E (Z/bZy . 

2.4.18. Let P be an integral monoid. A fractional ideal of P is a P-submodule / C P gp 
such that 1^0 and x ■ I C P for some x E P. Clearly the union and the intersection of 
finitely many fractional ideals, are again fractional ideals. We may also define the product of 
two fractional ideals h, I 2 C P gp : namely, the subset 

hl 2 := {xy\xEh,yEl 2 }cPZ p 

which is again a fractional ideal, by an easy inspection. If / is a fractional ideal of P, we say 
that / is finitely generated, if it is such, when regarded as a P-module. For any two fractional 
ideals Ii,h, we let 

(h : h) := {x E P gp | x ■ h C h}. 

It is easily seen that (fx : I 2 ) is a fractional ideal of P (if x E I 2 and yli C P, then clearly 
xy{h : J 2 ) C P). We set 

r 1 ■= (p : J) and P := (I' 1 )' 1 for every fractional ideal / C P gp . 

Clearly J -1 C Z -1 , whenever I C J, and J C P for all fractional ideals /, J. We say that / is 
reflexive if / = P. We remark that I^ 1 is reflexive, for every fractional ideal / C P gp . Indeed, 
we have J" 1 C (J -1 )*, and on the other hand (J -1 )* = (P) -1 C I -1 . It follows that /* is 
reflexive, for every fractional ideal I. Moreover, P C J*, whenever I C J; especially, P is the 
smallest reflexive fractional ideal containing 1. Notice furthermore, that al' 1 = (a -1 /) -1 for 
every a E P gp ; therefore, aP = (al)*, for every fractional ideal / and a E P gp . 

Lemma 2.4.19. Let P be any integral monoid, I, J C P^ two fractional ideals. Then : 

(i) (J J)* = (PJ*)*. 

(ii) J* w the intersection of the invertible fractional ideals ofP that contain I ( see definition 

\nmm 

Proof, (i): Since IJ C PJ*, we have (I J)* C (PJ*)*. To show the converse inclusion, 
it suffices to check that PJ* C (I J)*, since (I J)* is reflexive, and (PJ*)* is the smallest 
reflaxive fractional ideal containing PJ*. Now, let a E I be eny element; we get a J* = 
(aJ)* C (U)*, so I J* C (IJ)*, and therefore (I J*)* C (J J)*. Lastly, let b E J* be any 
element; we get bP = (bl)* C (I J*)*, so PJ* C (I J*)*, whence the lemma. 

(ii): It suffices to unwind the definitions. Indeed, a E P gp lies in P if and only if al^ 1 C P, 
if and only if ab E P, for every b E P gp such that bl C P. In other words, a E P if and only if 
a G 6 _1 P for every 6 G P gp such that / C b~ l P, which is the contention. □ 
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2.4.20. Let P be any integral monoid. We denote by Div(P) the set of all reflexive fractional 
ideals of P. We define a composition law on Div(P) by the rule : 

I © J := (IJ)* for every I, J G Div(P). 

It follows easily from lemma |2A19r i) that is an associative law; indeed we may compute : 

{IQJ)QK= {{IJ)*K)* = {UK)* = {I{JK)*Y = IQ(JQK) 

for every I,J,K G Div(P). Clearly I Q J = J Q I and P / = /, for every /, J G Div(P), 
so (Div(P), 0) is a commutative monoid. Notice as well that, if J C P, then also I* C P 
(lemma |2.4.19f ii)), so the subset of all reflexive fractional ideals contained in P is a submonoid 
Div+(P) C Div(P). 

Example 2.4.21. Let A be an integral domain, and K the field of fractions of A. Classically, 
one defines the notions of fractional ideal and of reflexive fractional ideal of A : see e.g. [|58l 
p. 80]. In our terminology, these are understood as follows. Set A' := An K x , and notice that 
the monoid (A,-) is naturally isomorphic to the integral pointed monoid A' a . Then a fractional 
ideal of A is an A' -submodule of K* = K of the form I Q , where / C K x is a fractional ideal 
of A'. Likewise one may define the reflexive ideals of A. The set Div(A) of all reflexive ideals 
of A is then endowed with the unique monoid structure, such that the map Div(A') — > Div(A) 
given by the rule / h- > I Q is an isomorphism of monoids. 

Lemma 2.4.22. Let P be an integral monoid, and G C P x a subgroup. We have : 

(i) The rule I i— > I/G induces a bijection from the set of fractional ideals of P to the set 
of fractional ideals of Pj G. 

(ii) A fractional ideal I of P is reflexive if and only if the same holds for I /G. 

(iii) The rule I 1— > I/G defines an isomorphism of monoids 

Div(P) A Div(P/C7). 

(iv) If P^ is fine, every fractional ideal of P is finitely generated. 

Proof. The first assertion is left to the reader. Next, we remark that I~ x /G = (I/G)' 1 and 
(IJ)/G = (I/G) ■ (J/G), for every fractional ideals I, J of P, which imply immediately 
assertions (ii) and (iii). Lastly, suppose that P^ is finitely generated, and let I be any fractional 
ideal of P; pick x G J -1 ; since P is integral, / is finitely generated if and only if the same holds 
for xl. Hence, in order to show (iv), we may assume that / C P, in which case the assertion 
f olio w s from lemmata |2.1.9r ii) and |2.1.15f i . a) . □ 

In order to characterize the monoids P such that Div(P) is a group, we make the following : 

Definition 2.4.23. Let P be an integral monoid, and a G P gp any element. 

(a) We say that a is power-bounded, if there exists b G P such that d n b G P for all n G N. 

(b) We say that P is completely saturated, if all power-bounded elements of P gp lie in P. 

Example 2.4.24. Let (r, <) be an ordered abelian group, and set T + := {7 G T \ 7 < 1}. Then 
T + is always a saturated monoid, but it is completely saturated if and only if the convex rank of 
r is < 1 (see ll36l Def.6.1.20]). The proof shall be left as an exercise for the reader. 

Proposition 2.4.25. Let P be an integral monoid. We have : 

(i) (Div(P), 0) is an abelian group if and only if P is completely saturated. 

(ii) If P is fine and saturated, then P is completely saturated. 

(iii) Let Abe a Krull domain, and set A' := v4\{0}. Then (A', ■) is a completely saturated 
monoid. 
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Proof, (i): Suppose that I G Div(7) admits an inverse J in the monoid (Div(P), 0), and notice 
that I I' 1 C P; it follows easily that I ( J Li J" 1 )* = P, hence J" 1 C J, by the uniqueness 
of the inverse. On the other hand, if J strictly contains I -1 , then I J strictly contains P, which 
is absurd. Thus, we see that Div(P) is a group if and only if J0 J" 1 = P for every / G Div(P). 
Now, suppose first that P is completely saturated. In view of lemma |2.4.19n i), we are reduced 
to showing that P is contained in every invertible fractional ideal containing I~ l I. Hence, say 
that I~ X I C aP for some a G P gp ; equivalently, we have a -1 / -1 / C P, i.e. a -1 / -1 C I -1 , 
and then a^ k I^ 1 C J -1 for every integer fceN. Say that 6 G J -1 and c G /*; we conclude that 
a~ k bc G P for every k G N, so a -1 G P, by assumption, and finally P C aP, as required. 

Conversely, suppose that Div(P) is a group, and let a G P gp be any power-bounded element. 
By definition, this means that the P-submodule I of P gp generated by (a k \ k G N) is a fractional 
ideal of P. Then I^ 1 is a reflexive fractional ideal, and by assumption I^ 1 admits an inverse, 
which must be P, by the foregoing. On the other hand, by construction we have al C /, hence 
aP = (al)* C P. We deduce that aP = a(P I' 1 ) = aP © J" 1 C P I' 1 = P, i.e. 
a G P, as stated. 

(ii) : Let a G P gp be any power-bounded element, and pick b G P such that a fc 6 G P for every 
A; G N. Denote by / the ideal of P generated by (a k b \ k G N); then there exists iV G N such 
that / is generated by (a k b \ k — 0, . . . , N) (lemma |2.1.9r ii)). Hence we may find c G P and 
i G {0, . . . , N} such that a N+1 b = ca l b, so that a N+1 ~ % G P, and therefore a G P, since P is 
saturated. 

(iii) : See ll58l §12] for the basic generalities on Krull domains. One is immediately reduced 
to the case where A is a valuation ring whose valuation group Y has rank < 1. Taking into 
account (i) and lemma IT.4.221 it then suffices to show that the monoid A'/A x is completely 
sataurated. However, the latter is isomorphic to the submonoid T + of elements < 1 in T, so the 
assertion follows from example [2.4.24[ □ 

2.4.26. Let cp : P — >• Q be a morphism of integral monoids, and / any fractional ideal of P; 
notice that IQ := <£> gp (/)(3 C Q sp is a fractional ideal of Q. Moreover, the identities 

(h Ul 2 )Q = hQU I 2 Q {hh)Q = (hQ) ■ {hQ) for all fractional ideals I u I 2 C P gp 

are immediate from the definitions. Likewise, if A an integral domain and a : P — > (A\{0}, •) 
a morphism of monoids, then the A-submodule I A := a^{I)A of the field of fractions of A 
is a fractional ideal of the ring A (in the usual commutative algebraic meaning : see example 
12.4.211) . and we have corresponding identities : 

(h U I 2 )A = hA + I 2 A (hh)A = {I X A) ■ (I 2 A) for all fractional ideals I u I 2 C P gp . 

Lemma 2.4.27. In the situation of (12.4.261 ), suppose that (p is flat and A is a-flat, and let 
I, J, J' C P gp be three fractional ideals, with I finitely generated. Then we have : 

(i) (J : I)Q = (JQ : IQ) and (J : I)A = (J : I) A 

(ii) Especially, if I is reflexive, the same holds for IQ and I A (see (14.41) ). 

(iii) Suppose furthermore that A is local, and a is a local morphism. Then J A = J' A if 
and only if J = J'. 

(iv) If P is fine, the rule I \— > IQ and I i— > I A define morphisms of monoids 

Div(» : Div(P) -> Div(Q) Div(ct) : Div(P) -> Div(A) 

(where Div(A) is defined as in example [2.4.2 ID . and Div(a) is injective, if a is local 
and A is a local domain. 

Proof, (i): Say that I = a x P U • ■ ■ U a n P for elements a 1; . . . , a n G P gp . Then 

(J : I) = 1 J PI • • • fl a^ 1 J and ( : IQ) = a^ 1 JQ n ■ • • H a' 1 JQ 
and likewise for (J : I) A, hence the assertion follows from an easy induction, and the following 
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Claim 2.4.28. For any two fractional ideals J±, J 2 C P, we have ( J\ fl J 2 )Q = JiQ H J 2 Q and 

( Ji n J 2 )A = JiA n J 2 A 

Proof of the claim. Pick any x E P such that xJi,x.J 2 C P; since P is an integral monoid, and 
A is an integral domain, it suffices to show that x( J\ fl J 2 )Q = xJiQ fl x.J 2 Q and likewise for 
x(J\ n J 2 )v4, and notice that x( Ji fl J 2 ) = xJi fl xJ 2 . We may thus assume that J\ and J 2 are 
ideals of P, in which case the assertion is lemma |2T .331 

(ii) : Suppose that I is reflexive; from (i) we deduce that ((IA)^ 1 )^ 1 = I A. The assertion 
is an immediate consequence, once one remarks that, for any fractional ideal J C A, there is 
a natural isomorphism of A-modules : J -1 ^ J v := Hom^(J, A). Indeed, the isomorphism 
assigns to any x E J -1 the map p, x : J — > A : a 1— > xa for every a E J (details left to the 
reader). 

(iii) : We may assume that J A = J' A, and we prove that J = J', and by replacing J' by 
J U J', we may assume that J C J'. Then the contention follows easily from lemma |2T.321 

(iv) : This is immediate from (i) and (iii). □ 

Remark 2.4.29. In the situation of lemma |2.4.27f iv), obviously Div(y) restricts to a morphism 
of submonoids : 

Div + (v?) : Div + (P) -> Div+(Q). 

2.4.30. Next, suppose that P is fine and saturated, and let / C P gp be any fractional ideal. 
Then theorem |2]4J3i) easily implies that : 

= n ^r 1 

htp=l 

where the intersection - running over the prime ideals of P of height one - is taken within 
Honip(i", P gp ), which naturally contains all the (/ p ) _1 . The structure of the fractional ideals 
of P p when lit p = 1 is very simple : quite generally, theorem |2.4.16r ii) easily implies that if 
dim P = 1, then all fractional ideals are cyclic, and then clearly they are reflexive. On the other 
hand, I is finitely generated, by lemma l2A22f iv). We deduce that / is reflexive if and only if : 

(2.4.31) /= f| /„. 

htp=l 

Indeed, suppose that (12.4.311) holds; then we have I* = flhtp=i(V 1 ) 1 = Hhtp=i h> smce we 
have just seen that I p is a reflexive fractional ideal of P p , for every prime ideal p of height one. 

Proposition 2.4.32. Let P be a fine and saturated monoid, and denote by D C Spec P the 
subset of all prime ideals of height one. Then the mapping : 

(2.4.33) Z® D - Div(P) : £ n p [p] ^ f| mjj 

ht p=l ht p=l 

is an isomorphism of abelian groups. 

Proof. Here mp p C P p is the maximal ideal, and for n > 0, the notation m.p p means the usual 
n-th power operation in the monoid ^(P gp ), which we extend to all integers n, by letting 
trip := nip" whenever n < 0. 

In order to show that (|2.4.33l) is well defined, set / := f\tp=i m p P - Pick, for every p such 
that n p < 0, an element x p E p, and set y p := x p np \ if n p > 0, set y p := 1. Then it is easy to 
check (using theorem 12.4.1 6t i)) that Hhtp=i Up ^ es m nence I i s a fractional ideal. Next, 
for given p, p' E D, notice that (P p ) p > = P gp ; it follows that 

(2.4.34) ip = m p p for every p E D 
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therefore / is reflexive. Furthermore, it is easily seen (from theorem 12.4. 161 11)). that every 
reflexive ideal of P p is of the form trip for some integer n, and moreover m P = trip if and 
only if n = m. Then (12.4.311) implies that the mapping (12.4.331) is surjective, and the injectivity 
follows from (12.4.341) . It remains to check that (12.4.331) is a group homomorphism, and to this 
aim we may assume - in view of lemma l2A27r iv) - that dim P = 1, in which case the assertion 
is immediate. □ 

2.4.35. A morphism cp : I — > J of fractional ideals of P is, by definition, a morphism of 
P-modules. Let x, y E / be any two elements; we may find a,b E P such that ax = by in /, 
and therefore a(f(x) = ip(ax) = (f(by) = b(f(y); thus, ip(y) = • (f(x) = (x^y) ■ (p(x). 

This shows that, for every morphism cp : I — > J of fractional ideals, there exists c E P gp such 
that (p(x) = cx for every x E I. Especially, I ~ J if and only if there exists a E P gp such that 
/ = aJ. Likewise one may characterize the morphisms and isomorphisms of fractional ideals 
of an integral domain. We denote 

Div"(P) 

the set of isomorphism classes of reflexive fractional ideals of P. From the foregoing, it is clear 
that, if / ~ I', we have / J ~ I' J for every J E Div(P); therefore the composition 
law of Div(P) descends to a composition law for Div(P), which makes it into a (commutative) 
monoid, and if P is completely saturated, then Div(P) is an abelian group. We also deduce an 
exact sequence of monoids 



(2.4.36) 1 -v P x -> P gp -^-f Div(P) -> Div(P) -> 1 

where jp is given by the rule A: a h- > aP for every a E P; especially, jp restricts to a morphism 
of monoids 

.//.:/' -Div.iP). 

Likewise, we define Div(A), for any integral domain A : see example l2.4.21l Moreover, in the 
situation of (12.4.261) . we see from lemma l2A27r iv) that, if a is local, P is fine, A is a-flat, and 
(p is flat, then Div(^) and Div(a) descend to well defined morphisms of monoids 



Divf» : Div(P) -> Div(Q) Div(a) : Div(P) -> Div(A). 

Proposition 2.4.37. Le? P &e a^ne an J saturated monoid, I, J C P gp two fractional ideals, A 
a local integral domain, and a : P — > (A, ■) a /oca/ morphism of monoids. We have : 

(i) (/:/) = K 

(ii) Suppose that A is a-flat. Then I A ~ J A if and only if I — J. Especially, in this case 
Div(a) is an injective map. 

Proof, (i): Clearly it suffices to show that (I : I) C P. Hence, say that x E (I : I), and 
pick any a E I; it follows that x n a e P for every n > 0; in the additive group log P gp we 
have therefore the identity n ■ log(x) + log(a) E logP, so log(x) + n' 1 log(a) E (logP)^ 
for every n > 0. Since (logP) K is a convex polyhedral cone in (logP gp ) R , we deduce that 
x E (logP)]R fl (logP gp ) = logP (proposition l2.3.22f iii)). as claimed. 

(ii): We may assume that I A is isomorphic to J A, and we show that I is isomorphic to J. 
Indeed, the assumption means that a(IA) = J A for some x E Frac(A); therefore, a E (J A : 
I A) and cr 1 E (I A : J A), so 

A = (I A : J A) ■ {J A : I A) = ((/ : J) • (J : 

by virtue of lemma 12.4.270 ). Since A is local, it follows that there exist a E (I : J) and 
b E (J : I) such that a(ab) E A x , whence ab E P x , since a is local. It follows easily that 
I = aJ, as asserted. □ 
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Example 2.4.38. (i) Let P be a fine and saturated monoid, and D C Spec P the subset of all 
prime ideals of height one; for every p G D, denote 

v p : P -> P p tt A N 

the composition of the localization map, and the natural isomorphism resulting from theorem 
12.4.1611 1). A simple inspection shows that the isomorphism (12.4.331) identifies the map jp of 
(12.4.361) with the morphism of monoids 

v P : P gp -> Z eD x i — ► (^ p (a;) | p G D). 

With this notation, the isomorphism (12.4.331) is the map given by the rule : 

k. ^ v P \k. + N® D ) for every k. G Z® D . 

(ii) Suppose now that P is sharp and dim P = 2, in which case D = {pi, p 2 } contains exactly 
two elements. According to example [2 . 4 . 1 7 H i) , we may find a basis /i, f 2 of P gp , such that the 
two facets P \ pi and P \ p 2 of P are generated respectively by e\ := /i and e 2 := af\ + &/ 2 , 
for some a, b G N, with a < 6 and (a, 6) = 1. It follows easily that P is a submonoid of the free 
monoid 

Q ■= fq e [ © Ne' 2 where e[ := b~ x e x and e' 2 := b~ 1 e 2 

and Q gv /P gp ~ Z/5Z (details left to the reader). The induced map SpecQ — > SpecP is a 
homeomorphism; especially Q admits two prime ideals q l9 q 2 of height one, so that n P = p ; 
for i — 1, 2, whence - by proposition 12.4.321 - a natural isomorphism 

s* : Div(Q) ^ Div(P) 

and notice that j'q : Q gp — > Div(Q) is the isomorphism given by the rule : e' { i— > q, for i = 1, 2. 
Moreover, we have commutative diagrams of monoids : 



1,2). 



Clearly, Q \ qj is the facet generated by e' { , so v qi is none else than the projection onto the 
direct factor Ne^, for i = 1, 2. In order to compute v Pi , it then suffices to determine ti, or 
equivalently tf '. However, set r, := f| p o s gp ; clearly Ti(/ 2 ) = ri(e 2 — ae^) = 1, so n is 
surjective. Also, r 2 (/i) = 6 and r 2 (/ 2 ) = —a, so r 2 is surjective as well; therefore both t\ and 
t 2 are the identity endomorphism of N. Summing up, we find that 

jp = s* o j Q o s gp 

and the morphism vp is naturally identified with s gp : P gp — > Q SP . Especially, we have obtained 
a natural isomorphism 

T3iv(P) ^ Z/6Z. 

We may then rephrase in more intrinsic terms the classification of example [2.4.17 f iii) : namely 
the isomorphism class of P is completely determined by the datum of Div(P) and the equiva- 
lence class of the height one prime ideals of P in the quotient set Div(P)T defined as in loc.cit. 

(iii) In the situation of (ii), a simple inspection yields the following explicit description of all 
reflexive fractional ideals of P. Recall that such ideals are of the form 

I klM := m^ 1 n m k 2 2 = {x G P gp | v Pl (x) > k u v P2 (x) > k 2 } 

where nij is the maximal ideal of P Pi , and k{ G Z, for i — 1, 2. Then 

hifa — {xiei + x 2 e 2 | x u x 2 G 6 _1 Z, x\ > b~ l k 2) x 2 > b~ x ki} n P gp for all ki, k 2 G Z. 
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With this notation, the cyclic reflexive ideals are then those of the form 

(xxft + x 2 f 2 )P = Ix 2 b,x 1 b-x 2 a with X 1 ,X 2 E Z. 

Especially, we see that the classes of pi = / ,i an d p 2 = h,o are both of order b in Div(P). 

The following estimate, special to the two-dimensional case, will be applied - in section [8^61 
- to the proof of the almost purity theorem for towers of regular log schemes. 

Lemma 2.4.39. Let P be a fine and saturated monoid of dimension 2, and denote by b the order 
of the finite cyclic group Div(P). We have : 

m [ p /2] Cl-r 1 for every I £ Div(P) 
(where [6/2] denotes the largest integer < b/2). 

Proof. Notice first that the assertion holds for a given I £ Div(P), if and only if it holds for 
xl, for any x £ P gp . If b = 1, then P = N 02 , in which case Div(P) = 0, so every reflexive 
fractional ideal of P is isomorphic to P, and the assertion is clear. Hence, assume that b > 1; 
let pi, p 2 be the two prime ideals of height one of P, and define Q, e x , e 2 and I^m f° r ever y 
ki, k 2 £ Z, as in example [2.4.3 8r ii.iii) . With this notation, notice that 

mp \ mp = {ei, e 2 } U £ where £ C {x x ei + x 2 e 2 | Xi, x 2 £ & -1 Z, < x 1 ,x 2 < 1}. 

It follows easily that, for every i £ N, every element of m P is of the form xiei + x 2 e 2 with 
Xi, x 2 £ and max(xi,x 2 ) > b~ l i. Hence, let I £ Div(P) and x := xi&i + x 2 e 2 £ m^ 2 ', 
and say that bxi > [b/2]. According to example [2.4.38 V m) . we may assume that I = p2 = Ij 
for some j £ {0, . . . , b — 1}. Moreover, notice that the assertion holds for / if and only if it 
holds for I" 1 , whose class in Div(P) agrees with the class of p 2 3 . Clearly, either j < [b/2] or 
b — j < [b/2]; hence, we may assume that j £ {0, ... , [fe/2]}. Thus, P C and I C I ■ J -1 , 
and clearly x £ /, so we are done in this case. The case where bx 2 > [b/2] is dealt with in 
the same way, by writing / = p{ for some non-negative j < [b/2] : the details are left to the 
reader. □ 

If / : P — > Q is a general morphism of integral monoids, and / a fractional ideal of Q, the 
P-module / gp_1 (J) is not necessarily a fractional ideal of P (for instance, consider the natural 
map P — > P gp ). One may obtain some positive results, by restricting to the class of morphisms 
introduced by the following : 

Definition 2.4.40. Let / : P Q be a morphism of monoids. We say that / is of Kummer 
type, if / is injective, and the induced map /q : Pq — > Qq is surjective (notation of (I2.3.20I )). 

Lemma 2.4.41. Let f : P — ► Q be a morphism of monoids of Kummer type, Sq C Q a 
submonoid, and set Sp := f _1 SQ. We have : 

(i) The map Spec / : Spec Q — > Spec P is bijective; especially dim P = dim Q. 

(ii) 7/" Q x is a torsion-free abelian group, P is the trivial monoid (resp. is sharp) if and 
only if the same holds for Q. 

(iii) The induced morphism Sp X P — > Sq 1 Q is of Kummer type. 

(iv) If P is integral, the unit of adjunction P — > P sat is of Kummer type. 

(v) Suppose that P is integral and saturated. Then /" : P" — > is of Kummer type. 

(vi) If both P and Q are integral, and P is saturated, then f is exact. 

Proof, (ii) and (iv) are trivial, and (iii) is an exercise for the reader. 

(i): Let F, F' C Q be two faces such that f~ x F = / _1 P', and say that x £ F. Then 
x n £ f(P) for some n > 0, so x n £ f(f~ l F'), whence x £ P', which implies that Spec / is 
injective. Next, for a given face F of P, let F' C Q be the subset of all x £ Q such that there 



152 



OFER GABBER AND LORENZO RAMERO 



exists n > with x n E f(F). It is easily seen that F' is a face of Q, and moreover f~ x F' = F, 
which shows that Spec / is also surjective. 

(v) : Clearly the map (P*)q — > (Q^)q is surjective. Now, let x,y E P such that the images 
of f(x) and f(y) agree in Q$, i.e. there exists u E Q x with u ■ f(x) = f(y); we may find 
n > such that u n , u~ n E f(P). Say that u n = f(v), u~ n = f(w); since f(vw) = 1, we have 
vw = 1, and moreover f(vx n ) = f(y n ), so t> x n = y n . Therefore x n y~ n , x~ n y" E P, and since 
P is saturated we deduce that xy" 1 , x~ l y E P, so the images of x and y agree in PK 

(vi) : Notice first that / gp is injective, since the same holds for /. Suppose x E P gp and 
f gp {x) E Q; we may then find an integer k > and y E P such that f(y) = f(x) k . Since P is 
saturated, it follows that x E P, so / is exact. □ 

2.4.42. Suppose that cp : P — ► Q is a morphism of integral monoids of Kummer type, with 
P saturated, and let / C Q gp be a fractional ideal. Then 99*/ := cp gp ~ l (I) is a fractional ideal 
of P. Indeed, by assumption there exists a E Q such that al C Q; we may find k > and 
b E P such that a fc = so <^(6x) G (p(P) gp HQ = (p(P) for every x E (p*I, since <£> is exact 
(lemma EMl v)): therefore b ■ <p*(I) C P. 

2.4.43. In the situation of (12.4.421) . suppose that both P and Q are fine and saturated, and let 
gr.Q gp be the (^-grading of Q, indexed by (T, +) := Q gp /P gp (see remark [2.2.5 T in) ) : for every 
x E Q gp , denote x E T the image of x. Let also / C Q gp be any fractional ideal, and denote by 
gr.J the T-grading on / deduced from the ^-grading of Q gp ; arguing as in (12.4.421) , it is easily 
seen that, more generally, Lp* {x^ 1 gi^I) is a fractional ideal of P, for every x E Q (details left 
to the reader). For every prime ideal q of height one in Q, we have a commutative diagram of 
monoids : 



P-^Q 



(2.4.44) 



Vq 



N »- N 



where v q and u^-iq are defined as in example[2A38ti), and e q is the multiplication by a non-zero 
(positive) integer, which we call the ramification index of cp at p, and we denote also e q . 

Lemma 2.4.45. In the situation of (12.4.431) , suppose that I is a reflexive fractional ideal. Then 
V?*(a~ 1 • g%/) is a reflexive fractional ideal of P, for every a E Q gp . 

Proof. Clearly, we may replace / by a~ l I, and reduce to the case where a = 1, in which case we 
have to check that ip*I is a reflexive fractional ideal. However, according to example l2.4.38r i). 
we may write I = Vq (k, + N® D ), where D C Spec Q is the subset of the height one prime 
ideals, and k. E Z® D . Set 

K := I q G D) 

(where, for a real number x, we let [x] be the smallest integer > x). Since Spec cp is bijective 
(lemma |2~4.4ir i)), the commutative diagrams (12.4.441) imply that tp*I = Vp 1 (k',+N® D ), whence 
the contention. □ 

Example 2.4.46. Let P be as in example r2.4.38f ii). set Q := Div + (P), and take tp := jp : 
P — > Q (notation of (I2.4.35I )). The discussion of loc.cit. shows that cp is a morphism of 
Kummer type, and notice that the (^-grading of Q is indexed by Q gp / P^ = Div(P). Now, 
pick any x E Q, and let x E Div(P) be the equivalence class of x; by lemma [2~.4.45l the P- 
module g%Q is isomorphic to a reflexive fractional ideal of P. We claim that the isomorphism 
class of g%Q is precisely x~ l (where the inverse is formed in the commutative group Div(P)). 
Indeed, let a E P gp be any element; by definition, we have a E cp*(x~ 1 gr Y Q) if and only if 
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<^ gp (a) E x x g%Q, if and only if ax E Q, if and only if a E x l , whence the claim. Thus, the 
family 

(gr 7 Div + (P) | 7 GDrV(P)) 

is a complete system of representatives for the isomorphism classes of the reflexive fractional 
ideals of a fine, sharp and saturated monoid P of dimension 2. 

Remark 2.4.47. Further results on reflexive fractional ideals for monoids, and their divisor 
class groups can be found in ||23i 

2.5. Fans. According to Kato ([51, §9]), a fan is to a monoid what a scheme is to a ring. 
More prosaically, the theory of fans is a reformulation of the older theory of rational polyhedral 
decompositions, developed in [|52l . 

Definition 2.5.1. (i) A monoidal space is a datum (T, & T ) consisting of a topological space T 
and a sheaf of monoids ^ on T. 

(ii) A morphism of monoidal spaces is a datum 

(f,\ogf):(T,t? T )^(S,t? s ) 

consisting of a continuous map / : T — > S, and a morphism log/ : f* &s ~^ @t of 
sheaves of monoids that is local, i.e. whose stalk (\ogf) t : &sj(t) ~^ &T,t is a local 
morphism, for every t E T. The strict locus of (/, log /) is the subset 

Str(/,log/)cT 

consisting of alH E T such that (log /) t is an isomorphism. 

(iii) We say that a monoidal space (T, is sharp, (resp. integral, resp. saturated) if 
is a sheaf of sharp (resp. integral, resp. integral and saturated) monoids. 

(iv) For any monoidal space (resp. integral monoidal space) (T, &t), the sharpening (resp. 
the saturation) of (T, <^ T ) is the sharp monoidal space (T, ff T )^ := (T, ^) (resp. 
(T, ^ T ) sat := (T, ^ at )). 

It is easily seen that the rule (T, \— > (T, ^ T )^ extends to a functor from the category of 
monoidal spaces to the full subcategory of sharp monoidal spaces. This functor is right adjoint 
to the corresponding fully faithful embedding of categories. 

Likewise, the functor (T, &t) i— > (T, <^ T ) sat is right adjoint to the fully faithful embedding 
of the category of saturated monoidal spaces, into the category of integral monoidal spaces. 

2.5.2. Let P be any monoid; for every f E P, let us set 

£>(/) := { P eSpecP|/G*p}. 

Notice that D(f) R D(g) = D(fg) for every f,gEP. We endow SpecP with the topology 
whose basis of open subsets consists of the subsets D(f), for every f E P. Notice that trip is 
the only closed point of Spec P (especially, Spec P is trivially quasi-compact). 

By lemma l2T.12[ the localization map jf : P — > Pf induces an identification jj : Spec P/ ^> 
D(f). It is easily seen that (j* f )~ 1 D(f g) = D(j(g)) C Spec Pf, in other words, the topology 
of Spec Pf agrees with the topology induced from Spec P, via j*. 

Next, for every / E P we set : 

^W(W)) := Pf. 

We claim that &specp{D{f)) depends only on the open subset D(f), up to natural isomorphism 
(and not on the choice of /). More precisely, say that D(f) C D(g) for two given elements 
f,g E P; it follows that the image of g in Pf lies outside the maximal ideal trip,, hence g E 
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Pj X , and therefore the localization map jf : P — > Pf factors uniquely through a morphism of 
monoids : 

jfg ■ l '< "> P f- 

Likewise, if D(g) C D(f) as well, the localization j g : P — > P g factors through a unique map 
j g j : Pf — ► P g , whence the identities : 

jfg ° jg,f ° jf = Jf jgj ° jf,g ° Jg = Jg 
and since jf and j g are epimorphisms, we see that jf g and j g j are mutually inverse isomor- 
phisms. 

2.5.3. Say that D(f) C -D(p) C -D(/i) for some f,g,h G P; by direct inspection, it is clear 
that jj 9 o j gh = jf h , so the rule D(f) i— > Py yields a well defined presheaf of monoids on the 
site of open subsets of Spec P of the form D(f) for some / G P. Then ^s P ecP is trivially a 
sheaf on (notice that if £>(/) = U igJ £)(<?« ) is an open covering of D(f), then D(<?i) = -D(/) 
for some i G I). According to ll26l Ch.O, §3.2.2] it follows that &specP extends uniquely to a 
well defined sheaf of monoids on SpecP, whence a monoidal space (SpecP, ^specp)- By 
inspecting the construction, we find natural identifications : 

(2.5.4) (^spccp)p ^ P P for every p G Spec P 
and moreover : 

P^r(SpecP,^ S pecp). 

It is also clear that the rule 

(2.5.5) P^ (SpecP, ^cp) 

defines a functor from the category Mnd° to the category of monoidal spaces. 

Proposition 2.5.6. The functor (12.5.51) is right adjoint to the functor : 

(T, T ) >-> T(T, T ) 
from, the category of monoidal spaces, to the category Mnd°. 
Proof. Let / : P — > T(T, ff T ) be a map of monoids. We define a morphism 

<Pf '■= (v^/^ogV 2 /) : ( T , &t) -> (SpecP, ^specp) 
as follows. Given t G T, let f t : P — > be the morphism deduced from /, and denote 
by rrii C the maximal ideal. We set <ff(t) := / t _1 (mt). In order to show that iff is 
continuous, it suffices to prove that := tpj 1 (D(s)) is open in M T , for every s G P. However, 
C/ s = {t G T | G ^p f }, and it is easily seen that this condition defines an open subset 

(details left to the reader). Next, we define log<^/ on the basic open subsets D(s). Indeed, let 
j s : r(T, &t) — ► &t(U s ) be the natural map; by construction, j s o f(s) is invertible in <ff T (U s ), 
hence j s o / extends to a unique map of monoids : 

P s = 0s P ccp(D(s)) -> <p f .0 T {D(s)). 

By Il26l Ch.O, §3.2.5], the above rule extends to a unique morphism ^specP — ^ </?/*^rof sheaves 
of monoids, whence - by adjunction - a well defined morphism log<^/ : </?j^specP - > ^r- In 
order to show that (cpf, log cpf) is the sought morphism of monoidal spaces, it remains to check 
that (log (ff) t : Ptp f (t) &T,t is a local morphism, for every t G T. However, let i t : P — > P^t) 
be the localization map; by construction, we have (log<£>/) t o i t = f t , and the contention is a 
straightforward consequence. 

Conversely, say that (cp,logcp) : (T, — > (SpecP, ^specp) is a morphism of monoidal 
spaces; then \og(f corresponds to a unique morphism ip : ^s P ecP — ► ( P*^'t, and we set 

/„:=r(SpecP,V):P->r(T,^ r ). 
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By inspecting the definitions, it is easily seen that f ipf = f for every morphism of monoids / as 
above. To conclude, it remains only to show that the rule (cp, log if) i— ► f v is injective. However, 
for a given morphism of monoidal spaces (ip, log <p) as above, and every point t E T, we have a 
commutative diagram of monoids : 

p^—r(T,^ T ) . 

h 

Pp(t) ^ fc'T.t 

Since log<£> t is local, it follows that <£>(t) = (f v o j t ) _1 m t , especially / v determines cp : T — > 
Spec P. Finally, since the map P — > P^) is an epimorphism, we see that log^ is determined 
by f v as well, and the proposition follows. □ 

Definition 2.5.7. Let (T, <ff T ) be a sharp monoidal space. 

(i) We say that (T, &t) is an qffinefan, if there exists a monoid P and an isomorphism of 
sharp monoidal spaces (SpecP, ^spccp)" —> (T, &t)- 

(ii) In the situation of (i), if P can be chosen to be finitely generated (resp. fine), we say 
that (T, &t) is a. finite (resp. fine) qffinefan. 

(iii) We say that (T, &t) is a fan, if there exists an open covering T = {J i£l Ui, such that the 
induced sharp monoidal space (U, 0t\u z ) is an affine fan, for every i E I. We denote 
by Fan the full subcategory of the category of monoidal spaces, whose objects are the 
fans. 

(iv) In the situation of (iii), if the covering (U i \i £ I) can be chosen, so that (Ui, &T\u t ) is 
a finite (resp. fine) affine fan for every i E I, we say that (T, & T ) is locally finite (resp. 
locally fine). 

(v) We say that the fan (T, 0?) is finite (resp. fine) if it is locally finite (resp. locally fine) 
and quasi-compact. 

(vi) Let (T, & T ) be a fan. The simplicial locus T sim C T is the subset of all t E T such that 
&T,t is a free monoid of finite rank. 

Remark 2.5.8. (i) For every monoid P, let Tp denote the affine fan (SpecP)". In light of 
proposition |2.5.6[ it is easily seen that the functor P i— > T P is an equivalence from the opposite 
of the full subcategory of sharp monoids, to the category of affine fans. 

(ii) Since the saturation functor commutes with localizations (lemma |2.2.9r i)), it is easily 
seen that the saturation of a fan is a fan, and more precisely, the saturation of an affine fan T P , 
is naturally isomorphic to Tp sa t . 

(iii) Let Q\ and Q 2 be two monoids; since the product P x Q is also the coproduct of P and 
Q in the category Mnd (see example Fl .7.44( 1)). we have a natural isomorphism in the category 
of fans : 

TpxQ — > T P X Tq. 

More generally, suppose that P — ► Qi, for i — 1,2, are two morphisms of monoids. Then we 
have a natural isomorphism of fans : 

Tq 1 ® p q 2 — > T Ql x Tp Tq 2 . 

From this, a standard argument shows that fibre products are representable in the category of 
fans. 

(iv) Furthermore, lemma |2T.15r ii) implies that the natural map : 

7r : Spec (P x Q) —> Spec P x Spec Q 
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is a homeomorphism (where the product of Spec P and Spec Q is taken in the category of 
topological spaces and continuous maps). 

(v) Moreover, we have natural isomorphisms of monoids : 

&T PxQ ,ir-\s,t) — > 0t p ,s x ff T Q,t for every s G Spec P and t G Spec Q. 

(vi) For any fan T := (T, ff T ), and any monoid M, we shall use the standard notation : 

T(M) := Hom Fan ((Spec M)\T). 

Especially, if T is an affine fan, say T = (SpecP)», then T(M) = Hom Mn d(P, M»); for 
instance, if T is affine, T(N) is a monoid, and T(Q + ) gp is a Q-vector space. Furthermore, by 
standard general nonsense we have natural identifications of sets : 

(Tx x r T 2 )(M) T\(M) x T(M ) T 2 (M) 

for any pair of T-fans T t and T 2 , and every monoid M. If T, T x and T 2 are affine, this identifi- 
cation is also an isomorphism of monoids. 

Example 2.5.9. (i) The topological space underlying the affine fan (SpecN, ^specN)" consists 
of two points : SpecN = {0,m}, where m := N\{0} is the closed point. The structure sheaf 
:— ^spccN is determined as follows. The two stalks are ff = {1} (the trivial monoid) and 
<ff m = N; the global sections are T(SpecN, 6) = N. 

(ii) Let (T, T ) be any fan, P any monoid, with maximal ideal rap, and cp : T P : = 
(Spec P, ^specp)" —> (T.,&t) a morphism of fans. Say that y?(mp) G U for some affine 
open subset U C F; then (^(SpecP) C U, hence cp factors through a morphism of fans 
Tp — > (U, &t\u)- In view of proposition 12.5.61 such a morphism corresponds to a unique 
morphism of monoids ^ : @t{U) — > P", and then (p(mp) = ^^(mp) G Spec &t(U) = U. 
The map on stalks determined by cp is the local morphism 

^ (mp) - Muu mp) /Mu); {mp) - p« 

obtained from after localization at the prime ideal ^^(mp). 

(iii) For any two monoids M and N, denote by loc.HomMnd(^f, N) the set of local mor- 
phisms of monoids M — > N. The discussion in (ii) leads to a natural identification : 

T{P) ^ JJloc.Hom M nd(^,P fl ) 

teT 

For any monoid P. The support of a P-point ip G T{P) is the unique point teT such that ip 
corresponds to a local morphism &r,t —> P ■ 

Example 2.5.10. (i) Let P be any monoid, k > any integer, set T P := (SpecP) tt , and let 
k P : P — ► P be the A;-Frobenius map of P (definition 11.7 . 54f ii)) . Then 

kx P := Spec kp : Tp ^ Tp 

is a well defined endomorphism inducing the identity on the underlying topological space. 

(ii) More generally, let F be any fan; for every integer k > we have the k-Frobenius 
endomorphism 

k F : F -> F 

which induces the identity on the underlying topological space, and whose restriction to any 
affine open subfan U C F is the endomorphism k v defined as in (i). 
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2.5.11. Let P be a monoid, M a P-module, and set Tp := (SpecP)". We define a presheaf 
M~ on the site of basic affine open subsets D(f) C Spec P (for all / 6 P), by the rule : 

U i-> M~(U) :=M® P Tp (U) 

(and for an inclusion U' C U of basic open subsets, the corresponding morphism M~(U) — > 
M~(Z7') is deduced from the restriction map 0t p (U) — > &t p {U')). It is easily seen that 
M~ is a sheaf, hence it extends to a well defined sheaf of <^t p -modules on Tp ( ll26l Ch.O, 
§3.2.5]). Clearly r(T P ,M~) = M, and the rule M ^ M~ yields a well defined functor 
P-Mod — > ^p-Mod, which is left adjoint to the global section functor on <^T p -modules : 
f— > T(Tp, (verification left to the reader). 

Definition 2.5.12. Let (T, ^y) be a fan, a ^-module. We say that is quasi-coherent, 
if there exists an open covering T = |J - g/ [/j of T by affine open subsets, and for each i E I a 
&t{Ui) -module with an isomorphism of ^riUj -modules ^> M~. 

Remark 2.5.13. (i) Let (T, be a fan, ^ a quasi-coherent ^-module, and U C T be any 
open subset, such that (£/, ^r|c/) is an affine fan (briefly : an affine open subfan of T). Then, 
since U admits a unique closed point t E U, it is easily seen that jM\v is naturally isomorphic 
to as a (^[/-module. 

(ii) In the same vein, if M is an invertible ^-module (see definition II .7. 16f iv)). then the 
restriction M\u of M to any affine open subset, is isomorphic to &t\u- 

(iii) For any fan (T, & T ), the sheaf of abelian groups is quasi-coherent (exercise for the 
reader). Suppose that T is integral; then an ^-submodule y C ^fP is called a fractional ideal 
(resp. a reflexive fractional ideal) of ^ T if ^ is quasi-coherent, and J?(U) is a fractional ideal 
(resp. a reflexive fractional ideal) of &t(U), for every affine open subset U C T. 

(iv) Let P be any integral monoid, / C P gp a fractional ideal of P, and set Tp : = (Spec P)1 
It follows easily from lemma l2~.4.22f i) that J~ C <^|P is a fractional ideal of ^t p , and J~ is 
reflexive if and only if / is a reflexive fractional ideal of P (lemma [2 .4. 22f ii)) . 

(v) Suppose that T is locally finite; in this case, it follows easily from lemma 12.1.91 that 
every quasi-coherent ideal of Gt is coherent. Likewise, if T is also integral, and J? C <^fP is a 
(quasi-coherent) fractional ideal of & T , then is coherent, provided the stalks are finitely 
generated <^r r modules, for every t E T. (Details left to the reader.) 

Remark 2.5.14. (i) Let T be any integral fan. We define a sheaf 3i%vt on T, by letting @wt(U) 
be the set of all reflexive fraction ideals of &u, for every open subset U C T. 

(ii) Now, suppose that T is locally fine; in this case, we can endow 2>wt with a natural 
structure of T-monoid, as follows. First, we define a presheaf of monoids on the site of 
affine open subsets of T by the rule : 

U i-> i^ T ([f) := (Div(^ T (C/)),0) 

(notation of (12.4.201 )) and for an inclusion U' C £7 of affine open subset, the corresponding 
morphism of monoids @wt(U) — > @ivr{U') is deduced from the flat map &t(U) — > &t{U'), 
by virtue of lemma IX.4.27r iv). Arguing as in (12.5.31) . we see that @ivx is a sheaf on ^r, and 
then [26, Ch.O, §3.2.2] implies that Qiwt extends uniquely to a sheaf of monoids on T. It is 
then clear that the sheaf of sets underlying this T-monoid is (naturally isomorphic to) the sheaf 
defined in (i). 

(iii) In the situation of (ii), we have likewise a T-submonoid ^iv^ C @iv t (remark |2.4.29l ), 
and we may also define a T-monoid 3)wt (see (|2.4.35l) ). Moreover, we have the global version 
of (|2.4.36l) : namely, the sequence of T-monoids 
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is exact (recall that = 1 T , the initial T-monoid), and j T restricts to a map of T-monoids 

Indeed, the assertion can be checked on the stalks over each t E T, where it reduces to the exact 
sequence (12.4.361) for P := &T,t- Lastly, we remark that, if T is locally fine and saturated, then 
&wt and &iv t are abelian T-groups (proposition l2.4.25T i.ii)). 

2.5.15. If / : T' — ► T is a morphism of fans, and ^# is any ^-module, then we define as 
usual the ^'-module : 

where f~ x ^ denotes the usual sheaf-theoretic inverse image of M (so / _1 (^t means here 
what was denoted f* &t in definition 12 .5 . 1 l ii)) . The rule ^ \— > f*^C yields a left adjoint to the 
functor 

^ T /-Mod -> ^ r -Mod ^ UJf 

(verification left to the reader). Notice that, if jtft is quasi-coherent, then f\/& is a quasi- 
coherent ^/-module. Indeed, the assertion is local on T', hence we are reduced to the case 
where T' = (Spec P') and T = (Spec P) for some monoids P and P', In this case, the functor 
M ^ /*(Af~) : P-Mod -> ^ T /-Mod is left adjoint to the functor J( ^ T(T', Jf) on G T ,- 
modules. The latter functor also admits the left adjoint given by the rule : M i— > (M ®p P')~, 
whence a natural isomorphism of -modules : 

f*(M~) ^ (M® P p'y. 

2.5. 16. Let T := (T, G T ) be a fan, t E T any point. The height of t is : 

htr(t) := dim ^ T)t G N U {+00} 

(see definition [2707]) and the dimension of T is dimT := sup(htr(t) | t E T). (If T = is 
the empty fan, we let dimT := —00.) 

Suppose that T is locally finite; then it follows from (12.5.41 ) and lemma [T. 1 . 1 9f iii),(iv) that 
the height of any point of T is an integer. Moreover, let U(t) C T denote the subset of all 
points x E T which specialize to t {i.e. such that the topological closure of {x} in T contains 
£); clearly U (t) is the intersection of all the open neighborhoods of t in T, and we have a natural 
homeomorphism : 

(2.5.17) Spec^ Tit ^ U(t). 

Especially, if T is locally finite, U (t) is a finite set, and moreover U(t) is an open subset : 
indeed, if U C T is any finite affine open neighborhood of t, we have U (t) C U, hence U (£) 
can be realized as the intersection of the finitely many open neighborhoods of t in U. In this 
case, (12.5.171) induces an isomorphism of fans : 

(2.5.18) (Spec T>t )l A (U(t), t? T \u(t))- 

Therefore, for every h E N, let T/, C T be the subset of all points of T of height < h; clearly 
U (t) C Th whenever t E Th, hence the foregoing shows that - if T is locally finite - Th is an 
open subset of T for every h E N, and T = IJ^eN 

Notice also that the simplicial locus of a fan T is closed under generizations. Therefore, T sim 
is an open subset of T, whenever T is locally finite. 

2.5.19. In the situation of remark |2.5.8r v), suppose additionally that P and Q are finitely 
generated. The natural projection P x Q — >• P induces a morphism j : T P — > Tp X Q of affine 
fans, and it is easily seenthatj(t) = 7r _1 (t, 0) for every £ e Tp. It follows that the restriction of 
j is a homeomorphism U(t) U(j(t)) for every £ e Tp, and moreover log j : j*0T PxQ — > &t p 
is an isomorphism. We conclude that j is an open immersion. 



FOUNDATIONS OF p-ADIC HODGE THEORY 



159 



2.5.20. Let P be a fine, sharp and saturated monoid, and set Q := P y (notation of (12.4.1 II) ). 
By proposition 12.4. 1 2t iv), we have a natural identification P ^ Q v . By proposition |2.4.7r ii) 
and corollary |2.3.12r ii), the rule 

(2.5.21) F^F*:=F*nP 

establishes a natural bijection from the faces of Q to those of P. For every face F of Q, set 
p F := P\F*; there follows a natural bijection Fnp F between the set of all faces of Q and 
Spec P, such that 

FcF'^pfC p F >. 
Moreover, set T P : = (Spec P)"; we have natural identifications : 

F v ^ ^T P ,p F for every face F of Q 
under which, the specialization maps <ff Tp p F , — » &t p p F correspond to the restriction maps 

(iT')V _ F V . ^ 

Definition 2.5.22. Let T := (T, be a fan. 

(i) An integral (resp. a rational) partial subdivision of T is a morphism / : (X", ^r') — ► X 
of fans such that, for every t E T', the group homomorphism 

(log f)f : fff m -> 0®? t (resp. the Q-linear map (log /)f p ® z 1q) 

is surjective. 

(ii) If / : T' — > T is an integral (resp. rational) partial subdivision, and the induced map 

T'(N)^T(N) (resp. T'(Q + ) ^ T(Q + )) : p ^ / o <p 

is bijective, we say that / is an integral (resp. a rational) subdivision of T. 

(iii) A morphism of fans / : T' — > T is finite (resp. proper), if the fibre f" 1 ^) is a finite 
(resp. and non-empty) set, for every t E T. 

(iv) A subdivision V -> T of T is simplicial, if T s ' im = T'. 

Remark 2.5.23. (i) Let T be any integral fan. Then the counit of adjunction 

is an integral subdivision. This morphism is also a homeomorphism on the underlying topolog- 
ical spaces, in light of |2.2.91 iv). 

(ii) Let / : T' — > T be any integral subdivision. Then / restricts to a bijection Tq T on 
the sets of points of height zero. Indeed, notice that, if t' E T is a point of height zero, then 
fit') E T since the map (log f)f must be local; moreover loc.Hom Mn d(<^T.t'> N) consists of 
precisely one element, namely the unique map a t : N — > {1}, and if t^, ^ G Tq have the same 
image in T , the sections oy and oy have the same image in T(N), hence they must coincide, 
so that t[ = t' 2 , as claimed. 

(iii) Let / : T — > T be an integral subdivision of locally fine and saturated fans. In general, 
the image of a point i' G T' of height one may have height strictly greater than one. On the 
other hand, for any t E T of height one, and any t' E / -1 (t), the map Z ^ ^fP t — > <^f,? t , 
must be surjective (theorem !2.4. 16r ii)). therefore Gfp t i is a cyclic group; however &t',v is also 
sharp and saturated, so it must be either the trivial monoid {1} or N. The first case is excluded 
by (ii), so ht(t') = 1, and moreover (log/)f is an isomorphism (and there exists a unique such 
isomorphism). Since the induced map X"(N) — > T(N) is bijective, it follows easily that f~ x it) 
consists of exactly one point, and therefore / restricts to an isomorphism f~ l {Ti) T\. 

Proposition 2.5.24. Lef / : T' — > T be a morphism of fans, with T' locally finite, and consider 
the following conditions : 

(a) The induced map T"(N) — > T(N) w injective. 
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(b) For every integral saturated monoid P, the induced map T'(P) — > T(P) is injective. 

(c) / is a partial rational subdivision. 

Then we have : (a) <^ (b) =>- (c). 

Proof. Obviously (b) =>- (a). Conversely, assume that (a) holds, let P be a saturated monoid, 
and suppose we have two sections in T'(P) whose images in T(P) agree. In light of example 
I2.5.9f iii). this means that we may find two points t' l: t' 2 E T", such that f(t[) = f(t' 2 ) = t, 
and two local morphisms of monoids : &T',t' —> P/P x whose compositions with log f t ' 
(i = 1,2) yield the same morphism Tjt — > P/P x , and we have to show that these maps 
are equal. In view of lemma |2.2.9r ii), we may then replace P by P/P x , and assume that 
P is sharp. Since the stalks of Gt 1 are finitely generated, the morphisms <7j factor through a 
finitely generated submonoid M C P. We may then replace P by its submonoid M sat , which 
allows to assume additionally that P is finitely generated (corollary 12.4. ll ii)). In this case, we 
may find an injective map j : P — > N® r (corollary 12.4. lOf iv): notice that j is trivially a local 
morphism), hence we may replace Oi by j o cr, (for i = 1, 2), after which we may assume 
that P = N® r for some r E N. Let 5 : P — > N be the local morphism given by the rule : 
(x±, . . . , x r ) i— > xi + • • • + x r for every x 1; . . . , x r E N; the compositions 5 o Oi (for = 1,2) are 
two elements of T'(N) whose images agree in T(N), hence they must coincide by assumption. 
This implies already that t[ = t' 2 . Next, let n k : P — > N (for k = 1, ... , r) be the natural 
projections, and fix < r; the morphisms n k o a,i for z = 1, 2 are not necessarily local, but they 
determine elements of T'(N) whose images agree again in T(N), hence they must coincide. 
Since k is arbitrary, we deduce that a\ — Ui, as stated. 

Next, we suppose that (b) holds, and we wish to show assertion (c); the latter is local on F 1 , 
hence we may assume that both F and F' are affine, say F = (Spec Q)" and F' = (Spec Q')K 
with Q' finitely generated and sharp, and then we are reduced to checking that the map Q gp ®i 
Q — > Q' gp ®i Q induced by / is surjective, or equivalently, that the dual map : 

Hom M nd(<5', Q) -> Hom M nd(Q,Q) 

is injective. To this aim, we may further assume that Q' is integral, in which case, by remark 
12.4. 14f i) we have Hom Mnd (Q / , Q) = Hom Mnd (<5', Q+) gp ; the contention is an easy conse- 
quence. □ 

2.5.25. In light of proposition [23^241 we may ask whether the surjectivity of the map on P- 
points induced by a morphism / of fans can be similarly characterized. This turns out to be 
the case, but more assumptions must be made on the morphism /, and also some additional 
restrictions must be imposed on the type of monoid P. Namely, we shall consider monoids of 
the form T + , where (T, <) is any totally ordered abelian group, and T + C T is the subgroup of 
all elements < 1 (where 1 E T denotes the neutral element). With this notation, we have the 
following : 

Proposition 2.5.26. Let f : T' — ► T be a finite partial integral subdivision, with T locally finite. 
The following conditions are equivalent : 

(a) The induced map T'(N) — > T(N) is surjective. 

(b) For every totally ordered abelian group (T, >), the induced map T'(T + ) — > T(T + ) is 
surjective. 

Proof. Obviously, we need only to show that (a) (b). Thus suppose, by way of contradic- 
tion, that (a) holds, but nevertheless there exists a totally ordered abelian group (T, <), and an 
element of T(T + ) which is not in the image of T'(T + ). Such element corresponds to a local 
morphism of monoids <p : & T ^ t —> I+, for some t E T, and the assumption means that ip does 
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not factor through the monoid @t', s , for any s G / 1 (t). Set 

P ■= ffto Q s ■= psp x<ygP for every s G 

Notice that, since the map P gp — >■ ^, p s is surjective, we have 




Qs/Q^^ls/WT 

and there is a natural injective morphism of monoids g s : P Q s , determined by the pair 
(i, (log/)™*), where i : P mt — > P gp is the natural morphism; moreover, P gp = <5f p for every 
s G Clearly <£> factors through a morphism Tp : P — ► T + ; since the unit of adjunction 

&T,t —> P is surjective, it follows that P is sharp and Tp is local. Moreover, the group homomor- 
phism Tp gp : P gp — > T factors uniquely through each Qf p . Our assumption then states that we 
may find, for each s G an element x s G Q s whose image in T lies in the complement of 

T + , i.e. the image of x" 1 lies in the maximal ideal m C I + . Let P' C P gp be the submonoid 
generated by P and by (x^ 1 | s G By construction, P' is finitely generated, and the 

morphism Tp extends uniquely to a morphism P' — > T + , which maps each a;^ 1 into m. It follows 
that all the xT 1 lie in the maximal ideal of P' . Let us now pick any local morphism tp' : P' — > N 
(corollary 12.4.1 Or iii)) : by restriction, induces a local morphism tp : P — >• N, which - accord- 
ing to (a) - must factor through a local morphism tp s : Q s N, for at least one s G f~ l (t). 
However, on the one hand we have ^' gp = tp gp = tpf p ; on the other hand tp'{x~ l ) ^ 0, hence 
tp s (x s ) = tp >sp (x s ) ^ N, a contradiction. □ 

Example 2.5.27. Let T be a locally fine fan, <p : F — > T an integral subdivision, with F locally 
fine and saturated, and k > an integer. Suppose we have a commutative diagram of fans : 



(2.5.28) 



where k T is the /c-Frobenius endomorphism (example |2.5.10f ii)). Then we claim that necessar- 
ily g = k F . Indeed, suppose that this fails; then we may find a point t G F such that the compo- 
sition of g and the open immersion j t : U(t) — > Pis not equal to j t o ku(t)- Set P := then 
go j t ^ j t o ku(t) m F(P)- However, an easy computation shows that (f(goj t ) = (p(J t o ku(t)), 
which contradicts proposition l2.5.24l 

2.5.29. Let P := U ngN P n be a N-graded monoid (see definition 1 1.7 .181 ); then P is a sub- 
monoid of P, every P n is a P -module, and P + := U n>0 P n is an ideal of P. For every a G P, 
the localization P a is Z-graded in an obvious way, and we denote by P( a ) C P a the submonoid 
of elements of degree 0. Notice that there is a natural identification of P -monoids 

(2.5.30) P(a n ) —* P{a) for every integer n > 0. 

Set as well : 

D + (a) := (SpecP (a) )» 

and notice that the natural map P — > Pi a \ induces a morphism of fans 7r a : D + (a) — > T P : = 
(Spec Po)K If b G P is any other element, in order to determine the fibre product D + {a) Xp P 
D + {b) we may assume - in light of (12.5.301) - that a,b G P„ for the same integer n, in which 
case we have natural isomorphisms 

P(a) ®P ^(6) ^ -P(o6) 421 P(a)[^ _1 a] 

(see remark [2. 1.24r i)) onto the localization of Pi a ) obtained by inverting its element a _1 6; this 
is of course the same as P( fo )[a _1 6]. In other words D + (a) x Tp D + (b) is naturally isomorphic 
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to D+(ab), identified to an open subfan in both D + (a) and D + (b). We may then glue the fans 
D + {a) for a ranging over all the elements of P, to obtain a new fan, denoted : 

ProjP 

called the projective fan associated to P. By inspecting the construction, we see that the mor- 
phisms ir a assemble to a well defined morphism of fans n P : Proj P — > T P . Each element 
a E P yields an open immersion j a : D + (a) — > Proj P, and if b E P is any other element, j ab 
factors through an open immersion D + (ab) — > D + (a). 

2.5.31. Let ip : P — > P' be a morphism of N-graded monoids (so tpP n C P' n for every n E N). 
Set : 

G(<p) := \jD + (<p(a))c ProjP'. 

aeP 

Notice that, for every a E P, <p induces a morphism : P( a ) — > Ply whence a morphism of 
affine fans (Proj <p) a ■ D + ((p(a)) — > D + (a) C Proj P. Moreover, if b E P is any other element, 
it is easily seen that (Proj ip) a and (Proj cp) b agree on D + (cp(a)) fl D + (cp(b)). Therefore, the 
morphisms (Proj cp) a glue to a well defined morphism : 

Proj ip : G(ip) — > Proj P. 

Notice that G(^) = Proj P', whenever 92P generates the ideal P' + . Moreover, we have 

(2.5.32) (Proj tp)- 1 D + {a) = D + (<p(a)) for every a E P. 

Indeed, say that D + {b) C G((p) for some b E P', and (Proj (p)D + (b) C P + (a). In order to 
show that D + (b) C D(cp(a)), it suffices to check that P + (6yj(c)) C D + ((p(a)) for every c E P. 
However, the assumption means that the natural map 

P (c) P (W)) P (V(c)) ~* P (W))/ P (Mc)) 

factors through the localization P( c ) — ► P( oc ). This is equivalent to saying that ^?(c -1 a) is invert- 
ible in P[ bip r c \y in which case the localization PL>( C )) ~^ P (Mc)) f actors through the localization 
P (W)) > PLtac))- T ne l atter means that the open immersion D + (b(p(c)) C P + (y?(c)) factors 
through the open immersion D + (ip(ac)) C D + (ip(c)), as claimed. 

2.5.33. In the situation of (12.5.291) , set Y := Proj P to ease notation. Let M be a Z-graded 
P-module; for every a E P, let M( a ) C M a := M ®p P a be the P( a )-submodule of degree zero 
elements (for the natural grading on M a ). We deduce a quasi-coherent &D + {a) -module 
(see definition l2.5.12l) . Moreover, if b E P is any other element, we have a natural identification 

U a ,b '■ M{a)\D + {a)r\D + {b) ~^ ^(b)\D + {a)C\D + {b)- 

This can be verified as follows. First, in view of (12.5.301 ), we may assume that a,b E P n , for 
some n E N, in which case we consider the P-linear morphism : 

x x b m 

M {a) -> M (b) ® P(b) P (6) [a" 6] : — i-> — ® — for every z G M nm . 

It is easily seen that this map is actually P( a ) -linear, hence it extends to a ^r(P + (a) fl D + (b))~ 
linear morphism : 

^a,fe : M( a ) ®p (o) P( a )[6 -1 a] M(&) ®P (b) P^cT 1 ^. 

Moreover, u; aib o co> b a is the identity map, hence u aib induces the sought isomorphism u a:b . 
Furthermore, for any a,b,c E P, set D + (a,b,c) := D + (a) fl D + (b) fl D + (c); we have the 
identity : 

Ua,c\D+(a,b,c) = ^6,c|D+(a,fe,c) ° ^a,b\D+(a,b,c) 
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which shows that the locally defined sheaves M?\ glue to a well defined i^V-module, which we 
shall denote M~. Especially, for every n E Z, let P(n) be the Z-graded P-module such that 
P(n)k := P n +k for every k E Z (with the convention that P n := if n < 0); we set : 

Y (n) ■= P{n)~. 

Every element a E P n induces a natural isomorphism : 

^y( n )|D + (a) — * ^D + ( a ) '■ x^f~ k x for every local section x. 

Hence on the open subset : 

U n (P) := |J D + (a) 

a6Pn 

the sheaf & Y (n) restricts to an invertible <ffjj n (P) -module (see definition 11.7.1 6t iv)). Especially, 
if Pi generates P + , the i^y-modules Gy{n) are invertible, for every n G Z. 



2.5.34. In the situation of (12.5.311) . let M be a Z-graded P-module. Then M' := M ® P P' is 
a Z-graded P'-module, with the grading defined by the rule : 

(2.5.35) M' n := (J lm(Mj ® Po P' k -»• M'). 

j'+fc=n 



There follows a P( a ) -linear morphism 

(2.5.36) M (a) ^M ( ; (a)) : ^ ~ ^ foreveryaGP 



and since both localization and tensor product commute with arbitrary colimits, it is easily seen 
that (12.5.361) extends an injective P/,^ -linear map 

whence a map of D+ {<p(o)) -modules (Proj <y2)*M|~ +(v)(o)) -> (Af')£ )} » and the system 
of such maps, for a ranging over the elements of P, is compatible with all open immersions 
D + (ip(ab)) C D + (a), whence a well defined monomorphism of (^(^-modules 

(2.5.37) (Proj^)*M~^(M')p G(v3) . 

Moreover, if a E Pi, then for every m E Mj and x E P' k , we may write 

m®x m x 



ip(a,y +k ai f(o,y 

so the above map is an isomorphism on D + (a). Thus, (12.5.371) restricts to an isomorphism on 
the open subset 

Gi(f) ■= IJ D +^ a ))- 

aGPi 

Especially (12.5.371) is an isomorphism whenever Pi generates P + . Notice as well that Gi((p) C 

fA(P') n G(y>), and actually G x {<p) = U X {P') if <p(P) generates P' + . 
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2.5.38. Let P be as in (12.5.291) . and / : P - > Q a given morphism of monoids. Then 
P' := P ®p Q is naturally N-graded, so that the natural map / P : P ^ P' is a morphism of 
graded monoids. Every element of P' is of the form a®b = (a <8> 1) • (1 ® b), where a £ P and 
b E Q. Then lemma [L7 .481 yields a natural isomorphism of Q-monoids : 

p { a) ®p Qfr 1 ] a p ( ' o06) 

whence an isomorphism of affine fans : 

D + {a®b) ^D + {a) x Tp D{b) 

such that (n a x Tp j%) o [3 a(g>b = n a ® b , where : D(6) — >• T Q := (SpecQ)" is the natural open 
immersion. Especially, it is easily seen that the isomorphisms (3 a ^i assemble to a well defined 
isomorphism of fans : 

(Proj f P , ttpO : Proj P' A Proj Px Tp T Q 

such that (7rp x Tp 1 T ) o (Proj f P , ir P >) = it pi. Lastly, if g : Q — > R is another morphism of 
monoids, T R : = (Spec R)\ and P" := P' ®q R, then we have the identity : 

(2.5.39) ((Proj f P , ir P i) x Tq 1 Tr ) o (Proj g pi , n p// ) = (Proj (g o /) P , 7Tp»). 

Moreover, for every Z-graded module M, the map (Proj /p)*M~ — > (M ®p Q)\Git p \ of 
(12.5.371 ) is an isomorphism, regardless of whether or not P x generates P + (verification left to 
the reader). Especially, we get a natural identification : 

(Proj f P )*0 Y (n) £y/(n) for every n G Z 

where Y := Proj P and Y' := Proj P'. 

2.5.40. In the situation of (12.5.381) . let cp : R — > P be a morphism of N-graded monoids. There 
follow morphisms of fans : 

Proj <p : G(<p) -> Proj P Proj (/ P o : G(/ P o -> Proj P 

and in view of (12.5.321) , it is easily seen that : 

(2.5.41) G(f P o ip) = (Proj /p)"^^)). 

2.5.42. Let now (T, <^ T ) be any fan. A N-graded ff T -monoid is a N-graded T-monoid ^, 
with a morphism ^ p — > of T-monoids. We say that such a <^p-monoid is quasi-coherent, 
if it is such, when regarded as a €?p-module. To a quasi-coherent N-graded ^p-monoid we 
attach a morphism of fans : 

vr^ : Proj & -> T 

constructed as follows. First, for every affine open subfan U C T, the monoid &{U) is N- 
graded, so we have the projective fan Proj &(U), and the morphism of monoids ffp{U) — > 
£P(U) induces a morphism of fans Proj £P(U) — > U. Next, say that XJ\,Ui C T are two affine 
open subsets; for any affine open subset V C U\ fl P 2 we have restriction maps p y i : ^{Ui) — > 
^(V) inducing isomorphisms of graded ^ P (V) -monoids : 

^(^) #r(V) ^ ^(V). 

whence isomorphisms of V-fans : 

Proj 0>(y) ^ Proj ^(^) ® ffT{m T (V) Proj ^(^) x v . V 

which in turn yield natural identifications : 

$ v : Proj &>(U X ) x Vl V A Proj ^(P 2 ) x % V. 



FOUNDATIONS OF p-ADIC HODGE THEORY 



165 



If W C V is a smaller affine open subset, (12.5.391) implies that f> v x v lw = an d therefore 
the isomorphisms $y glue to a single isomorphism of U\ fl f/ 2 -fans : 

Proj ^(fA) Xc/1 n U 2 ) A Proj ^(C/ 2 ) n C/ 2 ) 

which is furthermore compatible with base change to any triple intersection UinU^nU^ of affine 
open subsets (details left to the reader). In such situation, we may glue the fans Proj &(U) - 
with U C T ranging over all the open affine subsets - along the above isomorphisms, to obtain 
the sought fan Proj 2?\ the construction also comes with a well defined morphism to T, as 
required. Then, for every such open affine U, the induced morphism Proj &(U) — > Proj & is 
an open immersion; finally a direct inspection shows that, for every smaller affine open subset 
V C U we have : 

U n (0>(U)) n Proj &>(V) = U n (0>(V)) for every n E N 

(where the intersection is taken in Proj Hence the union of all the open subsets U n (&{U)) 
is an open subset £/ n (^) C Proj^, intersecting each Proj ^(U) in its subset U n {3P(U)). 

2.5.43. To ease notation, set Y := Proj and let ix : Y — ► T be the projection. Let 
^ be a Z-graded ^-module, quasi-coherent as a ^-module; for every affine open subset 
U C T, the graded ^(P)-module „.# (C/) yields a quasi-coherent ^-module and 
every inclusion of affine open subset U' C U induces a natural isomorphism ^^j^/ — > of 
G^-^xji -modules. Therefore the modules glue to a well defined ^y-module 

For every jigZ, denote by ^#(n) the Z-graded ^-module such that M{n) k := ^ n+ k for 
every k E Z (especially, with the convention that := whenever k < 0, we obtain in this 
way the ^-module &(n)). We set : 

Y {n) := @>{nY and Jt~{n) := ^ ® 0Y G Y [n). 

Clearly the restriction of 0y{n) to U n (£P) is invertible, for every n E Z. 

Moreover, for every n E Z, the scalar multiplication ^(n) (g)^ T — »■ ^#(n) determines a 
well defined morphism of ^y-modules : 

./#~(n) — > ^(n)~ 

and arguing as in (12.5.341) we see that the restriction of this map is an isomorphism onU\(&). 
Especially, we have natural morphisms of ^-modules : 

0y{n) ®0 Y Gy{m) — > @y{n + m) for every n, m E Z 

whose restrictions to Ui(&) are isomorphisms. 

Example 2.5.44. Let T be a fan, j£f an invertible <^ T -module, and set ^(jSf) := Sym^ T J?f 
(see example [1.7.221) . Then the morphism 

7i> (jSr) : P(j2f) := Proj <P(jgf) - T 

is an isomorphism. Indeed, the assertion can be checked locally on every affine open subset 
U C T, hence say that Z7 = (Spec P)" for some monoid P, and Jzf ~ &t\u, m which case the 
P-monoid &(Jjf)(U) is isomorphic to P x N (with its natural morphism F^PxN:i;h 
(x, 0) for every x E P), and the sought isomorphism corresponds to the natural identification : 

(2.5.45) P=(PxN) {1)1) 

where (1, 1) E P x {1} = (P x N)i. Likewise, ^W,sf)(n) is the -module associated to 
the graded (P x N)-module P x N(n) = ^® n (t/) ® P (P x N), so (I2.5.45D induces a natural 
isomorphism 

7r^ ( ^. )= Sf 0n ^p(if)(n) for every nGN. 
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2.5.46. In the situation of (12.5.421) . let ip : & — > 3?' be a morphism of quasi-coherent N- 
graded ^-monoids (defined in the obvious way). By the foregoing, for every affine open 
subset U C T, we have an induced morphism Proj <p(U) : G(ip(U)) — > Proj^(?7) of [/-fans, 
where G(<p(U)) C Proj ^(U) is an open subset of Proj Let V C £/ be a smaller affine 
open subset; in light of (12.5.411) . we have 

G((p(V)) = G((p(U)) n Proj guy). 

It follows that the union of all the open subsets G(<p(U)) is an open subset G(cp) such that 

GO) n Proj &>(U) = G{tp{U)) for every affine open subset U C T 

and the morphisms Proj (p(U) assemble to a well defined morphism 

Proj (p :G((f) ^ Proj s . 

Moreover, if j% is a Z-graded quasi-coherent ^-module, the morphisms (12.5.371) assemble to 
a well defined morphism of &GUp) -modules : 

(2.5.47) (Proj^)*^~^M"fc) 

where the grading of := M ®g> is defined as in (12.5.35b . Likewise, the union of all 
open subsets Gx(ip(U)) is an open subset Gi(ip) C U\{^) R £?(</?), such that the restriction 
of (12.5.47b to GiO) is an isomorphism. Especially, set Y := Proj & and F' := Proj 2?'\ we 
have a natural morphism : 

(Proj <p)*0 Y (n) A ^y/(n)| G (p) 
which is an isomorphism, if ^ generates ^ + := ]J n>0 ^ n locally on T. 

2.5.48. On the other hand, let / : T' — ► T be a morphism of fans. The discussion in (12.5.38b 
implies that / induces a natural isomorphism of T'-fans : 

(2.5.49) Proj f*&> A Proj & x T T'. 

Moreover, set Y := Proj Y' : = Proj f*&, and let tt y : K' — > K be the projection deduced 
from (12.5.49b ; then there follows a natural identification : 

&Y' (n) —> ir Y (?Y(n) for every nGZ. 

2.5.50. Keep the notation of (|2.5.42b . and to ease notation, set Y := Proj & . Let be the 
category whose objects are all the pairs (ip : X — > T,Jf), where tp is a morphism of fans, 
and J*f is an invertible ^-module; the morphisms (if) : X — »• T, J5f ) — > : X' -> T, j£f') 
are the pairs (/3, /i), where /3 : X — > X' is a morphism of T-fans, and h : jSf is 

an isomorphism of ^-/-modules (with composition of morphisms defined in the obvious way). 
Consider the functor 

Fg? '. 'io — > Set 

which assigns to any object (ip,Jf) of c €, the set consisting of all morphisms of graded G x - 
monoids 

g : r& - Sym^Jg? 

which are epimorphisms on the underlying &x -modules (notation of example 1 1.7 .22b . On a 
morphism (J3, h) as in the foregoing, and an element g' E F^>(ip', J£"), the functor acts by the 
rule : 

F^(fi,h) := (Sym^/i)o/3V- 
Lemma 2.5.51. In the situation of (12.5.50b . the following holds : 

(i) The object {it0>\u 1 {@>) '■ U\(£?) — > T, & Y (X)\Ui{,9>)) represents the functor F^. 
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(ii) If 3? is an integral T -monoid, the <ffT-tnonoid ^ sat admits a unique grading such that 
the unit of adjunction 3? — ► ^ sat is a N-graded morphism, and there is a natural 
isomorphism of Proj s -fans : 

Proj (^ sat ) A (Proj ^) sat . 

Proof, (i): The proof is mutatis mutandis, the same as that of lemma 15 .4.261 (with some minor 
simplifications). We leave it as an exercise for the reader. 

(ii): The first assertion shall be left to the reader. The second assertion is local on Proj 3?, 
hence we may assume that T = (SpecP ), an d & = P~ for some N-graded integral P - 
monoid P. Let a E P sat be any element; by definition we have a n E P for some n > 0, and we 
know that the open subsets D + (a) et D + (a n ) coincide in Proj(^ sat ); hence we come down to 
showing that (P( a )) sat = (P sat )( a ) for every a E P, which can be left to reader. □ 

Definition 2.5.52. Let (T, &t) be a fan (resp. an integral fan), C 0? an ideal (resp. a 
fractional ideal) of @t- 

(i) Let / : X — > T be a morphism of fans (resp. of integral fans); then f' 1 ^ is an ideal 
(resp. a fractional ideal) of f~ l &T, and we let : 

J?0 X := log f(r l J?) -& x 

which is the smallest ideal (res. fractional ideal) @x containing the image of f^J" . 

(ii) A blow up of the ideal ^ is a morphism of fans (resp. of integral fans) ip : T' — > T 
which enjoys the following universal property. The ideal (resp. fractional ideal) ^ & T < 
is invertible, and every morphism of fans (resp. of integral fans) X — > T such that 

(?x is invertible, factors uniquely through (p. 

2.5.53. Let T be a fan (resp. an integral fan), y C &t a quasi-coherent ideal (resp. fractional 
ideal), and consider the N-graded ^-monoid : 

3S{J):=\\j n 

n€N 

where J^" C &t is the ideal (resp. fractional ideal) associated to the presheaf U i— > J zr ([/) n 
for every open subset U C T (notation of (|2.1.1I) . with the convention that := &t) and the 
multiplication law of 38(J r ) is defined in the obvious way. 

Proposition 2.5.54. The natural projection 

Proj 3§{J?) -> T 

is a blow up of the ideal J? . 

Proof. We shall consider the case where T is not necessarily integral, and ^ C &t\ the case 
of a fractional ideal of an integral fan is proven in the same way. Set Y := Proj 3§{^); to 
begin with, let us show that is invertible. The assertion is local on T, hence we may 

assume that T = (SpecP)", and = J~ for some ideal / C P, so Y = Proj B(I), where 
B(I) = UneN I n - L et a E B{I)i = I be any element; then the restriction of J6 Y to D + (a) is 
generated by 1 = a/a E P(J)( a ), so clearly ^\D + ( a ) — @y\ since U 1 (B(I)) = Y (notation of 
(12.5.331 )), the contention follows. 

Next, let if : X — ► T be a morphism of fans, such that J^^x is an invertible ideal. It follows 
easily that J !n Gx is invertible for every n E N, so the natural map of N-graded ^x-monoids 

<p*Sym' ffT {S) A Sym^(^ x ) - ^(^) 

is an isomorphism. On the other hand, the projection Proj 3§(J?&x) — > X is an isomorphism 
(example (12.5.441) ). whence - in view of (12.5.491) - a natural morphism of T-fans : 

(2.5.55) X^Proj^(^). 
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To conclude, it remains to show that (12.5.551) is the only moronism of T-fans from X to 
Proj The latter assertion can be checked again locally on T, so we are reduced as 

above to the case where T is the spectrum of P, and J* is associated to I. We may also as- 
sume that X = (SpecQ)", and (p is given by a morphism of monoids / : P — > Q. Then the 
hypothesis means that the ideal f(I)Q is isomorphic to Q (see remark [2.5 . 1 3r ii)) . hence it is 
generated by an element of the form f(a), for some a G I, and the endomorphism x i— ► f(a)x 
of f(I)Q, is an isomorphism. In such situation, it is clear that / factors uniquely through a 
morphism of monoids P — > B(I)uy, namely, one defines g : P(/)( a ) — > Q by the rule : 
a~ k x t— > f(a)~ k f(x) (for every x G I k ), which is well defined, by the foregoing observations. 
The morphism (Spec gy : X — > D + (a) must then agree with (|2.5.55l) . □ 

Example 2.5.56. (i) Let P be a monoid, I C P any finitely generated ideal, {ai, . . . , a n } a 
finite system of generators of /; set T := (SpecP)", and let </? : T' — > T be the blow up of 
the ideal 7~ C &t- Then T' admits an open covering consisting of the affine fans D + (fi). 
The latter are the spectra of the monoids Q, consisting of all fractions of the form a ■ ff f , for 
every a G I n ; we have a ■ /~* = b ■ f^ s in Qi if and only if there exists k G N such that 
a js+k _ if an( j on iy jf the two fractions are equal in Py., in other word, Qi is the 

submonoid of Pf. generated by P and {fj • ff 1 \ j < n}, for every % — 1, . . . , n. 

(ii) Consider the special case where P is fine, and the ideal I C P is generated by two 
elements f,g G P. Let t G T' be any point; up to swapping / and g, we may assume that t 
corresponds to a prime ideal p C P[f/g], hence (p(t) corresponds to q := j _1 p C P, where 
j : P — > P[f/g] is the natural map. We have the following two possibilities : 

• Either f/g G p, in which case let y G F' := P[f/g]\p be any element; writing 
x = y-(f / g) n for some n > andy G P, we deduce that n = 0, soi = y G F := P\q, 
therefore F 7 = j(P). Notice as well that in this case f/g is not invertible in P [//<?], 
hence P [//g] x = P x , whence dimP[//p] = dimP, and , by corollary 12 . 4 . 1 PI T) ■ 

• Or else f/g p, in which case the same argument yields F' = j(F)[f/g]. In this 
case, f/g is invertible in P[f/g] if and only if it is invertible in the face F', hence 
ht p = dim P - rk z P' > dim P - dim F - 1, by corollary |2A10(i),(ii). 

In either event, corollary 12.4. lOf i).(ii) implies the inequality : 

1 > h%(t)) - ht(t) > for every t G T. 

2.6. Special subdivisions. In this section we explain how to construct - either by geometrical 
or combinatorial means - useful subdivisions of given fans. 

2.6.1. Let T be any locally fine and saturated fan, and t G T any point. By reflexivity 
(proposition 12.4. ^ iv)). the elements s G 6^ t ®% Q correspond bijectively to Q-linear forms 
p s : U(t)(Q + ) gp — > Q, and s G if and only if p s restricts to a morphism of monoids 
U (t) (N) — > Z. Moreover, this bijection is compatible with specialization maps : if t' is a gener- 
ization of t in T, then the form U (t')(Q+) gp -> Q induced by the image of s in G^ t , <g> z Q is 
the restriction of p s (see (I2.5.20I )). 

Hence, any global section A G T(T, ^|, p ) yields a well defined function 

Px : T(N) -> Z 

whose restriction to (N) is the restriction of a Z-linear form on £/ (t) (N) gp , for every t G T; 
conversely, any such function arises from a unique global section of i^f p . Likewise, we have 
a natural isomorphism between the Q-vector space of global sections A of ®i Q, and the 
space of functions p\ : T(Q + ) — > Q with a corresponding linearity property. 
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Let now p : T(Q + ) — > Q be any function; we may attach to p a sheaf of fractional ideals of 
^t,q (notation of (12.3.201) ), by the rule : 

<^p,q(U) '■— {s G &t,q(U) I p s > P\u} for every open subset U C T 

In this generality, not much can be said concerning J^ P: q; to advance, we restrict our attention 
to a special class of functions, singled out by the following : 

Definition 2.6.2. Let T be a locally fine and saturated fan. 

(a) A roof on T is a function : 

p : T(Q+) -> Q 

such that, for every t G T, there exist k := k(t) G N and Q-linear forms 

A 1 ,...,A fc :f/(i)(Q+) SP ^Q 

with p(s) = min(Aj(s) | z = 1, . . . , fe) for every s G Z7(i)(Q + ). 

(b) An integral roof on T is a roof p on T such that p(s) G Z for every s G T(N). 

2.6.3. The interest of the notion of roof on a fan T, is that it encodes in a geometrical way, 
an integral subdivision of T, together with a coherent sheaf of fractional ideals of &t (see 
definition 11.7.1 6r iii)). This shall be seen in several steps. To begin with, let T and p be as in 
definition l2.6.2r a). For any t G T, pick a system A := {Ai, . . . , A^} of Q-linear forms fulfilling 
condition (b) of the definition; then for every i = 1, . . . , k let us set : 

U(t,i)(N) := {x G U(t)(N) | p(x) = Xi(x)}. 

Notice that U (t)(N) = ^T,t, by proposition (2AT2tiv). Moreover, say that A is irredundant for 
t if no proper subsystem of A fulfills condition (b) of definition 12 .6 . 21 relative to U (t). 

Lemma 2.6.4. With the notation of (12.6.31 ), the following holds : 

(i) U (t, i)(N) is a saturated fine monoid for every i < k. 

(ii) There is a unique system of ^-linear forms which is irredundant for t. 

(iii) If A is irredundant for t, then dim U(t, i) (N) = htr(t) for every i — 1, . . . , k. 

Proof, (i): We leave to the reader the verification that U (t, i) is a saturated monoid. Next, let 
CTj C U (t) (IR + ) gpV be the convex polyhedral cone spanned by the linear forms 

((Xj-Xi) ®®R\j = l,...,k). 

Then a, is -rational, so a( is ^fP t -rational, and a( n &^? t is a fine monoid (propositions 
I2.3.2im . and 123,22(0), therefore the same holds for [/(t, i )(N) = a t v n ^ T ,t (coro llary l2~A2l 
(iii): Notice that ht T (t) = dimU(t)(N), by proposition \2AUlii) and (12.5.181) . In view of 
corollary 12.4. lOt i). it follows already that dimU(t, i) < ht T (t). Now, let Ai, . . . , A& be an 
irredundant system, and suppose, by contradiction, that dim U(t,i)(N) < dim U(t)(N) for 
some i < k. Especially, cr 4 v n Z7(i)(R+) does not span the IR-vector space (t) (IR + ) gp , and 
therefore the dual + U (£) (R) v is not strongly convex (corollary 12.3 .141) . After relabeling, we 
may assume that i = 1. Hence there exist a J; bj G M+ and <p, <p' G £/(t)(IR) v , and an identity : 

k k 
3=2 j=2 

Moreover, Y^j=2( a j + fy) > 0. It follows that there exist ip G U(t)(R) v , and non-negative real 
numbers (cj \ j = 2, . . . k) such that 

k k 

Aj = \J CjAj + ^ and 2J Cj = 1. 
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On the other hand, the irredundancy condition means that there exists x E U(t, 1)(N) such that 
Xj(x) > Xi(x) for every j > 1. Since ip(x) > 0, we get a contradiction. 

(ii): The assertion is clear, if lit^t) < 1- Hence suppose that the height of t is > 2, and let 
A := {Ai, . . . , Afe} and p, := {/ii, . . . , /i r } be two irredundant systems for t. Fix i < k, and pick 
x E U(t, i) (N) which does not lie on any proper face of U(t, i) (N) (the existence of x is ensured 
by (iii) and proposition I2.4.7IT )): say that p.\(x) = p(x). Since i is arbitrary, the assertion shall 
follow, once we have shown that pi agrees with Aj on the whole of U(t, i) (N). 

However, by definition we have p,i(y) > \i(y) for every y E U(t, i) (N), and then it is easily 
seen that Ker(/ii — Aj) H U (t, is a face of U(t, since x E Ker( / ui — A;), we deduce 

that fii — \i vanishes identically on U(t, i) (N). □ 

2.6.5. Henceforth, we denote by X{t) : = {Ai, . . . , Afc} the irredundant system of Q-linear 
forms for t. Let 1 < i,j < k; then we claim that U(t,i,j)(N) := U(t,i)(N) n U(t,j)(N) 
is a face of both U(t,i)(N) and U(t,j)(N). Indeed say that E U(t,i)(N) and x + x' E 
U (t, i, j) (N); these conditions translate the identities : 

Xi(x) + Xi(x') = Xj(x) + Xj(x') Xi(x) < Xj(x) Xi(x') < Xj(x') 

whence x,x' E U(t,i,j)(N). Define : 

U(t,i) := (Spec[/(t,z)(N) v ) tt U(t,i,j) := (Spec U(t, i, j)(N) v ) s for every i,j < k. 

According to (12.5.201) and (12.5.181) . the inclusion maps U(t, i,j)(N) -> C/(t, Z)(N) (for I = 
are dual to open immersions 

(2.6.6) U(t,i)^U(t,i,j)^U(t,j). 

We may then attach to t and p\u(t) the fan U(t,p) obtained by gluing the affine fans U(t,i) 
along their common intersections U(t,i,j). The duals of the inclusions U(t,i)(N) — > U(t)(N) 
determine a well defined morphism of locally fine and saturated fans : 

(2.6.7) U(t,p)^U(t) 

which, by construction, induces a bijection on N-points : U(t,p)(H) —> U(t)(N), so it is a 
rational subdivision, according to proposition l2.5.24l 

2.6.8. Let now if E T be a generization of t; clearly the system A' := {A' 1; . . . , A' fc } consist- 
ing of the restrictions A^ of the linear forms Aj to the Q-vector subspace f/(t')(Q + ) gp , fulfills 
condition (b) of definition 12.6.21 relative to t' . However, A' may fail to be irredundant; after re- 
labeling, we may assume that the subsystem {A^, . . . , AJ} is irredundant for t', for some I < k. 
With the foregoing notation, we have obvious identities : 

U(t',i)(N) = U(t,i)(N) n U(f)(N) U(t',i,j)(N) = U(t,i,j)(N) n U(t')(N) 

for every i, j < I; whence, in light of remark l2.4.14r iii). a commutative diagram of fans : 

U(t', i) * U(f, i, j) U(t', j) 



U(t,i) x u(t) U(t')* U(t,i,j) x m U(t f ) »U(t,i) x u(t) U(f) 

whose top horizontal arrows are the open immersions (12.6.61) (with t replaced by t'), whose 
bottom horizontal arrows are the open immersions (12.6.61) x um U (£'), and whose vertical arrows 
are natural isomorphisms. Since U (£') is an open subset of U(t), we deduce an open immersion 

j t>t ,:U(t',p)^U(t,p). 
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If t" is a generization of t', it is clear that j t i jt n oj t t , = j t t ,i, hence we may glue the fans U (t, p) 
along these open immersions, to obtain a locally fine and saturated fan T(p). Furthermore, the 
morphisms (12.6.71) glue to a single rational subdivision : 

(2.6.9) T(p) -> T. 

Remark 2.6.10. (i) In the language of definition 12.3.251 the foregoing lengthy procedure trans- 
lates as the following simple geometric operation. Given a fan A (consisting of a collection 
of convex polyhedral cones of a M-vector space V), a roof on A is a piecewise linear function 
F := |J CT e a a ~ > which is concave on each a E A (and hence it is a roof on each such 
a, in the sense of example 12.3.271) . Then, such a roof determines a natural refinement A' of 
A; namely, A' is the coarsest refinement such that, for each a' E A', the function py is the 
restriction of a M-linear form on V. This refinement A' corresponds to the present T(p). 

(ii) Moreover, let P be a fine, sharp and saturated monoid of dimension d, set T P := 
(SpecP)^, and suppose that / : T — > T P is any integral, fine, proper and saturated subdivi- 
sion. Then / corresponds to a geometrical subdivision A of the strictly convex polyhedral cone 
Tp(R + ) = Pjj, and we claim that A can be refined by the subdivision associated to a roof 
on Tp. Namely, let A^-i be the subset of A consisting of all a of dimension d — 1; every 
a E A<i-i is the intersection of a rf-dimensional element of A and a hyperplane H a C P| pV ; 
such hyperplane is the kernel of a linear form X a on Pjf pV . Let us define 

p(x) := min(0, \ a {x)) for every x E T P (R + ). 

Then it is easily seen that the subdivision of Tp(M + ) associated to the roof p as in (i), refines 
the subdivision A. In the language of fans, this construction translates as follows. For every 
point a E T of height d — 1, 1st H a C P gp be the kernel of the surjection P gp -> 
induced by log/; notice that H a is a free abelian group of rank one, and pick a generator 
s a of H (j , which - as in (12.6.11 ) - corresponds to a function \ a : T P (N) — > Z, so we may 
again consider the integral roof p on T P defined as in the foregoing. Then it is easily seen 
that the rational subdivision T(p) — > T P associated to p, factors as the composition of / and 
a (necessarily unique) integral subdivision g : T(p) — ► T. More precisely, for every mapping 
e : {a E T \ ht(<r) = d - 1} {0, 1}, let us set 

\ £ -= e(a)-X a and U(e)(N) := {x E T P (N) \ p(x) = X £ (x)}. 

ht(o-)=d-l 

Whenever U(e)(N) has dimension d, let t e G T(p) be the unique point such that f/(£:)(N) v = 
&T( P ),t £ - As the reader may check, there exists a unique closed point r E T, such that e(cr) • 
Ao-(^) < for every x E U (r)(N) and every a E U (r) of height d— 1. Then we have g(t e ) = r, 
and the restriction £/(t e ) — > of g is deduced from the inclusion U(e)(H) C f/(r)(N) of 
submonoids of T P (N). 

(iii) Furthermore, in the situation of (ii), the roof p on T P can also be viewed as a roof on T, 
and then it is clear from the construction that the morphism g : T(p) — > T is also the subdivision 
of T attached to the roof p. 

We wish now to establish some basic properties of the sheaf of fractional ideals 

y P ■= y P ,q n Gf 

attached to a given roof on T. First we remark : 

Lemma 2.6.11. Keep the notation of (12.6.51) . and let s E G T p t ®z Q be any element such that 
Ps > P\u(t)- Then we have : 
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(i) There exist ip G (^t,*)q (notation of (12.3.201) ) and c±, . . . , G E + swc/z f/zaf : 

p s = p v + 22 Q = L 

i=l i=l 

(ii) 77ze .sta/fc J^, 5 t is a finitely generated Gf,t-module. 

Proof, (i): Let o C £/(t)(IR + ) gp be the convex polyhedral cone spanned by the linear forms 
((Aj — ps) ®q E | i = 1, . . . , Then the assumption on s means that 

U{t){R+) n ct v = C/(i)(K+) n Kerp s ® Q E. 

Especially a v DU (t) (E + ) does not span C/(t) (IR + ) gp . Then one can repeat the proof of lemma 
|2.6.4r iii) to derive the assertion. 

(ii): By remark l2A14f i). we may write A« = p Si — p s >., where Sj, s- G (^t,*)q for each i < k; 
pick iV G N large enough, so that iVs^ G <^r,t for every i < k, and set r := iV Yli=i s i- Then 
r + Jp >t C ^| p t n (^r,t)Q = &T,t- By lemma 12. 1.9T iD. we deduce that r + J pit is a finitely 
generated ideal, whence the contention. □ 

Proposition 2.6.12. Let The a locally fine and saturated fan, p a roof on T. Then the associated 
fractional ideal J? p of <ffx is coherent. 

Proof. In view of lemma [T.6. 1 lf ii) and remark [2.5. 13f v), it suffices to show that J* p is quasi- 
coherent, i.e. for every generization t' of t, the image of y pit in G T ji generates the &T,t'~ 
module J^f. Fix such t'\ by propositions I2.3.2TU ) and 12.4 7l i), there exists A G &T,t = 
U(t)(N) v such that U(t')(N) = Ker A; especially, we see that U(t')(N) gp is a direct summand 
of U(t)(N) gp . Now, let s' G y pi # be any local section; it follows that we may find s G <^f p t 
such that p s : U(t)(N) gp — > Z is a Z-linear extension of the corresponding Z-linear form 
p s ' : £/(t')(N) gp — > Z. Let also {Ai, . . . , A&} be the irredundant system of Q-linear forms for t 
(relative to the roof p). For every i < k we have the following situation : 

Ar := A <S)q E G I7(t, *)(M+) V (p s - Ai) <S>q E G U(t', *)(M+) V . 

However, [/(£', i)(R+) = U{t,i){R+) n Ker Ar, hence C/(f, z)(M+) v = £/(M)(M+) v + EA R . 
Especially, there exists r, G R+ and <p G £/(t)(M + ) v such that (p s — Aj) ®q E = cp — t^Ar. Let 
iV be an integer greater than max(ri, . . . , r fc ); it follows that s + NX G J^t and its image in 
J^f equals s'. □ 

Proposition 2.6.13. In the situation of (12.6.31 ) suppose that p is an integral roof on T. Then the 
morphism (12.6.91) is the saturation of a blow up of the fractional ideal J" p . 

Proof. We have to exhibit an isomorphism / : T(p) — > X : = Proj ^(^) sat of T-fans. We 
begin with : 

Claim 2.6.14. (i) The fractional ideal ^ p &T{p) is invertible. 

(ii) For every n G N, denote by np : T(Q + ) — > Q + the function given by the rule x h- > 
n ■ p(x) for every x G T(Q + ). Then : 

neN 

Proof of the claim, (ii): The assertion is local on T, hence we may assume that T = U(t) 
for some t G T, in which case, denote by A := {Ai, . . . , A^} the irredundant system of Q- 
linear forms for t. Let n G M, and s G ^f np (U(t)); it is easily seen that the T-monoid £$' is 
saturated, hence it suffices to show that there exists an integer k > such that kp s = p s < for 
some s' G y k (U(t)) (notation of (12.6.11) ). However, lemma I2l6. 1 lf ii) implies more precisely 
that we may find such k, so that the corresponding s' lies in the ideal generated by A. 
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(i): The assertion is local on T(p), hence we consider again t G T and the corresponding A 
as in the foregoing. It suffices to show that J? := ^ p ffu(t,i) is invertible for every i — 1, . . . , k 
(notation of (12.6.51) ). However, by inspecting the constructions it is easily seen that J! (U (t, i)) 
consists of all s G (U(t,i)(N) v ) SP such that p s (x) > p(x) for every x G U(t, i)(Q+), i.e. 
p s (x) > \i(x) for every x G U(t,i)(Q+). However, since p is integral, we have A; G T p t ; 
if we apply lemma |2~.6. 11 t i) with T replaced by U(t,i), we conclude that ^{U{t,i)) is the 
fractional ideal generated by A.j, whence the contention. 

In view of claim l2lj. 1411 ) we see that there exists a unique morphism / of T-fans from T(p) 
to X. It remains to check that / is an isomorphism; the latter assertion is local on X, hence we 
may assume that T = U(t) for some t G T, and then we let again A be the irredundant system 
for t. A direct inspection yields a natural identification of ff T r monoids : 

@'{U{t,i)) {Xi) A f/(M)(N) v for every i = l,...,k 

whence an isomorphism U(t,i) P + (Aj) C X, which - by uniqueness - must coincide 
with the restriction of /. On the other hand, the proof of claim I2.6.14r ii) also shows that 
X = D + (\i) U • • ■ U D + (X k ), and the proposition follows. □ 

Example 2.6.15. Let P be a fine, sharp and saturated monoid. 

(i) The simplest non-trivial roofs on T P := (Spec P) tt are the functions p\ such that 

p\(x) := min(0, X(x)) for every x G T P (Q + ). 

where A is a given element of Hom<Q(Tp(Q + ) gp , Q) ~ P gp ®i Q. Such a p\ is an integral 
roof, provided A G P gp . In the latter case, we may write A = p Sl — p S2 , for some si, S2 G P. 
Set p' := pa + Ps 2 » i.e. p' = min(p Sl , p S2 )mplest non-trivial roofs on T P := (SpecP) tt are the 
functions p\ such that 

P\(x) := min(0, A(x)) for every x G T P (Q + ). 

where A is a given element of HomQ(Tp(Q + ) gp , Q) ~ P gp ®z Q- Such a p\ is an integral roof, 
provided A G P gp . In the latter case, we may write A = p Sl — p S2 , for some si, s 2 G P. Set 
p' := Pa + Ps 2 ' z - e - P' = mm (Psi;Ps 2 )^ clearly T(p A ) = T(p'), and on the other hand lemma 
12.6.1 U i) implies that the ideal J'pi is the saturation of the ideal generated by S\ and s 2 . 

(ii) More generally, any system Ai, . . . , A n G HomQ(Tp(Q + ) gp , Q) of Q-linear forms yields 
a roof p on T P , such that p(x) := Ym=i mm (0, Aj(x)) for every x G Tp(Q + ). A simple inspec- 
tion shows that the corresponding subdivision T(p) — > T can be factored as the composition 
of n subdivisions ^ : Tj — > T;-i, where T := Tp, T n := T(p), and each ^ (for z < n) is the 
subdivision of Tj_i corresponding to the roof p Al as defined in (i). 

(iii) These subdivisions of T P "by hyperplanes" are precisely the ones that occur in remark 
|2.6.10r ii),(iii). Summing up, we conclude that every proper integral and saturated subdivision 
g : T — > T P of T P can be dominated by another subdivision / : T(p) — >• T P of the type 
considered in (ii), so that / factors as the composition of g and a subdivision h : T(p) — > T 
which is also of the type (ii). Especially, both / and h can be realized as the composition of 
finitely many saturated blow up of ideals generated by at most two elements of P. 

2.6.16. Let P be a fine, sharp and saturated monoid. A proper, integral, fine and saturated 
subdivision of 

T P := (SpecP)» 

is essentially equivalent to a (P gp ) v -rational subdivision of the polyhedral cone a := P^ (see 
(12.4.61) and definition l2.3.25l) . A standard way to subdivide a polyhedron a consists in choosing 
a point xq G a \{0}, and forming all the polyhedra x * F, where F is any proper face of a, and 
xo * F denotes the convex span of x an d F. We wish to describe the same operation in terms 
of the topological language of affine fans. 
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Namely, pick any non-zero ip E Tp(Q+) (ip corresponds to the point x m the foregoing). 
Let U((f) C SpecP be the set of all prime ideals p such that ip(P\p) ^ {0}; in other words, 
the complement of U(ip) is the topological closure of the support of ip in Tp, especially, U(ip) 
is an open subset of Tp. Denote by j : P = T(Tp, &t p ) — ► T(U (if), Gt p ) the restriction map. 
The morphism of monoids : 

p - r(t%o, g Tp ) x Q+ x ^ (j(x), ip(x)) 

determines a cocartesian diagram of fans 

U(<p) x (SpecQ+)» U(<p) x (SpecN) tt 



T P - T v -in := (Spec^N)* 

Lemma 2.6.17. With the notation of (12.6.161 ), the morphisms i\) and ip' are proper rational 
subdivisions, which we call the subdivisions centered at ip. 

Proof. Notice that both (3 and j3' are homeomorphisms on the underlying topological spaces, 
and moreover both log /3 gp ®z 1q and log f3' gp ®i 1q are isomorphisms. Thus, it suffices to 
show that tp is a proper rational subdivision, hence we may replace P by <^ -1 N, which allows 
to assume that ip is a morphism of monoids P — > N, and ip is a morphism of fans 

T' := U(<p) x (SpecN) tt -f T P . 

In this situation, by inspecting the construction, we find that ip restricts to an isomorphism : 

r i U{ip) ^ U{(p) 

and the preimage of the closed subset Tp \ U((p) is the preimage of the closed point m £ 
(SpecN)" under the natural projection T' — > (SpecN)^; in view of the discussion of (12.5.191) , 
this is naturally identified with U (up) x {m}. Moreover, the restriction U (ip) x {m} — > Tp\U(ip) 
of ip is the map (t, m) i— > £ U y? _1 m (recall that i C F is a prime ideal which does not contain 
<^ _1 m). Thus, the assertion will follow from : 

Claim 2.6.18. The Q-linear map 

is surjective for every t E U (ip), and the induced map : 

(2.6.19) T'(Q+) - Vn(Q+) = t p(Q+) 

is bijective. 

Proof of the claim. Indeed, let F t C P v be the face of P v corresponding to the point t E U (ip), 
under the bijection (12.5.211) : then <p ^ F t , whence a natural isomorphism of monoids : 

(F t + Nip) v ^ Tp ,t x N : A i-> (A| F , A(y?)) 

whose inverse, composed with log?/>(t,m)> yields the restriction map P — > (F t + !%>) v . This 
interpretation makes evident the surjectivity of log^^ p m ^ ®% 1q. In view of example [2 . 5 . 9r iii) , 
the bijectivity of (12.6.191) is also clear, if one remarks that : 

^ V = U ^ + N( ^- 

t&j{<p) 

The latter identity is obvious from the geometric interpretation in terms of polyhedral cones. A 
formal argument runs as follows. Let ip' E P^; since P spans P| p , the cone (Pr) v is strongly 
convex (corollary |2.3.14|) , hence the line ip' + M.ip C Pjf p is not contained in P^, therefore there 
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exists a largest r 6 R such that ip' — rip G P^, and necessarily r > 0. If <p' — rip — 0, the 
assertion is clear; otherwise, let F be the minimal face of P v such that ip' — rip G F R , so that 
(p' = {ip' — rip) + rip E (F + N<p)r. Thus, we are reduced to showing that ip F. But notice 
that <p' — r<p lies in the relative interior of F; therefore, if ip G F, we may find e > such that 
<p' — (r + e)ip still lies in Fr, contradicting the definition of r. □ 

2.6.20. Lemma l2.6.17l is frequently used to construct subdivisions centered at an interior point 
of Tp, i.e. a point ip G Tp(N) which does not lie on any proper face of Tp(N) (equivalently, 
the support of ip is the closed point mp of Tp). In this case U(ip) = Tp\{mp} = (Tp)a-i, 
where d := dim P. By lemma 1276 .171 the N-point ip lifts to a unique Q + -point ip of (T P ) d _i x 
(SpecN)", and by inspecting the definitions, it is easily seen that - under the identification of 
remark [2.5 .8r iii) - the support of <p is the point (0, m^), where G T P is the generic point. 
More precisely, we may identify (Spec N)"(Q + ) with Q + , and (Tp)<j_i(Q+) with a cone in the 
Q-vector space Tp(Q + ) gp , and then tp corresponds to the point (0, 1) G T P (Q + ) gp x Q + . 
Suppose now that we have an integral roof 

p:(T P )^i(Q+)-Q 

and let tt : T(p) — > (Tp) d _i be the associated subdivision. Let also ^ : (Tp)d-i x (SpecN)* — > 
Tp be the subdivision centered at ip; we deduce a new subdivision : 

(2.6.21) T* := T(p) x (SpecN)« ^ Spoc ^\ (Tp)^ x (SpecN)« ^ T P 

whose restriction to the preimage of (Tp)d-i is Tp-isomorphic to 7r. 
Lemma 2.6.22. /n situation of (12.6.201 ), f/zere exxsf an integral roof 

p : Tp(Q + ) - Q 

w/zose restriction to (Tp) t j-i(Q+) agrees with p, and a morphism T* — > T(p) of Tp -monoids, 
whose underlying continuous map is a homeomorphism. 

Proof. According to remark |2. 5 .8r vi). we have a natural identification : 

Tp(Q + ) = T(p)(Q + ) x (SpecN)»(Q + ) = T(p)(Q+) x Q+ c T P (Q + ) gp x Q. 

mapping the point ip to (0, 1). For a given c £ 1, denote by p c : Tp(Q + ) — > Q the function 
given by the rule : (x, y) ^ p(x) + cy for every x G T(p)(Q+) and every y G Q+. 

Let i G T(p) be any point of height d — 1; by assumption, there exists a Q-linear form X t : 
£7(7r(i))(Q + ) gp — > Q whose restriction to C/ (£)(Q + ) agrees with the restriction of p. Therefore, 
the restriction of p c to C/(t, HIn)(Q+) = U(t)(Q+) x Q + agrees with the restriction of the 
Q-linear form 

V : U(n(t))(Q + r x Q = T P (Q + ) gp - Q h- A t (x) + cy. 

For any two points t, f G T(p) of height d — 1, with 7r(t) = 7r(£'), pick a finite system of 
generators {xi, . . . , x n } for £/(£') (N), and let yi, . . . , y n G U (t)(Q) gp , a%, . . . , a n G Q such that 

%i = Ui + a-iP hi the vector space U (7r(£))(Q + ) gp . 

In case Xj G C/(£)(N), we shall have Oj = 0, and otherwise we remark that Oj > 0. In- 
deed, if a t < we would have - G £7(t)(Q+) gp n T P (Q + ) C U(ir(t))(Q + ); however, 
U(n(t))(Q + ) is a proper face of Tp(Q + ), hence ip G U(7c(t))(Q + ), a contradiction. 

We may then find c > large enough, so that Xt'(xi) < \t, c {%i) f° r every Xi ^ £7(t)(N). It 
follows easily that 

(2.6.23) \ t , jC (x) < \ c {x) far all a; G f/(t\ m N )(Q+)\f/(t, m N )(Q+). 

Clearly we may choose c large enough, so that (12.6.231) holds for every pair t,t' as above, 
and then it is clear that p c will be a roof on T P . Notice that the points of height d of T* are 



176 



OFER GABBER AND LORENZO RAMERO 



precisely those of the form (t, ran), for t G Tp of height d — 1, so the points of T(p c ) of height 
d are in natural bijection with those of T*, and if r G T(p c ) corresponds to r* G T* under 
this bijection, we have an injective map Z7(r*)(N) — > £/(r)(N), commuting with the induced 
projections to Tp (N) . There follows a morphism of Tp-fans U(r*) — > ?7(r) inducing a bijection 
C/(r*)(Q+) A C/(r)(Q+). Since T(p c ) (resp. T*) is the union of all such C/(r) (resp. C/(r*)), 
we deduce a morphism T* — > T(p c ) inducing a homeomorphism on underlying topological 
spaces. Lastly, say that r* = (t,m); then £/(r*)(N) gp = ?7(£)(N) gp © Zy?, and on the other 
hand U(t)(N) gp is a direct factor of £/(r)(N) gp (since the specialization map ^ Pc) T -> ^f p t is 
surjective). It follows easily that we may choose for c a suitable positive integer, in such a way 
that the resulting roof p := p c will also be integral. □ 

2.6.24. Let P be a fine, sharp and saturated monoid, and set as usual T P : = (SpecP)*. 
There is a canonical choice of a point in T P (N) which does not lie on any proper face of 
T P (N); namely, one may take the N-point cp P defined as the sum of the generators of the one- 
dimensional faces of T P (N) (such faces are isomorphic to N, by theorem f2 . 4 . 1 6 f ii) ) . 

Set d := dim P; if p is a given integral roof for (T P ) d _ 1 , and c G N is a sufficiently large, 
we may then attach to the datum (ipp,p,c) an integral roof p of Tp extending p as in lemma 
12.6.221 and such that p{ipp) = c. More generally, let T be a fine and saturated fan of dimension 
d, and suppose we have a given integral roof pd-i on Ta-i; for every point t G T of height d 
we have the corresponding canonical point ip t in the "interior" of U(t)(N), and we may then 
pick an integer c d large enough, so that p d _i extends to an integral roof p d : T(Q + ) — > Q 
with Pd{<Pt) — c d for every t G T of height d, and such that the associated subdivision is 
Tp -homeomorphic to T(p d _i) x (SpecN). 

This is the basis for the inductive construction of an integral roof on T P which is canonical in a 
certain restricted sense. Indeed, fix an increasing sequence of positive integers c := (c 2 , . . . , c d ); 
first we define p\ : Ti(Q + ) — > Q + to be the identically zero map. This roof is extended 
recursively to a function ph on 1\> f° r eacn h — 2, . . . , d, by the rule given above, in such a way 
that ph(<Pt) — Ci for every point i of height i < h. By the foregoing we see that the sequence c 
can be chosen so that p d shall again be an integral roof. 

2.6.25. More generally, let 5? := {Pi, . . . , Pk] be any finite set of fine, sharp and satu- 
rated monoids. We let y-Fan be the full subcategory of Fan whose objects are the fans T 
such that, for every t G T, there exists P G and an open immersion U(t) C (SpecP)^. 
Then the foregoing shows that we may find a sequence of integers c(y) := (c 2 , . . . , c d ), with 
d := max(dim Pi \ i = 1, . . . , k) such that the following holds. Every object T of y-Fan is 
endowed with an integral roof p T ■ P(Q+) — ► Q+ such that : 

• Pri^Pt) = C{ whenever ht(t) = i > 2, and p T vanishes on Ti(Q + ). 

• Every open immersion g : T' — » T in y-Fan determines an open immersion g : 
T'(pT') —> T(pt) such that the diagram 



T'(PT') 



9 



T(p T ) 



r 



9 



T 



(2.6.26) 




which is a homeomorphism on the underlying topological spaces. 
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2.6.27 '. Notice as well that, by construction, Tj^prJ = T±; hence, by composing the mor- 
phisms (12.6.261) , we obtain a rational subdivision of T(p T ) : 

T 1 x(SpecN e ^ 1 )« > T d _ 2 (p Td _ 2 )x (SpecN® 2 / ^ T^p^J x (Spec N)« ^ T(p T ). 

In view of theorem [2ATMii), it is easily seen that every affine open subsect of T\ is isomorphic 
to (Spec N)", and any two such open subsets have either empty intersection, or else intersect in 
their generic points. In any case, we deduce a natural epimorphism 

(notation of (12.3.201 )) from the constant T x -monoid arising from Q + ; whence an epimorphism : 

$t : (Qf )t( Pt ) - &T iPTm 
which is compatible with open immersions g : T' — > T in y-Fan, in the following sense. Set 
d! := dim T , and notice that d! < d; denote by Tc dd > : Qf -> Qf the projection on the first cf' 
direct summands; then the diagram of T'-monoids : 





(Qf) 


T'(Pt') 


(2.6.28) 


("dd'jT'Oj,/) 






(Qf: 


T'( Pt ,) 



r 



5 ^T( PT ),Q 

(iogg)«J 

7 T'(p T ,),Q 

commutes. 

2.6.29. Let / : T" — > T be a proper morphism, with T" locally fine, such that the induced map 
^(Q+) ~~ > T'(Q + ) is injective, and let s E T be any element. For every t E / _1 (s), we set 

G t := P(t)(Q+) SP n P(s)(N) gp H t := P(t)(N) gp 6 t := (G t : H t ) 

and define 5(f, s) := max(5 t | t E f' 1 (s)). 

Lemma 2.6.30. For every s E T we have : 

(i) S(f,s)EK 

(ii) 7ft, f E f~\s), 

w a specialization of t' in T', then 5 t > < <5 t . 

(iii) If f is a rational subdivision, the following conditions are equivalent : 

(aH(/,s) = l. 

(b) l/(a)(N)=U t6/ _x W l7(0(N). 

Proof, (i): Since / _1 (s) is a finite set, the assertion means that 5 t < +oo for every £ G f~ 1 (s). 
However, for such a t, let P := ^ TjS and Q := &t',u then 

P(t)(Q+) SP = Hom z (Q gp , Q) and P(t)(N) gp = Hom z (Q gp , Z) 

(remark 12.4. 14f i) and proposition I2.4.12r iii)). By proposition 12.5.241 we know that the map 
(log f)f (g z Q : P gp (gi z Q — > Q gp ® z Q is surjective. Since Q is finitely generated, it follows 
that the image Q' of P gp in Q gp is a subgroup of finite index, and then it is easily seen that 

5t = (Q gp :Q'). 

(ii) : Under the stated assumptions we have : 

G t ' = G t n £7(0 (Q + ) SP Pf = P t n P(t') (Q+) SP 
whence the contention. 

(iii) : Assume that (b) holds, and let cp E P(t)(Q+) gp n P(s)(N) gp for some t E Pick 
any element <p E U (t)(N) which does not lie on any proper face of G^ 1 1> we ma y tnen ^ n< ^ an 
integer a > large enough, so that <p + a<p e P(t)(Q+). Set ipi := <p + a<p and <p 2 := a<p ; 
then <pi,<p 2 G P(t)(Q+) n P(s)(N) = U(t)(N), hence <p = tp x - <p 2 € P(t)(N) gp - Since <p is 
arbitrary, we see that 5 t = 1, whence (a). 
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Conversely, suppose that (a) holds, and let ip E Z7(s)(N); then there exists t E f 1 (s) such 
that <p E U{t){Q+). Thus, if E U(t)(N) gp n U{t){Q+) = U{t){N), whence (b). □ 

Theorem 2.6.31. Every locally fine and saturated fan T admits an integral, proper, simplicial 
subdivision f : T' — ► T, whose restriction / _1 T sim — ► T sim is an isomorphism of fans. 

Proof. Let T be such a fan. By induction on ft E N, we shall construct a system of integral, 
proper simplicial subdivisions f h : S(h) — > of the open subsets (notation of (12.5.161) ). 
such that, for every feeN, the restriction f^ x {T h ) — > T ft of is isomorphic to and such 
that T^gim — > T^ sim is an isomorphism. Then, the colimit of the morphisms fh will be the 
sought subdivision of T. 

For ft < 1, we may take S'fTi) := T^. 

Next, suppose that ft, > 1, and that f h -% : S(h — 1) — > T/ l _ 1 has already been given; as 
a first step, we shall exhibit a rational, proper simplicial subdivision of T ft . Indeed, for every 
t E T h \ T/j_i, choose a N-point ip t E U (t)(N) in the following way. If t e T sim , then let <£> t be 
the (unique) generator of an arbitrarily chosen one-dimensional face of U(t)(N); and otherwise 
take any point ip t which does not lie on any proper face of U(t)(N). 

With these choices, notice that U(ip t ) x (SpecN) 11 = U(t) in case t E T sim , and otherwise 
U(ipt) = U(t)h-i (notation of (12.6.161) ). By lemma I2~.6.17[ we obtain corresponding rational 
subdivisions U{ipt) x (Spec N)" — > U (t) of U (t) centered at iff Notice that if t lies in the sim- 
plicial locus, this subdivision is an isomorphism, and in any case, it restricts to an isomorphism 
on the preimage of U(t)h-x- 

By composing with the restriction of fh-i x (Spec N)", we get a rational subdivision: 

g t : T[ := f^U^) x (SpecN)« -> U{t) 

whose restriction to the preimage of U(t)h-i is an isomorphism. Moreover, g t is an isomor- 
phism if t lies in T sim . Also notice that g t is simplicial, since the same holds for f^—i- 
If t, t' are any two distinct points of T of height h, we deduce an isomorphism 

g^\u{t)nu{t'))^ g -\u{t)nu{t')) 

hence we may glue the fans T[ and the morphisms g t along these isomorphism, to obtain the 
sought simplicial rational subdivision g : X" — > T^. 

For the next step, we shall refine g locally at every point s of height ft; i.e. for such s, we shall 
find an integral, proper simplicial subdivision f s : T" — * £/(s), whose restriction to [/(s)^-! 
agrees with g, hence with /^-i. Once this is accomplished, we shall be able to build the sought 
subdivision fh by gluing the morphisms f s and fh-i along the open subsets U(s)h-i- 

Of course, if s lies in the simplicial locus of T, we will just take for f s the restriction of g, 
which by construction is already an isomorphism. 

Henceforth, we may assume that T = U(s) is an affine fan of dimension ft with s T sim , 
and g : T' — > T is a given proper rational simplicial subdivision, whose restriction to g~ x T h ~\ 
is an integral subdivision. We wish to apply the criterion of lemma |2.6.30r iii), which shows that 
g is an integral subdivision if and only if 5(g, s) = 1. Thus, let t±, . . . , be the points of T' 
such that 5 ti = S(g, s) for every i = 1, . . . , k. Since S(g, s) is anyway a positive integer (lemma 
I2.6.30I T)). a simple descending induction reduces to the following : 

Claim 2.6.32. Given g as above, we may find a proper rational simplicial subdivision g' : T" — ► 
T such that the following holds : 

(i) The restriction of g' to g'~ l Th-i is isomorphic to the restriction of g. 

(ii) Let t[, . . . , t' k , E T" be the points such that 5 t ', = 5(g', s) for every i = 1, . . . , k'. We 
have 8{g', s) < 5(g, s), and if 8{g' , s) = 5(g, s) then k' < k. 
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Proof of the claim. Set t := t\, by definition, there exists <p' E U(s)(N) which lies in 
\ U(t)(N); this means that there exists a moronism (p fitting into a commutative 

*2 (log9)t ~ 



diagram : 



T't 



N 

Say that &T',t — N ffir , and let (tti, . . . , 7r r ) be the (essentially unique) basis of ^'(h) t> tnen P = 
a%iti + ■ ■ ■ a r 7r r , for some ai, . . . , a r > 0, and after subtracting some positive integer multiple 
of it, we may assume that < a« < 1 for every i = 1, . . . , r. Moreover, the coefficients are 
all strictly positive if and only if (p is a local morphism; more generally, we let t' be the unique 
generization of t such that ip factors through a local morphism 0T',t' ~^ N. Set e := ht(t'), and 
denote by ttx, . . . , 7r e the basis of t „ so that : 

(2.6.33) ip = b\it\ + • ■ • + b e 7i e 

for unique rational coefficients b±, . . . , b e such that < b; L < 1 for every i — 1, . . . , e. 

Denote by Z C T' the topological closure of {t'}; for every u E Z fl T', the morphism <£> 
factors through a morphism y9 M : ^ T )lt — >■ Q + , and we may therefore consider the subdivision 
of U(u) centered at <p u as in (12.6.161 ), which fits into a commutative diagram of fans : 

(U(u)\Z) x (SpecQ+)» (U(u)\Z) x (SpecN)» 



U{u) U'(u) := (Spec^N)*. 

We complete the family (ip u \ u G Z), by letting U'(u) := U(u) and ipu '■= 1e/(«) f° r every 
u E T' \ Z. Notice then, that the topological spaces underlying U(u) and ?7'(m) agree for every 
u E T', and for every ui,u 2 E T', the restrictions of ip Ul and i/j U2 : 

^(u( Ul ) n c/(w 2 )) - n c/(« 2 ) (i = 1,2) 

are isomorphic. Furthermore, by construction, each restriction U(u) — > T of (? factors uniquely 
through a morphism /3 U : ^ ^» hence the family {(3 U o ip u \ u E T') glues to a well 

defined morphism of fans g' : T" — > T. By a direct inspection, it is easily seen that </ is a 
proper rational simplicial subdivision which fulfills condition (i) of the claim. 

Moreover, the map of topological spaces underlying g' factors naturally through a continuous 
map p : T" — > T', so that g' = g op. The restriction V := p~ l (T' \Z) — > T of g' is isomorphic 
to the restriction T' \ Z — > T of g, hence : 

5 t = 6 p{t) for every t Ep-\T'\Z). 

It follows that, if k > 1 and T' \ Z contains at least one of the points t 2 , • • • , £fc> then s) > 
5(g, s). On the other hand, p _1 (T' \Z) contains at most k — 1 points n of T" such that 5 U = 
s), and for the remaining points «' G p~ l (T' \Z) we have 5 U / < s). Since obviously 

s) = max(6(g' lp -i {T , Y) , s),5(g' p - lz , s)) 

we see that condition (ii) holds provided we show : 

(2.6.34) $(g'\ p -i z , s ) = max(6 1 , . . . , b e ) ■ 5(g, s). 

Hence, let us fix u E Z, and let (v,x) E (U(u)\Z) x (SpecN) 11 be any point (see (12.5.191 )); if 
x = 0, then (v,x) p~ x Z, so it suffices to consider the points of the form (v, m) (where m C N 
is the maximal ideal). Moreover, say that ht(tt) = d; in view of lemma 12 . 6 . 3 Of ii) . it suffices to 
consider the points (v, m) such that ht(v) = d — 1. There are exactly e such points, namely the 
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prime ideals V{ := (71* o <r) _1 m, where 7Ti, . . . , 7r e are as in (12.6.331) . and a : &t>,u &T',t' is 
the specialization map. 

In order to estimate 5( v , m ) for some v := V{, we look at the transpose of the map 

0°g S')£ m) = *g - ^ X Z : z -> {{\ogg)f (z), ^{z)). 

Let (pi , . . . , pd) be the basis of ordered in such a way that p i: = -kioo for every % — 1, . . . , e. 
By a little abuse of notation, we may then denote (pj \ j ^ i) the basis of v , so that the dual 
group (0j? v x Z) v admits the basis {p| p | j 7^ z} U {g}, where q is the natural projection onto 
Z. Set as well p\ := pj o (log g) gp for every z = 1, . . . , d. With this notation, the above transpose 
is the group homomorphism given by the rule : 

Pj 1 — > for j 7^ i and q ^ bip[ + • ■ ■ + b e p' e 

from which we deduce easily that 5( v ,m) — h ■ 5 U , whence (12.6.341) . □ 

Proposition 2.6.35. Let (T, +, 0) be a fine monoid, M a fine Y -graded monoid. Then : 

(i) There exists a finite set of generators C := {71, . . . , 7^} of T, with the following prop- 
erty. For every 7 E T, we may find a ly . . . ,a k E N such that: 

7 = aill + ... + aklk and M 7 = M £ • • • M£* . 

(ii) There exists a subgroup H C T gp of finite index, such that : 

M ai = for every 7 E H fl T and every integer a > 0. 

(In (i) and (ii) we wse multiplication law of &{M\ as in (|2.1.1I) ). 

Proof. Obviously we may assume that M maps surjectively onto T, in which case G := T gp is 
finitely generated, and its image G' into Gr '■= G ®% R is a free abelian group of finite rank. 
The same holds as well for the image L of log M gp in M| p := log M sp <g> z K. Let p : G -> G" 
be the natural projection. According to propo sition 12 . 3 . 22t iii) , we have : 

(2.6.36) Mq = Mr n M§ p 

(notation of (12.3.201) ). Let /| p : Mjp — > C7 K be the induced IR-linear map, and denote by 
/ K : Mr — ► Gr the restriction of /f p . By proposition |2.3.28r ii), we may find a G' -rational 
subdivision A of / R (M R ) such that : 

(2-6.37) /- > + 6) = /^(a) + fe\b) 

for every u G A and every a,b E a. After choosing a refinement, we may assume that A is a 
simplicial fan (theorem 12.6.3 II) . Let t G Abe any cone; by proposition I2.3.22I T). the monoid 
N := r n G' is finitely generated, and then the same holds for M Xq> N, by corollary 12.4.21 
However, the latter is just M' : = ® jep -i N (lerrunaEZSSiii)). Set r' := T n p~ l N. 

Claim 2.6.38. p(V) generates r. 

Proof of the claim. Clearly the T-grading of M induces a surjection Mq — > Iq (notation of 
(12.3.201) ). By proposition E322tiii), we have Iq = / R (M R ) n G Q , hence iV C r n G" Q C T Q . 
Thus, for every n E N we may find aGN such that a ■ n E p(T), hence a ■ n E p(T'). On the 
other hand, iV generates r, since the latter is G'-rational. The claim follows. 

In view of claim [2T6.38L we may replace M by M', and T by V, which allows to assume 
that /r(Mr) is a simplicial cone, and (12.6.371) holds for every a,b E /r(Mr). Next, let S : = 
{ei, . . . , e n } C p(r) be a set of generators of the cone /r(Mr); from the discussion in (|2.3.15l) 
we see that, up to replacing S by a subset, the rays IR+ • e« (with i = 1, . . . , n) are precisely the 
extremal rays of /r(Mr), especially, the vectors ei, . . . , e n are M-linearly independent. Choose 
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9h ■ ■ ■ ) 9n G r such that p(gi) = for every i = 1, . . . , n. According to corollary I2.4.3L there 
exist finite subsets Si . . . , S n C M, such that : 

M 9i = M ■ Sj for every i = 1, . . . , n. 
Claim 2.6.39. (M ) Q = f R \0) n Mf\ 

Proof of the claim. To begin with, we may write /^ 1 (0) = (/| p ) _1 (0) fl M R , hence /^(O) D 
Mff = (/^ p )~ 1 (0) n M Q , by 02.6.36b . Now, suppose x G (/q P ) _1 (0) n M Q ; then we may 
find an integer a > such that ax = m <g> 1 for some m G logM. Say that m G logM 7 ; 
then fqij) = 0, therefore 7 is a torsion element of G', and consequently bm G logM for an 
integer b > large enough. We conclude that x = (bm) ® (6a) _1 G (M )q, as claimed. 

On the other hand, since IR+ej is a G"-rational polyhedral cone, f R (R + ej) is an L-rational 
polyhedral cone (proposition l2.3.2l7 ii.iii)). hence it admits a finite set of generators Si C L. Up 
to replacing the elements of Si by some positive rational multiples, we may assume that /r(s) 
is either or e^, for every s G S^. In this case, it follows easily that 

(2-6.40) /-i( e .) =/-!(()) +T, 

where : 




is the convex hull of S{ (and as usual, the addition of sets in (12.6.401) refers to the addition law 
of ^(Mjjf), see (12.1.11) ). Next, notice that C Mq, by (12.6.361) ; thus, we may find an integer 
a > such that a ■ s lies in the image of log M, for every s G S{. After replacing by a ■ and 
5j by {a • s I s G 5^}, we may then achieve that (12.6.401 ) holds, and furthermore Si lies in the 
image of log M, therefore in the image of log M 9i . It follows easily that (12.6.401) still holds with 
Si replaced by the setSj®l := {m® 1 | m G Sj}. Let S C log M be a finite set of generators 
for the monoid M ; claim [276.391 implies that S is also a set of generators for the L-rational 
polyhedral cone /k" 1 (0). Let P C M be the submonoid generated by S := S U Si U • ■ ■ U S n , 
and A C T the submonoid generated by #i, . . . , g n ; clearly the T-grading of M restricts to a 
A-grading on P. Notice that g\ ® 1, . . . , g n ® 1 are linearly independent in Gq, since the same 
holds for ei, . . . , e„; especially, A ~ pj© n . 

Claim 2.6.41. (i) The set S <g> 1 := {s ® 1 | s G S} generates the cone Mr. 

(ii) P a+b = P a - P b for every a, b G A. 

(iii) There exists a finite set A C M such that M = A ■ P. 

Proof of the claim. By (12.6.401 ) and the foregoing discussion, we know that (S USj)®l generate 
/^(IR+ej), for every i = 1, . . . ,n. Since the additivity property (12.6.371) holds for every a, b G 
/k(Mr), assertion (i) follows, (ii) is a straightforward consequence of the definitions. Next, 
from (i) and proposition |2.3.22r iii), we deduce that Mq = Pq. Thus, let m lr ..,m r be a 
system of generators for the monoid M ; it follows that there are integers ki, . . . , k r > 0, such 
that m^ 1 , . . . , m^ r G P, and therefore the subset A := {]~Ii=i m i l I < < fcj for every i < r} 
fulfills the condition of (iii). 
We introduce a partial ordering on G, by declaring that a < b for two elements a,b G G, if 
and only if b — a G A. Now, let a G G be any element; we set 

G(a) :={geG\g<a}. 

The subset G(a) inherits a partial ordering from G, and a is the maximum of the elements of 
G(a); moreover, notice that every finite subset S C G(a) admits a supremum sup S G G(a). 
Indeed, it suffices to show the assertion for a set of two elements S = {bi, b 2 }\ we may then 
writea— 6j = YTj=x ^ij9j f° r certain kij G N, and then sup (61, 62) = a— S?=i m i n (^ii> ^j)'9y 
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Let A be as in claim l2.6.4ir iii). and denote by B C Y the image of A; then 
M = M - M B where M B : = @ log M b . 

beB 

For every a E G, let also -B(a) := B PI C7(a); invoking several times claim |2.6.4Tf ii), we get : 

= M b ■ P sup B{a)-b ■ Pa —sup B(a) 

b&B{a) 

C M sup B (a) ■ P a 

—sup B(a) • 

Finally, say that a — sup B(a) = Ym=i f° r cer t am tx> ■ ■ ■ ,t n EN; applying once more claim 
I2.6.41f ii). we conclude that : 



M a C M supB{a) ■ JjM, 



u 

i=l 



The converse inclusion is clear, and therefore the set C := {g±, . . . , g n } U {sup B(a) \ a e G} 
fulfills condition (i) of the proposition. 

(ii): For h G A gp , say h = ^ILi a ^ with integers ax,..., a n , we let \h\ := YH=i \ a i\9i £ ^> 
Choose any positive integer a such that : 

n 

(2.6.42) \b\<a-^9i for every 6 G B n A gp 

i=l 

and let H C A gp be the subgroup generated by api, . . . , ap n . 

Claim 2.6.43. -B(/i) = B(kh) for every h E H and every integer > 0. 

Proof of the claim. Let ft, := ^]™ =1 G H, and suppose that 6 G B(kti) for some > 0; 
therefore fc/i — b G A, hence 6 G A gp , and we can write b = YH=x Pi9i f° r integers fix, ■ ■ ■ , Pn, 
such that kcti — Pi > for every % = 1, . . . , n. In this case, (12.6.421) implies that a>i > for 
every i < n, and cti > ct > Pi whenever /?, > 0. It follows easily that k'h — b G A for every 
integer fc' > 0, whence the claim. 

Using claims [2~6.4ir ii) and !2.6.43l and arguing as in the foregoing, we may compute : 

M ah 

= M sup b q^ ■ P ah 

—sup B(h) 

pa— 1 

The converse inclusion is clear, so (ii) holds. □ 

2.6.44. Let M be an integral monoid, and w G logM gp any element. For e G {1, —1} we 
have a natural inclusion 

j £ : logM -> M(e) := logM + eNw 

(i.e. M(e) is the submonoid of M gp generated by M and w e ). Let us write w := b~ l a for 
some a,b G M ; then the induced morphisms of affine schemes i £ := Spec Z[j e ] have a natural 
geometric interpretation. Namely, let / : X — > Spec Z[M] be the blow up of the ideal / C Z[M] 
generated by a and b; we have X = Ux U £7_i, where C/ £ , for e = ±1, is the largest open 
subscheme of X such that u> £ G &x{U £ ). Then i e is naturally identified with the restriction 
U e — > SpecZ[M] of the blow up /. More generally, by adding to M any finite number of 
elements of M gp , we may construct in a combinatorial fashion, the standard affine charts of a 



— M supB (ah) 


■ Pah 


= M supB (h) ■ 


Pah- 


= M supB (h) ■ 


Ph-s 


EMI 
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blow up of an ideal of Z[M] generated by finitely many elements of M. These considerations 
explain the significance of the following flattening theorem : 

Theorem 2.6.45. Let j : M — > N be an inclusion of fine monoids. Then there exists a finite set 
E C log M gp , and an integer k > such that the following holds : 

(i) For every mapping e : E — > {±1}, ?/ie induced inclusion : 

M(e) :=hgM + ^e(a)Nff -> iV(e) := logiV + ^e((j)Na 

is a /to morphism of fine monoids. 

(ii) Suppose that j is a flat morphism, and let i : M — > M sat Z?e ?/ze natural inclusion. 

Denote by Q the push-out of the diagram N J- M if— ^ j\/f sat (where hu is the 
k-Frobenius). Then the natural map M sat — > G; sat is flat and saturated. 

Proof, (i): (Notice that logM, logiV and P(e) := Xlo-es £(°")N(X may be regarded as sub- 
monoids of log iV gp , and then the above sum is taken in the monoid (^(log iV gp ), +) defined 
as in ( E£ED Set G := iV gp /M gp , and let iV gp = 76G iVf be the j-grading of iV gp (re- 
mark |2]23tiii)); notice that this grading restricts to j-gradings for iV and N(e). Let also 
T := {7 G G | iV 7 7^ 0}, and choose a finite generating set {71, . . . ,7 r } of T with the 
properties of proposition |2.6.35l i). According to corollary 12.4.31 for every i < r there ex- 
ists a finite subset E, := {tn, . . . ,t irii } C M such that iV 7 . = N ■ Ej. Moreover, iVo is a 
finitely generated monoid, by corollary 12.4.21 Let E be a finite system of generators for iV , 
and for every i < r define E. := {ty — tn | 1 < j < I < rij}. We claim that the subset 
E := E U Ei U • ■ • U E' r will do. Indeed, first of all notice that E C logM gp . We shall apply 
the flatness criterion of remark I2.2.5f iv). Thus, we have to show that, for every g E T, the 
M(£)-module N(e) g is a filtered union of cosets {m} + M(e) (for certain m E N g ). Hence, let 
x\, x 2 E N(e) g ; we may write Xi = m, + Pi for some m 8 E logiV and pi E P{e) (i = 1, 2); 
since {x^ + M(e) C {m,;} + M(e), we may then assume thatpi = p 2 = 0, hence xi, 0:2 G -/V. 
Thus, it suffices to show that N g is contained in a filtered union of cosets as above. However, 
by assumption there exist 01, . . . , a r E N such that g = YH=i a «7« an d ^9 = ' ' ' -^> r ! we 
are then easily reduced to the case where g = "fi for some i < r. Therefore, Xj = o~j + bj, 
where <jj E E, and fej G N , for j = 1, 2. Notice that P(e) contains either <j\ — a 2 , or a 2 — <Ti 
(or both); in the first occurrence, set a := a 2 , and otherwise, let a := o\. Likewise, say that 
Eo = {yi, ■ ■ ■ , y n }, so that bj = J2s=i a jsUs for certain a js E N ( j = 1, 2); for every s < n, we 
set a* := min(ai s , a 2s ) if y s G P(s), and otherwise we set a* := max(ai s , a 2s ). One sees easily 
that xi,x 2 E {cr + 2^g=i + M(e), whence the contention. 

(ii): By proposition 12 . 6 .3 5 f ii) . there exists a subgroup H C G of finite index, such that : 

for every integer n > and every h E H . Let := (G : ff), and define N' as the fibre product 
in the cartesian diagram : 

iV' — G 

(2.6.46) „ fcG 



The trivial morphism Om : M — > G (z.e. the unique one that factors through {1}) and the 
inclusion j satisfy the identity : fc G o Q M = tc o j, hence they determine a well-defined map 

if : M -> iV'. 



C/a?'m 2.6.47. is flat and saturated. 
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Proof of the claim. For the flatness, we shall apply the criterion of remark l2.2.5r iv). First, ip is 
injective, since /i o ip = j. Next, notice that the sequence of abelian groups : 

-> M gp (iV') gp G -> 

is short exact; indeed, this is none else than the pullback $ * along the morphism kc of the 
short exact sequence 

(2.6.48) S := (0 -> M gp ^ N gp ^ G -> 0). 

It follows that is flat if and only if, for every x E ir'(N'), the preimage (7r / ) _1 (x) is a filtered 
union of cosets of the form {n} ■ ip(M'). However, the induced map (7r') _1 ((yf) — > n~ l (g k ) is a 
bijection for every g E G, and the flatness of j implies that 7r _1 (x A: ) is a filtered union of cosets, 
whence the contention. Notice also that Im kc C # ; hence, by the same token, we derive that 
(7r') _1 (5f n ) = (7r / ) _1 ((yf) n for every g E G, therefore ip is quasi-saturated, by proposition l2.2.3ll 
Since we know already that j is integral (theorem l2.2.3l) . the claim follows. 

Next, we wish to consider the commutative diagram of monoids : 

(2.6.49) fe J L 

M—^N' 

such that ip is the map determined by the pair of morphisms (/, k^). Let P be the push-out of 
the maps j and kj^', the maps <p and ip determine a morphism r : P — > N'. 

Claim 2.6.50. (i) The diagram (I2.6.46l) gp of associated abelian groups, is cartesian. 

(ii) The diagram of abelian groups (12.6.491 ) gp is cocartesian (i.e. r gp is an isomorphism). 

(iii) There exists a morphism A : N' — > P such that A o r = k P and r o A = fejv'- 

Proof of the claim, (i): Suppose that x E (N') gp is any element such that (7r') gp (a;) = 1 and 
fi gp (x) = 1; we may write x = 6 -1 a for some a,b E N', and it follows that 7r'(a) = 7r'(6) and 
//(a) = /i(&), hence a = 6 in A 7 "', since the forgetful functor Mnd — > Set commutes with fibre 
products. Thus x = 1. On the other hand, suppose that 7r gp (6 _1 a) = x fc for some a,b E N 
and x E G; therefore, 7r(6 fc-1 a) = so there exists c E N' such that //(c) = 6 fc_1 a and 

7r'(c) = 6x. Likewise, there exists d E N' with //(d) = b k and 7r'(cf) = 6. Consequently, 
(7r / ) gp (d _1 c) = x and fx(d~ 1 c) = b~ 1 a. The assertion follows. 

(ii) : Quite generally, let := (0 — > A — > B — > G — >■ 0) be a short exact sequence of objects 
in an abelian category c to, and for every object X of , let &x := k ■ lx '■ X — > X. Then one 
has a natural map of complexes ole '■ E * k c — > E (resp. (3e '■ E — > kA* E) from E to the pull- 
back of E along kc (resp. from the push-out of E along fe^ to E), and a natural isomorphism 
uje '■ kA* E ^ E*k c in the category Ext^(G, A) of extensions of G by A (this is the category 
whose objects are all short exact sequences in of the form O^A^X^C^O, and 
whose morphisms are the maps of complexes which are the identity on A and C). These maps 
are related by the identities : 

(2.6.51) (3 E ° a B o u E = k ■ lk A *E u E ° Pe ° &e = k ■ l E *k c - 

We leave to the reader the construction of uje- In the case at hand, we obtain a natural isomor- 
phism uj£- : fc| p * S 1 ^ S 1 * kc, where $ is the short exact sequence of (|2.6.48l) . An inspection 
of the construction shows that the map r gp is precisely the isomorphism defined by ujg . 

(iii) : Let //' : A^ — ► P be the natural map, and set A := //'o/x. By inspecting the constructions, 
one checks easily that A gp is the map defined by (3g o ag. Then the assertion follows from 
(I233TT) . 



FOUNDATIONS OF p-ADIC HODGE THEORY 185 

Let P' be the push-out of the diagram N' M A M sat ; from claim 12 .6 .471 lemma fFFTti ) 
and corollary |2.2.25r iii), we deduce that the natural map M sat — > P' is flat and saturated, hence 
P' is saturated. On the other hand, directly from the definitions we get a cocartesian diagram 

P 

(2.6.52) 

iV' »- P'. 

The induced diagram (|2.6.52l) sat of saturated monoids is still cocartesian (remark [L733v)); 
however, claim [2T6.50l fiii) implies easily that r sat is an isomorphism, therefore the same holds 
for (r') sat , and assertion (ii) follows. □ 

3. Complements of commutative algebra 

This chapter is a miscellanea of results of commutative algebra that shall be needed in the 
rest of the treatise. 

3.1. Some homological algebra. 

3.1.1. Koszul complex and regular sequences. Let f := (/j | i — 1, . . . , r) be a finite system of 
elements of a ring A, and (f ) C A the ideal generated by this sequence; we recall the definition 
of the Koszul complex K.(f) (see Ch.HI, §1.1]). First, suppose that r = 1, so f = (/) for a 
single element feA;'m this case : 

K.(/) := (0 - A U A - 0) 

concentrated in cohomological degrees and —1. In the general case one lets : 

K.(f) := Tbt.(K.(/ 1 ) ® A ---®A K.(/ r )) 

where Tot. denotes the total chain complex deduced from the above tensor product of chain 
complexes. For every complex of A-modules M* one sets : 

K.(f , M*) : = Tot.(M* ® A K.(f)) K*(f , M*) := Tot' (Hom^(K.(f), M')) 

and denotes by H,(f, M') (resp. H*(f, M*)) the homology of K.(f , M") (resp. the cohomol- 
ogy of K*(f , M')). Especially, if M is any A-module : 

H (f,M) = M/(f)M H°(f, M) — Hom A (A/(f), M) 

(where, as usual, we regard M as a complex placed in degree 0). 

3.1.2. Let r > and f be as in (13.1.11) , and set f := . . . , / r _i). We have a short exact 
sequence of complexes : — > A[0] — > K.(/ r ) — > A[l] — > 0, and after tensoring with K.(f') 
we derive a distinguished triangle: 

K.(f) K.(f) ^ K.(f')[l] ^ K.(f )[1]. 

By inspecting the definitions one checks easily that the boundary map d is induced by multipli- 
cation by f r . There follow exact sequences : 

(3.1.3) - H (f r , H p (f, M)) -> flp(f, M) -> ff°(/ r , ^(f , M)) - 
for every A-module M and for every peN, whence the following : 

Lemma 3.1.4. With the notation of (13.1.21) . the following conditions are equivalent : 

(a) Hi(f, M) = Ofor every i > 0. 

(b) The scalar multiplication by f r is a bijection on Hi(f', M) for every % > 0, and is an 
injection onM/(f)M. □ 
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Definition 3.1.5. The sequence f is said to be completely secant on the A-module M, if we 

have Hi(f , M) = for every i > 0. 

The interest of definition 13.1.51 is due to its relation to the notion of regular sequence of 
elements of A (see e.g. [fT5l Ch.X, §9, n.6]). Namely, we have the following criterion : 

Proposition 3.1.6. With the notation of (13.1.11) . the following conditions are equivalent : 

(a) The sequence f is M -regular. 

(b) For every j < r, the sequence (fx, ...,/,) is completely secant on M. 

Proof. Lemma [3 . 1 .41 shows that (b) implies (a). Conversely, suppose that (a) holds; we show 
that (b) holds, by induction on r. If r = 0, there is nothing to prove. Assume that the assertion 
is already known for all j < r. Since f is M-regular by assumption, the same holds for the 
subsequence f := (/i, . . . , / r _i), and f r is regular on Mj (f )M. Hence H p (f, M) = for 
every p > 0, by inductive assumption. Then lemma [3X4] shows that H p (f, M) = for every 
p > 0, as claimed. □ 

Notice that any permutation of a completely secant sequence is again completely secant, 
whereas a permutation of a regular sequence is not always regular. As an application of the 
foregoing, we point out the following : 

Corollary 3.1.7. If a sequence (/, g) of elements of A is M-regular, and M is f-adically sepa- 
rated, then (g, f) is M-regular. 

Proof. According to proposition l3.1.6l we only need to show that the sequence (g) is completely 
secant, i.e. that g is regular on M. Hence, suppose that gm = for some m G M; it suffices to 
show that m G f n M for every nel We argue by induction on n. By assumption g is regular 
on MJ fM, hence m G fM, which shows the claim for n — 1. Let n > 1, and suppose we 
already know that m = f n ~ l m! for some m! G M. Hence = gf n ~ l m' ', so gm' = and the 
foregoing case shows that m' = fm" for some m" G M, thus m = f n m", as required. □ 



3.1.8. In the situation of (13.1.11) , suppose that g := (<?j | % = 1, . . . , r) is another sequence of 
elements of A; we set fg := (fgi \ i = 1, . . . , r) and define a map of complexes 

p g : K.(fe) - K.(f) 

as follows. First, suppose that r = 1; then f = (/), g = (g) and the sought map <p is the 
commutative diagram : 



*- A 

n 

0- 



/9 



A 







/ 



0. 



A A - 
For the general case we let : 

Especially, for every m, n > we have maps <p {n : K.(f n+m ) — > K.(f m ), whence maps 

^„ : K*(f m , M) -> K'(f m+ri , M) 
and clearly V7' p+q = cp} P o c^* 9 for every m,p,q > 0. 
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3.1.9. Let A be any ring, / C A a finitely generated ideal, f := (/» | i = 1, . . . , r) a finite 
system of generators for /. Moreover, for every n > let 1^ C A denote the ideal generated 
by f n := (/" | i = 1, . . . , r). For all m > n > we deduce natural commutative diagrams of 
complexes : 

K.(f m ) A/I^[0] 

K.(P) A//(")[0] 

(notation of (13.1.81) ) where ir mn is the natural surjection, whence a compatible system of maps: 

(3.1.10) Hom D(A . M od)(^// (n) [0],C") -> Hom D(A . M od)(K.(f"),C"). 

for every n > and every complex C* in D + (A-Mod). Especially, let us take C of the form 
M[— i], for some A-module M and integer i G N; since K.(f n ) is a complex of free A-modules, 
(13.1.101 ) translates as a direct system of maps : 

(3.1.11) Ext^(A/7 (n) ,M) -> fP(f n ,M) for all n G N and every z G N. 

Notice that / nr -' r + 1 c j( n ) c J n for every n > 0, hence the colimit of the system (|3.1.1 II) is 
equivalent to a natural map : 

(3.1.12) colimExt* A (A/r\M) -> cohmfT(f n ,M) foreveryiGN. 

neN neN 

Lemma 3.1.13. M?/z ?/ze notation of (13.1.91 ). the following conditions are equivalent : 

(a) 77?e map (13.1.121) is an isomorphism for every A-module M and every i G N. 

(b) colimiJ*(f n , J) = Ofor every i > and every injective A-module J. 

neN 

(c) The inverse system (iJjK.(f n ) | n G N) is essentially zero whenever i > 0, i.e. /or 
every pel £/zere exfcto g > p such that H,iK,(J q ) — > ifjK.(f p ) w £/ie zero map. 

Proof, (a) =^> (b) is obvious. Next, if J is an injective A-module, we have natural isomorphisms 
(3.1.14) H\r, J) ~ Hom A (#,K.(f n ), J) for all nGN. 

which easily implies that (c) =>- (b). 

(b)=^(c) : Indeed, for any p G N let us choose an injection : ifjK.(f n ) — > J into an 
injective A-module J. By (13.1.141) we can regard (p as an element of H l (f n , J); by (b) the 
image of <p in Homyi(ifjK,(f 9 ), J) must vanish if q > p is large enough. This can happen only 
if #;K.(f 9 ) -> ^K.(ff) is the zero map. 

(b) =>- (a) : Let M — > J* be an injective resolution of the A-module M. The double complex 
colimHom A (K.(f n ), J') determines two spectral sequences : 

neN 

E\ q := colimHom^(K p (f n ),ifV) colimExt p / 9 (K.(f n ), M) 

neN n€N 

Ff q : = colimiP(f n , J 9 ) ~ colimHom A (# p K.(f n ), J q ) colimExt A +9 (K.(f n ), M). 

neN nGN ' neN 

Clearly E{ q = whenever q > 0, and (b) says that Ff q = for p > 0. Hence these two spectral 
sequences degenerate and we deduce natural isomorphisms : 

colimExt A (A/7 (n) , M) ~ F 2 0g A Ef ~ colimi^f", M). 

neN ' ' neN 

By inspection, one sees easily that these isomorphisms are the same as the maps (13 .1.1 2b . □ 

Lemma 3.1.15. In the situation of (13.1.91 ). suppose that the following holds. For every finitely 
presented quotient B of A, and every b G B, there exists p G N such that 

Anng(& 9 ) = Ann^(6 p ) for every q > p. 
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Then the inverse system (i/jK.(f n ) | n E N) is essentially zero for every i > 0. 

Proof. We shall argue by induction on r. If r = 1, then f = (/) for a single element / e A In 
this case, our assumption ensures that there exists pGN such that Ann^(/ 9 ) = Ann^/P) for 
every g > p. It follows easily that Hi(ifp) : H 1 'K,(f p+k ) — ► iJ 1 K.(/ fc ) is the zero map for 
every A; > (notation of (13.1.81) ), whence the claim. 

Next, suppose that r > 1 and that the claim is known for all sequences of less than r elements. 
Set g := (/i, . . . , fr~i) and / := f r . Specializing (13.1.31) to our current situation, we derive 
short exact sequences : 

- H (f n ,H p K.(g n )) - H p K.(f n ) - H°(f n ,H p ^K.( g n )) - 

for every p > and n > 0; for a fixed p, this is an inverse system of exact sequences, where 
the transition maps on the rightmost term are given by f m - n . By induction, the inverse system 
(H i 'K.( y g n ) | n E N) is essentially zero for i > 0, so we deduce already that the inverse system 
(HjK.(f n ) | n E N) is essentially zero for alii > 1. To conclude, we are thus reduced to show- 
ing that the inverse system (T n := H°(f n , if K.(g™)) | n E N) is essentially zero. However 
A n : = if K.(g n ) = A/(g™, . . . , gJLi) is a finitely presented quotient of A for any fixed nGN, 
hence the foregoing case r = 1 shows that the inverse system (T mn := Ann^ n (/ m ) | m E N) is 
essentially zero. Let m > n be chosen so that T mn — > T„ n is the zero map; then the composition 
T m = T mm — ► T mn — > T nn = T n is zero as well. □ 

Remark 3.1.16. Notice that the condition of lemma |3A15| is verified when A is noetherian. 

3.1.17. Minimal resolutions. Let A be a local ring, k its residue field, M an Amodule of finite 
type, and : 

. . . % L2 X L, ^ L A M 

a resolution of M by free A-modules. We say that (L,, d., e) is & finite-free resolution if each 
Li has finite rank. We say that (L., c?., e) is a minimal free resolution of M if it is a finite-free 
resolution, and moreover the induced maps k ®a Li — > k 0a Im ^ are isomorphisms for all 
i G M (where we let d := e). One verifies easily that if A is a coherent ring, then every finitely 
presented Amodule admits a minimal resolution. 

3.1.18. Let L := (L., d m , e) and Jj := (Z^, <i'., e') be two free resolutions of M. A morphism 
of resolutions L — > L' is a map of complexes </?. : (L,,d.) — > (L^,d^) that extends to a 
commutative diagram 

L. — ^-M 



Lemma 3.1.19. Le? L := (L., e) Z?e a minimal free resolution of an A-module M of finite 
type, V := (L' m , d' 9 , e') any other finite-free resolution, <p, : V — > La morphism of resolutions. 
Then if, is an epimorphism (in the category of complexes of A-modules), Kenp, is a null 
homotopic complex of free A-modules, and there is an isomorphism of complexes : 

L'. ^ L. ©Kerw 

Proof. Suppose first that L = Jj. We set d := e, L_i := M, if-i := 1m and we show 
by induction on n that ip n is an isomorphism. Indeed, this holds for n = —1 by definition. 
Suppose that n > and that the assertion is known for all j < n; by a little diagram chasing 
(or the five lemma) we deduce that (p n -i induces an automorphism lmd n ^ Imd n , therefore 
(f n ®a I* : k ®a L n — i> k ®a L n is an automorphism (by minimality of L), so the same holds 
for ip n (e.g. by looking at the determinant of (p n ). 
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For the general case, by standard arguments we construct a moronism of resolutions: ■0. : 
L — > Lf. By the foregoing case, cp, o tp, is an automorphism of L, so cp, is necessarily an 
epimorphism, and Lf_ decomposes as claimed. Finally, it is also clear that Ker ip m is an acyclic 
bounded above complex of free A-modules, hence it is null homotopic. □ 

Remark 3.1.20. (i) Suppose that A is a coherent local ring, and let L := (L., d m , e) and Lf : = 
(L' m , d'„ e') be two minimal resolutions of the finitely presented A-module M. It follows easily 
from lemma [3^1. 191 that L and Lf are isomorphic as resolutions of M. 

(ii) Moreover, any two isomorphisms L — > Lf are homotopic, hence the rule: M i— > L, 
extends to a functor 

A-Mod coh -> Hot(A-Mod) 

from the category of finitely presented A-modules to the homotopy category of complexes of 
A-modules. 

(iii) The sequence of A-modules (Syz^M := Imt^ | i > 0) is determined uniquely by M 
(up to non-unique isomorphism). The graded module Syz^M is sometimes called the syzygy of 
the module M. Moreover, if Lf' is any other finite free resolution of M, then we can choose a 
morphism of resolutions L" — > L, which will be a split epimorphism by lemma |3T.19[ and the 
submodule d,(L'l) C L. decomposes as a direct sum of Syz^M and a free A-module of finite 
rank. 

Lemma 3.1.21. Let A — > B a faithfully flat homomorphism of coherent local rings, M a finitely 
presented A-module. Then there exists an isomorphism of graded B-modules : 

B ® A Syz' A M -> Syz' B (B <g> A M). 

Proof. Left to the reader. □ 

Proposition 3.1.22. Let A — > B be aflat and essentially finitely presented local ring homomor- 
phism of local rings, M an A-flat finitely presented B -module. Then the B -module M admits a 
minimal free resolution 

E. : • • • L 2 L\ L — — > L_i := M. 
Moreover, S w universally A-exact, i.e. /or every A-module N, the complex S. ®a ^ w j'ri// 

Proo/ To start out, let us notice : 

Claim 3.1.23. In order to prove the proposition, it suffices to show that, for every A-flat finitely 
presented 5-module N, and every 5-linear surjective map d : L — » N, from a free 5-module 
L of finite rank, Ker d is also an A-flat finitely presented 5-module. 

Proof of the claim. Indeed, in that case, we can build inductively a minimal resolution E. of 
M, such that Ni := Ker(dj : Lj — > is an A-flat finitely presented i?-module for every 

i G N. Namely, suppose that a complex E. with these properties has already been constructed, 
up to degree i, and let Kg be the residue field of B; by Nakayama's lemma, we may find a 
surjection d i+ i : L i+ i — > iVj, where L^+i is a free 5-module of rank dim Ks (iVj ®^ Under 
the assumption of the claim, the resulting complex si* +1 ' ) : (L i+ i — ► Lj — > Lj_x —>••••—> M) 
fulfills the sought conditions, up to degree i + 1. 

It is easily seen that the complex E. thus obtained shall be universally A-exact. 

Let us write A as the union of the filtered family (A\ \ A G A) of its noetherian subalgebras. 
Say that B = C p , for some finitely presented A-algebra C, and a prime ideal p C C, and 
M = N p for some finitely presented C-module N. We may find A G A, a finitely generated 
A A -algebra C\ and a CVmodule N x such that C = C\ <Su A A, and N = N x ®a a A; for every 
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H > A, let Cfj, := Afj, &>A\ C\ and A M := ® Aa N\; also, denote by p M the preimage of 
p in C/j,, and set := (C m ) Pm , M m := (A M ) Pfi . According to claim 13 .1^291 we may assume 
that M M is a flat A^-module, for every /i > A. Moreover, suppose that d : L — > M is a 
B-linear surjection from a free B-module L of rank r; then we may find p, E A such that <i 
descends to a fi^-linear surjection : — > M M from a free B^-module L M of rank r. It 
follows easily that := Kerd^ is a flat A M -module, for every ji > A, and the induced map 
A^ ®Bf, B — > A := Ker <i is a surjection, whose kernel is a quotient of Tor 1 M (A, AAJ P ; the 
latter vanishes, since Af M is A^-fiat. Hence, A is A-flat; furthermore, A M is clearly a finitely 
generated fi^-module, hence A is a finitely presented fi-module. Then the proposition follows 
from claim |3. 1.231 □ 

3.1.24. Coh-injective modules and uj-coherent modules. In the theory of local duality over a 
noetherian local ring, one constructs a dualizing module as the injective hull of the residue field 
(see [42, Exp. IV, Th.4.7]). When dealing with the more general coherent rings that appear in 
sections 14.51 and 14.61 the injective hull is no longer suitable, but it turns out that one can use 
instead a "coh-injective hull", which works just as well. 

Definition 3.1.25. Let A be a ring; we denote by A-Mod coh the full subcategory of A-Mod 
consisting of all coherent A-modules. 

(i) An A-module J is said to be coh-injective if the functor 

A-Mod coh -> A-Mod° : M h-> Hom A (M, J) 

is exact. 

(ii) An A-module M is said to be uj -coherent if it is countably generated, and every finitely 
generated submodule of M is finitely presented. 

Lemma 3.1.26. Let Abe a ring. 

(i) Let M, J be two A-modules, N C M a submodule. Suppose that J is coh-injective 
and both M and M/N are u-coherent. Then the natural map: 

Hom A (M, J) -> Hom A (A, J) 

is surjective. 

(ii) Let (J\ I A E A) be a filtered family of coh-injective A-modules. Then colim J\ is 

aga 

coh-injective. 

(iii) Assume that A is coherent, let M. be an object of D~(A-Mod co h) and I* a bounded 
below complex of coh-injective A-modules. Then the natural map 

Hom A (M„ J*) -> AHom A (M„ J") 

is an isomorphism in D(A-Mod). 

Proof, (i): Since M is u;-coherent, we may write it as an increasing union {J neN M n of finitely 
generated, hence finitely presented submodules. For each n E N, the image of M n in M/N is 
a finitely generated, hence finitely presented submodule; therefore N n := N n M n is finitely 
generated, hence it is a coherent A-module, and clearly N = {J nem N n . Suppose <p : N — > J is 
any A-linear map; for every n EN, set P n +i '■= M n + A n+1 C M, and denote by cp n : N n — ► J 
the restriction of (p. We wish to extend ip to a linear map <// : M — > J, and to this aim we 
construct inductively a compatible system of extensions </?^ : P n — > J, for every n > 0. For 
n = 1, one can choose arbitrarily an extension <p[ of </?i to P\. Next, suppose n > 0, and 
that ip' n is already given; since P n C M n , we may extend (p' n to a map <^ : M n — > J. Since 
M n fl A„ + i = N n , and since the restrictions of <p" n and v^n+i agree on N n , there exists a unique 
A-linear map (p' n+1 : P n+ i — >■ J that extends both 72" and </?n+i- 



FOUNDATIONS OF p-ADIC HODGE THEORY 



191 



(ii) : Recall that a coherent A-module is finitely presented. However, it is well known that 
an A-module M is finitely presented if and only if the functor Q i— > Hom^(M, Q) on A- 
modules, commutes with filtered colimits (see e.g. Il36l Prop.2.3.16(ii)]). The assertion is an 
easy consequence. 

(iii) : Since A is coherent, one can find a resolution ip : P, — > M. consisting of free A- 
modules of finite rank (cp. J36l §7.1.20]). One looks at the spectral sequences 

E{ q : Eom A (P p , I q ) R p+q Rom A (M. } /*) 
Ff q : Rom A (M p , I q ) H p+q Hom A (M„ /*). 

The resolution ip induces a morphism of spectral sequences F" — > E"\ on the other hand, 
since I q is coh-injective, we have : E^ 1 — ¥Lom A (H p F,, I q ) ~ }lom A (H p M,, I q ) ~ F^ 1 , so 
the induced map Fj 9 — > E^ q is an isomorphism for every p, q G N, whence the claim. □ 

3.1.27. Flatness criteria. The following generalization of the local flatness criterion answers 
affirmatively a question raised in [32, Ch.IV, Rem. 1 1.3.12]. 

Lemma 3.1.28. Let A be a ring, I C A an ideal, B a finitely presented A-algebra, p C B 
a prime ideal containing IB, and M a finitely presented B-module. Then the following two 
conditions are equivalent: 

(a) M p is aflat A-module. 

(b) Mp/JMp is aflat A/ 1 -module and Torf (M p , A/ 1) = 0. 

Proof. Clearly, it suffices to show that (b)=Ka), hence we assume that (b) holds. We write A 
as the union of the filtered family (Ax | A G A) of its local noetherian subalgebras, and set 
A' := A/I, I x := I H A x , A' x := A x /IxA x for every A G A. Then, for some A G A, the A- 
algebra B descends to an A A -algebra B x of finite type, and M descends to a finitely presented 
_B A -module M A . For every p > A we set B, := A, <& Ax B x and M M := B, ® Bx M A . Up to 
replacing A by a cofinal family, we can assume that B, and M M are defined for every p G A. 
Then, for every A G A let g x : -B A — ► -B be the natural map, and set p A := g A x p. 

Claim 3.1.29. There exists A G A such that M AjPa // a M a Pa is a flat A A // A -module. 

Proof of the claim. Set 5 A := B x ®a x A' x and M A := M A (gu A A' A for every A G A; clearly the 
natural maps 

colim A' x -> A /M colim B' x ^ B /IB colim M A -> M//M 
AeA AeA AeA 

are isomorphisms. Then the claim follows from (b) and lT3~2l Ch.IV, Cor. 1 1.2.6.1]. 

In view of claim 13 . 1 .291 we can replace A by a cofinal subset, and thereby assume that 
M AiPa /J a M AiPa is a flat A A // A A A -module for every A G A. 

Claim 3.1.30. (i) The natural map: colim Torf A (M A , A' x ) — ► Torf (M, A') is an isomorphism. 

AeA 

(ii) For every A, p G A with p > A, the natural map: 

fx, : A, ® Aa Torf a (M a , A' a ) - Torf"(M M , ^) 

is surjective. 

Proof of the claim. For every A G A, let L.(M A ) denote the canonical free resolution of the 
A A -module M A ( IIT71 Ch.X, §3, n.3]). Similarly, denote by L m (M) the canonical free resolution 
of the A-module M, It follows from [18, Ch.II, §6, n.6, Cor.] and the exactness properties of 
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filtered colimits, that the natural map: colimL.(M A ) — > LJM) is an isomorphism. Hence: 

AeA 

colimF.(^ ® Ax M\) ~ colimtf.^ ® Aa L.(M a )) 

A£iY A£A. 

~HJA ® A colim L.(M A )) 

AeA 

~H.(A' ® A L.(M)) 
~H.(A' ® A M) 

which proves (i). To show (ii) we use the base change spectral sequences for Tor dlTTl Th.5.6.6]) 

E 2 pq : Tor^(Tor^(M A , A'J =► Tra&(M Aj ^) 
F p 2 ? : Tor^(Tor^(M A , A' A ), A'J =>■ Tm&(M a , ^). 

Since F x 2 = 0, the natural map 

Fl : = 4 Torf (M A , A' A ) - Torf(M A , ^) 

is an isomorphism. On the other hand, we have a surjection: 

Tor^(M A , 4) - E 2 10 : = Torf(M M ,^) 

whence the claim. 
We deduce from claim l3.1.30I X) that the natural map 

cohmTor^(M AiPA , A' x ) -> Torf (M p , A') = 

is an isomorphism. However, Torf a (M AiPa , A' x ) is a finitely generated _B AiPA -module by 1(171 
Ch.X, §6, n.4, Cor.]. We deduce that / AMiPa = for some /i > A; therefore Torf"(M / , iPM , A') = 
0, in view of claim [3T.30r ii). and then the local flatness criterion of Il2~8l Ch.O, §10.2.2] says 
that M^p is a flat A^-module, so finally M p is a flat A-module, as stated. □ 

Lemma 3.1.31. Let Abe a ring, I C A an ideal. Then : 

(i) The following are equivalent : 

(a) The map A — > A/ 1 is flat. 

(b) The map A A/ 1 is a localization. 

(c) For every prime ideal p C A containing I, we have IA p = 0, especially, V(I) is 
closed under generizations in Spec A 

(ii) Suppose I fulfills the conditions (a)-(c) of(i). Then the following are equivalent : 

(a) I is finitely generated. 

(b) / is generated by an idempotent. 

(c) V(I) C Spec A is open. 

Proof, (i): Clearly (b)=Ka). Also (a)=Kc), since every flat local homomorphism is faithfully 
flat. Suppose that (c) holds; we show that the natural map B :— (1 + I)~ l A — > A/ 1 is 
an isomorphism. Indeed, notice that IB is contained in the Jacobson radical of B, hence it 
vanishes, since it vanishes locally at every maximal ideal of B. 

(ii): Clearly (c)=^(b)=Ka). By condition (i.c), we see that every element of I vanishes on an 
open subset of Spec A containing V(I), hence (a)=Kc) as well. □ 
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3.1.32. For every ring A, we let J? (A) be the set of all ideals I C A fulfilling the equivalent 
conditions (i.a)-(i.c) of lemma |3.1.31[ and 3? {A) the set of all closed subset Z C Spec A that are 
closed under generizations in Spec A. In light of lemma l3T.3ir i.c). we have a natural mapping: 

(3.1.33) f{A)^>3£{A) : I^V(I). 

Lemma 3.1.34. The mapping (13.1.331) is a bijection, whose inverse assigns to any Z G 3f(A) 
the ideal I[Z] consisting of all the elements f G A such that fA p = Ofor every p G Z. 

Proof. Notice first that I[V(I)} = I for every I G J {A)\ indeed, clearly / C J[V(/)], and if 
/ G J[V(J)], then fA p = for every prime ideal p containing /, hence the image of f in A/I 
vanishes, so / G I. To conclude the proof, it remains to show that, if Z is closed and closed 
under generizations, then V(J[Z]) = Z. However, say that Z = V(J), and suppose that / G J; 
then Spec A p C Z for every p G Z, hence / is nilpotent in A p , so there exists n G N and an 
open neighborhood U C Spec A of p such that f n = in U . Since Z is quasi-compact, finitely 
many such U suffice to cover Z, hence we may find n G N large enough such that f n G I[Z], 
whence the contention. □ 

Proposition 3.1.35. Let f : X' — > X a quasi-compact and faithfully flat morphism of schemes. 
Then the topological space underlying X is the quotient of X' under the equivalence relation 
induced by f. 

Proof. The assertion means that a subset Z C X is open (resp. closed) if and only if the same 
holds for the subset f~ x Z of X'. For any subset Z of X (resp. of Y'), we denote by Z the 
topological closure of Z in X (resp. in Y'). The proposition will result from the following more 
general : 

Claim 3.1.36. Let g : Y' — > X be a flat morphism of schemes, h : F" — > X a quasi-compact 
morphism of schemes, and set Z := h{Y"). Then 

<T X Z = g^Z. 

Proof of the claim. Quite generally, if T is a topological space, U C T an open subset, Z C T 
any subset, and Z the topological closure of Z in X, then Z n U is the topological closure 
of Z n Z7 in [/ (where the latter is endowed with the topology induced by X) : indeed, set 
Z' := Z HU,W := X\U,and notice that 



ZUW = ZUW = Z'UW = Z'UW 

hence we may assume that Z C U,in which case the assertion is obvious. 

Now, let (Ui | i G I) be any affine open covering of X, and set U[ := g~ l Ui, U" := hr x Ui 
for every i G /; by the foregoing, we are reduced to showing the claim with g and h replaced 
by the morphisms g\ V ( : U[ — > Ui and hpe : U" — > U, hence we may assume that X is affine. 
Likewise, by considering an affine open covering of Y' and arguing similarly, we reduce to the 
case where Y' is affine as well. In this situation, since h is quasi-compact, Y" is a finite union of 
affine open subsets U", . . . , U", hence we may replace Y" by the disjoint union of U", . . . , U", 
and assume that Y" is also affine. Say that X = Spec A, Y' = Spec B' and Y" = Spec B", 
and denote by / C A the kernel of the ring homomorphism A — > B" corresponding to h; then 
Z = Spec A/ 1. Let /i' : V x x Y" — > Y' be the morphism obtained from h by base change, and 
notice that g^Z is the image of hi; therefore, if we let V C -B' be the kernel of the induced map 
B' B' ® A B", we have g- x Z = Spec B'/V. However, since B' is a flat A-algebra, /' = IB', 
whence the claim. 

Let now Z C X be a subset, such that Z' := f~ x Z is closed in X', and endow Z' with the 
reduced subscheme structure. The restriction h : Z' — > X of / is then quasi-compact, and 
clearly f~ l {hZ') = Z'. Thus, claim !3. 1.361 says that = Z', which means that Z = Z, i.e. 
Z is closed, as stated. □ 
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Corollary 3.1.37. Let Abe a ring whose set Min A ( resp. Max A) of minimal prime ( resp. max- 
imal) ideals is finite. If Z C Spec A is a subset closed under specializations and generizations, 
then Z is open and closed. 

Proof. When Min A is finite, any such Z is a finite union of irreducible components, hence it is 
closed. But the same applies to the complement of Z, whence the contention. When A is semi- 
local, consider the faithfully flat map A — > B, where B is the product of the localizations of A 
at its maximal ideals. Clearly the assertion holds for B, hence for A, by proposition ^. 1.351 □ 

The following result is borrowed from ||62l Cor.2.6]. 

Proposition 3.1.38. Let R be a ring, R' any finitely generated R-algebra, and suppose that 
Spec R is a noetherian topological space. Then the same holds for Spec R'. 

Proof. Let us first remark : 

Claim 3.1.39. Let T be a quasi-compact and quasi- separated topological space. We have : 

(i) T is noetherian if and only if every closed subset of T is constructible. 

(ii) Denote by ^ the set of all non-constructible closed subsets of T, partially ordered by 
inclusion. If ^ is not empty, it admits minimal elements, and every minimal element 
of c € is an irreducible subset of T. 

Proof of the claim, (i) shall be left to the reader. 

(ii): Let {Zi \ i E 1} be a totally ordered subset of and set Z := f] ieI Zi, we claim 
that Z E ff. Indeed, if this fails, Z is constructible, hence its complement is a quasi-compact 
open subset of T, and therefore it equals T\Zi for some i E I; but then Z = Zi, so Zi is 
constructible, a contradiction. By Zorn's lemma, we deduce that ^ admits minimal elements. 
Let Z E be such a minimal element, and suppose that Z is not irreducible; then Z = Z\ U Z 2 
for some closed subsets Z x , Z 2 strictly contained in Z. By minimality of Z, both Z\ and Z 2 are 
constructible, and therefore the same must hold for Z, a contradiction. 

Let R' be a finitely generated i?-algebra. In order to show that Spec R' is noetherian, we 
may assume that R' is a free polynomial i?-algebra of finite type, and then an easy induction 
reduces to the case where R' = R[X]. Now, suppose Y : = Speci?[X] is not noetherian, and 
let / : Y — > X :— Spec R; by claim |3TT.39| we may find an irreducible non-contructible closed 
subset Z C Y. By assumption, the topological closure W of f(Z) in X is an irreducible 
constructible closed subset, and therefore f~ 1 W is a constructible closed subset of Y (recall 
that every morphism of schemes is continuous for the constructible topology). It follows that 
every constructible subset of f~ x W is also constructible as a subset of Y; especially, Z is not 
constructible in f~ x W . We may then replace X by W and Y by f~ x W, and assume from start 
that f(Z) is a dense subset of X and R is a domain, in which case we set K : = Fraci?. Let 
p E Y be the generic point of Z; so p is a prime ideal of i?[X], and piT[X] is a principal ideal 
generated by some polynomial p(X) E p. Let c E R be the leading coefficient of p(X), set 
U := Spec i?[c _1 ] and notice that f(Z) D U ^ 0. Hence, Z \ f~ l U is a closed subset of Y 
strictly contained in Z, so it is constructible. It follows that Z n f^U is a non-constructible 
subset of Y; since f^U is a constructible subset of Y, we conclude that Z n f^U is a non- 
constructible subset of f~ 1 U. Hence, we may replace R by -R[c _1 ] and assume from start that 
pif[X] is generated by a monic polynomial p(X) E p. However, we notice : 

Claim 3.1.40. Let A be a domain, K the field of fractions of A, p C A[X] any ideal, and 
p(X) E p a monic polynomial that generates pi^[X]. Then p(X) generates p. 

Proof of the claim. This is elementary : consider any g(X) E p, and let g(X) = q(X) ■ p(X) + 
r(X) be the euclidean division of g by p in Since p generates pi^[X], we have r = 0, 

and since p is monic, it is easily seen that q E A[X], whence the claim. 
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Claim [3X40] says that p is a principal ideal of R[X]; but in that case, Z must be constructible, 
a contradiction. □ 

3.1.41. Indecomposable modules. Recall that a unitary (not necessarily commutative) ring R is 
said to be local if R ^ and, for every x £ R either x or 1 —x is invertible. If R is commutative, 
this definition is equivalent to the usual one. 

3.1.42. Let ^ be any abelian category and M an object of ^ . One says that M is indecom- 
posable if it is non-zero and cannot be presented in the form M = iVi © N 2 with non-zero 
objects TVi and N 2 . If such a decomposition exists, then End<^(A r i) x End^(A^) C End<^(M), 
especially the unitary ring End<^(M) contains an idempotent element e / 1,0 and therefore it 
is not a local ring. 

However, if M is indecomposable, it does not necessarily follow that End^(M) is a local 
ring. Nevertheless, one has the following: 

Theorem 3.1.43. (Krull-Remak-Schmidt) Let (Ai)i &1 and (Bj)j eJ be two finite families of 
objects of c &, such that: 

(a) @ ieI Ai ~ ® jeJ Bj. 

(b) End^(Aj) is a local ring for every i £ I, and Bj ^ Ofor every j £ J. 
Then we have : 

(i) There is a surjection ip : I — > J, and isomorphisms Bj — > ©jg^-i^A'. far every j £ J. 

(ii) Especially, if Bj is indecomposable for every j £ J, then I and J have the same 
cardinality, and ip is a bijection. 

Proof. Clearly, (i)=^(ii). To show (i), let us begin with the following : 

Claim 3.1.44. Let M u M 2 be two objects of c €, and set M := M 1 © M 2 . Denote by e { : Mi -> 
M (resp. pi : M — > Mj) the natural injection (resp. projection) for i = 1,2. Suppose that 
a : P — * M is a subobject of M, such that p\d : P — > Mi is an isomorphism. Then the natural 
morphism [3 : P ® M 2 — > M is an isomorphism. 

Proof of the claim. Denote by 7rp : P©M 2 — ► Pand7r 2 : PffiM 2 — > M 2 the natural projections; 
then /3 := «7Tp + e 2 7r 2 . Of course, the assertion follows easily by applying the 5-lemma (which 
holds in any abelian category) to the commutative ladder with exact rows : 

7Tp 

M 2 > P © M 2 P 



t'2 



in 



pia 



M 2 M Mi 0. 

Equivalently, one can argue directly as follows. By definition, Coker f3 represents the functor 

eg _,. Z-Mod : X ^ Ker Homy X) 

and likewise for Coker pi«; however, it is easily seen that these functors are naturally isomor- 
phic, hence the natural morphism Coker (5 — > Coker p^a is an isomorphism, so (3 is an epimor- 
phism. Next, let t : Ker (3 — > P © M 2 be the natural morphism; since p\ct is an isomorphism, 
7rp o t = 0, so t factors through a morphism t : Ker (3 — ► M 2 . It follows that e 2 ot = /3ot = 0, 
therefore t = 0, and finally Ker /3 = 0, since t is a monomorphism. 
Set A := ©jg/Aj, and denote : Aj — > A (resp. pj : A — > A 4 ) the natural injection (resp. 
projection), for every i £ I. Also, endow I' := I U {oo} with any total ordering (I', <) for 
which oo is the maximal element. 

Claim 3.1.45. Let (aj : A — ► A)j- e j be a finite system of endomorphisms such that XljGj a j = 
1a- Then there exists a mapping cp : I — > J such that the following holds : 
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(i) a^ti : Ai — > A is a monomorphism, for every i 6 J, and let Pj := Im(aWj)ej). 

(ii) For every / G I', the natural morphism f3 t : ® i<z Pi©0i>; ^ — ► ^4 is an isomorphism. 

Proof of the claim. We both define (p(l) and prove (ii), by induction on I. If / is the smallest 
element of I, then /3; = 1^, so (ii) is obvious. Hence, let I £ I be any element, V E I' the 
successor of /, and assume that Pi is an isomorphism. Set a'- : = Pf x ajPi for every j E J, and 
Mi := i<; Pi © i>; A.-,; also, let e\ : A; -> and p\: A x be the natural morphisms. 

Clearly V 

Oj = IjUp so J2j£jP'i a 'j e 'i = smce End^(A;) is a local ring, it follows that 
there exists £ J such that v'l^j^i 1S an automorphism of A;. However, 

(3.1.46) a'^ = Pf 1 ^^ = P^a^i 

so assertion (i) follows for the index I, by setting <p{l) := j\. 

Next, set M^i := A; and M i)2 := 0j</ -Pi © 0i>/ A- The foregoing argument provides 
a subobject a : P/ := In^a'^eJ) -> M; = M M © Mj j2 such that p\a : P/ -> Mj,i is 
an isomorphism. By claim 13.1.441 it follows that the natural map P[, : P[ © M; 2 — > M; 
is an isomorphism. On the other hand, (13.1.461) implies that Pi restricts to an isomorphism 
7i : P[ —> Pi. We deduce a commutative diagram 

PI © .\/,, ^ .1/, 

7;®lM i>2 ft 
* ft' 

Mr ! *- A 

whose vertical arrows and top arrow are isomorphisms. Thus, the bottom arrow is an isomor- 
phism as well, as required. 
For every j E J, let e'j : Bj — > A (resp. p' 3 ■ : A — ► £>j) be the injection (resp. projec- 
tion) deduced from a given isomorphism as in (a), and set dj := e'jPj for every j E J. Then 
J2jeJ a j = so claim f3TT .451 yields a mapping ip : I — > J such that the following holds. 
Set Pj := © ie¥ ,-iQ-)Im(ajei) for every j G J; then the natural morphism P : (Bj<=jPj — > ^4 is 
an isomorphism. However, clearly P(Pj) is a subobject of Im(e^), for every j £ J. Hence, </? 

must be a surjection, and /3 restricts to isomorphisms Pj ^ Im(e^) for every j E J, whence 
isomorphisms Pj ^> Bj, from which (ii) follows immediately. □ 

Remark 3.1.47. There are variants of theorem ^. 1.431 that hold under different sets of assump- 
tions. For instance, in [[371 Ch.I, §6, Th.l] it is stated that the theorem still holds when / and 
J are no longer finite sets, provided that the category admits generators and that all filtered 
colimits are representable and exact in ^ . 

3.1.48. Let us now specialize to the case of the category A-Mod, where A is a (commutative) 
local ring, say with residue field k. Let M be any finitely generated A-module; arguing by 
induction on the dimension of M ©^ k, one shows easily that M admits a finite decomposition 

M = ffi[ =1 Mj, where Mi is indecomposable for every i < r. 

Lemma 3.1.49. Let Abe a henselian local ring, and M an A-module of finite type. Then M is 
indecomposable if and only if Endyi(M) is a local ring. 

Proof. In view of (13.1.421) , we can assume that M is indecomposable, and we wish to prove that 
End A (M) is local. Thus, let <p E End A (M). 

Claim 3.1.50. The subalgebra A[ip] C End^(M) is integral over A. 

Proof of the claim. This is standard: choose a finite system of generators (/i)i<i< r for M, then 
we can find a matrix a := (a>ij)i<i,j< r of elements of A, such that <£>(/*) = YJj=i a ijfj f° r every 
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i < r. The matrix a yields an endomorphism ip of the free A-module A® r ; on the other hand, 
let e 1; . . . , e r be the standard basis of A® r and define an A-linear surjection it : A® r — > M by 
the rule: e« h- > fa for every i < r. Then tp on = n oip;by Cay ley-Hamilton, ip is annihilated by 
the characteristic polynomial x(T) of the matrix a, whence xif) = 0. 
Since A is henselian, claim |3T .501 implies that A[<p\ decomposes as a finite product of local 
rings. If there were more than one non-zero factor in this decomposition, the ring A[ip] would 
contain an idempotent e ^ 1,0, whence the decomposition M = eM © (1 — e)M, where both 
summands would be non-zero, which contradicts the assumption. Thus, A[(p] is a local ring, so 
that either ip or 1 M — (p is invertible. Since p) was chosen arbitrarily in EncLi(M), the claim 
follows. □ 

Corollary 3.1.51. Let Abe a henselian local ring. Then: 

(i) If(Mi) ie j and (Nj)j £j are two finite families of indecomposable A-modules of finite 
type such that ffi[ =1 Mj — ®j =1 Nj, then there is a bijection (3 : I J such that 
Mi ~ Npty for every i G I. 

(ii) If M and N are two finitely generated A-modules such that M® k ~ N® k for some 
integer k > 0, then M ~ N. 

(iii) If M, N and X are three finitely generated A-modules such that X © M ~ X © N, 
then M ~N. 

Proof. It follows easily from theorem [3 . 1 .431 and lemma lXl .491 the details are left to the reader. 

□ 

Proposition 3.1.52. Let A — > B be a faithfully flat map of local rings, M and N two finitely 
presented A-modules with a B-linear isomorphism uj : B ©^ M — > B ©^ N. Then M ~ N. 

Proof. Under the standing assumptions, the natural 5-linear map 

B © A Hom j4 (M, N) -> Rom B (B © A M, B <g> A N) 

is an isomorphism ( 11361 Lemma 2.4.29(i.a)]). Hence we can write uj = Y7i=i b% © <fi f° r some 
hi G B and (pi : M — * N (1 < i < r). Denote by k and K the residue fields of A and B 
respectively; we set Tp i := l k ©^ ^ : k ©^ M — > k ©a N. From the existence of uj we 
deduce easily that n := dim k k ©^ M = dim k k ©^ N. Hence, after choosing bases, we can 
view Tp 1 , . . . ,Tp r as endomorphisms of the /c-vector space k® n . We consider the polynomial 
p(Ti, . . . , T r ) := det(5^i=i % ■ TpA g fc[T 1( . . . , T r \. Let \, . . . , b r be the images of b\, . . . , b r 
in K; it follows that p(b~i, . . . , b r ) ^ 0, especially p(T 1; . . . , T r ) ^ 0. 

Claim 3.1.53. The proposition holds if k is an infinite field or if k = K. 

Proof of the claim. Indeed, in either of these cases we can find CL\ , . . . , CL r G k such that 
p(ai, . . . ,a r ) 7^ 0. For every i < r choose an arbitrary representative dj G A of a/, and set 
Lp := Yli=i a i c Pi- By construction, l k ©^ <p : k ©^ M — > fc ©a is an isomorphism. By 
Nakayama's lemma we deduce that 9? is surjective. Exchanging the roles of M and N, the same 
argument yields an A-linear surjection ip : N — >• M. Finally, [|58l Ch.l, Th.2.4] shows that both 
ip o ip and o *0 are isomorphisms, whence the claim. 

Let A h be the henselization of A, and A sh , B sh the strict henselizations of A and B respec- 
tively. Now, the induced map A sh — > _B sh is faithfully flat, the residue field of A sh is infinite, and 
c<j induces a £> sh -linear isomorphism 5 sh ©^ M ^ B sh ©^ N. Hence, claim |3T .531 yields an 
^^-linear isomorphism (3 : A sh ©^ M A sh ©^ N. However, A sh is the colimit of a filtered 
family (A x \ A G A) of finite etale y4 h -algebras, so (3 descends to an v4 A -linear isomorphism 
(3\ : A\ ©a M ~ A A ©a iV for some A G A. The A h -module A\ is free, say of finite rank n, 
hence (3\ can be regarded as an A h -linear isomorphism (A h ©^ M)® n A (A h ©^ A^)® n . Then 
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A h ®a M ~ A h ®a N, by corollary l3.1.51f ii). Since the residue field of A h is k, we conclude 
by another application of claim |3. 1.531 □ 

3.2. Graded rings and filtered rings. 

3.2.1. Graded rings. To motivate the results of this paragraph, let us review briefly the well 
known correspondance between T-gradings on a module M (for a given commutative group T), 
and actions of the diagonalizable group D(T) on M. 

Let S be a scheme; on the category Sch/S of S-schemes we have the presheaf of rings : 



f Sch/s : Sch/S - Z-Alg (X - S) » T(X, 



Also, let M be an (^-module; following (24l Exp.I, Def.4.6.1], we attach to M the <^sch/s- 
module given by the rule : (/ : X -> S) \-> T(X, f*M). If M and N are two quasi- 
coherent ^-modules, and / : S' — > 5 an affine morphism, it is easily seen that 

(3.2.2) T(S', M>om<? Sch/s (W M , W N )) = Hom^M, f m s , N) 

(see JM Exp.I, Prop.4.6.4] for the details). 

Let / : G — > 5 be a group S-scheme, i.e. a group object in the category Sch/S. If / is affine, 
we say that G is an affine group S-scheme; in that case, the mutiplication law G x 5 C7 — > C7 and 
the unit section 5 — > G correspond respectively to morphisms of ^-algebras 

which make commute the diagram : 

f^G U@G ®6s h#G 



f*@G ®ff s f*#G f*@G ®0 S f*@G ®0 S f*#G 



as well as a similar diagram, which expresses the unit property of e g '■ see [24, Exp.I, §4.2]. 

Example 3.2.3. Let G be any commutative group. The presheaf of groups 

D S (G) : Sch/S -> Z-Mod (X -> S) i-f Hom z . Mod (G, 0£PO) 

is representable by an affine group S-scheme D$(G), called the diagonalizable group scheme 
attached to G. Explicitly, if S = Speci? is an affine scheme, the underlying S'-scheme of 
D S (G) is Spec R[G], and the group law is given by the map of i?-algebras 

A G : R[G] -> R[G] ® R R[G] ^ R[G x G] (g, g) for every g e G 

with unit e g ■ R[G] — > R given by the standard augmentation (see [|24l Exp.I, §4.4]). For a 
general scheme S, we have Ds(G) = Ds pec z(G) Xs pec z S (with the induced group law and 
unit section). 

Definition 3.2.4. Let M be an ^-module, G a group S'-scheme. A G-module structure on M 
is the datum of a morphism of presheaves of groups on Sch/S : 



ll G -> £/ut(; Sch/s (Wt 



M , 



(where h G denotes the Yoneda imbedding : see (11.1.201) ). 
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3.2.5. Suppose now that / : G — > S is an affine group S-scheme, and M a quasi-coherent G s - 
module; in view of (13.2.21) , a G-module structure on M is then the same as a map of ^-modules 

which makes commute the diagrams : 



A G ®1 M 




U0 G ® ffs M °- ue G ® ffs u@ G ® ffs M 

Example 3.2.6. Let T be a commutative group; a /}s(T)-module structure on a quasi-coherent 
(^-module M is the datum of a morphism of ^-modules : 

fi M :M^ S \T] ® ffs M = z[r] ® z M 

which makes commute the diagrams of (I3.2.51) . If S = Spec R is affine, M is associated to an 
i?-module which we denote also by M; in this case, /i M is the same as a system (/j, M | 7 G T) 
of ^-linear endomorphisms of M, such that : 

• for every x G M, the subset {7 G T | /Jr M (x) 7^ 0} is finite. 

• A*£r i"m = <V ■ !m and E 7 er^M = U/- 

In other words, the /i M ' form an orthogonal system of projectors of M, summing up to the 
identity 1m- This is the same as the datum of a T-grading on M : namely, for a given Ds(T)- 
module structure [i M , one lets 

gr 7 M := Hm(M) for every 7 G T 

and conversely, given a T-grading gr.M on M, one defines ^m as the R- linear map given by 
the rule : x 1— > 7 <8> x for every 7 G T and every a; G gr 7 M. 

3.2.7. Suppose now that g : X — > S is an affine S'-scheme, and / : G — > S an affine group 
S'-scheme. A G-action on X is a morphism of presheaves of groups : 

h G -> ^Mt S ch/5^(^x)- 

(notation of (|1. 1.201) ); the latter is the same as a morphism of S-schemes 
(3.2.8) Gx s X^X 
inducing a G-module structure on g^^x '■ 

g*&x -> f*^a ®e s g*&x 

which is also a morphism of ^5-algebras. For instance, if S = Spec R is affine, and G = D S (T) 
for an abelian group T, we may write X = Spec A for some i?-algebra B, and in view of 
example 13 .2.61 the G-action on X is the same as the datum of a T-graded i?-algebra structure 
on B, in the sense of the following : 

Definition 3.2.9. Let (T, +) be a commutative monoid, R a ring. 

(i) A Y -graded R-algebra is a pair B_ := (B, gr.B) consisting of an i?-algebra B and a 
T-grading B = © 7er gr 7 -B of the i?-module B, such that 

gr 7 5 • giyB C gr 7+7 /.B for every 7, 7' G T. 

A morphism of T-graded i?-algebras is a map of i?-algebras which is compatible with 
the gradings, in the obvious way. 
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(ii) Let B := (B,gr,B) be a T-graded i?-algebra. A Y-graded B_-module is a datum 
M := (M, gr.M) consisting of a £>-module M and a T-grading M = ® 7gr gr 7 M of 
the i?-module underlying M, such that 

gr 7 £? ■ gr 7 ,M C gr 7+7 ,M for every 7,7' G T. 

(iii) If / : r' — > r is any morphism of commutative monoids, and M is any T-graded 
i?-module, we define the T'-graded i?-module V x r M by setting 

gr 7 (r' x r M) := gr /(7) M for every 7 G T'. 

Notice that if B_ := (B, gr.£>) is a T-graded i?-algebra, then V x r B with its grading 
gives a T'-graded i?-algebra V x r B, with the multiplication and addition laws deduced 
from those of B, in the obvious way. Likewise, if (M, gr.M) is a T-graded fi-module, 
then T' x r M is naturally a T'-graded T' x r fi-module. 

(iv) Furthermore, if N is any T'-graded i?-module, we define the T-graded i?-module A^/ r 
whose underlying i?,-module is the same as N, and whose grading is given by the rule 

gr 7 (iV /r ) := gr 7 iV. 

7'e/- 1 (7) 

Just as in (iii), if C_ := (C, gr.C) is a T'-graded i?-algebra, then we get a T-graded 
i?-algebra C, r , whose underlying i?-algebra is the same as C. Lastly, if (N, gr,N) is 
a T'-graded C-module, then A^/ r is a T-graded C/ r -module. 

Example 3.2.10. (i) For instance, the i?-algebra R\T) is naturally a T-graded R- algebra, when 
endowed with the T-grading such that gr 7 _R[r] := •yR for every 7 G T. 

(ii) Suppose that T is an integral monoid. Then, to a T-graded i?-algebra B, the correspon- 
dance described in (13.2.71) associates a .Ds(T gp ) -action on Speci? (where S := Speci?), given 
by the map of i?-algebras 

d B ■ B — > B[T] C B[T gp ] : b h-> b ■ 7 for every 7 G T, and every b G gr 7 B. 
Remark 3.2.11. (i) Let R be a ring; consider a cartesian diagram of monoids 

r 3 — -r\ 
r 2 — -r 

and let B be any Ti -graded R- algebra. A simple inspection of the definitions yields an identity 
of r 2 -graded i?-algebras : 

T2 xr B/r = (T3 Xrj B )/r 2 - 

(ii) Suppose that T is a finite abelian group, whose order is invertible in G s . Then Ds(T) is 
an etale S'-scheme. Indeed, in light of (11.7.661) . the assertion is reduced to the case where T = 
Z/nZ for some integer n > which is invertible in However, R[Z/nZ] ~ R[T]/ (T n — 1), 
which is an etale i?-algebra, if n G R x . 

(iii) More generally, suppose that T is a finitely generated abelian group, such that the order 
of its torsion subgroup is invertible in S . Then we may write T = L (B T tor , where L is a free 
abelian group of finite rank, and r tor is a finite abelian group as in (ii). In view of (11.7.661) and 
(ii), we conclude that Ds(T) is a smooth S'-scheme in this case. 

(iv) Let T be as in (iii), and suppose that X is an S'-scheme with an action of G := Ds(T). 
Then the corresponding morphism (|3.2.8I) and the projection pc : G x s X — > G induce an auto- 
morphism of the G-scheme G x s X, whose composition with the projection px '■ G x s X — ► X 
equals (|3.2.8I) . We then deduce that both (13.2.81) and px are smooth morphisms. This observa- 
tion, together with the above correspondance between T-graded algebras and _D s (r)-actions, is 
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the basis for a general method, that allows to prove properties of graded rings, provided they can 
be translated as properties of the corresponding schemes which are well behaved under smooth 
base changes. We shall present hereafter a few applications of this method. 

Proposition 3.2.12. Let V be an integral monoid, B a V -graded (commutative, unitary) ring, 
and suppose that the order of any torsion element of T gp is invertible in B. Then : 

(i) nil(5[r]) = nil(.B) ■ B[F). 

(ii) nil (I?) is a Y -graded ideal of B. 

Proof, (i): Clearly m\(B) ■ B[T] C nil(£>[r]). To show the converse inclusion, it suffices to 
prove that nil(£>[r]) C p-BfT] for every prime ideal p C B, or equivalently that £>/p[r] is a 
reduced ring for every such p. Since the natural map T — > r gp is injective, we may further 
replace T by T gp , and assume that T is an abelian group. In this case, £>/p[r] is the filtered 
union of the rings B/p[H], where H runs over the finitely generated subgroups of Y; it suffices 
therefore to prove that each B/p[H] is reduced, so we may assume that T is finitely generated, 
and the order of its torsion subgroup is invertible in B. In this case, £>/p[r] is a smooth B/p- 
algebra (remark l3.2.1 U rn)), and the assertion follows from [|33l Ch.IV, Prop. 17.5.7]. 

(ii): The assertion to prove is that nil(£>) = ® 7er nil(£>) H gr 7 -B. However, let "Ob '■ B — > 
B[T] be the map defined as in example [3 . 2 . 1 Of ii) ; now, (i) implies that -§b restricts to a map 
nil(£>) — > nil(£>) • B[T], whence the contention. □ 

For a ring homomorphism A — > B, let us denote by (A, B) u the integral closure of A in B. 
We have the following : 

Proposition 3.2.13. Let T be an integral monoid, f : A — > B a morphism of T -graded rings, 
and suppose that the order of any torsion element of T gp is invertible in A. Then : 

(i) (A, B) u [T ep ] = (A[FZP],B[T®>]) U . 

(ii) The grading of B restricts to a T-grading on the subring (A, B) v . 

Proof, (i): We easily reduce to the case where Y is finitely generated, in which case A[r gp ] is a 
smooth A-algebra (remark [3.2.1 U iii)). and the assertion follows from [31, Ch.IV, Prop.6.14.4]. 
(ii): We consider the commutative diagram 

A A[T) 

m 

B^B[T] 

where $a and $3 are defined as in example |3 . 2 . 1 Ot ii) . Say that b G (A,B) U ; then G 
(A[T], B[T]) U . In light of (i), it follows that $ B {b) G (A, B)"[T gp ] n B[T] = (A,B)"[T]. The 
claim follows easily. □ 

Corollary 3.2.14. In the situation of proposition 13 .2. 12l suppose moreover, that B is a domain. 
Then we have : 

(i) The integral closure B v of B in its field of fractions is T gp -graded, and the inclusion 
map B — >• B v is a morphism of T gp -graded rings. 

(ii) Suppose furthermore, that T is saturated. Then B v is a Y -graded ring. 

Proof. (Notice that, since T is integral, the grading of B extends trivially to a r gp -grading, by 
setting gr^B := for every 7 G T gp \ V.) Clearly B is the filtered union of its subalgebras 
A x r 5, where A ranges over the finitely generated submonoids of T. Hence, we are easily 
reduced to the case where T is finitely generated. Let S be the multiplicative system of all non- 
zero homogeneous elements of B. It is easily seen that A := S^B is a T gp -graded algebra, 
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K := gr A is a field, and dim^ gr^A = 1 for every 7 £ T gp . Moreover, we have 

gr 7 A ■ gr Y A = gr 7+7 ,A for every 7,7'GF. 

Claim 3.2.15. A is a normal domain, and if T is saturated, r x rgP A is normal as well. 

Proof of the claim. Pick a decomposition T gp = L © T, where L is a free abelian group, and T 
is the torsion subgroup of T gp . It follows easily that the induced map of i^-algebras 

(L x rgP A) © x (T A) -> A 

is an isomorphism. Moreover, i£ := T x rgP A is a finite field extension of K, and L x rsP A ~ 
-fT[Z/]. Summing up, A is isomorphic to E[L], whence the first assertion. 

Next, suppose that T is saturated; then r ~ r'xT x (lemma |2.2.10|) , and we have a decompo- 
sition T x = if ©T, where H is a free abelian group. In this case, we may take L := (r") gp ©if, 
and the foregoing isomorphism induces an identification 

rx rsP a~e\t*®h] 

so the second assertion follows, taking into account theorem [2.4. 1 6f iii) . 
The corollary now follows straightforwardly from claim |3.2.15l and proposition |3.2.13l □ 

Proposition 3.2.16. Suppose that (V, +) — > (T, +) is a morphism of fine monoids, B a finitely 
generated (resp. finitely presented) Y -graded R-algebra, and M a finitely generated (resp. 
finitely presented) V -graded B-module. We have : 

(i) r" x r B is a finitely generated (resp. finitely presented) R-algebra. 

(ii) r" x r M is a finitely generated (resp. finitely presented) V x r B-module. 

(iii) gr 7 M is a finitely generated ( resp. finitely presented) gr Q B -module, for every 7 G T. 

Proof. Let B M denote the direct sum B © M, endowed with the i?-algebra structure given by 
the rule : 

(bi, mi) ' i}>2i m 2) — (&i&2> &i^2 + &2"7>i) f° r every bi, b 2 G B and m 1 ,m 2 G M. 

Notice that Bu is characterized as the unique i?-algebra structure for which M is an ideal with 
M 2 = 0, the natural projection B M — > B is a map of i?-algebras, and the £>-module structure 
on M induced via tx agrees with the given £>-module structure on M. 

Claim 3.2.11. The following conditions are equivalent : 

(a) The i?-algebra Bm is finitely generated (resp. finitely presented). 

(b) B is a finitely generated (resp. finitely presented) i?-algebra and M is a finitely gener- 
ated (resp. finitely presented) _B-module. 

Proof of the claim. (b)=Ka): Suppose first that B is a finitely generated i?-algebra, and M 
is a finitely generated £>-module. Pick a system of generators S B := {6 l5 . . . , b s } for B and 
Em := {mi, . . . , m^} for M. Then it is easily seen that SgU £ju generates the i?-algebra Bm- 

For the finitely presented case, pick a surjection of i?-algebras cp : R[Ti, . . . ,T S ] — >• B and of 
/3-module ip : B® k — * M. Let T! B be a finite system of generators of the ideal Ker cp. Pick also 
a finite system bi, . . . , b r of generators of the /3-module Ker^; we may write b{ = J2j=i ^ij e j 
for certain 6^ G B (where ei, . . . , is the standard basis of B® k ). For every i < r and j < k, 
pick Pij G (p^fiij). It is easily seen that B M is isomorphic to the i?-algebra R[Ti, . . . , T s+k }/I, 
where I is generated by U {]Cj=i p ij T j+s | i = 1, . . . ,r} U {T i+s T j+s | < i, j < k}. 

(a)^>(b): Suppose that B M is a finitely generated i?-algebra, and let ci, . . . , c n be a system of 
generators. For every z = 1, . . . , n, we may write q = fej + m; for unique bi E B and rrii E M. 
Since M 2 = 0, it is easily seen that 777,1, ... , m n is a system of generators for the /3-module M, 
and clearly 6 X , . . . , b n is a system of generators for the i?-algebra v3. 
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Next, suppose that Bm is finitely presented over P. We may find a system of generators of 
the type & l3 . . . , b s , mi, . . . , m k for certain bi G B and rrij G M. We deduce a surjection of 
P-algebras 

V? : R[T U T s+k \/(T s+i T s+j | < i, j < k) -> P A/ 

such that Tj i— > 6, for every z < s and T J+S f— > rrij for every j < k. It is easily seen that Ker ip 
is generated by the classes of finitely many polynomials Pi, ... , P r , where 

k 

Pi = Qi(T u . . . , T s ) + Ts+jQij^, ...,T S ) i = 1, . . . , r 

j=i 

for certain polynomials Qi, Qij G Pp~i, . . . , T s ]. It follows easily that B = R[Ti, . . . , T s )/I, 
where / is the ideal generated by Q 1 , . . . , Q r , and M is isomorphic to the £>-module B® k /N, 
where N is the submodule generated by the system {^- =1 Qij(bi, . . . , b s )ej \ i = 1, . . . , r} 

Suppose now that B is a finitely generated i?-algebra; then B is generated by finitely many 
homogeneous elements, say b\, . . . , b s of degrees respectively 71, . . . , 7 S . Thus, we may define 
surjections of monoids 

(3.2.18) N® S ^T : e^7i fori = 1, . . . , s 

(where ei, . . . , e s is the standard basis of N® s ) and of i?-algebras cp : C — >• i?, where C : = 
i?[N® s ] is a free polynomial i?-algebra. Notice that C is a N® s -graded _R-algebra, and via 
(|3.2.18l) we may regard ip as a morphism of T-graded i?-algebras C/r — > 5- Then I := ker 
is a T-graded ideal of C, and if we set P := N® s x r V we deduce an isomorphism of T'-graded 
i?-algebras 

B' := r' x r B A (P x Nffis C)/r'/(r' x r /) 

(see remark [3~.2.1 H P"). 

Claim 3.2.19. P x N © s C is a finitely presented P-algebra. 

Proof of the claim. Indeed, this P-algebra is none else than P[P], hence the assertion follows 
from corollary 12.4.21 and lemma I2.1.7I T) . 

From claim [3T2. 191 it follows already that B' is a finitely generated P-algebra. Now, suppose 
that M is a finitely generated P-module, and set M' := V x r M; notice that 

(3.2.20) V x r (B M ) = B' M ,. 

In view of claim [3T2. 171 we deduce that M' is a finitely generated P'-module. Next, in case B 
is a finitely presented P-algebra, / is a finitely generated ideal of C/r', as we have just seen, this 
implies that V x r / is a finitely generated (r" x r C/r) -module, and then claim [3T2. 191 shows 
that B' is a finitely presented P-algebra. This concludes the proof of (i). 

Lastly, if moreover M is a finitely presented P-module, assertion (i), together with (|3.2.20l) 
and claim l3.2.17l say that M' is a finitely presented P'-module; thus, also assertion (ii) is proven. 

(iii): For any given 7 G T, let us consider the morphism / : N — ► T such that 1 1— ► 7, and set 
B' := N x r P. By (i), the P-algebra B' is finitely generated (resp. finitely presented), and the 
P'-module M' := N x r M is finitely generated (resp. finitely presented). After replacing P by 
B' and M by M', we may then assume from start that T = N, and we are reduced to showing 
that gr x M is a finitely generated (resp. finitely presented) gr P-module. 

Let mi, . . . ,m t be a system of generators of M consisting of homogeneous elements of 
degrees respectively ji, . . . , j t . We endow P®* with the N-grading such that 

t 

gr fc P®* ^Qgr^.Pe, 
i=i 
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(where ei, . . . , e t is the standard basis of 5®*); then the £?-linear map B m — > M given by 
the rule i— > m ; for every z = 1, . . . , t is a moronism of N-graded 5-modules, and if M is 
finitely presented, its kernel is generated by finitely many homogeneous elements b±, . . . , b s . 
In the latter case, endow again B® s with the unique N-grading such that the £>-linear map 
ip : £>® s — > B et given by the rule i— > b{ for every i = 1, . . . , s is a morphism of N-graded 
£>-modules. Now, in order to check that gr x M is a finitely generated gr £>-module, it suffices 
to show that the same holds for gr 1 B s>t . The latter is a direct sum of gr £>-modules isomorphic 
to either gr £> or gr x 5. Likewise, if M is finitely presented, gr x M = Coker gr^, and again, 
gr 1 B® s is a direct sum of gr _B-modules isomorphic to either gr B or g^f?; hence in order to 
check that gr x M is a finitely presented gr _B-module, it suffices to show that gr 1 B is a finitely 
presented gr £>-module. In either event, we are reduced to the case where T = N and M = B. 

However, from (ii) we deduce especially that gr £> = {0} x N B is a finitely generated (resp. 
finitely presented) i?-algebra, hence B is a finitely generated (resp. finitely presented) B - 
algebra as well; we may then assume that R = gi B. Let E be a system of homogeneous 
generators for the i?-algebra B; we may then also assume that 

(3.2.21) Sngr OJ B = 0. 

Then it is easily seen that the i?-module gr^ is generated by E R gr^. Lastly, if B is a finitely 
presented R- algebra, we consider the natural surjection ip : R[T] — ► B from the free polynomial 
i?-algebra generated by the set E, and endow i?[E] with the unique grading for which ip is a map 
of N-graded -R-algebras; then / := Ker^ is a finitely generated N-graded ideal with gr J = 0. 
As usual, we pick a finite system E' of homogeneous generators for /; clearly B\ is isomorphic 
to gr^opj/gr^. On the other hand, (13.2.211) easily implies that gr^p] is a free i?-module of 
finite rank, and moreover gr 1 7 is generated by E' PI gr 1 1; especially, gr x i? is a finitely presented 
i?-module in this case, and the proof is complete. □ 

3.2.22. Filtered rings and Rees algebras. The following material is borrowed from [|9l Appen- 
dix III], where much more can be found. 

Definition 3.2.23. Let R be a ring, A an i?-algebra. 

(i) An R-algebra filtration on A is an increasing exhaustive filtration Fil.A indexed by Z 
and consisting of i?-submodules of A, such that : 

1 G Yi\ A and FiLA • Y\\jA C Yi\ i+j A for every i,j e Z. 

The pair A := (A, Fil.A) is called a. filtered R-algebra. 

(ii) Let M be an A-module. An A-filtration on M is an increasing exhaustive filtration 
Fil.M consisting of i?-submodules, and such that : 

FiM • FiljM C Fi\ i+j M for every i, j e Z. 

The pair M := (M, Fil.M) is called a filtered A-module. 

(iii) Let U be an indeterminate. The Rees algebra of A is the Z-graded subring of A[U, U~ x ] 

RQD. :=0C/'-Fil,A 

(iv) Let M := (M, Fil.M) be a filtered A-module. The Rees module of M is the graded 
R (A). -module : 

R(M). :=0^-FiW- 
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Lemma 3.2.24. Let R be a ring, A := (A, Fi\,A) a filtered R-algebra, gr,A the associated 
graded R-algebra, RQ4). C A[U, U^ 1 ] the Rees algebra of A. Then there are natural isomor- 
phisms of graded R-algebras : 

R(A)./UR(A). ~ gr.A RQD.p/- 1 ] ~ A[U, If- 1 ] 

and of R-algebras : 

R(A)»/ (1 - U)R(A), ~ A. 

Proof. The isomorphisms with gr.A and with A[U, U~ l ] follow directly from the definitions. 
For the third isomorphism, it suffices to remark that A[U, {7 _1 ]/(1 — U) ~ A. □ 

Definition 3.2.25. Let R be a ring, A := (A, Fil.A) a filtered R'-algebra. 

(i) Suppose that A is of finite type over R, let x := [x\, . . . , x n ) be a finite set of gener- 
ators for A as an .R-algebra, and k := (ki, . . . , k n ) a sequence of n integers; the good 
filtration Fil.A attached to the pair (x, k) is the i?-algebra filtration such that FiljA is 
the R'-submodule generated by all the elements of the form 

n n 

Y\ where : ^ ajkj < i and a\, . . . , a n > 

3=1 3=1 

for every i G Z. A filtration Fil.A on A is said to be good if it is the good filtration 
attached to some system of generators x and some sequence of integers k. 

(ii) The filtration Fil.A is said to be positive if it is the good filtration associated to a pair 
(x, k) as in (i), such that moreover ki > for every i — 1, . . . , n. 

(iii) Let M be a finitely generated A-module. An A-filtration Fil.M is called a good filtra- 
tion if R(M, Fil.M). is a finitely generated R (A), -module. 

Example 3.2.26. Let A := R[t\, . . . , t n ) be the free i?-algebra in n indeterminates. Choose any 
sequence k := . . . , k n ) of integers, and denote by Fil.A the good filtration associated to 
t := (ti, . . . , t n ) and k. Then R(A, Fi\,A), is isomorphic, as a graded -R-algebra, to the free 
polynomial algebra A[U] = R[U, h, . . . , t n ], endowed with the grading such that U G gr^t/] 
and tj G gr fcj .A[U] for every j < n. Indeed, a graded isomorphism can be defined by the rule : 
U i— > U and tj i— > ■ for every j < n. The easy verification shall be left to the reader. 

3.2.21. Let A and M be as in definition l3.2.25r in): suppose that m := (m 1 , . . . , m n ) is a finite 
system of generators of M, and let k := (ki, . . . , k n ) be an arbitrary sequence of n integers. To 
the pair (m, k) we associate a filtered A-module M := (M, Fil.M), by declaring that : 

(3.2.28) FiljM := mi ■ Filj_ fcl v4H h m n ■ Yi\i_ kn A for every i G Z. 

Notice that the homogeneous elements mi • £/ fcl , . . . , m n • generate the graded Rees module 
R(M)., hence Fil.M is a good A- filtration. Conversely : 

Lemma 3.2.29. For every good filtration Fil.M on M, there exists a sequence m of generators 
of M and a sequence of integers k, such that Fil.M is of the form (13.2.281) . 

Proof. Suppose that Fil.M is a good filtration; then R(M). is generated by finitely many ho- 
mogeneous elements mi • U kl , . . . , m n • U kn . Thus, 

R(M)j := U l ■ FiLM = mi ■ U kl ■ A t _ kl + ■ ■ ■ + m n ■ U kn ■ A^ kn for every i G Z 

which means that the sequences m := (mi, . . . , m n ) and k := (fei, . . . , k n ) will do. □ 
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3.3. Witt vectors and Fontaine rings. We begin with a quick review of the ring of Witt vectors 
associated to an arbitrary ring; for the complete details we refer to [fT4l Ch.IX, §1], Henceforth 
we let p be a fixed prime number. To start out, following [fi4l Ch.IX, §1, n.l] one defines, for 
every neN, the n-th Witt polynomial 

n 

u> n (X Q , ...,X n ):= Y,P lX f~ l e Z t X o, • • -,X n }. 

8=0 

Notice the inductive relations : 

bJ n+ i(X , . . . , X n+ i) = u: n (XQ, . . . , X%) + p n+1 X n+ i 
(3.3.1) n+1 

= X% +p-u) n (X 1 ,...,X n+1 ). 

Then one shows ( lfl4l Ch.IX, §, n.3]) that there exist polynomials 

S n , P n G Z[X , . . . , X n , Y , . . . , Y n ] I n G Z[X , . . . , X n ] F n G Z[Xq, . . . , -X" n +i] 
characterized by the identities : 





• , S n ) 


= u> n (Xo, . . . 


j X n ) + u; n (io) • 


Y 


w n (P , • • 


■,Pn) 


= u) n (Xo, ■ ■ ■ 


, X n ) ■ a; n (io) • • 


-,Y n ) 


w n (io> • 


..Jn) 


= — u n (X , 


. . . , Xn) 






■,F n ) 


= w„_|_i(Xo, . 


■ ■ , X n+ i) 





for every neEA simple induction shows that : 

(3.3.2) F n = XI (mod pZ[X , X n+1 }) for every nGN. 

(See d Ch.IX, §1, n.3, Exemple 4].) 

3.3.3. Let now A be an arbitrary (commutative, unitary) ring. For every a := (a n \ n G N), 

b := (b n | n G N) in A N , one sets : 

SA{a,k) := (5 n (a , • • • ,a n , 6 , • • • A) | n G N) 
P A (a,k) := (P„(a , • • • , «n, &o, • • • > & n) I n G N) 
I A (a) := (I n (a , . . . , a n ) \ n G N) 
wa(s) := (w„(a , • • • , a n ) \ n G N). 

There follow identities : 

u>a(SU(& 6)) = «a(o) + 
w A (P A (a, b)) = u) A (a) ■ u A (k) 
ua{Ia{o)) = ~ v A (a) 

for every a,b G A N . With this notation one shows that the set A N , endowed with the addition 
law S A : A N x A N — > A N and product law Pa : A N x A N — > A N is a commutative ring, whose 
zero element is the identically zero sequence A := (0, 0, . . . ), and whose unit is the sequence 
1 A := (1,0,0,...) (El Ch.IX, §1, n.4, Th.l]). The resulting ring {A 9 , S A , P A ,0 A ,1 A ) is 
denoted W(A), and called the ring of Witt vectors associated to A. Furthermore, let a G W(A) 
be any element; then : 

• The opposite —a (that is, with respect to the addition law S A ) is the element I A (a). 

• For every n G N, the element u> n (a) := w n (ao, . . . , a n ) G A is called the n-th ghost 
component of a, and the map uj n : W(A) — > A : b t— > u> n (b) is a ring homomorphism. 
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Hence, the map W(A) — > A N : a i— > u>^(a) is also a ring homomorphism (where A N is en- 
dowed with termwise addition and multiplication). Henceforth, the addition and multiplication 
of elements a,b E W(A) shall be denoted simply in the usual way : a + b and a ■ b, and the 
neutral element of addition and multiplication shall be denoted respectively and 1. The rule 
A i — ► W(A) is a functor from the category of rings to itself; indeed, if ip : A — > B is any 
ring homomorphism, one obtains a ring homomorphism W((p) : — > W(B) by setting 
a i — ► (^(on) | n 6 N). In other words, W(cp) is induced by the map of sets tp N : A N — > £> N , and 
moreover one has the identity : 

V? N o uj a = uj b o 

3.3.4. Next, one defines two mappings on elements of W(A), by the rule : 

F A {a) ■= (F n (a , a n+1 ) \ n G N) 

Va(o) : = (0,a ,ai,...). 

Fa and are often called, respectively, the Frobenius and Verschiebung maps (031 Ch.IX, §1, 
n.5]). Let also /a '■ A N — ► A N be the ring endomorphism given by the rule an (ai, 02, . . . ), and 
f ^ : A N — > A N the endomorphism of the additive group of A N defined by a 1— > (0, pao, pai, . . . ). 
Then the basic identity characterizing (F n | n G N) can be written in the form : 

(3.3.5) u A ° F A = f A o uj a . 
On the other hand, (13.3.11) yields the identity : 

U) A oV A = V A o UJ A - 

Let ip : A — > B be a ring homomorphism; directly from the definitions we obtain : 

(3.3.6) W((p)oF A = F B oW{(p) W(p)oV A = V B oW(p). 

The map Fa is an endomorphism of the ring W(A), and V A is an endomorphism of the additive 
group underlying VK(A) ( ffT4l Ch.IX, §1, n.5, Prop. 3]). Moreover one has the identities : 

F A oV A =p- lw(A) 

iJ ' jJ) V A {a-F A {b)) = V A (a) ■ b for every a, b G W(A) 

and Fa is a lifting of the Frobenius endomorphism of W (A) fpW(A), i.e. : 

F A (a) = a p (mod pW(A)) for every a G VK(A). 

It follows easily from (13.3.71) that V m (A) := lmV A is an ideal of W(A) for every m E N. 
The filtration (V^n(A) | m 6 N) defines a linear topology on This topology can be 

described explicitly, due to the identity : 

(3.3.8) a=(a o> ...,a m _i,0,...)+yr°/A(a) for every a G 

(See [14, Ch.IX, §1, n.6, Lemme 4] : here the addition is taken in the additive group underlying 
W(A).) Indeed, (13.3.81) implies that Z7~ agrees with the product topology on A N , regarded as the 
infinite countable power of the discrete space A. Hence (W(A), ST) is a complete and separated 
topological ring. 

3.3.9. The projection uj admits a useful set-theoretic splitting, the Teichmuller mapping : 

t a :A^W(A) a ^ (a, 0,0,...). 

For every a E A, the element r A (a) is known as the Teichmuller representative of a. Notice 
that: 

<-^n ta(cl) = a p " for every n E N. 
Moreover, ta is a multiplicative map, i.e. the following identity holds : 

ta(o) • T A (b) = r A (a- b) for every a,b E A 
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(see flTH Ch.IX, §1, n.6, Prop. 4(a)]). Furthermore, (13.3.81) implies the identity : 

oo 

(3.3.10) a = KiMO) for every a G W(A) 

n=0 

(where the convergence of the series is relative to the topology & : see [fT4l Ch.IX, §1, n.6, 
Prop.4(b)]). 

3.3. 1 1 . For every n G N we set : 

W n (A) := W(A)/V n (A) 

(the n-truncated Witt vectors of A). This defines an inverse system of rings (W n (A) \ n G N), 
whose limit is W(A). Clearly the ghost components descend to well-defined maps : 

'■ W n (A) — > A for every m < n. 

Especially, the map aJ : W\ (A) — > A is an isomorphism. 

3.3.12. Let now A be a ring of characteristic p. In this case (13.3.21) yields the identity : 

(3.3.13) F A (a) = « | n G N) for every a := (a n \ n G N) G 
As an immediate consequence we get : 

(3.3.14) p-a = V A o F A (a) = F A o V A (a) = (0, <,<,...) for every a G IV (A). 

For such a ring A, the p-adic topology on W(A) agrees with the Vi(A)-adic topology, and 
both are finer than the topology 2? . Moreover, W(A) is complete for the p-adic topology ( [[141 
Ch.IX, §1, n.8, Prop. 6(b)]). Furthermore, let & A : A — > A be the Frobenius endomorphism 
a i— >■ a p ; (13.3.131 ) also implies the identity : 

(3.3.15) F A o 7-a = ta o $ A . 

3.3.16. Suppose additionally that A is perfect, i.e. that $a is an automorphism on A. It follows 
from (13.3.131) that F A is an automorphism on W(A). Hence, in view of (13.3.71) and (|3.3.14l) : 

p n -W(A) = V n (A) for every n G N. 

So, the topology 2? agrees with the p-adic topology; more precisely, one sees that the p-adic 
filtration coincides with the filtration (V n (A) \ n G N) and with the Vi(A)-adic filtration. Espe- 
cially, the 0-th ghost component descends to an isomorphism 

uJ ■ W(A)/pW(A) A A. 
Also, (13.3.101) can be written in the form : 

oo 

(3.3.17) a = J^P 11 ■ r A«~") for every a G W{A). 

n=0 

The next few results are proposed as a set of exercises in lfT4l Ch.IX, pp.70-71]. For the sake 
of completeness, we sketch the proofs. 
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3.3.18. Let A be a ring, and (J n n 6 N) a decreasing sequence of ideals of A, such that 
pJ n + J p C J n+ \ for every n G N. Let 7T n : A — > A/ J n and 7r^ : A/ J n — > A/ J be the natural 
projections. Let also i? be a ring of characteristic p, and </? : i? — > Aj J a ring homomorphism. 

We say that a map of sets (p n : i? — > A/ J n is a /(^ring 0/ ^ if (p n (x p ) = <p n {x) p for every x <E R, 
and tt^ o y? n = ^. 

Lemma 3.3.19. /n the situation of (13.3.181 ). the following holds : 

(i) 7f <^ n and <p' n are two liftings of Tp, then ip n and ip' n agree on R p ". 

(ii) If R is a perfect ring, then there exists a unique lifting (p n : R — > Aj J n of Tp. We have 
<p n (l) = l and <p n {xy) = <p n (x) ■ ip n (y)for every x,y G R. 

(iii) IfR is perfect and A is complete and separated for the topology defined by the filtration 
( J n | n G M), then there exists a unique map of sets tp : R — ► A such that it® o ip = Tp 
and <p>(x p ) = ip(x) p for every x G R. Moreover, <p(l) = 1 and <p(xy) = <p(x) ■ <p(y) 
for every x,y G R. If furthermore, A is a ring of characteristic p, then <p is a ring 
homomorphism. 

Proof, (i) is an easy consequence of the following : 

Claim 3.3.20. Let x, y G R; if x = y (mod J ), then x pn = y pn (mod J n ) for every n G N. 

Proof of the claim. It is shown by an easy induction on n G N, which we leave to the reader to 
work out. 

(ii) : The uniqueness follows from (i). For the existence, pick any map of sets ip : R — > A 
such that n oip = ip. We let : 

ip n (x) := ip(x p ") p ™ (mod J n ) for every x G R. 

Using claim 13 .3 .201 one verifies easily that ip n does not depend on the choice of ip. Especially, 
let ip' : R — > A be another map of sets, defined by the rule : x vp(x p ) p . Clearly TT oip' = Tp 
as well, hence : 

Vn{x P ) = ^'(X pl -y n = ^(X p -y n+1 = <p n (x) P 

as claimed. If we choose ip so that = 1, we obtain ip n (X) = 1- Fi na Uy 5 since Tp is a ring 
homomorphism we have ip(x) ■ ip(y) = ip{xy) (mod Jo) f° r every x,y G R. Hence 

ip(x) pn ■ ip{y) pn = ip(xy) pn (mod J n ) 

(again by claim 13 .3 .201) and finally (p n (x p ") ■ (p n (y p ") = tp((xy) pn ), which implies the last stated 
identity, since R is perfect. 

(iii) : The existence and uniqueness of (p follow from (ii). It remains only to show that ip(x) + 
ip(y) = cp(x + y) in case A is a ring of characteristic p. It suffices to check the latter identity 
on the projections onto A/J n , for every n G N, in which case one argues analogously to the 
foregoing proof of the multiplicative property for ip n : the details shall be left to the reader. □ 

Proposition 3.3.21. In the situation of (13.3.181) . suppose that R is a perfect ring and A is 
complete and separated for the topology defined by the filtration (J n \ n G N). Then the 
following holds : 

(i) For every ti£N there exists a unique ring homomorphism v n : W n+ i(A/ J ) — ► Aj J n 
such that the following diagram commutes : 

W n+1 (A) ~ - A 

W„ + l(7r ) "n 

W n+1 (A/J )^A/J n . 
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(ii) Let u n := v n o W n+ i(Tp) o F^ n , where Fr : W n+ i(R) — > W n +i(R) is induced by 
the Frobenius automorphism ofW(R). Then, for every n G N the following diagram 
commutes : 



Wn+2 (R)^A/J, 



n+l 



W n+1 (R)^^A/J n 

where the vertical maps are the natural projections. 
(iii) There exists a unique ring homomorphism u such that the following diagram commutes: 

W(R) A 

R *■ A/ Jo. 

Furthermore, u is continuous for the p-adic topology on W(R), and for every a : = 
(a n | n G N) G W(R) we have : 



(3.3.22) u(a) = Y,P n -V« 



n=0 

where if : R — > A is the unique map of sets characterized as in lemma |3~.3 . 1 9r iii). 

Proof, (i): We have to check that u; n (a , . . . , a n ) G J n whenever a ,...,a n G J , which is 
clear from the definition of the Witt polynomial uj n (X , . . . , X n ). 

(ii) : Since F R is an isomorphism, it boils down to verifying : 

Claim 3.3.23. ■& o v n+1 (Tp(a ), . . . ,Tp(a n+1 )) = v n (Tp(F (a , ai)), . . . ,Tp(F n (a , . . . ,a n+1 ))) for 
every a := (a , . . . , a n+1 ) G W n+1 (A). 

Proof of the claim. Directly from (13.3.61) we derive : 

(^(F (a ,ai)), . . . ,<p(F n (a 0l ■ ■ .,a n+1 ))) = (F (^(a ), • • • ,F n (v(ao), ■ ■ ■ ,^(««))) 
for every a G W / ri+ i(A). Hence, it suffices to show that 

■d o v n+ i(b , . . . , b n+ i) = v n (F (b , h),..., F n (b , b n+1 )) 

for every (6 , . . . , b n+ i) G W n+ i(A/J ). The latter identity follows from (13.3.51) . 

(iii) : The existence of u follows from (ii); indeed, it suffices to take u := \im n ^u n . With 
this definition, it is also clear that u is continuous for the topology 2? of W(R); however, since 
R is perfect, the latter coincides with the p-adic topology (see (13.3.121) ). Next we remark that 

7r o u o m = Tp o (jJq o tr = Tp, hence : 

(3.3.24) u o tr = ip 

by lemma [3332iii). Identity (13.3.221) follows from (13.3.171) . (13.3.241) and the continuity of 

u. □ 

3.3.25. Let now R be any ring; we let (A n \ y?„ : A n+ i — > A n \ n G N) be the inverse system 
of rings such that A n := R/pR and tp n is the Frobenius endomorphism & R : R/pR — > R/pR 
for every n G N. We set : 

E(R) + := Urn An. 

neN 



So E(i?) + is the set of all sequences (a n \ n G N) of elements a n G R/pR such that a„ = a 
for every neN. We denote by 5^ the pro-discrete topology on E(i?) + obtained as the inverse 



v 

n+l 
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limit of the discrete topologies on the rings A n . As an immediate consequence of the definition, 
E(i?) + is a perfect ring. Let $E(n)+ be the Frobenius automorphism; notice that : 

$e(b)+ On I ™ e N) = (a n +i I n G N) for every (a n \ n G N) G E(R) + . 
The projection to A defines a natural ring homomorphism 

u R : B(R) + -> i?/j9i? 

and a basis of open neighborhoods of G E(i?) + is given by the descending family of ideals : 

Ker(E( J R) + -> A n ) = Ker(u R o $ E ™ R) +) for every nGN. 

3.3.26. Suppose now that (R, \ ■ \ R ) is a valuation ring with value group 1}?, residue character- 
istic p and generic characteristic 0. Set T£ := |)neN > an ^ ^ et ^E(ij) C be the convex 
subgroup consisting of all 76^ such that \p\ R n > 7 > for every sufficiently large 
n G N. We define a mapping 

I • | E(fl) : E{R) + -> r E(i?) U {0} 

as follows. Let a := (a n \ n G N) G E(i?) + be any element, and for every n G N choose a 
representative a„ G -R for the class a n G R/pR. If |a n | fi < for every n G N, then we set 

. -I,, 1, • 1 r> n 

|o|e(k) := 0; if there exists n G N such that |a n | > \p\r, then we set |a| E (/?) := \a n \ R ■ One 
verifies easily that the definition is independent of all the choices : the details shall be left to the 
reader. 

Lemma 3.3.27. (i) In the situation of (13.3.261) . the pair (E(i?) + , | • \wr)) is a valuation ring. 
(ii) Especially, if R is deeply ramified of rank one, then Y R = Ie(,r) is the value group of 

Proof, (i): One checks easily that \a ■ b\ E (R) = \Ql\e(r) • \k\wR) f° r every a, & 6 E(i?) + , as well 
as the inequality : \a + 6|e(/?) < max(|a|E( j R), |6|e(a))- It is also clear from the definition that 
NE(i?) = if and only if a = 0. Next, let us show that E(i?) + is a domain. Indeed, suppose 
that a := (a n \ n G N) and b := (b n \ n G N) are two non-zero elements such that a ■ b = 0; 
we may assume that < |a| E (jj) < \k\E(R), in which case \a n \ p R < \b n \ P R for every sufficiently 
large n G N, and every choice of representative a n G R (resp. b n G R) for a n (resp. for b n ). 
By assumption we have \a n ■ b n \R < \p\ R for every n G N, whence \a n \ R < \p\ R for sufficiently 
large nGN, hence |a^|j? < |p|_R, consequently a p = 0, and since E(i?) + is perfect, we deduce 
that a = 0, a contradiction. To conclude the proof of (i), it then suffices to show : 

Claim 3.3.28. |o| B (h) < |6|e(ji) if and only if a ■ E(i?)+ C b ■ E{R) + . 

Proof of the claim. We may assume that < |o|e(.r) < I^|e(r) 5 and we need to show that b 
divides a in E(i?) + . Choose as usual representatives a n and b n for a n and b n , for every n G N; 
we may assume that |6 n | > \p\ for every nGN, and then directly from the definitions, it is clear 
that \a n \ R < \b n \ R , hence there exist n G N, x n G R such that 7^ a n = x n ■ b n in R/pR for 
every n > no- We compute : a n = a p n+1 = x p n+1 ■ b p n+l = x p n+l ■ b n , hence {x p n+l — x n ) ■ b n = 
for every n > n . For every nGN, let y n := x p n+l — x n \ notice that b\ ^ and y n ■ b n = 
in R/pR whenever n > n , which implies especially that y n does not divide b n in R/pR. It 
follows that 6 n divides y n when n > n , and therefore y\ = for all n > n . In turn, this shows 

„2 

that x n+1 = x v n for every n > n , so that, up to replacing finitely many terms, the sequence 
x := (x p n+1 I n G N) is a well-defined element of E(i?) + . Clearly a - x = b, which is the sought 
assertion. 
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(ii): If R is deeply ramified of rank one, then the Frobenius endomorphism § R is surjective 
( 061 Prop.6.6.6]), so that T R = rjT = T E , and moreover the map u R : E(R) + -> R/pR is 
obviously surjective, so that \E(R) + \ E ( R ) = T R U {0}. □ 

3.3.29. We resume the general situation of (13.3.251) . and we define : 

A{R) + := W(E(R)+) 

where W{— ) denotes the ring of Witt vectors as in (|3.3.3I) . According to (13.3.161) . A(R) + 
is complete and separated for the p-adic topology; moreover we see from (13.3.141) that p is a 
regular element of A(i?) + , and the ghost component oj descends to an isomorphism 

uJ : A(R) + /pA{R) + ^ E(R) + . 

The map lj also admits a set-theoretic multiplicative splitting, the Teichmiiller mapping of 
(13.3.91 ), which will be here denoted : 

r R : E(R) + - A{R)+. 

Furthermore, let R A denote the p-adic completion of R; by proposition 13.3.21 [ in) . the compo- 
sition u R o oj lifts to a unique map 

u R : A(R) + -> R A 

which is continuous for the p-adic topologies. Finally, A(i?) + is endowed with an automor- 
phism, which we shall denote by cr R : A(i?) + — > A(R) + , which lifts the Frobenius map of 
E(R) + , i.e. such that the horizontal arrows of the diagram : 



A(R)+ »A(R)- 



(3.3.30) <^0 I I T R | | T R 

E(R)+ $E(fl) > E(R) + 

commute with the downward arrows (see (13.3.161) ). The horizontal arrows commute also with 
the upward ones, due to (13.3.151) . 

3.3.31. Let a := (a n \ n G N) be any element of E(i?) + , and for every n E N choose a 
representative a n 6 R for the class a n . In view of (13.3.221 ) and by inspecting the proof of 
lemma [3^3. 191 we deduce easily the following identity 

(3.3.32) u R o t r (o) = lim a p ™ 

where the convergence is relative to the p-adic topology of R A . 

Proposition 3.3.33. With the notation of (13.3.291) , suppose moreover that there exist 7r,a £ R 
such that 7i is regular, a is invertible, p = tt p ■ a, and $ R induces an isomorphism : 

R/TtR^R/pR : x mod 7rR i— > x p mod pR. 

Then the following holds : 

(i) u R and u R are surjections. 

(ii) There exists a regular element d G A(R) + such that : 

Keiu R = d- A(R) + . 

Proof, (i): Indeed, if $r is surjective, the same holds for u R , and then the claim follows easily 
from (581 Th.8.4]. 

(ii): The surjectivity of u R says especially that we may find 7r := (-n n \ n G N) G E(R) + 
such that 7r is the image of n in R/pR. 

Claim 3.3.34. (i) < generates Ker ($ R : R/pR — >■ R/pR) for every n eN. 
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(ii) Let f n G R be any lifting of ir n ; then there exists an invertible element a n G R A such 

„n+l 



that p n 



a n -p. 



(iii) tt_ p is a regular element of E(i?) + , and generates Ker u R . 

Proof of the claim, (i): We argue by induction on n G N. We have 7Tq = 0, so the claim 
is clear for n = 0. For n = 1, the assertion is equivalent to our assumption on ir. Next, 

0; 



n+X, 



X 



suppose that the assertion is known for some n > 1, and let x G R/pR such that $^ 
hence = y ■ n p for some y G R/pR. Since is surjective, we may write y = z p for 

some z G R/pR, therefore (x — z ■ TT n ) p = 0, and consequently x — z ■ ir n G n (R/pR), so 
x G n n (R/pR) = 7r^ +1 (i?/pi?), as stated. 



(ii): By assumption, f p — ix G pi?, hence f p 



V (mod trpR), in other words, 



/f = p(a _1 + 7r6) for some b <E R. Since i? A is complete and separated for the 7r-adic 
topology, the element a n := a -1 + nb is invertible in _R A ; whence the contention, 
(iii): In view of (i), for every n G N we have a ladder of short exact sequences : 











7T 



n+1, 



7T£ 











and since all the vertical arrows are surjections, we deduce a short exact sequence (|7U Lemma 
3.5.3]): 







lim «) 

ngN 



E(i2)" 



.R/p^R -> 



Next, choose / n as in (ii); since p is regular in i?, it is also regular in R A , and then the same 
holds for f n . It follows easily that the kernel of the multiplication map p n : R/pR — > R/pR : 



x 



% p x is the ideal /„ 



vri: 



p ), whence a ladder of short exact sequences : 

^0 



-I 



n-1 



R/pR 
■R/pR 



l-l-n 



n p ) - 

nl 
<f> R 



X 



p ^ 

n—lj 







n-1 



for every n > 0, so the 



for every n > 0. Notice that p n+1 — p > p n , hence 7r 
inverse system (I n \ n G N) is essentially zero, and the system of maps | n G N) defines an 
isomorphism ( [1711 Prop. 3. 5.7]) : 

ngN 

By inspecting the construction, one sees that the composition j o ^ : E(_R) + — > E(_R) + is none 
else than the map : x \— > x ■ n p . Both assertions follow immediately. 



Claim 3.3.35. u> restricts to a surjection Ker ur Keiu R . 

Proof of the claim. By the snake lemma, we are reduced to showing that u R restricts to a 
surjection Ker w — > pR A , which is clear since Ker lj = pA(R) + and u R is surjective. 

From J58l Th.8.4] and claims [33351 13 . 3 .34r iii) we deduce that every d G Ker u R n w 1 {k p ) 
generates Ker u R . Furthermore, claim |3334r iii) also says that the sequence (p, ??) is regular on 
A(R) + . Since A(_R) + is p-adically separated, the sequence is regular as well (corollary 
13.1.71) ; especially -d is regular, as stated. □ 
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Example 3.3.36. Let R be a ring such that p is regular in R, and is surjective. Suppose 
also that we have a compatible system of elements u n := p 1 ^" £ R A (so that u p n+1 = u n for 
every n £ N). In this case, an element ■d as provided by proposition 13.3.331 can be chosen 
explicitly. Indeed, the sequence a :— (p, p 1//p2 , . . . ) defines an element of E(_R) + such that 
Ur ° Tr(o) = P (see (13.3.321) ). and by inspecting the proof of the proposition, we deduce that 
the element 

^:=p-r R {pyl^p^\...) 

is a generator of Ker ur. 

Definition 3.3.37. Let m, n : Z — > N be any two maps of sets. 

(i) The support of n is the subset : 

Suppn := {i £ Z | n(i) 7^ 0}. 

(ii) For every t £ Z, we let n[£] : Z — > N be the mapping defined by the rule: n[£](/c) : = 
n(k + £) for every k £ Z. 

(iii) We define a partial ordering on the set of all mappings Z — ► N by declaring that n > m 
if and only if n(fc) > m(k) for every fc £ Z. 

3.3.38. Keep the assumptions of proposition [33331 and let n : Z — > N be any mapping with 
finite support. We set : 

n ^ nW ) 

iGSupp n 

where i? £ A(i?) + is - as in proposition |3333t ii) - any generator of Kerw R , and <r fi is the 
automorphism introduced in (13 3.29b . For every such n, the element $ n is regular in A(R) + , 
and if n > m, then $ m divides We endow A(i?) + with the linear topology 5a which admits 
the family of ideals (i? n ■ A(i?) + | n : Z — > N) as a fundamental system of open neighborhoods 
ofO£A(i?)+. 

Theorem 3.3.39. In the situation of (13338b . the following holds : 

(i) The topological ring (A(i?) + , £? A ) is complete and separated. 

(ii) The homomorphism of topological rings ui : (A(i?) + , £? A ) — > (E(i?) + , ^e) m a 
quotient map. 

Proof. We resume the notation of the proof of proposition [3333J especially, the image of $ in 
E(i?) + is the element n p , and 7r lifts the image of ir in R/pR. 

Claim 3.3.40. (i) The topology on E(i?) + agrees with the 7r-adic topology. 

(ii) The sequences (p, $ n ) and (i? n ,p) are regular in A(i?) + for every n : Z — > N of finite 
support. 

Proof of the claim. Clearly : 

^o(^n) = 7r^zn(0-p <+1 

and then the regularity of (p, i? n ) follows easily from claim l3334f iii). which also implies that : 

7r pn+1 • E(R) + = Ker (u R o for every n £ N 

which, in turn, yields (i). To show that also the sequence ($ n ,p) is regular, it suffices to invoke 
corollary 13 .1.71 

Claim [33 .40r i) already implies assertion (ii). For every n £ N, let A+ A denote the comple- 
tion of A+ := A(R) + / p n+1 A(R) + for the topology =^v„, defined as the unique topology such 
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that the surjection (A(i?) + , 5a) — ► (A+, 5a„) is a quotient map. For every n > we have a 
natural commutative diagram : 

-A+ -A+ *A+ 



L n n—1 

(3.3.41) 

*■ Ag A >■ A+ A >■ A^ 1 9- 

whose vertical arrows are the completion maps. Since p is regular in A(i?) + , the top row of 
(13.3.411) is short exact. 

Claim 3.3.42. The bottom row of (13.3.411) is short exact as well. 

Proof of the claim. It suffices to show that the topology 5a on A^ agrees with the subspace 
topology induced from A+ (" [[581 Th.8.1]). This boils down to verifying the equality of ideals of 
A(R)+: 

(3.3.43) (tfn)n(p fe ) = (tf n -p fc ) 

for every k 6 N and every n : Z — ► N as in (|3.3.38l) . The latter follows easily from claim 
HUSH) and flU Th. 16.1]. 

Claim 3.3.44. The topological ring (A+, 5a„) is separated and complete for every n E N. 

Proof of the claim. We shall argue by induction on n E N. For n = the assertion reduces 
to claim I3.3.40r i) (and the fact that 5e is obviously a complete and separated topology on 
E(i?) + ). Suppose that n > and that the assertion is known for every integer < n. This 
means that the right-most and left- most vertical arrows of (|3.3.41l) are isomorphisms. Then 
claim 13 .3 .421 implies that the middle arrow is bijective as well, as required. 

Claim 3.3.45. For every n : Z -> N as in (13.3.381) . the ring A(R)+ /$ n A(R) + is complete and 
separated for the p-adic topology. 

Proof of the claim. Since A(R) + is complete for the p-adic topology, ||58l Th. 8.1(h)] reduces 
to showing that the p-adic topology on A(R) + induces the p-adic topology on its submodule 
$ n A(R) + . The latter assertion follows again from (13.3.43b . 
To conclude the proof of (i) we may now compute : 

lim A(R) + /$ n A(R) + ~ lim limA+A? n A+ (by claim 133451) 

n:Z^N n:Z^N km 

~ lim lim At/tinAi 

fc£N n:Z^N 

~ lim At (by claim 13.3.441) 

fcGN 

~ A(R) + 

which is the contention. □ 



3.4. Regular rings. In section [8761 we shall need a criterion for the regularity of suitable ex- 
tensions of regular local rings. Such a criterion is stated incorrectly in ||3~0l Ch.O, Th.22.5.4]; 
our first task is to supply a corrected version of loc.cit. 

3.4.1. Consider a local ring A, with maximal ideal m^, and residue field k A '■= A/vcia of 
characteristic p > 0. From |[3~0l Ch.O, Th.20.5.12(i)] we get a complex of fc^-vector spaces 

(3.4.2) -> m A /(m 2 A + P A) -^-> n\ /z ® A k A -> Q\ a/z -> 0. 

Lemma 3.4.3. 77ie complex (13.4.21) zs exact 
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Proof. Set (A ,m.A ) ■= (A/pA, mA/pA) and F p := Z/pZ; the induced sequence of ring 
homomorphisms F p — > A — > fc A yields a distinguished triangle ([54, Ch.II, §2.1.2.1]) : 

L L 

IL-Ao/Fp ®A) — > ^k A /¥ p — ► ^k A /A ~* ^A /¥ p ®A 

However, ll36l Th. 6. 5. 12(h)] says that Hih kA / ¥p = for every i > (one applies loc.cit. to the 
valued field (k A , | • |), where | • | is the trivial valuation; more directly, one may observe that fc A 
is the colimit of a filtered system of smooth F p -algebras, since ¥ p is perfect, and then recall that 
the functor L commutes with filtered colimits). We deduce a short exact sequence 

-> #iL fcA/Ao -> tt Ao/¥p g) Ao k A -> fi^ A/Fp -> 

which, under the natural identifications 

(EH Ch.III, Cor.1.2.8.1]) becomes (I3A21) . up to replacing d A by -d A (JM Ch.III, Prop.1.2.9]; 
details left to the reader). □ 

3.4.4. Keep the situation of (13.4.11) . and define 

A 2 :=Ax kA W 2 (k A ) 

where W^a) is the ring of 2-truncated Witt vectors of k A , as in (13.3.1 II) . which is augmented 
over k A , via the ghost component map ZJ : W 2 (k A ) — > kA- Recall that the addition (resp. 
multiplication) law of W 2 (k A ) are given by polynomials So(X ,Y ) and Si(X ,Xi,Y ,Yi) 
(resp. Pq(Xo,Y ) and Pi(X , Xi,Y ,Yi)) uniquely determined by the identities detailed in 
(13.31) ; after a simple calculation, we find : 

p 1 1 / \ 

S = X + Y S l =X 1 +Y 1 -J2~ (J J XoK' 1 

P = X Y P x = X P Y, + X X Y* + pX x Y x . 

Notice that Vi(fc A ) := KercJ is an ideal of W 2 (k A ) such that Vi(k A ) 2 = 0; especially, it 
is naturally a fc^-vector space, with addition (resp. scalar multiplication) given by the rule : 

(0, a) + (0, b) := (0, a + b) (resp. x ■ (0, a) := (x, 0) • (0, a) = (0, x p ■ a)) for every a,b,x G k A . 
In other words, the map 

(3.4.5) Vx{k A ) -> k\ lp (0, a) i-> a 1/p 

is an isomorphism of fc A -vector spaces, and we also see that Vi(k A ) is a one-dimensional &Y P - 
vector space, with scalar multiplication given by the rule : a ■ (0, b) := (a p b) for every a G k A p 
and b E k A . By construction, we have a natural exact sequence of A 2 -modules : 

(3.4.6) -> 7i(A;a) -> ^2 A -> 0. 

Especially, A 2 is a local ring, and 7r is a local ring homomorphism inducing an isomorphism on 
residue fields. 

3.4.7. It is easily seen that the rule (A, vcia) >— > A 2 defines a functor on the category Local 
of local rings and local ring homomorphisms, to the category of (commutative, unitary) rings. 
Hence, let us set 

(A, m A ) i-> &a ■= ^\ 2 /z ®a 2 A. 

It follows that the rule (A, m A ) 1— > (A, Cl A ) yields a functor Local — > Alg.Mod to the category 
whose objects are the pairs (B, M) where B is a ring, and M is a fi-module (the morphisms 
(B, M) — > (5', M') are the pairs (</?, ■0) where y2 : £> — > 5' is a ring homomorphism, and 
i>: 5' ® B M->M is a fi'-linear map : cp. OH Def.2.5.22(ii)]). 
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In view of (13.4.61) and [J30l Ch.O, Th.20.5.12(i)] we get an exact sequence of A-modules 

Vi(A; A )->n A ->n]i /z ->0 
whence, after tensoring with k A , a sequence of & A -vector spaces 

(3.4.8) -> V x (fc A ) ^ H A © A A; A © A £; A -> 

which is right exact by construction. 

Proposition 3.4.9. With the notation of (13.4.71) . we have : 

(i) If p ^ m A , ?/zen ?/ze sequence (13.4.81) zs exact 

(ii) If p & m 2 A , then Kei j = {(0,a p ) | a G /c A }. Especially, the isomorphism (13.4.51) 
identifies Ker j wz'f/z f/ze subfield fc A of k A p . 

Proof. In view of lemma I3.4.3L the kernel of p is naturally identified with the kernel of the 
natural map 

nW(m A2 + pA 2 ) -> m A /(m A + pA). 

On the other hand, it is easily seen that m A2 = m A © Vi(k A ), and under this identification, the 
multiplication law of A 2 restricts on m A2 to the mapping given by the rule : (a, b) ■ (a', V) : = 
(aa', 0) for every a, a' G m A and 6, 6' G Vi(k A ). There follows a natural isomorphism 

(3.4.10) m A Jm 2 Aa A (m A /m A ) © V^a) 

which identifies the map m A2 /m A2 — > m A /m A deduced from n (notation of (T3.4.6I) ). with the 
projection on the first factor. Moreover, by inspecting the definitions, we easily get a commuta- 
tive diagram 

Vi(k A ) Q A ® A k A 

™4 2 /™a 2 m A J(m 2 A2 + pA 2 ) 

whose bottom horizotal arrow is the quotient map, and whose left vertical arrow is the inclusion 
map of the direct summand Vi(k A ) resulting from (13 .4. 101 ). 

The map A 2 — > m A2 /m A2 given by the rule : a i— > pa := pa (mod m A2 ) factors (uniquely) 
through a k A -linear map 

t A2 : k A — > m A2 /m 2 A2 a (mod m A ) h-> pa (mod m A2 ) 

and likewise we may define a map t A : &; A — > m A /m A . The snake lemma then gives an induced 
map d : Ker r; A — > Vi(fc A ), and in view of the foregoing, the proposition follows from : 

Claim 3.4.11. (i) If p ^ m A , then t A is injective. 
(ii) If p G m% then Im d = {(0, a p ) \ a G fc A }. 

Proof of the claim, (i) is obvious. 

(ii): By virtue of (13.3.71) . we have p = (p, (0, 1)) in A 2 , and if (a, y) G A 2 is any element, 
then p • (a, y) = (pa, (0, a p )), so in case p G m A , the map t A2 is given by the rule : 

a ^ (pa, (0,a p )) = (0, (0,a p )) G (m A /m A ) © Vi(fc^) for every a G A. 

By the same token, in this case t A is the zero map. The claim follows straightforwardly. □ 
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3.4.12. Keep the notation of (|3.4.7I) . Henceforth we assume that p m A , so (13.4.81) is a k A - 



extension of 

Mp 



k A by Vi(k A ), by virtue of proposition 13 .4.91 hence, (13.4.81 ) ® kjX k x [ p is 



a fc^-extension of the corresponding fc^ -vector spaces. Recall now that V\{k A ) is naturally 

V\{k A ) be the scalar 



a fcY P -vector space of dimension one, and let ip : Vi{k A ) 

multiplication. By push out along tp, we obtain therefore an extension ip * (13.4.81) kA k 
fitting into a commutative ladder with exact rows : 



h A k A 



l/p 



i/p 







Vi(A;a) k A 
-^V x {k A ) — 



l/p 



n A ® A k x l p 



4 



iL A/Z 



) A k/ p 



) A k A p 



(see [36, §2.5.5]). We consider now the mapping : 

d : A — > 0^ a i— > ij)(d(a,Tk A (a)) <8> 1) 

where : 

• a G &a is the image of a in k A 

• Tk A is the Teichmiiller mapping (see (13.3.91 )), so r kA 

• d : A 2 — > VL A2 /i is the universal derivation of A 2 . 

Since r fcA is multiplicative, the map d satisfies Leibniz's rule, i.e. we have 

d(ab) = a ■ d(b) + b ■ d(a) for every a,b E A. 

However, d is not quite a derivation, since additivity fails for Tk A , hence also for d. Instead, 
recalling that (p — 1)! = — 1 in F p , we get the identity : 



for every a E A 



a,0)EW 2 {k A ) 



p-i 



n A (a + b ) = n A (a) + n A (b) - X) ( °» if 

i=i ^ 

= r kA (a) + T kA (b) ~2_^ — 

i=l 



bP~ 



(p-i)\ 



(p 



P 



for every a,b E k A . On the other hand, notice that 

t/)(d(0, x ■ p) (g> 1) = j o ^(x ■ p (g> 1) 
= I- j o ^(p (g) 1) 
= x ■ ij>(d(Q,p) ® 1) 
= x • V>(d(p - (p, 0)) <g> 1) 
= — x ■ d{p) 



for every x E k A , whence : 

d(a + b) = d(a) + d(b) + ^ "~T 



8=1 



?! 



frl-i/P 

(p-i)! 



d(p) for every a, 5 G A 



3.4.13. Especially, notice we do have d(a + b) = d(a) + d{b) in case either a or b lies in 
m A . Hence, d restricts to an additive map — > fl A , and Leibniz's rule implies that the latter 
descends to a fc^-linear map 

d : m A /vn A — > Ct A . 
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Proposition 3.4.14. In the situation of (13.4.11) . suppose thatp ^ m A . Then there exists a natural 
exact sequence of k 1 ^ -vector spaces : 

-> m A /m A ® kA k A ' ► ft A -> fi fcA/z ® fcA fc^ -> 0. 

Proof. By inspecting the constructions in (13.4.121 ), we obtain a commutative ladder of k A - vector 
space, with exact rows : 

pA/(m 2 A n pA) m A /m A m A /(m 2 A + pA) 

d A 



v x {k A ) 3 - — - n A q\ /z ® A k\ /p 



such that d A ®k A ks is injective with cokernel naturally isomorphic to Q\ A /i ®k A k A p (lemma 
13.4.31) . By the snake lemma, it then suffices to show that i k A p is an isomorphism; but since 
both the source and target of the latter map are one-dimensional fe^-vector spaces, we come 
down to checking that i is not the zero map. But a simple inspection yields i(j>) = (0, 1), as 
required. □ 

3.4.15. Keep the notation of (13.4.11) . and let now fi, . . . , /„ be a finite sequence of elements 
of A, and ei, . . . , e n a sequence of integers such that e^> 1 for every i = 1, . . . , n. Set 

C := Api, . . . ,T B ]/(7f - A, • • • ,T n e " - /„). 

Fix a prime ideal ncC such that n PI A = xn A , and let B := C n . So the induced map A — > B 
is a local ring homomorphism; we denote by trie the maximal ideal of B, and setk B := B/xk\.b- 
Also, define the integer v as follows : 

• lip E rc? A , then v := dimfc A E, where E C Q A / Z <8U &a is the /^-vector space spanned 
by dfx,...,df n . 

• If p £ m\, then z/ := dim fc i/ P E, where E C Q A is the /V^-vector space spanned by 
d(fi),...,d(f n ). 

Theorem 3.4.16. In the situation of (13.4.151) , suppose moreover that : 

(a) fi G A x , for every i < n such that is divisible by p. 

(b) m A /m A is a finite dimensional k A -vector space. 

(c) p £ m 2 A . 

Then noe/m^ is a finite dimensional ks-vector space, and we have : 

dim fcB m B /m 2 B = n + dim kA m A /m A - v. 
Proof. Let us begin with the following general result : 

Claim 3.4.17. Let K be any field, and L a field extension of K of finite type. Then 

dim L Vl\ /k - dim L HiL L/K = tr. deg[L : K]. 



Proof of the claim. This is known as Cartier's identity, and a proof is given in [1301 Ch.O, 
Th.21.7.1]. We present a proof via the cotangent complex formalism. Suppose first that K is 
of finite type over its prime field K (so K is either Q or a finite field of prime order). In this 
case, notice that HiL L / Ko = (cp. the proof of lemma I3l4 .31) ; then the transitivity triangle for 
the sequence of maps K Q — > K — > L fll54l Ch.II, §2.1.2.1]) yields an exact sequence 
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and the claim follows easily, after one remarks that dini^ &~ K / Ko = tr. deg[K : K ], and like- 
wise for VL 1 L i Kq . Next, let K be an arbitrary field, and write K as the union of the filtered 
family (K x | A G A) of its sub fields that are finitely generated over K . Choose elements 
x 1 , . . . , x t E L such that K(xx, . . . , x t ) = L. Let cp : K[X\, . . . , X t ] — > L be the map of K- 
algebras given by the rule : X { i— > Xi for i = I, . . . ,t. Then I := Ker ip is a finitely generated 
ideal, so we may find A 6 A and an ideal I x C l^fA^, . . . , X t ] such that I = I\ ®k x K (details 
left to the reader). Denote by L\ the field of fractions of K\[Tx, . . . , T t ]/I\; it is easily seen that 
L\ ®k x K is an integral domain, and its field of fractions is a i^-algebra naturally isomorphic 
to L. Especially, we have tr. deg[L\ : K\] = tr. deg[L : K\, and on the other hand, there is a 
natural isomorphism in D~(L-Mod) : 

^L x /K x ®L A L — > h L / K 

( 11541 Ch.II, Prop.2.2.1, Cor.2.3.1.1]). Then the sought identity for the extension K C L follows 
from the same identity for the extension AA C -La- The latter is already known, by the previous 
case. 

Set R := A[Ti, . . . , T n ], and let p C R be the preimage of n. We prove first the following 
special case : 

Claim 3.4.18. dim fes p/p 2 = n + dim kA m^/m^. 

Proof of the claim. According to ll36l Th.6.5.12(i)], we have Hih kB / kA = for every i > 1 (we 
apply loc.cit. to the extension (k A , | ■ \ kA ) C (fc^, | ■ |fc s ) of valued fields with trivial valuations); 
then the transitivity triangle for the cotangent complex relative to the maps A — > A;^ — ► k B 
yields a short exact sequence of k B -vector spaces : 

— ► H{L kA / A ® kA k B — > H{L kB / A — > E\L kB j kA — > 

(11551 Ch.II, §2.1.2.1]). Likewise, since Hih R/A = for every i > 1 (JM Ch.II, Cor. 1.2.6.3]), 
the sequence of maps A — > R — > yields an exact sequence of A^-vector spaces : 

— > HiL kB /A — > H 1 L kB / R — > fi^/ A <8>ij fcs — > fifcs/A — >■ 0. 

However, we have natural isomorphisms 

i? x L^ M A mA/m^ HxL kB/R A p/p 2 

( 11541 Ch.III, Cor.1.2.8.1]), and clearly dim fcs Q R/A <& R k B = n. Thus : 

dim fcA mi/m^ = dim fcs HxL kB / A - dim fcfl H{L kg / kA 

dim fcs p/p 2 = dim fcs ifiL fcs/A + n - dim fcs fifc B / fcA . 

Taking into account the identity 

dim fcs H{L kB / kA = dim/- s ^k B /k A 

provided by claim !3.4.17l the assertion follows. 

Now, let F C p/p 2 be the k B -vector space spanned by T-f 1 —fx,..., T^ n — f n . Clearly, we 
have a short exact sequence 

-> F -> p/p 2 -> m B /m| -> 0. 

On the other hand, notice that d(7f ) = d(T? - /A + d(/<) in fij^ , since 7f -/»Gp. Now, if 
ej is a multiple of p, Leibniz's rule yields d(T^ 1 ) = • T^~ l d{Ti) = 0. If is not a multiple of 
p, we have f e by assumption; hence Tj G p and therefore d(T^) = again, since e, ; > 1. 
In either case, we find 



d(fi) = -d{T^ - ft) in fi^ , for every i = 1, . . . , n. 
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In view of proposition [3ATH it follows that dim fc trie/ml = dim fc p/p 2 — dim, i/ P E' , where 

K B 

E' C Qr is the k B '-vector space spanned by d(/i), . . . , d(f n ). To conclude, it suffices to 
remark : 

Claim 3.4.19. The natural map fl A (g),i/ P k x i p — > fio is injective. 

Proof of the claim. By inspecting the constructions, we get a natural commutative ladder of 
k l ^ p '-vector spaces 

V 1 {k A ) <g) fc i /p 4 /P M A ® k i/ P k l jl p fli ® A 4 /p 



Vi(A; B ) ft Rp n Rp/z ® R k)* p - 

whose central vertical arrow is the map of the claim. However, it is easily seen that the left 
vertical arrow is an isomorphism, so we are reduced to considering the natural map £l\, z ®a 
R — > fi^/ Z . A standard calculation shows that the latter is injective, and its image is a direct 
summand of the target (whose complement is the free i?-module generated by dT±, . . . , dT n ). 
The claim follows. □ 

Corollary 3.4.20. Keep the situation of (13.4.151) . and suppose that conditions (a) and (b) of 

theorem |3 .4. 1 61 hold for A and the sequence (fx, ... , f n ). Then the following conditions are 
equivalent : 

(a) A is a regular local ring, and v = n. 

(b) B is a regular local ring. 

Proof. Suppose first that (b) holds. Since the map A — > B is faithfully flat, it is easily seen 
that A is noetherian, and then 11301 Ch.O, Prop.l7.3.3(i)] shows already that A is a regular local 
ring. Moreover, C is clearly a finite A-algebra, therefore d\m.k B noe/m^ = dim_B < dim A = 
dim kA m A /m A . In case p m A , theorem [3.4.161 then implies that v = n, so (a) holds in the 
case. In case p G m A , the identity v = n follows from [|30l Ch.O, Th.22.5.4], so (a) holds in this 
case as well. (See the following remark 13.4.2 II ) 

Next, suppose that (a) holds. In case p G m^, assertion (b) follows again from ll30l Ch.O, 
Th.22.5.4], and in case p ^ m^, we apply theorem \3 .4. 161 as in the foregoing, to deduce that 
dim I? = dim A = dim fcs me/nr^, whence (b) : details left to the reader. □ 

Remark 3.4.21. Keep the notation of corollary |3A20l In J30l Ch.O, Th.22.5.4] it is asserted 
that condition (b) is equivalent to the following : 

(a') A is regular and the space E C ®a k A spanned by dfi, . . . , df n has dimension n. 

When p E m A , this condition (a') agrees with our condition (a), so in this case of course we 
do have (a')<^(b). However, the latter equivalence fails in general, in case p ^ : the mistake 
is found in ll30l Ch.O, Rem. 22. 4. 8], which is false. The implication (a')=Kb) does remain true in 
all cases : this is easily deduced from theorem f3 .4. 16[ since the image of d(f) in ®k A k A p 
agrees with df, for every / G A. The proof of loc.cit. is correct for p G m^, which is the only 
case that is used in the proof of corollary [3.4.201 

3.4.22. Let p > be a prime integer, and A an F p -algebra. Denote by & A : A — > A the 
Frobenius endomorphism of A, given by the rule : a i— > aP for every a G A. For every A- 
module M , we let M($) be the A-module obtained from M via restriction of scalars along the 
map $a (that is, a-m := aPm for every a G A and m G M). Notice that & A is an A-linear map 
A — > Theorem |3.4.23[ and part (i) of the following theorem [5 .5 .101 are due to E.Kunz. 



222 



OFER GABBER AND LORENZO RAMERO 



Theorem 3.4.23. Let Abe a noetherian local W p -algebra. Then the following conditions are 
equivalent : 

(i) A is regular. 

(ii) $a is a flat ring homomorphism. 

(iii) There exists n > such that $2 is a flat ring homomorphism. 
Proof. (i)=Kii): Let A A be the completion of A, and / : A — ► A A the natural map. Clearly 

/ o $ A = $4A o /. 

Since / is faithfully flat, it follows that $^4 is flat if and only if the same holds for $a a > so we 
may replace A by A A , and assume from start that A is complete, hence A = k[[Ti, . . . , TJ], for 
a field k of characteristic p, and d = dim A ([30, Ch.O, Th. 19.6.4]). Then, it is easily seen that 

* A (A)=JP = k?[[If,...,Tfi]. 

Set B := k[[Tf , . . . , T|]]; the ring A is a free £>-module (of rank p d ), hence it suffices to check 
that the inclusion map A p — > £> is flat. However, denote by m the maximal ideal of A p ; clearly 
B is an m-adically ideal- separated A-module (see [|58l p. 174, Def.]), hence it suffices to check 
that B/m k B is a flat A p /m k -module for every k > ( ||58l Th.22.3]). The latter is clear, since 
k[Tf, . . . , Tfi is a flat fc p [Tf , . . . , Tj] -module. 
(u)=^(iii) is obvious. 

(iii)=Ki): Notice first that Spec is the identity map on the topological space underlying 
Spec A; especially, is flat if and only if it is faithfully flat, and the latter condition implies 
that $^ is injective. We easily deduce that if (iii) holds, then A is reduced. Now, consider quite 
generally, any finite system x, := (x\, . . . , x t ) of elements of A, and let I C A be the ideal 
generated by x,; we shall say that x, is a system of independent elements, if I / 1 2 is a free 
A/J-module of rank n. We show first the following : 

Claim 3.4.24. Let y, z, X2, ■ ■ ■ , x t be a family of elements of A, such that x, := (yz, X2, ... , x t ) 
is a system of independent elements, and denote by J C A the ideal generated by x.. We have : 

(i) (y, X2, ■ ■ ■ , sc*) is a system of independent elements of A. 

(ii) If lengthy A/ J is finite, then 

lengthy A/ J = length A A/ (y, x 2 , . . . , a; t ) + length^A/ (2, x 2 , . . . , x t ). 

Proof of the claim, (i): Suppose a\y + a 2 x 2 + • • • + a t x t = is a linear relation with ai , . . . , a t G 
A, and let J C A be the ideal generated by y, x 2 , • • • , We have to show that d, . . . , a t G I. 
However, as a x yz + a 2 zx 2 + • • • + a t zx t = 0, it follows by assumption, that a x lies in J C J. 
Write ai = + 6 2 ^2 + 1- then 

6i?/ 2 z + (a 2 + b 2 y)x 2 H h (a t + b t y)x t = 0. 

Therefore + b(y E J for i = 2, . . . , t, and therefore a 2 , . . . , a t E I, as required, 
(ii): It suffices to show that the natural map of A-modules : 

A/ (z, x 2 , • • ■ , Xt) — > 1 1 J a I— > ay + J 

is an isomorphism. However, the surjectivity is immediate. To show the injectivity, suppose 
that ay E J, i.e. ay = b\yz + b 2 x 2 + ■ ■ • + b t x t for some 61, . . . , b t E A; we deduce that 

(b\z — a)yz + b 2 zx 2 H h b t zx t = 0, hence a — b\Z E J by assumption, so a lies in the ideal 

generated by z, x 2 , . . . , x t , as required. 

Now, set q := p n , and A u := A q " C A for every integer v > 0; pick a minimal system 
x, := (xi,... ,x t ) of generators of the maximal ideal of A, and notice that, since A is 
reduced, $^ induces an isomorphism A A u , hence minimal 
system of generators for the maximal ideal of A v . Set as well I v := m u A; since the inclusion 
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map A v — > A is flat by assumption for every v > 0, we have a natural isomorphism of A- 
modules 

K/m 2 ) gu„ A ^ J,// 2 . 
On the other hand, set k v := A v /m v ; by Nakayama's lemma, dim fci , rn^/m 2 = t, so i^,// 2 is 
a free A-module of rank t, i.e. x, is an independent system of elements of A. From claim 
I3.4.24r ii) and a simple induction, we deduce that 

(3.4.25) length A A/I V = lengthy A A / T U A A = q ut for every v > 

(where the first equality holds, since I v is an open ideal in the m A -adic topology of A). Accord- 
ing to 11301 Ch.O, Th. 19.9.8] (and its proof), A A contains a field isomorphic to k := A/m A , and 
the inclusion map k — > A A extends to a surjective ring homomorphismfco^XL, . . . , X t }} — > A A , 
such that Xj i— > Xj for i = 1, . . . , £. Denote by J the kernel of this surjection; in view of (13.4.251 ), 
we have 

length AA A;o[[Xi, . . . , X t ]]/(J, Xf,..., Xf) = q" 

which means that J C (Xf , . . . , XI ) for every v > 0. We conclude that J = 0, and v4 A = 
/co[[X 1; . . . , X t ]] is regular, so the same holds for A. □ 

The last result of this section is a characterization of regular local rings via the cotangent 
complex, borrowed from d), which shall be used in the following section on excellent rings. 

Lemma 3.4.26. Let A be a ring, (ai, . . . , a n ) a regular sequence of elements of A, that gener- 
ates an ideal I C A, and set Aq : = A/ 1. Then there is a natural isomorphism 

L Ao/A ^/// 2 [l] in D(v4 -Mod) 

and 1 1 1 2 is a free A^-module of rank n. 

Proof. Notice that HqL Ao / A = 0, and there is a natural isomorphism H{L Ao / A I / 1 2 ( ll54l 
Ch.III, Cor.1.2.8.1]). There follows a natural morphism L Ao / A — > I / I 2 [l], and we shall show 
more precisely, that this morphism is an isomorphism. We proceed by induction on n. Hence, 
suppose first that n = 1, set a := a\, and B := A[T], the free polynomial A-algebra in one 
variable; define a map of A-algebras B — > A by the rule Tna. Set also B := B/TB (so B 
is isomorphic to A). Since a is regular, it is easily seen that the natural morphism 

B ® B A^ Bq® b A = A 

is an isomorphism in D(B-Mod). It follows that the induced morphism I^b /b®b Aq — > L Ao/A 
is an isomorphism in D(A -Mod) ( ll54l Ch.II, Prop. 2. 2.1]), so it suffices to check the assertion 
for the ring B and its regular element T. However, the sequence of ring homomorphisms 
A — ► B — > B induces a distinguished triangle ([54, Ch.II, Prop. 2. 1.2]) 

^B/A ®B Bq — > ^B /A — ► ^B /B — > ^B/A ®B B [l) 

and since clearly h B()/A ~ in D(5 -Mod), and h B/A ~ ^ /A [0] ~ 5[0] (EH Ch.II, 
Prop. 1.2.4. 4]), the assertion follows (details left to the reader). Next, suppose that n > 1, 
and that the assertion is already known for regular sequences of length < n. Denote by I' C A 
the ideal generated by ai, . . . , a n _i, and set A' := A//'. There follows a sequence of ring ho- 
momorphisms A — > A' — > v4 , and the inductive assumption implies that the natural morphisms 

L A , /A - /'// /2 [1] L Ao/A , - J/(/ 2 + /')[!] 

are isomorphisms, and J'//' 2 (resp. //(I 2 + /')) is a free A'-module (resp. Ao-module) of 
rank n — 1 (resp. of rank 1). Then the assertion follows easily, by inspecting the distinguished 
triangle 

L A '/ A <8U' — >■ L Ao / A — > L Ao / A / — > L A // A <8) A / A [l] 
given again by (54l Ch.II, Prop. 2. 1 .2] (details left to the reader). □ 



224 OFER GABBER AND LORENZO RAMERO 

Proposition 3.4.27. Let Abe a local noetherian ring, a E A a non-invertible element, and set 
A := A/ a A. The following conditions are equivalent : 

(a) a is a regular element of A. 

(b) H^Aq/a = 0, and a A/ a 2 A is a free A -module of rank one. 

Proof. For any ring R, any non-invertible element x E R, and any n EN, set R n := R/x n+1 R, 
and consider the R -linear map 

: R -> x n R/x n+1 R 
induced by multiplication by x n . We remark : 

Claim 3.4.28. Suppose that R is a noetherian local ring, denote by k r the residue field of R, 
and let n > be any given integer. The following conditions are equivalent : 

(c) P x ,n is an isomorphism. 

(d) x n and Tor*°{x n R/x n+1 R, k r ) = 0. 

(e) x n 7^ and the surjection R — > kr induces a surjective map 

H 2 (L Rn _ l/R ^ Rn ^ R ) -> iJ 2 (L Rn _ l/i? 0^,! 

Proof of the claim. It is easily seen that (c)=Kd). 

Conversely, if (d) holds, notice that x n R/x n+1 R ^ 0, since (~) n£N x n R = 0. Hence K R ® R (3 X:n 
is an isomorphism of one-dimensional K^-vector spaces. On the other hand, under assumption 
(d), the natural map k r ® r Ker /3 Xin — > Ker(n R ® R (3 Xtn ) is an isomorphism. By Nakayama's 
lemma, we conclude that Ker p x>n = 0, i.e. (c) holds. 

Next, recall the natural isomorphism of i? - m °dules 

Hi(h Rn _ l/R (g)^ M) ^ x n R/x 2n R 8^ M ^ x n R/x n+1 R ® Ro M 

for every i? -module M ([54, Ch.III, Cor.1.2.8.1]). Denote by m the kernel of the surjection 
Ro — *■ k r\ there follows a left exact sequence 

- Torf°(x^/x" +1 /2, - #i(L^_ l//? g)^ m ) - ^(L^/r g^ i? ) 

which shows that (d)<^(e) (details left to the reader). 

Claim 3.4.29. In the situation of claim |3.4.28l the following conditions are equivalent : 

(f) x is a regular element of R. 

(g) Px,n is an isomorphism, for every n E N. 

Proof of the claim. If (f) holds, x n is a regular element of R for every n > 0, and then (g) 
follows easily. Conversely, assume (g), and suppose that yx = for some y E R; we claim 
that y E x n R for every n E N. We argue by induction on n : for n = 0, there is nothing to 
prove. Suppose that we have already obtained a factorization y = x n z for some z E R. Then 
x n+l z = 0, so the class of z in R lies in Ker/3 n+1 , hence this class must vanish, z E xR, 
and therefore y E x n+1 R. Since HneN = 0' we deduce that y = 0, whence (f). 

Claim 3.4.30. Let / : R — > _R' be any ring homomorphism, and set x' := f(x). Suppose that 
(3 X)n and (3 x ^ n are both isomorphisms, for some integer n E N, and set i?^ := R' /x' n+l R' . Then 
the induced morphism 

is an isomorphism in D(i?Q-Mod). 

Proof of the claim. If n = 0, there is nothing to prove, hence assume that n > 0. We remark 
that, for every i — 0, . . . , n, the complex 

Rn ► -Rn y Rn 
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is exact. Indeed, for 2 = 0, this results immediately from the assumption that Ker /3 n>x = 0. 
Suppose that i > 0, and that the assertion is already known for i — 1; then, if yx n ~ l G x n+1 R for 
some y E R, the inductive hypothesis yields y G so say that y = x % u and yx n ~ l = zx n+1 
for some u, z G -R. It follows that x n (u — zx) = 0, and then u — zx G xi?, again since 
Ker = 0; thus, u G xi?, and y G x l+1 -R, as asserted. 
We deduce that the i? n -module R admits a free resolution 

Zj . j% n — > n n > n n — > it n — > rto- 

The same argument applies to i?' and its element x', and yields a corresponding free resolution 
£' of the i?^-module R' Q . A simple inspection shows that £' ® Rn R' n = E, z.e. the natural 

L 

morphism _R ® Rn i?^ — > _R[, is an isomorphism in D(i?Q-Mod). The claim then follows from 
E3Ch.n,Prop.2.2.1]. 

With these preliminaries, we may now return to the situation of the proposition : first, lemma 
|3.4.26| says that (a)=Kb). For the converse, we shall apply the criterion of claim |3.4.29| : namely, 
we shall show, by induction on n, that f} a n : A — > a n A/a n+1 A is bijective for every n G N. 

For n = 0, there is nothing to prove. Assume that n > 0, and that the assertion is already 
known for n — 1. Let m C A[T] be the (unique) maximal ideal containing T, and set B := A m . 
We let / : B — ► A be the map of A-algebras given by the rule : T \— > a. Define as usual 
B n := B/T n+1 B and A n := A/a n+1 A for every n eN. Clearly (3 T) n-i ■ B -> T n ~ 1 B/T n B 
is bijective, and the same holds for /? ai „_i, by inductive assumption. Then, claim [3~4.30l says 
that the induced morphism L Bf) / Bn l <S>b - > ^Ao/a^ is an isomorphism in D(Ao-Mod). 
Denote by k the residue field of A and B, and notice as well that H 2 (L Ao / A ® Ao k) = 0, by 
virtue of (b). Consequently, the commutative diagram of ring homomorphisms 

B fin-i B 

A A n _! A 

induces a commutative ladder with exact rows ( ll54l Ch.II, Prop. 2. 1.2]) : 

#3(Lb /B„_i ®Bo k ) *- H 2 (LB n ^/B ®B n _! «) >" H 2 (L Bn /B ®B «) 



^(L^o/A^! ®A «) ^ ^ 2 (La„_!M ®A„_! k) ^ 

whose left vertical arrow is an isomorphism. It follows that the central vertical arrow is surjec- 
tive. Consider now the commutative diagram 

H 2 (h Bn _ 1 / B ®b„_! B ) > H 2 (h Bn _ l/B ® Bn _ 1 «) 

(3.4.31) 

^(L^-j/i ®a„-i ^o) >■ H 2 (h An _ l/A k) 

induced by the maps 5 — >• y4 — > «. We have just seen that the right vertical arrow of (13.4.311 ) is 
surjective, and the same holds for its top horizontal arrow, in light of claim !3.4.28[ Thus, finally, 
the bottom horizontal arrow is surjective as well, so p a ,n is an isomorphism (claim |3~4.28I) . and 
the proposition is proved. □ 

Theorem 3.4.32. Let Abe a noetherian local ring, I C A an ideal, and set A '■— A/ 1. The 
following conditions are equivalent : 

(a) Every minimal system of generators of I is a regular sequence of elements of A. 
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(b) I is generated by a regular sequence of A. 

(c) The natural morphism h Ao / A -f/-^ 2 [l] is an isomorphism in D(v4 -Mod), and I /I 2 
is aflat Ao-module. 

(d) H2LA0/A — 0, and I /I 2 is aflat A -module. 

Proof. Clearly (a)=Kb) and (c)=Kd); also, lemma [3A26] shows that (b)=Kc). 

(d)=Ka): Let ( ) be a minimal system of generators for /; recall that the length n 

of the sequence equals dim K / <S>a k , where k denotes the residue field of A. We shall argue by 
induction on n. For n = 0, there is nothing to show, and the case n = 1 is covered by proposition 
13.4.271 Set B := Aja x A and J := IB. Assumption (d) implies that H 2 (L Ao/A <g> Ao k) = 0, 
therefore the sequence of ring homomorphisms A — > B — > A induces an exact sequence 

-> H 2 (L Ao/B (g) Ao k) -> Hx(L B /a ®bk)^I®a^J%k^0 

([54, Ch.II, Prop. 2. 1.2 and Ch.III, Cor.1.2.8.1]). However, clearly J admits a generating system 
of length n — 1, hence n' := dim K J ® B k < n. On the other hand, dim K Hi(L B / A ® B k) = 
1, so we have necessarily n' = n — 1 and H 2 (L Ao / B ® Ao k) = 0. The latter means that 
H2LA0/B — and J / J 2 is a flat £>-module. By inductive assumption, we deduce that the 
sequence (a 2 , . . . , a n ) of the images in B of (a 2 , . . . , a n ), is regular. By virtue of lemma l3A26[ 
it follows that H 3 (L Ao / B ® Ao k) = 0, whence a left exact sequence 

-> H 2 {L B/A <g) B k) -> ^ 2 (LaoM ®Aj «) = 

obtained by applying again 11541 Ch.II, Prop. 2. 1.2 and Ch.III, Cor. 1.2.81] to the sequence A — > 
£> — >■ A . Thus, H2L1B/A = and aiA/a\A is a flat 5-module, so a x is a regular element 
(proposition [3X27]) and finally, (d, . . . , a n ) is a regular sequence, as required. □ 

Corollary 3.4.33. Let Abe a local noetherian ring, with maximal ideal m, and residue field k. 
Then the following conditions are equivalent : 

(a) A is regular. 

(b) The natural morphism h K / A — > m/m 2 [l] is an isomorphism. 

(c) H 2 h K/A = 0. 

Proof. It follows immediately, by invoking theorem f3 .4. 3 21 with / := m, and lemma l3A26l □ 

3.5. Excellent rings. Recall that a morphism of schemes / : X — > Y is called regular, if 
it is flat, and for every y G Y, the fibre f~ l (y) is locally noetherian and regular (iTJTl Ch.IV, 
Def.6.8.1]). 

Lemma 3.5.1. Let f : X — >• Y and g : Y — >• Z be two morphisms of locally noetherian 
schemes. We have : 

(i) Iff and g are regular, then the same holds for g o f. 

(ii) If g o f is regular, and f is faithfully flat, then g is regular. 

Proof, (i): Clearly h := g o f is flat. Let z E Z be any point, and K any finite extension of 
k(z). Set 

X' := hT\z) x K(z) K and Y' := g-\z) x k(z) K. 

It is easily seen that the induced morphism /' : X' — > Y' is regular. Moreover, for every y E Y', 
the local ring @Y\y> is regular, since g is regular. Then the assertion follows from : 

Claim 3.5.2. Let A — > B be a flat and local ring homomorphism of local noetherian rings. 
Denote by C A the maximal ideal, and suppose that both A and B := B/m A B are regular. 
Then B is regular. 
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Proof of the claim. On the one hand, dmvB = dimA + dimB (j30l Ch.IV, Cor.6.1.2]). On 
the other hand, let a\, . . . , a n be a minimal generating system for m^, and b±, . . . , b m a system 
of elements of the maximal ideal roe of B, whose images in B is a minimal generating system 
for rne/rru-B. By Nakayama's lemma, it is easily seen that the system a±, . . . , a n , b±, . . . ,b m 
generates the ideal m#. Since A and B are regular, n = dim A and m = dim B, so n + m = 
dim B, and the claim follows. 

(ii): Clearly g is flat. Then the assertion follows easily from 1(301 Ch.O, Prop.l7.3.3(i)] : 
details left to the reader. □ 

Definition 3.5.3. Let A be a noetherian ring. 

(i) We say that A is a G-ring, if the formal fibres of Spec A are geometrically regular, i.e. 
for every p e Spec A, the natural morphism Spec A^ — > Spec A p from the spectrum of 
the p-adic completion of A, is regular : see |[3"Tl Ch.IV, §7.3.13]. 

(ii) We say that A is quasi-excellent, if A is a G-ring, and moreover the following holds. 
For every prime ideal p C A, and every finite radicial extension K' of the field of 
fractions K of B := A/p, there exists a finite £>-subalgebra B' of K' such that the field 
of fractions of B' is K' , and the regular locus of Spec B' is an open subset (the latter 
is the set of all prime ideals q C B' such that B' q is a regular ring). 

(iii) We say that A is a Nagata ring, if the following holds. For every p 6 Spec A and every 
finite field extension n(p) C L, the integral closure of A/p in L is a finite A-module. 
(The rings enjoying this latter property are called universally Japanese in |[30l Ch.O, 
Def.23.1.1].) 

(iv) We say that A is universally catenarian if every A-algebra B of finite type is catenarian, 
i.e. any two saturated chains (p C ■ • • C p„), (qo C • • ■ C q m ) of prime ideals of B, 
with p = qo and p n = q m , have the same length (so n = m) ( OTl Ch.IV, Def.5.6.2]). 

(v) We say that A is excellent, if it is quasi-excellent and universally catenarian ( OTl Ch.IV, 
Def.7.8.2]). 

Lemma 3.5.4. Let Abe a noetherian ring. 

(i) If A is quasi-excellent, then A is a Nagata ring. 

(ii) If A is a G-ring, then every quotient and every localization of A is a G-ring. 

(iii) Suppose that the natural morphism Spec A^ — > Spec A m is regular for every maximal 
ideal m C A. Then A is a G-ring. 

(iv) If A is a local G-ring, then A is quasi-excellent. 

(v) If A is a complete local ring, then A is excellent. 

Proof, (i): This is El Ch.IV, Cor.7.7.3]. 

(ii) : The assertion for localizations is obvious. Next, if / C A is any ideal, and p C A any 
prime ideal containing /, then (A/I)^ = A^/IA^, from which it is immediate that A/ 1 is a 
G-ring, if the same holds for A. 

(iv) follows from ED Ch.IV, Th.6.12.7, Prop.7.3.18, Th.7.4.4(ii)]. 

(v) : In light of (iv), it suffices to remark that every complete noetherian local ring is univer- 
sally catenarian (H2B Ch.IV, Prop.5.6.4] and (301 Ch.O, Th.l9.8.8(i)]) and is a G-ring ([301 Ch.O, 
Th.22.3.3, Th.22.5.8, and Prop.l9.3.5(iii)]). 

(iii) : Let us remark, more generally : 

Claim 3.5.5. Let (p : A — > B be a faithfully flat ring homomorphism of noetherian rings, such 
that / := Spec (p is regular. If B is a G-ring, the same holds for A. 

Proof of the claim. In light of (ii), we easily reduce to the case where both A and B are local, ip is 
a local ring homomorphism, and it suffices to show that the natural morphism ir A : Spec A A — > 
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Spec A is regular (where A A is the completion of A). Consider the commutative diagram : 

Spec B A Spec A A 

Spec B — J —^ Spec A. 

By assumption, n B is a regular morphism; Then the same holds for / o n B = txa ° f A (lemma 
[33jli)). However, it is easily seen that the induced map Lp A : A A — ► B A is still a local ring 
homomorphism, hence f A is faithfully flat, so the claim follows from lemma \3.5 Al ii). 
Now, in order to prove (iii), it suffices to check that A m is a G-ring for every maximal ideal 
m C A. In view of our assumption, the latter assertion follows from claim 13 .531 and (v). □ 

Definition 3.5.7. Let A be any topological ring, whose topology is linear; we shall consider : 

• For any A-algebra C, the category ExaU(C) whose objects are all short exact se- 
quences of A-modules 

(3.5.8) £ : 0^ M -»• E C ^0 

such that E is an A-algebra (with A-module structure given by the structure map A — ► 
E), and ip is a map of A-algebras. The morphisms in ExaU(C) are the commutative 
ladders of A-modules : 

M' E' C 

(3.5.9) a 

M" E" C 

where g is a map of A-algebras. 

• For any topological A-algebra C, whose topology is linear, the category Exaltop^(C) 
whose objects are the short exact sequences of A-modules (13.5.81) such that E is a 
topological A-algebra whose topology is linear (and again, with A-module structure 
given by the structure map A — > E), and tp is a continuous and open map of topological 
A-algebras, whose kernel M is a discrete topological space, for the topology induced 
from E. The morphisms in Exaltop A (C) are the commutative ladders (13.5.91 ) such that 
g is a continuous map of topological A-algebras. 

3.5.10. Now, let A be as in definition 13 .5 .71 C any topological A-algebra whose topology is 
linear, cp : A — > C the structure morphism, and (I\ | A G A) (resp. (Jy | A' G A')) a filtered 
system of open ideals of A (resp. of C), which is a fundamental system of open neighborhoods 
of 0. Let A" c A x A' be the subset of all (A, A') such that <p(I\) c J\>; the set A" is 
partially ordered, by declaring that (A, A') < (/i, //) if and only if C I\ and J^/ C J\>. Set 
A A := AJI X for every A G A (resp. C\> := C/J x > for every A' G A'); for (A, A'), G A" 

with (A, A') < (fj,, //), the surjection 7iy A / : Cy — > Cjy induces a functor 

ExaU A (CV) -> ExaU M (C M /) ShE* 7iy A ' 

(see (361 §2.5.5]) and clearly the rule (A, A') i— > ExaU A (Cy) yields a pseudo-functor 

E : (A", <) -> Cat. 

Moreover, we have a pseudo-cocone : 

(3.5.11) E =>■ Exaltop A (C) 

defined as follows. To any (A, A') G A" and any object Ea,a' : — * M — > — > CV — >■ 
of ExaU A (C*A'), one assigns the extension (13.5.81) obtained by pulling back Ea,a' along the 
projection tt X ' : C — > C\> . Let (3 : E — > £? A ' be me induced projection; we endow i? with the 



(3.5.6) 
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linear topology defined by the fundamental system of all open ideals of the form ip^ 1 J fl J' 
where J (resp. J') ranges over the set of open ideals of C (resp. over the set of all ideals of 
E\i). With this topology, it is easily seen that both ip and the induced structure map A — > E are 
continuous ring homomorphisms. Moreover, if J C J\>, then ip~ l J fl J' = J x ( J' D M), 
from which it follows that ip is an open map. Furthermore, M fl P~ 1 = 0, which shows that 
M is discrete, for the topology induced by the inclusion map M — > E. Summing up, we have 
associated to Ea,a' a well defined object Ea,a' * of Exaltop A (C), and it is easily seen that the 
rule E Aj y i— > E A x' * TTv i s functorial in E A y, and for (A, A) < (//, /i') in A", there is a natural 
isomorphism in Exaltop A (C) : 

Sa,A' * 7TA' —> (E a ,a' * Va') * V 

(details left to the reader). 

Lemma 3.5.12. The pseudo-cocone (13.5.111) induces an equivalence of categories : 

(3 : 2-colimE ^ Exaltop j4 (C). 

Proof. Let E as in (13.5.81) be any object of Exaltop A (C). By assumption, there exists an open 
ideal J C E such that M fl J = 0. Since ip is an open map, there exists A' G A' such that 
J\i C V'(^)' an d after replacing J by Jfl ip^Jy, we may assume that ■0( J) = Jy . Likewise, if 
<y9 S : A — > E is the structure morphism, there exists A G A such that I\ C (fP^J, and it follows 
that the induced extension 

E A) a' : -> M -> J -»• C A ,^ 
is an object of ExaU A (C < A')- We notice : 

Claim 3.5.13. There exists a natural isomorphism E ^> E A v * tta' in Exaltop A (C). 

Proof of the claim, (i): By construction, ip and the projection ixj : _E — >• E j J define a unique 
morphism 7 : _E — > (E / J) x c C of A-algebras, restricting to the identity map on M (which is 
an ideal in both of these A-algebras). It is clear that 7 is an isomorphism, and therefore it yields 
a natural isomorphism E Ea,a' * in ExaU(C). It remains to check that 7 is continuous 
and open. For the continuity, it suffices to remark that, for every ideal I C E/J and every 
// G A', the ideals 7~ 1 (/ x Cv C) = 7TJ 1 / and ^~ l (E/J x Cx , J^>) = ty~ x Jyi are open in E, 
which is obvious, since J is an open ideal and ip is continuous. Lastly, let / C E be any open 
ideal such that I C J fl ip" 1 J\r, since t/> is an open map, it is easily seen that 7(f) = x ip(I) 
is an open ideal of [Ej J) x Cx , C, so 7 is open. 

From claim 13.5.131 we see already that (3 is essentially surjective. It also follows easily that 
(3 is full. Indeed, consider any morphism s : E' — > E" of Exaltop A (C) as in (13.5.91) , and pick 
an open ideal J" C E" with J fl M" = 0; set J' := g~ l J", and notice that J'nM' = 0. 
Moreover, if the image of J" in C equals Jy for some A' G A', then clearly the same holds 
for the image of J' in C. Therefore, in this case the foregoing construction yields objects E^ A , 
and y of ExaU A (CV) (for a suitable A G A), whose middle terms are respectively E'/J' 
and E" j J", and s descends to a morphism s\i : E' A A , — > E" A ,, whose middle term is the map 
g\> : E'/J' — ► E" / J" induced by (7. By inspecting the proof of claim [33. 13[ we deduce a 
commutative diagram 

E>^+(E'/J')xc x ,C 
E»^{E"/J") x Cx ,C 
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whose horizontal arrows are the maps that define the isomorphisms E' ^> £' A A , * n\i and 

E" A E AA , * tta' in Exaltop A (C). It follows easily that s x * 7ry = s, whence the assertion. 
Lastly, the faithfulness of (3 is immediate, since the projections are surjective maps. □ 

3.5. 14. Let A be as in definition |3.5.7[ and C any A-algebra (resp. any topological A-algebra); 
we denote by 

nilExaU(C) (resp. nilExaltop A (C) ) 

the full subcategory of ExaU(C) (resp. of Exaltop A (C)) whose objects are the nilpotent exten- 
sions of C, i.e. those extensions (13.5.81) . where M is a nilpotent ideal of E. Moreover, in the 
situation of (13.5.101) . clearly E restricts to a pseudo-functor 

nilE : (A", <) -> Cat (A, A') i-> nilExaU A (C A /). 

Also, (13.5.1 II) restricts to a pseudo-cocone on nilE, and lemma [3~.5 . 1 21 immediately implies an 
equivalence of categories 

(3.5.15) 2-colimnilE A nilExaltop A (C). 

Proposition 3.5.16. Let A and C be as in (13.5. 10b . The following holds : 

(i) Suppose that J 2 , is open in C,for every A' G A'. Then the forgetful functor 

(3.5.17) nilExalto Pj4 (C) -> nilExaU(C) 

is fully faithful. 

(ii) Suppose additionally, that : 

(a) C is a noetherian ring, and I C C is an ideal such that the topology of C agrees 
with the I-preadic topology. 

(b) i| is open in A, for every A G A. 

Then the essential image of (13.5.171) is the (full) subcategory of all nilpotent extensions 
(13.5.81 ) such that the C -module M/M 2 is annihilated by a power of I. 

Proof, (i): The functor is obviously faithful, and in light of (13.5.151) . we come down to the 
following situation. We have a commutative ladder of extensions of A-algebras 

>■ M ^E^^C ^0 



N E' >■ C y 

for some A' G A', whose top (resp. bottom) row is an object of nilExaltop^C) (resp. of 
nilExaU A (C,y), for some A G A), and we need to show that the kernel of g contains an open 
ideal. To this aim, we remark : 

Claim 3.5.18. For any open ideal J C E, the ideal J 2 is open as well. 

Proof of the claim. We may assume that J fl M = 0. We have I := 4>(J 2 ) = ^(J) 2 , so the 
assumption in (i) say that / is open in C, and therefore tp^I = J 2 © M is open in E, so finally 
J fl ip^I = J 2 is open in E, as stated. 

Now, set J := ^~ x J\i\ then J is an open ideal of E, and clearly g(I) C N. Say that N k = 0; 
then g(I k ) = 0, and I k is an open ideal of E, by claim [33. 18[ whence the contention. 

(ii): It is easily seen that, for every extension (|3.5.8I) in the essential image of (13.5.171) . we 
must have I k (M/M 2 ) = for every sufficiently large k > (details left to the reader). Con- 
versely, consider a nilpotent extension E as in (|3.5.8I) . with I k (M/M 2 ) = and M t = for 
some k, t G N. Pick a finite system f := . . . , f r ) of elements of E whose images in B form 
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a system of generators for I k ; notice that the ideal (f n )B is open in B, and (P)M = for every 
n > t. There follows an inverse system of exact sequences 

i?i(f n , B) -> M Ej(i n )E -> Bj(i n )B -> for every n > £ 

(notation of (13.1.11) ) with transition maps induced by the morphisms y> f of (13.1.81) . As is 
noetherian, lemma U. 1.151 and remark [3.1.161 imply that the system (Hi(f n ,B) n 6 N) is 
essentially zero. Therefore, the same holds for the inverse system (Ker/? n | n > 0). However, 
the transition map Ker /3 n+1 — > Ker /3 n is obviously injective for every n > t, so we conclude 
that P n is injective for some sufficiently large integer n. For such n, we obtain a nilpotent 
extension 

(3.5.19) -f M -> E/(t n )E -> B/(i n )B -> 0. 

Lastly, let <£> : A — > £> be the structure map, and pick A G A such that J A C (p~ 1 I k ; it is 
easily seen that I^M = and <^(/|) C (f n )B for s G N large enough. Therefore, some 
sufficiently large power of /a annihilates £"/ (f n )E; under our assumption (b), such power of I\ 
contains another open ideal J M , so (13.5.191) is an object of nilExaU„(-B/(f n )-B) whose image in 
nilExaltop A (£>) agrees with E. □ 

Proposition 3.5.20. Let A be a topological ring (whose topology is linear), B a noetherian 
A-algebra, I C B an ideal, and suppose that : 

(i) The structure map A — > B is continuous for the I-adic topology on B. 

(ii) For every open ideal J C A, the ideal J 2 is also open. 

Then the following conditions are equivalent : 

(a) B (with its I-adic topology) is a formally smooth A-algebra. 

(b) ^l l B j A ®b B 1 1 is a projective B j ' I -module, and Hi(Jub/a®b B / ' I) = 0. 

Proof. More generally, let A and C be as in (13.5.101) . and M a discrete C-module, i.e. a C- 
module annihilated by an open ideal; we denote by Exaltop A (C, M) the C-module of square 
zero topological A-algebra extensions of C by M. Likewise, for every (A, A') G A", and every 
CV-module M, let ExaU A (CV, M) be the CA'-module of isomorphism classes of square zero 
A A -algebra extensions of C\> by M. For (A, A') < (/i, p!), we get a natural map of C^-modules 

(3.5.21) ExaU A (C v , M) -> ExaU M (C jU /, M) for every C v -module M 
and (13.5.151 ) implies a natural isomorphism : 

colim w Exal j4A (C' A /,M) ^ Exaltop A (C, M) 

which is well defined for every discrete C-module M. By inspecting the definitions, and taking 
into account [30, Ch.0, Prop. 19.4.3], it is easily seen that C is a formally smooth A-algebra if 
and only if Exaltop^C, M) = for every such discrete C-module M. We also have a natural 
C-linear map : 

(3.5.22) Exaltop A (C, M) -> ExaU(C, M) for every discrete C-module M 

and proposition 13.5.1 6t i) shows that (|3.5.22l) is an injective map, provided J\, is an open ideal 
of C, for every A' G A'. Moreover, for C := B (with its 7-adic topology), the map (|3.5.22l) is 
an isomorphism, by virtue of proposition 13 . 5 . 1 6t ii) . 

Now, recall the natural isomorphism of CA-modules ([54, Ch.III, Th. 1.2.3]) 

ExaU(S, M) A Ext^(L B/A , M) for every fi-module M. 

Combining with the foregoing, we deduce a natural 5-linear isomorphism 

Exaltop j4 (5, M) A Ext^(L B/A ,M) 
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for every £> -module M annihilated by some ideal I k . Summing up, B is a formally smooth A- 
algebraif and only if Ext^(L B /^, M) vanishes for every discrete 5-module M. SetB := B/I; 
by considering the J-adic filtration on a given M, a standard argument shows that the latter 
condition holds if and only if it holds for every 5 -module M, and in turns, this is equivalent 
to the vanishing of Ext- (Lb/,* <® B B , M) for every £? -module M. This last condition is 
equivalent to (b), as stated. □ 

Proposition 3.5.23. Let A be a ring, B a noetherian A-algebra of finite (Krull) dimension, 
n E N an integer, and suppose that H k {L B / A ®b K (p)) = 0/or every prime ideal p C B and 
every k = n, . . . ,n + dim B. Then H n {L B / A ®b M) = Ofor every B-module M. 

Proof. Let us start out with the following more general : 

Claim 3.5.24. Let A be a ring, B a noetherian A-algebra, p 6 Spec B a prime ideal, neNan 
integer, and suppose that the following two conditions hold : 

(a) H n (L B/A ® B K (p)) = 0. 

(b) H n+ i(h B /A ®b B/q) = for every proper specialization q of p in Spec B. 
Then, H h (L b /a ® B B/p)=0. 

Proof of the claim. Let b E B \ p be any element, and set M := B/(p + bB). Since B 
is noetherian, M admits a finite filtration M C Mi C • • ■ C M n := M such that, for every 
i — 0, . . . , n — 1, the subquotient M i+ i/Mi is isomorphic to B/q, for some proper specialization 
q of p ( ll58l Th.6.4]). From (b), and a simple induction, we deduce that H n+1 (L B / A ® B M) = 0. 
Whence, by considering the short exact sequence of B-modules 

-> B/p B/p -> M -> 

we see that scalar multiplication by b is an injective map on the 5-module H n (L B /A ®b B/p). 
Since this holds for every b E B \ p, we conclude that the natural map 

H n (L B/A ® B B/p) -> H n (L B/A (g) B B/p) ® B B p = H n (L B/A ® B k(p)) 

is injective. Then the assertion follows from (a). 

Now, let p C B be any prime ideal; the assumption, together with claim 13 .5 .241 and a simple 
induction on d := dim£>/p, shows that 

H k (L B / A ® B B/p) = for every k — n, . . . ,n + dimi? — d. 

For any 5-module M, set H(M) := H n (h B/A ® B M). Especially, we get H(B/p) = 0, for any 
prime ideal p C B. Since B is noetherian, it follows easily that H(M) = for any 5-module 
M of finite type (details left to the reader). Next, if M is arbitrary, we may write it as the union 
of the filtered family (Mi \ i E I) of its submodules of finite type; since H(M) is the colimit of 
the induced system (if(Mj) | i E I), we see that H(M) = 0, as sought. □ 

Corollary 3.5.25. Let A — > B be a homomorphism of noetherian rings. Then the following 
conditions are equivalent : 

(a) Q l B / A is aflat B-module, and HJu B / A = Ofor every i > 0. 

(b) Q B / A is aflat B-module, and H{L B / A = 0. 

(c) The induced morphism of schemes f : Spec B — > Spec A is regular. 

(d) Hi{L B / A ®b k(x)) = for every x E Spec B. 

Proof. Let x E X := Specl? be any point; according to J301 Ch.O, Th. 19.7.1], the following 
conditions are equivalent : 

(e) the map on stalks ffyjix) ~^ @x,x is formally smooth for the preadic topologies defined 
by the maximal ideals. 
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(f) / is flat at the point x, and the n(f (x))-algebra @ j-\ f^ >x is geometrically regular. 
On the other hand, by virtue of proposition |3 .5.201 condition (e) is equivalent to the vanishing of 
Hi(L B / A ® B k(x)), whence (b)=Kc)«=Kd). It remains to check that (d)=Ka). However, assume 
(d); taking into account proposition l3.5.23l and arguing by induction on i, we easily show that 
(a) will follow, provided 

Hi(h B /A ®b k(x)) = for every x <E X and every % > 1. 

For every x G X, set B x := Gx,x ®a K {f{ x ))'> since B is A-flat, the latter holds if and only if 

Hi(L>B x / K (f( x )) ®b k(x)) = for every x G X and every i > 1 

( 041 Ch.II, Prop.2.2.1 and Ch.III, Cor.2.3.1.1]). Hence, we may replace A by n(f(x)), and B 
by B x , and assume from start that A is a field and B is a local geometrically regular A-algebra 
with residue field k b , and it remains to check that Hi(h B iA ®b Kb) — for every i > 1. 
However, in view of corollary 13.4.331 the sequence of ring homomorphisms A — > B — > k b 
yields an isomorphism 

Hi(L B/A (g) B k b ) ^ HiL KBjA for every i > 1 

( [[54l Ch.II, Prop. 2. 1.2]) so we conclude by the following general : 

Claim 3.5.26. Let K C E be any extension of fields. Then Hjh E / K = for every i > 1. 

Proof of the claim. By [54, Ch.II, (1.2.3.4)], we may reduce to the case where E is a finitely 
generated extension of K, say E = K{ CLl, . . . , CL n ). We proceed by induction on n. If n = 1, 
then E is either an algebraic extension or a purely transcendental extension of K. In the latter 
case, the assertion is immediate ([54, Ch.II, Prop. 1.2.4. 4 and Ch.III, Cor.2.3.1.1]). For the case 
of an algebraic extension, the assertion is a special case of [|36l Th.6.3.32(i)] (we apply loc.cit. 
to the valued field (K, \ ■ |) with trivial valuation | ■ |). Lastly, if n > 1, set L := K(ai, . . . , a n _i). 
By inductive assumption we have HiL^/K = HiL B /L = for i > 1; on the other hand, there is 
a distinguished triangle ([54, Ch.II, Prop. 2. 1.2]) 

L L/K ® L E -> h E/K -> L £/L -> L L/X ® L £[1] in D(£-Mod). 

The sought vanishing follows immediately, □ 

Corollary 3.5.27. Let Abe a local noetherian ring, A A the completion of A. Then the following 
conditions are equivalent : 

(i) A is quasi-excellent. 

(ii) Q\ A , a is aflat A A -module, and H{La^ /a = 0. 

(iii) flL^ is aflat A A -module, and H^La^ /a = 0/or every i > 0. 

Proof. Taking into account lemma 1X5 .4r iii), this is a special case of corollary 13.5.251 □ 

Proposition 3.5.28. Let p > be a prime integer, A a regular local and excellent ¥ p -algebra, 
B a local noetherian A-algebra, m B the maximal ideal of B, and M a B-module of finite type. 
Then the B-module Q\/ ¥p ®a M is separated for the m B -preadic topology. 

Proof. Let cp : A — >• B be the structure morphism, and set p := i/}"^; the localization A p is 
still excellent (lemma [3 . 5 . 4f ii .iv) ) and regular, and clearly ^\ p / Fp <S>a p M = &>a/w p ®aM, hence 
we may replace A by A p , and assume that ip is local. Let A A and B A be the completions of A 
and B, set M A := B A ® B M, and notice that both of the natural maps ¥ p — ► A and A A A 
are regular. In view of corollary 13.5.251 it follows that both of the natural B -linear maps 

n A/Vp ® A m -> n\ /Fp ®a m a fi^ /Fp ® A m -> fi AA /Fp ® A a m a 
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are injective (to see the injectivity of the second map, one applies the transitivity triangle arising 
from the sequence of ring homomorphisms ¥ p — ► A — ► A A : details left to the reader). Thus, 
we may assume that A is complete. Now, for every ring R, and every integer m G N, set 

(3.5.29) R {m) := R[[T U . . . ,T m }} R {m) := R[[Tf, . . . ,T£]] C R (m) . 

With this notation, we have an isomorphism A ^ Ku\ of F p -algebras, where k is the residue 
field of A and d := dirndl (1501 Ch.O. Th. 19.6.41). 

Claim 3.5.30. Let K be any field of characteristic p, and m G N any integer. We have : 

(i) There exists a cofiltered system (K x | A G A) of subfields of K such that [if : K x ] is 
finite for every A G A, and Haga ^ x = K p . 

(ii) For every system (K x | A G A) fulfilling the condition of (i), the following holds : 

(a) Vt l . x is a free K i m \ -module of finite rank, for every A G A, and the rule 

M - fi m (M) := lim (^ (m)/ ^ m) ®K (m) M) 

defines an exact functor if r m \ -Mod — > if i m \ -Mod. 

(b) The natural map 

ry m (M) : fi^^ ® K{m) M -> fi m (M) 

is injective for every if ( m ) -module M. 

(c) Let F (resp. F x ) denote the field of fractions of if( m ) (resp. of K x m y for every 
AG A); then H AeA F A = i^. 

Proof of the claim, (i) and (ii.c) follow from 11301 Ch.O, Prop. 21. 8. 8] (and its proof). 

(ii.a): For given A G A, say that X\, . . . , x r is a p-basis of K over if A ; then it is easily seen that 
xx, . . . , x r , Ti, . . . , T m is a p-basis of if( m ) over A^ A m ^ (see [1301 Ch.O, Def.21.1.9]). According 
to [1301 Ch.O, Cor.21.2.5], it follows that Q, 1 . x is the free if( m )-module of finite type with 

K ("i)/ K (m> 

basis dx\, . . . , dx r , dT 1; . . . , <iT m . Moreover, say that c K A , and let x r+ i, . . . , x s be a p- 
basis of if A over if M ; then xi, . . . , x s is a p-basis of if over ( ll30~I Ch.O, Lemme 21.1.10]), 
so the induced map 

is a projection onto a direct factor, and the assertion follows easily. 

(ii.b): We are easily reduced to the case where M is a if ( m ) -module of finite type, and in light 
of (ii.a), we may further assume that M is a cyclic A^™) -module. Next, we remark that, due to 
(ii.c), the natural map 

is injective ( 11301 Ch.O, Th.21.8.3]); in other words, rj m (F) is injective. In order to show the 
injectivity of i] m (M), it then suffices to check that the functor M i— > £l l K ^ ®K {m) M is 
exact. The latter holds by virtue of corollary 13.5.251 since the (unique) morphism of schemes 
Spec if( m ) — > SpecFp is obviously regular. This completes the proof for m = 0. Suppose now 
that m > 0, and that the injectivity of r] n (M) is already known for every n < m and every 
if( n ) -module M. By the foregoing, it remains to check that r} m (K( m -)/I) is injective, for every 
non-zero ideal I C Kr m \. Pick any non-zero / G I, and set R := if( m _ X ); according to Ifl4l 
Ch.VII, n.7, Lemme 3] and lfi4l Ch.VII, n.8, Prop. 6], there exist an automorphism a of the ring 
if( m ), and elements g G R[T m ], u G Kfi, such that a(f) = u-g, and g = T^+axT^ 1 H ha d 
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for some d > and certain elements a%, . . . , a d of the maximal ideal of R. However, set 
M' := Kr m \/a(I); in view of the commutative diagram of F p -modules : 



it K {m) /V p 



IV (m) 



n 



K (m) /¥ p 



(m) 



M' 



Vm(M') 



n m (M) 



(whose vertical arrows are induced by a) we see that r] m (M) is injective, if and only if the same 
holds for i] m (M'). Hence, we may replace / by a(I), and assume that g G /. In this case, set 



also R := KjL^ for every A G A, and notice that the natural maps 

R{T m ]/ 9 m{T m ] -> K( m )/g p K(m) R x [Tl]/gVR x [TV m ] -> K$ m) /fK. 
are bijective; there follows a commutative diagram of Ki m \ -modules : 



'A 

■ (m) 



M 



K (m) /V p 



lL R{T m \/R>> 



JR{T„ 



M 



(™)/^(ro> 



* l (in) 



whose horizontal arrows are isomorphisms, and rj m (M) = lim Ae A Vr, 



(m) 



M. On the other 



hand, for every A G A we have a commutative ladder of R[T m ] -modules with exact rows : 











■ ^R/F p 
1 ®rR[T„ 

R/R x 



)R 



R[T r , 



R[T n 



"iJ[T m ]/F p 



lL R[T m \/R>> 



lL R[T m \/R 



o 1 

iL R[T m ]/R 











and notice that the rows of E A ®R[T m ] M are still short exact, for every A G A. By induc- 
tive assumption, lim Ae A vL-i ®R M is an injective map; we deduce that the same holds for 
liniAeA a x ®r{t] M, and the claim follows. 

Take K := k, and pick any cofiltered system (K x | A G A) as provided by claim [33 .30I XK 
in light of claim [33 .30r ii.b). it now suffices to show that the resulting VLd(M) is a separated B- 
module, for every noetherian km\ -algebra B and every 5-module M of finite type. However, 



VL d (M) is a submodule of Haga^* 



K( M), hence we are reduced to checking that 



each direct factor of the latter £>-module is separated. But in view of claim |3.5.30r ii.a), we 
see that each such factor is a finite direct sum of copies of M, so finally we come down to the 
assertion that M is separated for the ms-adic topology, which is well known. □ 

Theorem 3.5.31. Let tp : A — > B be a local ring homomorphism of local noetherian rings. 
Suppose that A is quasi-excellent, and <p is formally smooth for the preadic topologies defined 
by the maximal ideals. Then Spec tp is regular. 

Proof. This is the main result of [2J. We begin with the following general remark : 

Claim 3.5.32. Let R be a local noetherian ring, C R the maximal ideal, H : _R-Mod — > 
i?-Mod an additive functor, and suppose that 

(a) H is i?-linear, i.e. H(t ■ 1 M ) = t ■ H(1 M ) for every i?-module M, and every t G R. 

(b) H is semi-exact, i.e. for any short exact sequence — > M' — » M — > M" — > of 
i?-modules, the induced sequence H(M') — > H(M) — > H(M") is exact. 

(c) H commutes with filtered colimits. 
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(d) H(M) is separated for the rt\R-adic topology, for every R- module M of finite type. 

(e) H(R/m R ) = 0. 

Then H(M) = for every i?-module M. 

Proof of the claim. Since H commutes with filtered colimits, it suffices to show that H(M) = 
for every finitely generated i?-module M, and since H is semi-exact, a simple induction reduces 
further to the case where M is a cyclic i?-module. Let now & be the family of all ideals / of 
R such that H(R/ 1) ^ 0, and suppose, by way of contradiction, that & ^ 0; pick a maximal 
element J of J£", and set M : = R/J. By assumption, J ^ m R ; thus, let t G R be a non- 
invertible element with t ^ J; we get an exact sequence 

H(M) -U H(M) - H(B (m+n) /(J + tB (m+n) )) 

whose third term vanishes, by the maximality of J. On the other hand, f] neN t n H(M) = 0, 
since H(M) is separated. Thus H(M) = 0, contradicting the choice of J, and the claim 
follows. 

Denote by k the residue field of A, and for every m, n G N, let t ~p m ,n '■ ^.(m) - ► B^ m+n) be the 
composition of <^( m ) : A( m ) — > Bt m ) (the T-adic completion of cp 0a A[Ti, . . . , T m ]) with the 
natural inclusion map £?( m ) — > B( m +n) (notation of (13.5.291) ). 

Claim 3.5.33. In the situation of the theorem, suppose furthermore that A is either a field or 
a complete discrete valuation ring of mixed characteristic. Then, the morphism Spec (p m ,n is 
regular for every m,n G N. 

Proof of the claim. Set 

H(M) := F x (L B(m+n)M(m) ® B{m+n) M). 

We shall consider separately three different cases : 

• Suppose first that A is a field of characteristic p > 0. According to corollary 13.5.251 it 
suffices to show that H(M) vanishes for every Bi m+n \ -module M. Notice that the natural map 
F p — > £?( m+n ) is regular; from the distinguished triangle ([54, Ch.II, Prop. 2. 1.2]) 

h A (m) /¥ p ®A {m) B {m+n) -> h B{m+n)/¥p L S(m+n) /A (m) L ^ (m) /F p ®A (m) 5 (m+rt) [l] 

and corollary |3.5.25[ we deduce an injective -B( m+n ) -linear map 

H(M) - ^ (m)/Fp ® A(m) M 

from which it follows that, if M is a Br m+n \ -module of finite type, H(M) is a separated Bi m+n y 
module, for the preadic topology defined by the maximal ideal of £>( m+n ) (proposition |3.5.28l) . 
Since y? is formally smooth, <^ m ,„ is also formally smooth for the preadic topologies defined by 
the maximal ideals of A( m ) and Bt m+n y, from propo sition 13.5.201 we see that H(M) = 0, if M 
is the residue field of £?( m+n ). Then the assertion follows from claim [33.321 

• Next, suppose that A is either a field of characteristic zero, or a complete discrete valuation 
ring of mixed characteristic (so either k = A, or else k is a field of positive characteristic). 
According to corollary I3.5.25L it suffices to show that H(M) vanishes for M = «(q), where 
q C Bf m+r A is any prime ideal. Fix such q, and set p := q fl Ar m Y, if p = 0, then M is a 
i^-algebra, where K is the field of fractions of A/ m ) ; now, K is a field of characteristic zero, 
and B' := -B( m+n ) <8U (m) K is a regular local i^-algebra, so the induced morphism Spec B' — ► 
Specif is regular; since H(M) = Hi(Lb'/k ®b' M), the assertion follows from corollary 
13.5.251 Notice that this argument applies especially to the case where m = 0; for the general 
case, we argue by induction on m. Hence, suppose that n G N, m > 0, and that the assertion is 
already known for ip n , m -\. 
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Consider first the case where A is a discrete valuation ring, and p contains the maximal ideal 
of A, and set B := B ® A k. Since <p m ,n is flat, and since M is a B( m+n ) -module, we have a 
natural isomorphism 

H(M) A F x (Lo /lf ®o M). 

Then the sought vanishing follows from the foregoing, since B is a formally smooth K-algebra 
(for the preadic topology of its maximal ideal). 

Lastly, suppose that either A is a field, or p does not contain the maximal ideal of A (and p 7^ 
0). In either of these two cases, we may find / G p whose image in K( m ) is not zero. According 
to |[l4l Ch.VII, n.7, Lemme 3] and lfl4l Ch.VII, n.8, Prop. 6], we may find an automorphism a 
of the A-algebra A( m ) and elements g G A( m _i)[T m ], u G A? % such that cr(/) = u ■ g, and 
g = + a{T^ x + ■ ■ ■ + a d for some d > and certain elements a 1; . . . , of the maximal 
ideal of A( m _i). Denote by cr' : A £?( m ) the T-adic completion of a ®a B, and let 



ctb : 5( 



m+n) 



B(m+n) be the T-adically continuous automorphism that restricts to cr' on 5( m ), 



and such that crs(Tj) = T^fori = m+1, . . .,m+n. Set M' - 
we have a commutative diagram of A-algebras 



B {m+n) /a B (q);by construction, 





m) 












m) 



5 



(m+n) 



5 



inducing an isomorphism 



^(m+n) / (n) -^(m + n) 



(m+n) 



^(m+n) / ("•) -'-'(m+n J 



inD(A-Mod). 



Thus, we may replace M by M', and assume from start that g G p. In this case, set 5' : = 
-B[[T m+1) . . . , T m+n ]], and notice that both of the natural maps 

A(m-i) [T m ]/gA( m _i) [T m ] — > A^/gAfm) ^(m-i) Pm]/<7-B( m -i) [T m ] — > B( m+n )/ gB( m+n ) 

are isomorphisms. Since both <yj min and the map A(m-i)Pm] — > £[ m _i)pr m ] induced by y> are 
flat ring homomorphisms, there follows a natural isomorphism of B^ m+n ) -modules : 



L 



(m+n 



)M(n) 



-^(m+nj 



(m-l) 



1) [T m ]/A (m _ 1) [T m ] ®B'_ [T m ] 



M 



5b; M 

(m-l) 



'(m-l)/^(»n-l) 

( |[54l Ch.II, Prop. 2.2.1]). However, the resulting map Ar m _i\ 

Vm-i,n» U P to a relabeling of the variables; the vanishing of H(M) then follows from the induc- 
tive assumption (and from corollary 13.5.251) . 



-B( m _x) is none else than 



Claim 3.5.34. In the situation of the theorem, suppose furthermore that A and B are complete, 
and let M be a £> -module of finite type. Then Hx(Lb/a ®b M) is a £> -module of finite type. 

Proof of the claim. Let / : A — > k be a surjective ring homomorphism, with A a Cohen ring 
([[301 Ch.O, Th. 19.8.6(h)]), and set B:=B® A k; in light of ESI Ch.O, Lemme 19.7.1.3], there 
exists a flat local, complete and noetherian A -algebra B fitting into a cocartesian diagram : 



A 
7 



Bn 



K 



B. 
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Denote by k b the residue field of B; there follow natural isomorphisms of £> -modules : 

Hi(Lb/a ®b k b ) ^ #i(I<g/ K ®s k b) -> H x {h BQ / Ao ® Bo k b ) 

( ||54[ Ch.II, Prop. 2. 2.1]) which, according to proposition l3 .5.201 imply that ij) is formally smooth 
(for the preadic topologies defined by the maximal ideals). By ll30l Ch.O, Th.l9.8.6(i)], / lifts 
to a ring homomorphism / : A — > A, whence a commutative diagram 

xb 

— B Q 

<p°f 7 B 
B *B. 

Then, by (30l Ch.O, Cor. 19.3. 11], the map f B lifts to a ring homomorphism f B : B — > B. 
Notice now that both / and f B are local maps and induce isomorphisms on the residue fields; it 
follows easily that, for suitable m, n e N, they extend to surjective maps g and g B fitting into a 
commutative diagram 

A-0,(m) >■ -O0,(m+n) 

9b 

A - *B 

whence exact sequences ( ll54[ Ch.II, Prop. 2. 1.2]) 

#i( L Bo, (m+n )Mo,( m) ®B 0Xm+n) M) -> ^(Lfl/^, ® B M) fl"i(L BOi(iiH . n)/B ® B0)(m+n) M) 

i?i(L BMo (m) ® B M) -> Hx(L b /a ® B M) - fii /Aoi(m) ®a M = 0. 

However, claim [33.33 1 applies to ip, and together with corollary I3.5.25L it implies that the first 
module of the first of these sequences vanishes; on the other hand, it is easily seen that the third 
fi-module of the same sequence is finitely generated, so the same holds for the middle term. By 
inspecting the second exact sequence, the claim follows. 

We may now conclude the proof of the theorem : let A A and B A be the completions of A and 
B; since cp is formally smooth, the same holds for its completion tp A : A A — > B A . First, we show 
that Spec<£> A is regular; to this aim, it suffices to check that H A (M) := Hi(L B a/a* ^ M) 
vanishes for every £> A -module M (corollary 13.5.251) . However, we know already that H A (M) 
is a B A -module of finite type, if the same holds for M (claim [375.341) ; especially, for such M, 
H A (M) is separated for the adic topology of B A defined by the maximal ideal. Moreover, 
H A (M) = 0, if M is the residue field of B A (propo sition 13 . 5 . 201) . Then the assertion follows 
from claim [33 .32[ Lastly, the natural morphism Spec A A — > Spec A is regular by assumption, 
hence the same holds for the induced morphism Spec B A — > Spec A (lemma [3 .5. H i)). Finally, 
since B A is a faithfully flat £>-algebra, we conclude that Spec tp is regular, by virtue of lemma 

EUtii). ^ ^ □ 

Proposition 3.5.35. Let Abe a noetherian local ring, and (p : A — > B an ind-etale local ring 
homomorphism. Then : 

(i) A is quasi-excellent if and only if the same holds for B. 

(ii) If A is excellent, the same holds for B. 

Proof. Set / := Spec<£>, and f A := Specy? A , where tp A : A A — >• B A is the map of complete 
local rings obtained from cp. Notice first that, for every y E Spec A, and every x G f^ 1 (y), the 
stalk 0f-iy :X is an ind-etale K(?/)-algebra, i.e. is a separable algebraic extension of n(y), hence 
f~ l {y) is geometrically regular, and therefore / is regular and faithfully flat. Moreover, / is the 
limit of a cofiltered system of formally etale morphisms, hence it is formally etale; a fortiori, B 
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is also formally smooth over A for the preadic topologies, so B A is formally smooth over A A 
for the preadic topologies, and consequently f A is a regular morphism (theorem |3.5.31| ). 

(i) : If B is quasi-excellent, claim [3331 and lemma l33.4r iv) imply that A is quasi-excellent. 
Next, assume that A is quasi-excellent; we have a commutative diagram (13.5.61) . in which txa is a 
regular morphism, and then the same holds for tta° f A = f (lemma l3.5.ir i)). Now, let y £ 
Spec B be any point, and set z := f(y); we know that (/ o ix B )~ l (z) is a geometrically regular 
affine scheme, so write it as the spectrum of a noetherian ring C. The stalk E := @f-u z ),y is 
a separable algebraic field extension of k(z), hence 7r^ (y) ~ SpecC ®b E, the spectrum of 
a localization of C, so it is again geometrically regular, i.e. t\b is a regular morphism, and we 
conclude by lemma 1X5 .4r iii,iv) . 

(ii) : By (i), it remains only to show that B is universally catenarian, provided the same holds 
for A. To this aim, it suffices to apply [1331 Ch.IV, Lemma 18.7.5.1]. □ 

Proposition 3.5.36. In the situation of (13.4.221) . suppose that $a is a finite ring homomorphism, 
and for every prime ideal p C A, set n(p) := A p /pA p (the residue field of the point p e Spec A). 
Then 

dim A p /qA p = dim K(p) f^ (p)/Fp - dim K(q) ^ (q)/Fp 
for every pair of prime ideals q C p C A. 

Proof. To begin with, we notice : 

Claim 3.5.37. Suppose that $>a is a finite map. We have : 

(i) For every A-algebra B of essentially finite type, $b is finite as well. 

(ii) Suppose moreover, that A is local, and let A A the completion of A. Then $a a = 
1a* ®a $a is finite, and Q 1 ^ /F = A A <g> A £l A /v p - 

(iii) If A is local and reduced, then the same holds for A A . 

(iv) Suppose moreover, that A is a local integral domain, and denote by K (resp. k) the 
field of fractions (resp. the residue field) of A. Then 

(3.5.38) diniK . .. = dim K Q]. /¥p + dim A. 

Proof of the claim, (i): Suppose first that B = A[X]; then it is easily seen that = $^ ®f p 
®f p [x], whence the contention, in this case. By an easy induction, we deduce that the claim 
holds as well for any free polynomial A-algebra of finite type. Next, let I C A be any ideal; 
since $a(-0 C /, it is easily seen that &a/i — ®a ®a A/ 1, so &a/i is finite, and therefore the 
assertion holds for any A-algebra of finite type. Lastly, let S C A be any multiplicative subset; 
since $a(S) C S, it is easily seen that 

(3.5.39) = S-^a 

and the assertion follows. 

(ii): Denote by tru the maximal ideal of A, and set B := A($y, by assumption, $^ : A — > B 
is a finite A-linear map, hence its iru-adic completion ($a) a : A A — > B A equals I^a <&a 
Since <&a(wa) = m^, we have a natural A A -linear identification on rriA-adic completions : 

(3.5.40) B A A (A A ) m 

and under this identification, ($a) a = 3>a a , whence the first assertion of (ii). Next, we no- 
tice that (13.5.401 ) yields a natural identification ^a/ f = ^b a /f > an ^ on tne otner hand, the 
sequence of ring homomorphisms 



Fp ^ j[ A lAl^ B f 



yields natural identifications 



^B A /F P — ^B A /A A — ^ A ®A ^B/A — ^ A ®A &b/¥ p ~ ^ A ®B ^B/F p ~ ^ ®A ^A/¥ p 
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where the last equality is induced by (|3.5.40l) and the identity map A ^ B. This completes the 
proof of the second assertion. 

(iii) : Since A is reduced, §a is injective, and then the same holds for its completion ($a) a - 
But we have seen that the latter is naturally identified with ^a a , whence the claim. 

(iv) : Notice that f^/ F is a K- vector space of finite dimension, since its dimension equals 
[K : K p ] ((301 Ch.O, Th.21.4.5]), and the latter is finite, by (i); the same argument applies to 
the k- vector space f^/ F • Denote by 5(A) the difference between the left and right hand-side 
of (13.5.381) : we have to show that 5(A) = 0. Let p C A A be any minimal prime ideal, so that 
dim A A /p — d :— dim A. In view of (iii), L := (A A ) P is a field; taking into account (ii), we get 

Hence dim £ ^\/ rp = dim K ti^m > so we see that 

(3.5.41) 5(A) = 5(A A /p) for any minimal prime ideal p C A A . 

We may then replace A by A A /p, after which we may assume that A is a complete local domain. 
In this case, A contains a field mapping isomorphically onto k, and there is a finite map of k- 
algebras A' := k[[T 1} . . . , T d ]] — > A ([58, Th.29.4(iii)]). Denote by K' the field of fractions of 
A', and notice that [K : K'] = [K : K p ] ■ [K p : K'] = [K : K p ] ■ [K p : K' p ); on the other 
hand, $k induces an isomorphism K ^ K p , hence have as well [K : K'\ = \K P : K lp ], so 
[K : K p ] = [K 1 : K' P ] and finally : 

dim K , Vl 1 K , /¥v = dim K Vt 1 K/¥v 

( QUI Ch.O, Cor.21.2.5]). Since d\mA' = dimA, we conclude that 5(A) = 5(A'). Hence, it 
suffices to check that 5(A') = 0. Furthermore, set B := k[T 1; . . . ,T d ], and let m C B be 
the maximal ideal generated by T 1; . . . , T d ; we have A' = B^, so (13.5.411) further reduces to 
showing that 5(B m ) = 0, which shall be left as an exercise for the reader. 

Now, in view of claim l3.5.37I T). we may replace A by A p /qA p , and assume from start that A 
is a local domain, that q = and that p is the maximal ideal; in this case, the sought identity is 
given by claim 13 .5! 37f iv). □ 

Theorem 3.5.42. With the notation of (13.4.221 ), suppose that A is noetherian. We have : 

(i) If $a is a finite ring homomorphism, then A is excellent. 

(ii) Conversely, suppose that A is a local Nagata ring, with residue field k, and that [k : k p ] 
is finite. Then $4 is a finite ring homomorphism. 

Proof, (i): We reproduce the proof from [57, Appendix, Th.108]. 

Claim 3.5.43. If <&4 is finite, then A is quasi-excellent. 

Proof of the claim. We check first the openness condition for the regular loci. To this aim, in 
light of claim l3~3.37t i). we may assume that A is an integral domain, and it suffices to prove 
that the regular locus of Spec A is an open subset. Set B := (notation of (13.4.221) ). and let 
p C A be any prime ideal; by theorem |3 .4. 23 1 and (13.5.391 ), the ring A p is regular if and only if 
($a)p is a flat ring homomorphism, if and only if B p is a flat v4 p -module. Since, by assumption, 
B is a finite A-module, the latter holds if and only if B p is a free v4 p -module. Then, the assertion 
follows from (581 Th.4. 10]. 

Next, we show that A is a G-ring. By claim |33.37r i), we may assume that A is local. From 
claim |3.5.J7T ii) we see that the natural map 

A m ® A A A -> (A A ) m 

is an isomorphism in D(A-Mod). Then the assertion follows from (361 Lemma 6.5. 13(i)] and 
corollary 133271 
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Now, it follows easily from proposition [3336] and claim l3.5.37I D. that A is universally cate- 
narian; combining with claim I33.431 we obtain (i). 

(ii): The assertion to prove is that is a finite A-module. To this aim, denote by / C A 
the nilradical ideal; we remark : 

Claim 3.5.44. It suffices to show that (A/I)f$\ is a finite A-module. 

Proof of the claim. Indeed, suppose that (A/I)f$\ is a finite A-module; we shall deduce, by 
induction on s, that (A/P)^ is a finite A-module, for every s > 0. Since A is noetherian, 
we have P = for t > large enough, so the claim will follow. The assertion for s = 1 
is our assumption. Suppose therefore that s > 1, and that we already know the assertion for 
s — 1. Notice that P/P~ x is a finite A/J-module, hence a finite (A/I) ($) -module, by our 
assumption. Since (A/ P' 1 )^ is a finite A-module, we deduce easily that the assertion holds 
for s, as required. 

In view of claim [33 .441 we may replace A by A/ 1 (which is obviously still a Nagata ring), 
and assume from start that A is reduced. In this case, let {p 1; . . . , p t } be the set of minimal 
prime ideals of A; we have a commutative diagram of ring homomorphisms : 

A ^ »- A 

rm-A/ft nu * A/p< ir^A /Pl 

whose vertical arrows are injective and finite maps. Suppose now that (A/pi)($) is a finite A/pi- 

module for every % — 1, . . . , t. Then Ili=i(^/Pi)(*) * s a finite A-module, and therefore the same 
holds for its A-submodule Ar$). Thus, we are reduced to checking the sought assertion for each 
of the quotients A/pi (which are still Nagata rings), and hence we may assume from start that 
A is a domain. In this case, denote by K the field of fractions of A; by the definition of Nagata 
ring, we are further reduced to checking that $^ : K — > K is a finite field extension, i.e. that 
[K : K p ] is finite. Denote A A the completion of A; we remark : 

Claim 3.5.45. (i) The endomorphism $aa is a finite map. 
(ii) Spec K ®a A a is a geometrically reduced fT-scheme. 

Proof of the claim, (i): Indeed, A A is a quotient of a power series ring B := k[[Ti, . . . , T r ]] ( ll30l 

Ch.O, Th.l9.8.8(i)]), hence it suffices to show that $ B is finite. However, B p = k p [[Tf, . . . ,7?]], 

and [k : k p ] is finite by assumption, whence the claim. 

(ii): This is |ED Ch.IV, Th.7.6.4]. 
Let p C A A be any minimal prime ideal; it follows from claim |33.45r ii) that L := A p is a 

separable field extension of K ([|3TJ Ch.IV, Prop.4.6.1]), so the natural map 

is injective ([[301 Ch.O, Cor.20.6.19(i)]); on the other hand, claim !3.5.45r i) implies that [L : L p ] 
is finite, i.e. Q\/ Fp is a finite-dimensional L-vector space ( [|30l Ch.O, Th.21.4.5]). We conclude 
that ^ 1 K / ¥p is a finite-dimensional fT- vector space, whence the contention, again by loc.cit. □ 

4. Local cohomology 

4.1. Duality for quasi-coherent modules. Let / : X — ► Y be a morphism of schemes; the- 
orem [93]26] falls short of proving that Lf* is a left adjoint to i?/*, since the former functor is 
defined on bounded above complexes, while the latter is defined on complexes that are bounded 
below. This deficency has been overcome by N.Spaltenstein's paper 11681 , where he shows 
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how to extend the usual constructions of derived functors to unbounded complexes. On the 
other hand, in many cases one can also construct a right adjoint to Rf*. This is the subject of 
Grothendieck's duality theory. We shall collect the statements that we need from that theory, 
and refer to the original source ll44ll for the rather elaborate proofs. 

4.1.1. For any morphism of schemes f:X^Y,\etJ: (X, 6 X ) — > (Y, f*& x ) be the 
corresponding morphism of ringed spaces. The functor 

7* : 0x-Mod - 

admits a left adjoint /* defined as usual ([26, Ch.O, §4.3.1]). In case / is affine, / is flat and the 
unit and counit of the adjunction restrict to isomorphisms of functors : 

1^7*°/*: /*^x-Mod qcoh -> /,^-Modqooh 

7*°7* ^ 1 : ^-Mod qcoh -> ^ x -Mod qcoh . 

on the corresponding subcategories of quasi-coherent modules ( 11271 Ch.II, Prop. 1.4. 3]). It fol- 
lows easily that, on these subcategories, /* is also a right adjoint to /„,. 

Lemma 4.1.2. Keep the notation of (14. Lit , and suppose that f is affine. Then the functor : 

7* : D+(/^-Mod) qcoh -> D+(^ x -Mod) qcoh 

is right adjoint to the functor Rf # : D + (<^x-Mod) qcoh — > D + (/»^x-Mod) qcoll . Moreover, the 
unit and counit of the resulting adjunction are isomorphisms of functors. 

Proof By trivial duality (theorem [9!3.26b , J* is left adjoint to i?7* on D+(^ x -Mod); it suffices 
to show that the unit (resp. and counit) of this latter adjunction are isomorphisms for every 
object K* of D+(^x-Mod) qcoh (resp. L* of D + (/*<^x-Mod) qcoh ). Concerning the unit, we 
can use a Cartan-Eilenberg injective resolution of f*K*, and a standard spectral sequence, to 
reduce to the case where K' = J^[0] for a quasi-coherent f*&x -module &\ however, the natural 
map f ^ o f*& — > Rf ^ o f*& is an isomorphism, so the assertion follows from (14.1 .1|) . □ 

Remark 4.1.3. (i) Even when both X and Y are affine, neither the unit nor the counit of 
adjunction in (14. 1.11) is an isomorphism on the categories of all modules. For a counterexample 
concerning the unit, consider the case of a finite injection of domains A — > B, where A is 
local and B is semi-local (but not local); let / : X := Spec B — > Spec A be the corresponding 
morphism, and denote by & the f*&x -module supported on the closed point, with stalk equal 
to B. Then one verifies easily that f ^ o f*J? is a direct product of finitely many copies of 
J£", indexed by the closed points of X. Concerning the counit, keep the same morphism /, let 
U := X\{x}, where x is a closed point and set & := j\@u\ then it is clear that /* o f ^ is 
supported on the complement of the closed fibre of /. 

(ii) Similarly, one sees easily that /* is not a right adjoint to / # on the category of all f^&x- 
modules. 

(iii) Incidentally, the analogous functor /| t defined on the etale (rather than Zariski) site is a 
right adjoint to f 6u : ^a-Mod — > ,/'*^x,et-Mod, and on these sites the unit and counit of the 
adjunctions are isomorphisms for all modules. 

4.1.4. For the construction of the right adjoint f to Rf*,, one considers first the case where 
/ factors as a composition of a finite morphism followed by a smooth one, in which case f 
admits a corresponding decomposition. Namely : 

• In case / is smooth, we shall consider the functor : 

f : D(^y-Mod) -> D(^ x -Mod) K* f-> f*K* A\n x/Y [n] 
where n is the locally constant relative dimension function of /. 
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• In case / is finite, we shall consider the functor : 

f : D + (^ y -Mod) -> D+(^ x -Mod) K* i-> f*RJt?om' ffY (f*0x, K*). 

If / is any quasi-projective morphism, such factorization can always be found locally on X, and 
one is left with the problem of patching a family of locally defined functors ((/|c/J ! | i G I), 
corresponding to an open covering X = \J ieI U%. Since such patching must be carried out in 
the derived category, one has to take care of many cumbersome complications. 

4.1.5. Recall that a finite morphism / : X — > Y is said to be pseudo-coherent if f*@x is a 
pseudo-coherent ^y-module. This condition is equivalent to the pseudo-coherence of / in the 
sense of flU Exp.III, Def.1.2]. 

Lemma 4.1.6. Let f : X — ► Y be a finite morphism of schemes. Then : 

(i) Iff is finitely presented, the functor 

w right adjoint to /* : <^x-Mod qcoh — > ^y-Mod qcoh . 

(ii) Tjf / is pseudo-coherent, the functor 

JC i > J*R#>om^ Y (f,0 x , K') : D+(^ y -Mod) qcoh - D+(^-Mod) qcoh 

is right adjoint to Rf* : D + (^-Mod) qcoh -> D + (^V-Mod) qcoh (notation of (19.2. II )). 

Proof, (i): Under the stated assumptions, /^j is a finitely presented <^y-module (by claim 
14.5.81) . hence the functor 

^ i ► J?om eY (f*&x, &) ■ ^y-Mod -> /»^ x -Mod 

preserves the subcategories of quasi-coherent modules, hence it restricts to a right adjoint for the 
forgetful functor /*^-Mod qco h — > ^y-Mod qco h (claim [973. 251 ). Then the assertion follows 
from (14.1.11) . 

(ii) is analogous : since /* <ff x is pseudo-coherent, the functor 

K* ^ RJ4?om^ Y (f*0 x , K*) : D+(^ y -Mod) -> D+(/^ x -Mod) 

preserves the subcategories of complexes with quasi-coherent homology, hence it restricts to 
a right adjoint for the forgetful functor D + (/»^-Mod) qco h — > D + (<^y-Mod) qco h, by lemma 
|9.3.24r iii). To conclude, it then suffices to apply lemma W. 1.21 □ 

Proposition 4.1.7. Suppose that X — > Y Z —> W are morphisms of schemes. Then : 

(i) Iff and g are finite and f is pseudo-coherent, there is a natural isomorphism of functors 
on D+(^-Mod) : 

C f , g : {gof)"^fog\ 

(ii) Iff and g o f are finite and pseudo-coherent, and g is smooth of bounded fibre dimen- 
sion, there is a natural isomorphism of functors on D + (^-Mod) : 

C f , 9 ■ (9 o ff - f o / 

(iii) If f , g and hog are finite and pseudo-coherent, and h is smooth of bounded fibre 
dimension, then the diagram of functors on D + (^i4/-Mod) : 

(hog off W , (go/fohl 



fo(hogf ^^f og *> oh $ 

commutes. 
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(iv) If, moreover 



Y 



W 



W 



is a cartesian diagram of schemes, such that h is smooth of bounded fibre dimension 
and j is finite and pseudo-coherent, then there is a natural isomorphism of functors : 



°3 ■ 



Proof. This is P4l Ch.III, Prop. 6. 2, 8.2, 8.6]. We check only (i). There is a natural commutative 
diagram of ringed spaces : 




(Z, (gof).& 



where : 
(4.1.8) 



v°f = g°f- 

By claim 19 .3 .^51 the (forgetful) functors a*, /3* and 7* admit right adjoints : 



a 



if 



7 



J?om g ^ Y ((gof%@ x ,&) 

<%?OTTl0 z (g t 0Y, 



^-Mod -> /»^-Mod 
g^r-Mod ^(go f)^ x -Mod 
<ff z -Mod -> 

Likewise, (7 o /J), admits a right adjoint (7 o and the natural identification 
induces a natural isomorphisms of functors : 

(4.1.9) (7 o (3f := M'om^g o -) A /? b o 7 b . 

(Notice that, in general, there might be several choices of such natural transformations (14.1.91) , 
but for the proof of (iii) - as well as for the construction of f for more general morphisms / - 
it is essential to make an explicit and canonical choice.) 

Claim 4.1.10. (i) a* o ip* = g* o 

(ii) The natural commutative diagram of sheaves : 



9 9* 



'Y 



'Y 



is cocartesian. 

Proof of the claim, (i) is an easy consequence of (ii). Assertion (ii) can be checked on the stalks, 
hence we may assume that Z = Spec A, Y = Spec£> and X = SpecC are affine schemes. 
Let p G Y be any prime ideal, and set q := g(p) 6 Z; then (jj~ l g*&Y)p = B q (the A q -module 
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obtained by localizing the A-module B at the prime q). Likewise, (g 1 (g o f)*&x)p = C q and 
(f*£?x)p — C p . Hence the claim boils down to the standard isomorphism : C q ®B q B p ~ C p . 

Let /• be a bounded below complex of injective ^-modules; by lemma |93.24I t), 7 b /* is a 
complex of injective g*<^y-modules; taking into account (14.1.91 ) we deduce a natural isomor- 
phism of functors on D + (^-Mod) : 

(4.1.11) Rhofif A #(/3 b o 7 b ) = RftoRj\ 



Furthermore, (14.1.81) implies that g o /* = /* o ip*. Combining with (14.1.111) . we see that the 
sought £f ; g is a natural transformation : 

7* o cp* o R0> o i? 7 b -»• J* o i?a b o o i? 7 b 

of functors on D + (^-Mod). Hence (i) will follow from : 

Claim 4.1.12. (i) There exists a natural isomorphism of functors : 

9 ^ r Mod -> : o /3 b A a b o g*. 

(ii) The natural transformation : 

#(a b o -> ito b o 3* 

is an isomorphism of functors : D + (g*^y-Mod) — > D+(/*^x-Mod). 

Proof of the claim. First we show how to construct a natural transformation as in (i); this is the 
same as exhibiting a map of functors : a* o p* o /5 b — > <f\ In view of claim l4~T.10r i). the latter 
can be defined as the composition of g* and the counit of adjunction /3* o /3 b — > l^^y-Mod- 
Next, recall the natural transformation : 

(4.1.13) g*^om gm e Y (&, 9) -> J?ome Y (g*^ ,g*&) for every £*^y-modules and 

(defined so as to induce the pull-back map on global Horn functors). Notice that the natural map 
g*g^ — > ^ (counit of adjunction) is an isomorphism for every quasi-coherent <^y -module #\ 
Especially, if J£~ = g*g/ for some quasi-coherent ^y-module si ', then (14.1.131 ) takes the form : 

(4.1.14) tJg'om Sh e Y &*f&) -> ^(^,^). 

Furthermore, by inspecting the definitions (and the proof of claim [93.251) , one verifies easily 
that the map tp* o /3 b (£f) — > a b o g*(&) constructed above is the same as the map (14.1.141) . taken 
with =sz/ = f*0x- Notice that, since / is pseudo-coherent, f*&x is even a finitely presented 
^y-module; thus, in order to conclude the proof of (i), it suffices to show that (14.1.141 ) is an 
isomorphism for every finitely presented i^y-module srf and every g^y-module Sf. To this 
aim, we may assume that Z and Y are affine; then we may find a presentation $_ := {&® v — > 
<^® 9 — > «sz/ — > 0). We apply the natural transformation (14.1.141) to <£, thereby obtaining a 
commutative ladder with left exact rows; then the five-lemma reduces the assertion to the case 
where stf = 6y, which is obvious. To prove assertion (ii) we may again assume that Y and Z 
are affine, in which case we can find a resolution L, — > f*&x consisting of free i^y -modules 
of finite rank. For a given bounded below complex I' of injective g*^y-modules, choose a 
resolution g*I* — ► J' consisting of injective ^y-modules. We deduce a commutative ladder : 

g*^oml^{g, o f^ x , /•) ,^om' ffY (f^ x ,rn — ^ y (// x , J') 



Ai 



A 2 



g*^oml ffY (g*L., I') ^ , J?om^ Y (L.,g*I') — ^ ^om^(L„ J*). 

Since g is flat, Ai is a quasi-isomorphism, and the same holds for A2. The maps \i\ an d H2 are 
of the form (14.1.141) . hence they are quasi-isomorphisms, by the foregoing proof of (i). Finally, 
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it is clear that /i 4 is a quasi-isomorphism as well, hence the same holds for /i 3 o p, u and (ii) 
follows. □ 

4.1.15. Let now / : X — > Y be an embeddable morphism, i.e. such that it can be factored as 
a composition / = g o h where h : X — > Z is a finite pseudo-coherent morphism, g : Z — > Y 
is smooth and separated, and the fibres of g have bounded dimension. One defines : 

f :=h b ogK 

Lemma 4.1.16. Let X^Y-^Z-^Wbe three embeddable morphisms of schemes, such 
that the compositions g o f, h o g and h o g o / are also embeddable. Then we have : 

(i) There exists a natural isomorphism of functors 

1>g,f '■ (9°f) 1 ^ f °9 - 

Especially, f is independent -up to a natural isomorphism of functors - of the choice 
of factorization as a finite morphism followed by a smooth morphism. 

(ii) The diagram of functors : 

(ho go f) 1 * h ' 9 ° f > (g o f) [ o h [ 



i>h°gj 



il>gjOh'- 



/■ o [h o g)- > J-og-o k 



commutes. 



Proof. The proof is a complicated verification, starting from proposition ^. 1.71 See [|44l Ch.III, 
Th.8.7] for details. □ 

4. 1 . 17. Let X — »■ Y Z be two finite and pseudo-coherent morphisms of schemes. The map 
: 0y — > f*&x induces a natural transformation : 

(4.1.18) ,#?omy z (g*(f*), -) : ft o ( 7 o /?) b - 7 b 

(notation of the proof of proposition ^. 1 .7t i)) and we wish to conclude this section by exhibiting 
another compatibility involving (14.1.181) and the isomorphism To this aim, we consider the 
composition of isomorphism of functors on D + (^-Mod) qcoh : 

® _ _ n 1 -T* .... ® * 



(4.1.19) fi/.ojof^a.ofl/.ofo^^^o^fo^ 
where : 

(T) is deduced from (14.1.81) and the decomposition / = a o f. 

(2) is induced from the counit of adjunction e : Rf m o f* — > 1 provided by lemma l4T.2l 

(3) is the identification of claim |4~T. 101 

We define a morphism of functors as a composition : 

(4.1.20) Rf, o (g o ff = Rf, o g-^J* o fl( 7 o /?) b ®> 3* o ft o i?( 7 o /?) b ®> g h 
where : 

(4) is the isomorphism (14.1.191) o R(j o /3f. 

(5) is the composition of g* and the morphism ft oi?( 7 o/3) b — ► i? 7 b deduced from (14.1.181) . 
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(4.1.21) 



R(g°f)*°(g°f) b 

R(9°f)*(tf,g) 



© 



Rg* o RU ° (g o f) b 



Rg t oRf t (£ f , g ) 



Rg* ° g 



Rg* ° RU o (f o g>) _ Rg, o (Rf t o f) o 



where : 

(6) and (7) are induced by the natural isomorphism R(g o f)^ ^ Rg^ o Rf # . 

(8) is induced by the counit of the adjunction e : Rf* o / b — > 1. 

(9) is i?^ o (I4T201) . 

Lemma 4.1.22. ?/ze situation of (|4.1.17l) . diagram (14.1.211) commutes. 

Proof. The diagram splits into left and right subdiagrams, and clearly the left subdiagram com- 
mutes, hence it remains to show that the right one does too; to this aim, it suffices to consider 
the simpler diagram : 

Rf*o(gof) 
Rf*ofog> 




whose horizontal arrow is (|4. 1.201) . and whose upward arrow is deduced from the counit e. 
However, the counit e, used in (8), can be expressed in terms of the counit e : Rf*of* — > 1, used 
in (2), therefore we are reduced to considering the diagram of functors on D + (^-Mod) qco h : 



- - © 

«* o Rf* of o^o R(j o (3) b a, o (p* o i?( 7 o (3f ■ 

©„ 

© 



«* o o /* o Ra b o ^ 



© 



a* o Ra b o o i?7 



r o p. o R(>y o f3f 
® 

g b = g*°Rj b 



where : 



a) and (&) are induced from e. 
(cT) is induced by the isomorphism (14.1.1 II) . 

(d) is induced by the isomorphism of claim l4.1.12I T). 

(e) is induced by the identity of claim l4.1.10[ 
is induced by the counit a* o Ra b — > 1. 



Now, by inspecting the construction of £ f :9 one checks that the left subdiagram of the latter 
diagram commutes; moreover, from claim l4~Xl2r ii) (and from lemma I93.24I T)), one sees that 
the right subdiagram is obtained by evaluating on complexes of injective modules the analogous 
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diagram of functors on ^-Mod : 



a* o ip* o (7 o (3) b 
a* o cp* o /3 b o 7 b 
a* o a o g* o 7 b 



E 



r 0/5,0(70/5)^ 




Furthermore, by inspecting the proof of claim |4.1.12| T), one verifies that / o d is the same as 
the composition 

where (j) is deduced from the counit (3*o f3 b — > 1, and (7) is deduced from the identity of claim 
14. 1 . 10L Hence we come down to showing that the diagram : 



&°( 7 o/3) b 
/3.ETJ 

ft o p b o 7 b 



I4.1.18i 




commutes in p„^y-Mod, where (&) is deduced from the counit /3* o /r 
verification, that shall be left to the reader. 



1. This is an easy 
□ 



4.2. Depth and cohomology with supports. The aim of this section is to clarify some general 
issues concerning local cohomology and the closely related notion of depth, in the context 
of arbitrary schemes (whereas the usual references restrict to the case of locally noetherian 
schemes). 

4.2.1. To begin with, let X be any topological space, i : Z — > X a closed immersion, and 
j : U := X\Z — > X the open immersion of the complement of Z. We let Zx be the constant 
abelian sheaf on X with value Z; hence Z^-Mod denotes the category of abelian sheaves on 
X. One defines the functor 



T z : Z x -Mod 



3*3 



Z x -Mod & h+ Ker ( J? 

as well as its composition with the global section functor : 

T z : Z x -Mod -> Z-Mod ^ ^T(X,T Z ^). 

It is clear that T z and T z are left exact functors, hence they give rise to right derived functors 

RT Z : D+(Z x -Mod) -> D + (Z x -Mod) i*T z : D+(Z x -Mod) -> D+(Z-Mod). 

Moreover, suppose that — ► J^* is an injective resolution; since injective sheaves are flabby, 
we obtain a short exact sequence of complexes 

_> Y Z J' ^J'^ m 
whence a natural exact sequence of Zx -modules : 

(4.2.2) -> -> ^ -> jW" 1 ^ 
and natural isomorphisms : 

(4.2.3) R q - x j\r X & ^ R q Lz& 
Lemma 4.2.4. (i) A flabby sheaf is T_ z -acyclic. 







R l T z & 







for every 7L X -module 
for all q > 1. 
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(ii) Suppose that X fulfills conditions (a) and (b) of lemma 19.3.21 and that Z is a con- 
structible closed subset of X. Then : 

(a) Every qc-flabby sheaf on X is £ z -acyclic. 

(b) For every i e N, the functor R l Y_ z commutes with filtered colimits of abelian 
sheaves. 

Proof, (i) follows by inspecting (|4.2.2I) . (|4.2.3I) . together with the fact that flabby sheaves are 
acyclic for direct image functors such as j*. Assertion (ii) is checked in the same way, using 
lemmata 19331 19331 and l93T0r ii) . ~ □ 

4.2.5. Next, if (X, srf) is a ringed space, one can consider the restriction of Y_ z to the cate- 
gory srf -Mod of stf -modules, and the foregoing discussion carries over verbatim to such case. 
Moreover, the derived functor 

RT Z : D + (,£/-Mod) -> D + (^-Mod) 

commutes with the forgetful functor D + (,e/-Mod) — > D + (Zx-Mod). (Indeed, in view of 
lemma |4"!2.4f i) one may compute RT Z ^ by a flabby resolution of J^~.) 

Furthermore, let / : (Y, 33) — > (X, srf) be a morphism of ringed spaces. For every 33- 
module & , the direct image /*J? is an srf -module in a natural way, and the derived functor 
#/„ : D + (J-Mod) -> D+(^-Mod) commutes with the forgetful functors D+(^-Mod) -> 
D+(Z x -Mod) and D+(^-Mod) -> D+(Z y -Mod). (Again, one sees this easily when one 
remarks that flabby resolutions compute Rf*.) 

4.2.6. We define a bifunctor 

jeom z := T z o Jffom^ : C(^-Mod)" x C(^-Mod) -> C(^-Mod). 

The bifunctor j4?om' z admits a right derived functor : 

Rjeom z : D(^-Mod)° x D+^-Mod) -> D(^-Mod). 

The construction can be outlined as follows. First, for a fixed complex K, of ^-modules, 
one can consider the right derived functor of the functor Sf i— > J^om^OK., which is 
denoted RJt?om z (K„ -) : D + (,c/-Mod) -> D(^-Mod). Next, one verifies that every 
quasi-isomorphism X. — > if^ induces an isomorphism of functors : RJ$?om z (K' 9 ,—) A 
RJrf?om z (K,, — ), hence the natural transformation X. i— > RJ^om* z {K,^ — ) factors through 
D(=e/-Mod), and this is the sought bifunctor RJrf?om z . In case Z = X, one recovers the 
functor R^fom'^ of (19.3.221) . 

Lemma 4.2.7. /n the situation of (14.2.51) . the following holds : 

(i) The functor T z is right adjoint to i^i" 1 . More precisely, for any two s$ -modules & 
and we have natural isomorphisms : 

(a) J^om^{^,T z ^) -^om^j- 1 ^,^). 

(b) RJtrom%(&,RT2&) ~ RJtfom^ii^ &,<$). 

(ii) If ^ is an injective (resp. flabby) srf -module on X, then the same holds for Y_ z ^ . 

(iii) There are natural isomorphisms oj ~ bifunctor s : 

RJ^om' z ^ RT Z o mfforrfj A RJ^om^-, RT Z —). 

(iv) If W C Z is any closed subset, there is a natural isomorphism of functors : 

RT W — > i?r w o -R£ z . 

(v) There is a natural isomorphism of functors : 

Rf* o i?T/-iz ^ ° #/* : D+(^-Mod) -> D+(^-Mod). 
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Proof, (i): To establish the isomorphism (a), one uses the short exact sequence 

o -> 3\r x & -> & -> m -1 ^ -> o 

to show that any map — »■ £ Z S^ factors through := i*z -1 # '. Conversely, since = 
0, it is clear that every map — > £f must factor through £ z Sf . The isomorphism (b) is derived 
easily from (a) and (ii). 

(iii) : According to [71, Th. 10.8.2], the first isomorphism in (iii) is deduced from lemmata 
14.2.40 ) and |9.3.24[ ii). Likewise, the second isomorphism in (iii) follows from irTTl Th. 10.8.2], 
and assertion (ii) concerning injective sheaves. 

(ii): Suppose first that & is injective; let Sfi — ► £f 2 a monomorphism of ^-modules and 
9? : S^i — > £ Z J^ any sf -linear map. By (i) we deduce a map i t i*<£\ — > which extends to a 
map i*i*&2 - > ^> by injectivity of J^~. Finally, (i) again yields a map £f 2 - ► £z=^" extending cp. 

Next, if is flabby, let V C X be any open subset, and s £ r z ^(V); since s^yz = 0, we 
can extend s to a section s' £ H Z ^(V U Since & is flabby, s' extends to a section 

s" £ JP(X); however, by construction s" vanishes on the complement of Z. 

(iv) : Clearly = T w o T z , so the claim follows easily from (ii) and [71 , Th. 10.8.2]. 

(v) : Indeed, since flabby ^-modules are acyclic for both /* and Tf-i z , one can apply (ii) and 
11711 Th. 10.8.2] to naturally identify both functors with the right derived functor of T z o □ 

Definition 4.2.8. Let K' £ D + (Z x -Mod) be any bounded below complex. The depth of K* 
along Z is by definition : 

depths* := sup{n £ N | R l T z K' = for alH < n} £ N U {+oo}. 

Notice that 

(4.2.9) depth^X' > depth z X* whenever W C Z. 

More generally, suppose that $ := [Z\ | A £ A) is a family of closed subsets of A, and suppose 
that $ is cofiltered by inclusion. Then, due to (14.2.91) it is reasonable to define the depth of K* 
along $ by the rule : 

depth^X* := sup {depth^X* | A £ A}. 

4.2. 10. Suppose now that A is a scheme and i : Z ^ X a closed immersion of schemes, such 
that Z is constructible in X. It follows that the open immersion j : X\Z — > X is quasi-compact 
and separated, hence the functors R q j* preserve the subcategories of quasi-coherent modules, 
for every q £ N ( 11281 Ch.HI, Prop. 1.4. 10]). In light of (14.2.31 ) we derive that R q T z restricts to a 
functor : 

R q T z : ^-Mod qcoh ^-Mod qcoh for every q £ N. 

Lemma 4.2.11. In the situation of (14.2.101) , the following holds : 

(i) The functor RT^ Z restricts to a triangulated functor : 

RLz ■ D + (^ x -Mod) qcoh D+(^ x -Mod) qcoh 
(notation of (19.2.21 )). 

(ii) Let f : Y — ► X be an afflne morphism of schemes, K* any object of D + '(i^y-Mod) qco h. 
Then we have the identity : 

depth / _i z A" = depih z Rf*K'. 

(iii) Let f : Y — > A be aflat morphism of schemes, X* any object of D + (^x-Mod) qcoh . 
Then the natural map 

f*RT z K- - RTf-i z f*K* 
is an isomorphism in D + (^y-Mod) qco h. Especially, we have 

depth f - lz f*K 9 > depth z X* 
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and if f is faithfully flat, the inequality is actually an equality. 

Proof (i): Indeed, if K* is an object of D + (<^x-Mod) qcoh , we have a spectral sequence : 

E V 2 := R p T z H q K* R p+q T z K\ 

(This spectral sequence is obtained from a Cartan-Eilenberg resolution of K* : see e.g. [TTTl 
§5.7].) Hence R'T Z K* admits a finite filtration whose subquotients are quasi-coherent; then 
the lemma follows from flM Ch.III, Prop. 1.4. 17]. 

(ii) : To start with, a spectral sequence argument as in the foregoing shows that Rf* restricts 
to a functor D + (<^V-Mod) qcoh — > D + (<^x-Mod) qcoh , and moreover we have natural identifi- 
cations : &f*K m A f*H { K* for every i 6 Z and every object K* of D+(^V-Mod) qcoh . In 
view of lemma I4.2.7f v). we derive natural isomorphisms : R l T z Rf*K* Rf^R l Y_i-\ z K* for 
every object K* of D + (<^y-Mod) qcoh . The assertion follows easily. 

(iii) : A spectral sequence argument as in the proof of (i) allows to assume that K* = JP[0] 
for some quasi-coherent &x -module In this case, let jx '■ X \ Z — > X and jy '■ Y\ 
f~ l Z — ► Y be the open immersions; considering the exact sequences / * (I4.2.2I) and / * (14.2.31) . 
we reduce to showing that the natural map f*Rj x *j x 1 ^ ~~ * RjY*jyf*^ ^ s an isomorphism in 
D + (^y-Mod) qco h. The latter assertion follows from corollary 19.3 .19[ □ 

4.2.12. Let X be a scheme, and x E X any point. We consider the cofiltered family &(x) of 
all non-empty constructible closed subsets of X(x) := Spec &x,x\ clearly flzg$(x) % = i x }- 
Let K* be any object of D + (Zx-Mod); we are interested in the quantities : 

8{x, K') := ^\ x }K'x( x) and 8'{x, K m ) := depth^^^^. 

Especially, we would like to be able to compute the depth of a complex K* along a closed 
subset Z C X, in terms of the local invariants S(x,K m ) (resp. 5'(x,K m )), evaluated at the 
points x E Z. This shall be achieved by theorem |4.2.14[ To begin with, we remark : 

Lemma 4.2.13. With the notation of (14.2.121) . we have : 

(i) 8(x, K*) > 8'(x, K') for every x E X and every complex K* of Z x -modules. 

(ii) If the topological space \X\ underlying X is locally noetherian, the inequality of (i) is 
actually an equality. 

(iii) If ^ is a flat quasi-coherent &x-module, then 5'(x, > 5'(x, Gx)- 

Proof, (i) follows easily from lemma |4~l2.7r iv). (ii) follows likewise from lemma |4!2.7r iv) and 
the fact that, if |X| is locally noetherian, {x} is the smallest element of the family $(x). 

(iii): According to [55, Ch.I, Th.1.2], the &x(x) -module ^\x(x) is me colimit of a filtered 
system \ A E A) of free &x (x) -modules of finite rank. In view of lemma l4~.2.4r iii). it is 
easily seen that 

depths > inf depth z= Sf A = depths G x 
aga 

for every closed onstructible subset Z C X. The assertion follows. □ 

Theorem 4.2.14. With the notation of (14.2.121 ), let Z C X be any closed constructible subset, 
K* any object of D + (Z,x-Mod). Then the following holds : 

(i) (RT Z K 9 )\ X{X ) = RT ZnX{x) (K' x{x) ) for every xE Z. 

(ii) depth z K' = inf {5{x, K m ) \ x E Z} = inf {S'(x, K') \ x E Z}. 

Proof. We may assume that X is affine, hence separated; then, according to lemma l4!2.4f ii.a). 
cohomology with supports in Z can be computed by a qc-flabby resolution, hence we may 
assume that K* is a complex of qc-flabby sheaves on X. In this case, arguing as in the proof of 
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claim [93 .131 one checks easily that the restriction K\xr x ) ls a complex of qc-flabby sheaves on 
X(x). Thus, for the proof of (i), it suffices to show that the natural map in Z^-Mod : 

(Lz^)\x(x) -> Lznx(x)(^\x(x)) 

is an isomorphism, for every object & of Z^-Mod. 

Now, for any point x G X, we may view X(x) as the limit of the cofiltered system (V\ | A G 
A) of all affine open neighborhoods of x in X. We denote by (j\ : V\\Z — > V\ | A G A) the 
induced cofiltered system of open immersions, whose limit is the morphism joo : X(x)\Z — > 
X(x); also, let ip\ : X(x) — * V\ be the natural morphisms. Then 

&\x(x) = colim^J^. 

AG A 

By proposition |9.3.15f ii), the natural map 

COlirn^jA^y^Z — > joo*^\X{x)\Z 
AG A 

is an isomorphism. We deduce natural isomorphisms : 

cfim^Lznv^v* ^ Lznx(x)^\x(x)- 
However, we have as well natural isomorphisms : 

tfLznv^Vx ^ (RLz^)\x(x) for every A G A. 

whence (i). Next, let c? := depth z i^*; in light of (i), it is clear that S(x, K*) > d for all x G Z, 
hence, in order to prove the first identity of (ii) it suffices to show : 

Claim 4.2.15. Suppose d < +oo. Then there exists x G Z such that R d T{ x }K* x ^ ^ 0. 

Proof of the claim. By definition of d, we can find an open subset V C X and a non-zero section 
s G r(V, R d H z K*). The support of s is a closed subset S C Z. Let a; be a maximal point of S. 
From lemma |4T2.7r iv) we deduce a spectral sequence 

E% q := R p H^ x yR q Il ZnX ^ x - ) K' x ^ =>- IV q T^ x yK' x ^ 

and (i) implies that E v ^ = whenever q < d, therefore : 

R H{x}K\x(x) — R°^{x}R d llznx(x)^\x(x)- 

However, the image of s in R d V_ ZnX ^KT x ,, is supported precisely at x, as required. 

Finally, since Z is constructible, Z R X(x) G for every x G X, hence 8'(x, K') > d. 
Then the second identity of (ii) follows from the first and lemma |4T2.13f T). □ 

Corollary 4.2.16. Let Z C X be a closed and constructible subset, & an abelian sheaf on 
X, j : X\Z — > X the induced open immersion. Then the natural map & — > is an 

isomorphism if and only if 6(x, > 2, /fanJ on/y if 6'(x, > 2 for every x G Z. □ 

4.2.17. Let now X be an affine scheme, say X := Spec A for some ring A, and Z C X a 
constructible closed subset. In this case, we wish to show that the depth of a complex of quasi- 
coherent 6 X -modules along Z can be computed in terms of Ext functors on the category of 
A-modules. This is the content of the following : 

Proposition 4.2.18. In the situation of (14.2.171 ), let N be any finitely presented A-module such 
that Supp N = Z, and M* any bounded below complex of A-modules. We denote by M*~ the 
complex of quasi-coherent &x- m odules determined by M*. Then : 

depth z M'~ = sup {n G N | Ext j A (N, AT) = Ofor all j < n}. 
Proof. Let AT~ be the quasi-coherent ^-module determined by N. 
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Claim 4.2.19. There is a natural isomorphism in D + (A-Mod) : 

RRom' A (N, M*) A i?Hom^(A^, RT Z M'~). 

Proof of the claim. Let 2 : Z — > X be the closed immersion. The assumption on AT implies that 
iV~ = z*i -1 A r ~; hence lemma l4T2.7r i.b) yields a natural isomorphism 

(4.2.20) i?Hom^ (JV~ M'~) ^ i?Hom^ (jV~ iff^M'~). 

The claim follows by combining corollary 19.3.321 and (14.2.201) . 

From claim \4~2. 191 we see already that Ext^(iV, M*) = whenever j < depth z M'~. Sup- 
pose that depth z M*~ = p < +oo; in this case, claim 14.2. 191 gives an isomorphism : 

Ext^(JV, M") ~ Eom ffx (N~ } R p T z M 9 ~) ~ ttom A (N, R P T Z M'~) 

where the last isomorphism holds by lemma I4T2.1 li To conclude the proof, we have to exhibit 
a non-zero map from N to Q := R P T Z M'~. Let F (N) C A denote the Fitting ideal of N; this 
is a finitely generated ideal, whose zero locus coincides with the support of N. More precisely, 
Ann J 4(iV) r C Fq(N) C Ann,* (AT) for all sufficiently large integers r > 0. Let now x E Q be 
any non-zero element, and /i, . . . , fk a finite system of generators for F (N); since x vanishes 
on X\Z, the image of x in Qy. is zero for every i < k, i.e. there exists > such that 
/"'x = in Q. It follows easily that F (AQ" C Ann^(x) for a sufficiently large integer n, and 
therefore x defines a map </? : A/ F (N) n Qby the rule : a i— > ax. According to 11361 Lemma 
3.2.21], we can find a finite filtration = J m C • • • C J x C J := A/F (N) n such that each 
J%l Ji+i is quotient of a direct sum of copies of N. Let s < m be the smallest integer such that 
J s C Ker cp. By restriction, 99 induces a non-zero map J s _i/J s — > Q, whence a non-zero map 
— >■ Q, for some set and finally a non-zero map AT — > Q, as required. □ 

Remark 4.2.21. Notice that the existence of a finitely presented A-module N with Supp N = Z 
is equivalent to the constructibility of Z. 

4.2.22. In the situation of (14.2.171) . let 7 C A be a finitely generated ideal such that V(I) = Z, 
and M* a bounded below complex of A-modules. Denote by M*~ the complex of quasi- 
coherent modules on Spec A associated to M*. Then it is customary to set : 

depth, M' := depth z M*~ 

and the depth along Z of M* is also called the I -depth of M* . Moreover, if A is a local ring 
with maximal ideal n\4, we shall often use the standard notation : 

depth^M* := depth {nu} M*~ 

and this invariant is often called briefly the depth of M*. With this notation, theorem f4 . 2 . 1 4t ii) 
can be rephrased as the identity : 

(4.2.23) depth 7 M* = inf depth^M". 

4.2.24. Suppose now that f is a system of generators of the ideal I C A; for every i < r, let 
Ui : = Spec Atfr 1 } c X := Spec A, setil:= (U t | % = 1, . . . , r) and Z := 7(7). Then it is an 
affine covering of X\Z. For any (^-module jF, let us set : 

C' aug (U,3?) := Cone(^(X)[0] A Q t (il, ^)[-l]) 

where e is the natural augmentation from &(X) to the alternating Cech complex associated 
to the covering IX (see J28l Ch.III, §1.2] for details). By inspecting the definitions we deduce a 
natural isomorphism of complexes : 

(4.2.25) colimK*(f m , AT) A Tot'C* (il, M*~) 
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where Tot* denotes the total cochain complex deduced from a double complex, K'(f m , M*) is 
defined as in (13 .1.1b , and the transition maps in the colimit are the maps (p' n of (13 .1.8b . In this 
generality, K*(f) is not a resolution of the A-module A/ 1, and consequently H*(f, M") does 
not necessarily agree with Ext' A (A/I, M"). Nevertheless, the following holds. 

Proposition 4.2.26. In the situation of (14.2.241) , let M* be any object of D + (A- Mod), and set 

d := sup {i E Z | H j (f,M') = for all j < i}. 

Then we have : 

(i) depth 7 M* = d. 

(ii) There are natural isomorphisms : 

(a) H d {f , M') A Hom A (A/7, R d T z M'~) A Ext d A (A/I, M*), when d < +oo. 

(b) colimK*(f m ,M*) A RT Z M*~ in D(A-Mod). 

rraSN 

Proof, (i): Let i? := Z[ti, . . . ,t r ) — > A be the ring homomorphism defined by the rule : £ 4 1— ► /j 
for z = 1, . . . , r; we denote -0 : X — > Y :— Spec B the induced morphism, J C B the ideal 
generated by the system t := (tj | % — 1, . . . , r), and set := V( J) C Y\ From lemma 
|4.2.7f v) we deduce a natural isomorphism in D(^y-Mod) : 

(4.2.27) ^RT Z M'~ ^ in_ n c.M" . 

Hence we are reduced to showing : 

Claim 4.2.28. d = depth jtp*M'- 

Proof of the claim. Notice that t is a regular sequence in B, hence Exk%(B/J, iJ)*M m ) ~ 
i/*(t, ?p*M'); by proposition l4.2. 1 8l there follows the identity : 

depth jV>*M* = sup {nGN| H%t, ip*M') = for all i < n}. 

Clearly there is a natural isomorphism : H l (t, ip*M*) H l (f , M'), whence the assertion. 
(ii.a): From lemma l4T2.7I Tb) and corollary 19 . 3 .3 21 we derive a natural isomorphism : 

RRom' B {B/J,^M 9 ) A RRom' ffy {(B / J)~ , RT W ^M 9 ~). 

However, due to (14.2.271) and claim I4.2.28l we may compute : 

J R d Hom^ y ((5/J)~, J Rr^*^-) A Hom^S/ J, i? d r^*M*~) A HomA(A/I, R d TzM*~). 

The first claimed isomorphism easily follows. Similarly, one applies lemma l4T2.7r i.b) and corol- 
lary [9332]to compute Exk A (A/I, M'), and deduces the second isomorphism of (ii.a) using (i). 
(ii.b): In view of (14.2.251 ) it suffices to exhibit a natural isomorphism 

R T Z M- Ac: ug (U,M~) 

in D(A-Mod). This is achieved as follows. Choose an injective resolution M*~ /* (for 
instance, the total complex of a Cartan-Eilenberg resolution as in [TTTl §5.7.9]). We deduce 
natural maps of complexes : 

c: ug (u,M~) ^ Tof(c7: ug (ii,/-)) £- r z r. 

A standard spectral sequence argument shows that a* is a quasi-isomorphism. The same holds 
for P*, since injective modules are flabby. □ 

Corollary 4.2.29. In the situation of (14.2.221) , let B be a faithfully flat A-algebra. Then : 

depth /BJ B ® A M* = depth 7 M\ 
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Proof. It is a special case of lemma !4.2. 1 lf iii). Alternatively, one remarks that 

K*(g, M° ®a B) ~ K*(g, M') ® A B for every finite set of elements g in A 

which allows to apply proposition |4.2.26r ii.b). □ 

Theorem 4.2.30. Let A — > B be a local homomorphism of local rings, and suppose that the 
maximal ideals xx\a and mg of A and B are finitely generated. Let also M be an A-module and 
N a B -module which is flat over A. Then we have : 

depthg(M ® A N) = depth A M + depth B/mAB (N/m A N). 

Proof. Let f := (fi,...,f r ) and g := (7^, . . . , g s ) be finite systems of generators for xxia and 
respectively %, the maximal ideal of B/xxiaB. We choose an arbitrary lifting of g to a finite 
system g of elements of ra^; then (f , g) is a system of generators for m^. We have a natural 
identification of complexes of £>-modules : 

K.(f,g)^Tot.(K.(f) ® A K.(g)) 

whence natural isomorphisms : 

K'((f , g), M ®a N) —> Tof (K"(f , M) ® A K"(g, N)). 

A standard spectral sequence, associated to the filtration by rows, converges to the cohomology 
of this total complex, and since iV is a flat A-module, K*(g, N) is a complex of flat A-modules, 
so that the Ex term of this spectral sequence is found to be : 

E™~H q (f,M) ® A K p (g, N) 

and the differentials d pq : E vq — > Ef +1,q are induced by the differentials of the complex 
K*(g, N). Set ka := A/xxxa', notice that H 9 (i, M) is a K^-vector space, hence 

H*(f, M) ® A H'{ S , N) ~ H\H*(f, M) ® KA K'(g, N/m A N)) 

and consequently : 

E\ q ~ H q (f, M) ® KA H p (g, N/m A N). 

Especially : 

(4.2.31) E\ q = if either p < d := depth^M or q < d' := depth B/mAB (N/xx\ A N). 

Hence H l ((f, g),M <gi A N) = for all i < d + d' and moreover, if d and d! are finite, 
H d+d ((f, g),M ®a N) ~ E dd 7^ 0. Now the sought identity follows readily from propo- 
sition H22Sti). □ 

Remark 4.2.32. By inspection of the proof, we see that - under the assumptions of theorem 
14.2.301 - the following identity has been proved : 

Extl +d '(B/m B , M <8u N) ~ Ext d A (A/m A , M) ® A Ext d B/mAB (B/m B , N/xxx A N) 

where d and d! are defined as in (14.2.311) . 

Corollary 4.2.33. Let f : X — > S be a locally finitely presented morphism of schemes, J? a f- 
flat quasi-coherent <ffx~ m odule of finite presentation, any quasi-coherent <ffs- m °dule, x G X 
any point, i : f~ l f{x) — > X the natural morphism. Then : 

6\x, & ® ffx f*9) = 5'{x, + 5'{f{x),9). 
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Proof. Set s := f(x), and denote by 

j s : S(s) : = Spec^,. - S and / s : := X x s S(s) - S{s) 

the induced morphisms. By inspecting the definitions, one checks easily that 

6'(x, & ® 6x f*9) = 5'(x, J? ]x{s) ® ffx(a) / s *% (s) ) and S'(s, <f) = S'(s, % (s) ). 

Thus, we may replace S by S(s) and X by X(s), and assume from start that S is a local scheme 
and s its closed point. Clearly we may also assume that X is affine and finitely presented over S. 
Then we can write S as the limit of a cofiltered family (S\ | A G A) of local noetherian schemes, 
and we may assume that / : X — > 5 is a limit of a cofiltered family (/a : -Xa — > Sa | A G A) 
of morphisms of finite type, such that X M = X\ x Sx 5 M whenever \i > A. Likewise, we may 
descend ^ to a family (J^a | A G A) of finitely presented quasi-coherent ^x A -modules, such that 
J^m = y?* a^a for every fj, > A (where y^A : X^ — > A A is the natural morphism). Furthermore, 
up to replacing A by some cofinal subset, we may assume that ,^ x is f\-ftefc f° r every A G A ( ||32l 
Ch.IV, Cor. 1 1.2.6.1(H)]). For every A, [l G A with fj, > A, denote by ^ A : 5 -> 5a and ^ A : 
Sfj, — > 5a the natural morphisms, and let sa := ^a(s); given a constructible closed subscheme 
Z\ C 5a, set Z := ip x l Z x (resp. Z M := i/j~£Z x ), which is constructible and closed in S (resp. 
in S^). According to lemma |4~2. 1 U ii) we have depth z £f = depth^Vv*^ = depth. Zx tjj x &, 
whence the inequality : 

S'(s x , i\) X *y) < S'isp, Vv*^) < 5'{s, <S) whenever p. > A. 

On the other hand, every closed constructible subscheme Z C S is of the form ip^ l Z x for some 
A G A and Z x closed constructible in S x ( ll28l Ch.III, Cor.8.2.11]), so that : 

(4.2.34) <f'(s, = sup{(5'(sa, Va*^) | A G A}. 

Similarly, for every A G A let a;> be the image of x in X x and denote by i x : f^ 1 {s\) "~ ^ A A the 
natural morphism. Notice that f x 1 {s x ) is a scheme of finite type over Spec k(s\), especially 
it is noetherian, hence 5'(x x ,i* x JP x ) = 5(x x ,i x ^\), by lemma l4~.2.13f u): by the same token 
we have as well the identity : S'(x,i*^) = 5(x,i*JP). Then, since the natural morphism 
/~ x (s) — > / a ^ 1 (sa) is faithfully flat, corollary |4.2.29l vields the identity : 

(4.2.35) 8'(x x , %\&\) = 5'(x, for every A G A. 

Next, notice that the local scheme X(x) is the limit of the cofiltered system of local schemes 
(X\(x\) | A G A). Let Z x C Xa(:ca) be a closed constructible subscheme and set Z := ip^Z x , 
where ip x : X(x) — > X x (x\) is the natural morphism. Let Y x be the fibre product in the cartesian 
diagram of schemes : 

Fa — Aa(xa) 

Pa 



The morphism (p x factors through a unique morphism of 5-schemes Tp x : X(x) — > Y x , and if 
y x G Y x is the image of the closed point x of X(x), then Jp x induces a natural identification 
X(x) Fa(?/a)- To ease notation, let us set : 

^ := ^ ®* and Jf x := ^ x /j^A«#. 

In view of theorem @3j3Ji), there follows a natural isomorphism : 
(4.2.36) RT Z ^ X(X) A ^i^-i^C^Al^^) P^)- 

On the other hand, applying the projection formula (see remark 19.3.2 II) we get : 
(4-2.37) qxM^x\x x(xx ) ®0 Yx P* x &) ^ ^x\x x{xx y 
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Combining (14.2.361) . (14.2.371) and lemma \42Jly) we deduce : 

Notice that the foregoing argument applies also in case S is replaced by some for some 
IX > X (and consequently X is replaced by X^); we arrive therefore at the inequality : 

(4.2.38) 6'ix x , J#x) < S'ixp, J^) < 8'(x, Jf) whenever p > X. 

Claim 4.2.39. 5'(x, Jf?) = sup {8'(x x , J4?\) \ A G A}. 

Proof of the claim. Due to (14.2.381) we may assume that d := £'(xa,^a) < +oo for every 
A G A. The condition means that R d T z J^ x \x x (x x ) 7^ for every A G A and every closed 
constructible subscheme Z x C X a (xa). We have to show that R d H z J^\x(x) f° r arbitrarily 
small constructible closed subschemes Z C X(x). However, given such Z, there exists A G A 
and Z x closed constructible in X x (x x ) such that Z = ^~\Z X ) (fl28l Ch.III, Cor.8.2.1 1]). Say 
that: 

S = Spec A S x = Spec^A X x (x x ) = Spec B x . 

Hence Y x ~ Spec A ®a x B x . Let also Fx (resp. G) be a £>A-module (resp. A-module) such that 
F x ~ J^a (resp. G~ ~ Sf). Then Jtf Yx ~ (F A 8u A G)~. Let m A C 5 A and n A C A A be the 
maximal ideals. Up to replacing Z by a smaller subscheme, we may assume that Z x = V(m x ). 
To ease notation, set : 

Ex := Ebrt^(«(s A ),G) £ 2 := Ext fe BA/nAB ( K (xA), F x /n x B x ) 

with a = 5'(sa, and b = d — a. Proposition l4.2.26r i).(ii) and remark 14.2.321 say that 

^ F 3 := Ex4 a ( K (xa),Fa ® Aa GO - E t ® k(sa) £ 2 . 

To conclude, it suffices to show that y x G Supp E 3 . However : 

Supp£ 3 = (p A " 1 Supp n (q x 1 Su-ppE 2 ). 

Now, p x (y x ) = s, and clearly s G Supp E\, since G is an A-module and s is the closed point of 
S; likewise, q\(y\) = x x is the closed point of X x (x x ), therefore it is in the support of E 2 . 

We can now conclude the proof : indeed, from theorem f4 . 2 . 3 01 we derive : 

6\x x , = 5\x, %\& x ) + 8'(f(x), il> x J$) for every A G A 
and then the corollary follows from (|4.2.34l) . (14.2.351) and claim 14.2.39] □ 

4.2.40. Consider now a finitely presented morphism of schemes / : X — > Y, and a sheaf of 
ideals / C of finite type. Let x G X be any point, and set y := f(x); notice that f^{y) 
is an algebraic -scheme, so that the local ring &f-u y Y x is noetherian. We let J?(y) : = 
i y 1 J ! ■ which is a coherent sheaf of ideals of the fibre f~ x {y). The fibrewise J? -depth 

ofX over Y at the point x is the integer: 

depths (x) := depth^^-i^. 

In case .J? = 0x, the fibrewise ./-depth shall be called the fibrewise depth at the point x, and 
shall be denoted by depthy(:r). In view of (14.2.231 ) we have the identity: 

(4.2.41) depths j(x) = inf{depth / (z) | z G V{J{y)) and x G Jz}}. 
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4.2.42. The fibrewise ^-depth can be computed locally as follows. For a given x G X, set 
y := f(x) and let U C X be any affine open neighborhood of x such that J?\u is generated by 
a finite family f := (fi)i<i< r , where /j G ^(U) for every i < r. Then proposition I4.2.26U ) 
implies that : 

(4.2.43) depth A/ (a;) = sup{n G N | iT(K'(f , X {U)) X ®e Yv n(y)) = for all i < n}. 
Proposition 4.2.44. 7n f/ze situation of (14.2.401 ), /or every integer d G N we define the subset: 

L jr(d) := {x e X \ depth ^ Ax) > d}. 

Then the following holds: 

(i) Lji(d) is a constructible subset of X. 

(ii) Let Y' —>■ Y be any morphism of schemes, set X' := X x Y Y', and let g : X' — > X, 
f : X' — > Y' be the induced morphisms. Then: 

L g *jr(d) = g~ l L jr(d) for every d G N. 

Proof, (ii): The identity can be checked on the fibres, hence we may assume that Y = Spec k 
and Y' = Spec k! for some fields k C k' . Let x' G X' be any point and x G X its image; since 
the map & x ,x &x',x' is faithfully flat, corollary 14.2.291 implies : 

depth g * jfj,(x') = depthjrf(x) 

whence (ii). 

(i): (We refer here to the notion of constructibility defined in E51 Ch.O, Def.2.3.10], which 
is local on X; this corresponds to the local constructiblity as defined in [|28l Ch.O, Def.9.1.11].) 
We may assume that Y = Spec A, X = Spec B, J? = 7~, where A is a ring, B is a finitely 
presented A-algebra, and I C 5 is a finitely generated ideal, for which we choose a finite 
system of generators f := (fi)i<i< r - We may also assume that A is reduced. Suppose first that 
A is noetherian; then, for every i G N and y G F let us set: 

Ns(i) = |J Supp fr(K'(f,S) ®a k(j/)). 

Taking into account (14.2.231) and (14.2.431) . we deduce: 

d-i 

LAd) = f](X\Ny(i)). 

It suffices therefore to show that each subset Ny(i) is constructible. For every j G N we set: 

Z J := Ker(^' : K j (f, B) -> K j+1 (f, B)) B j := Im(^~ 1 : K i_1 (f, B) -> K j (f, B)). 

Using [|32l Ch.IV, Cor. 8.9.5], one deduces easily that there exists an affine open subscheme 
U C Y, say C/ = Spec A' for some flat A-algebra A', such that A' ® A Z', A' <g> A B* and 
A' ®a H*(K*(f , B)) are flat A'-modules. By noetherian induction, we can then replace Y 
by U and X by X x y [/, and assume from start that Z*, B* and i7*(K*(f, B)) are flat A- 
modules. In such case, taking homology of the complex K*(f, B) commutes with any base 
change; therefore: 

Ns(i) = |J SuppB J (f, B) ® A k{ V ) = Supp£P(f,S) 

whence the claim, since the support of a £>-module of finite type is closed in X. 

Finally, for a general ring A, we can find a noetherian subalgebra A' C A, an A'-algebra S' 
of finite type and a finitely generated ideal I' C £>' such that B = A ®^ -B and / = /'£>. Let 
J^"' be the sheaf of ideals on X' := Spec B' determined by /'; by the foregoing, Ly(d) is a 
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constructible subset of X' . Thus, the assertion follows from (ii), and the fact that a moronism 
of schemes is continuous for the constructible topology (|[30l Ch.IV, Prop. 1.8. 2]). □ 

4.3. Depth and associated primes. 

Definition 4.3.1. Let X be a scheme, & a quasi-coherent ^-module. 

(i) Let x E X be any point; we say that x is associated to & if there exists / E & x such 
that the radical of the annihilator of / in Gx,x is the maximal ideal of &x,x- If a? is a 
point associated to & and x is not a maximal point of Supp & , we say that x is an 
imbedded point for & . We shall denote : 

Ass := {x E X | x is associated to J?}. 

(ii) We say that the ^-module & satisfies condition S\ if every associated point of & is 
a maximal point of X. 

(iii) Likewise, if X is affine, say X = Spec A, and M is any A-module, we denote by 
Ass a M C X (or just by Ass M, if the notation is not ambiguous) the set of prime 
ideals associated to the (^--module M~ arising from M. We say that M satisfies 
condition Si if the same holds for the ^x-module M~. 

(iv) Let x E X be a point, a quasi-coherent ^x-submodule of J^". We say that Sf is a 
x-primary submodule of if Ass & !<& = {x}. We say that ^ is a primary submodule 
of if there exists a point iGl such that is x-primary. 

(v) We say that a submodule Sf of the ^-module admits a primary decomposition if 
there exist primary submodules ^i, . . . , 5f n C J? such that £f = Sfi n • ■ ■ D 5f n . 

Remark 4.3.2. (i) Our definition of associated point is borrowed from ll43l Partie I, Def.3.2.1]. 
It agrees with that of (l42l Exp.III, Def.1.1] in case X is a locally noetherian scheme (see lemma 
|4.3.18r ii)), but in general the two notions are distinct. 

(ii) For a noetherian ring A and a finitely generated A-module M, our condition S\ is the same 
as that of [|46ll . It also agrees with that of [1311 Ch.IV, Def.5.7.2], in case Supp M~ = Spec A. 

Lemma 4.3.3. Let X be a scheme, & a quasi- coherent &x -module. Then : 

(i) Ass & C Supp 

(ii) Ass &\u — U fl Ass & for every open subset U C X. 

(iii) & = if and only if Ass & = 0. 

Proof, (i) and (ii) are obvious. To show (iii), we may assume that 7^ 0, and we have to prove 
that Ass & is not empty. Let x E X be any point such that & x ^ 0, and pick a non-zero section 
/ E set J := Ann^. x (/), let q be a minimal prime ideal of the quotient ring &x,xl L and 
q C &x,x me preimage of q. Then q corresponds to a generization y of the point x in X; let 
/j, E & y be the image of /. Then Ann^ x y (f y ) = I ■ &y,y whose radical is the maximal ideal 
q ■ &x, y , i.e. y E Ass J? . □ 

Proposition 4.3.4. Let X be a scheme, & a quasi-coherent &x- m odule. We have : 

(i) Ass & = {x E X I S(x, &) = 0}. 

(ii) If — > J^"' — > J£" — >■ J^" Z5 an exact sequence of quasi-coherent €?x-tnodules, then : 

Ass J^' C Ass & c Ass U Ass 

(iii) If x E X is any point, and . . . , W n (for some n > 0) are x-primary submodules of 
J? ', then <&\ n • • • H 3f n is also x-primary. 

(iv) Let f : X — > Y be a finite morphism of schemes. Then 

(a) The natural map : 

F{x}<^\X{x) -> T {y] f^\ Y (y) 
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is a bijectionfor all y eY. 
(b) Ass/*^ = /(Ass 

(v) Suppose that & is the union of a filtered family | A E A) of quasi-coherent G x - 
submodules. Then : 

(J Ass = Ass J^. 

AeA 

(vi) Le? / : Y — > X £e a./Za? morphism of schemes, and suppose that the topological space 
\X\ underlying X is locally noetherian. Then Ass f*J? C / _1 Ass . 

Proof, (i) and (v) follow directly from the definitions. 

(ii) : Consider, for every point x E X the induced exact sequence of &x{x) -modules : 

u L.{x]'^ x i^{x}^x ^ L-{x}'^ x ■ 

Then : 

SuppT^i^ C Supp r^i^j, C Supp r r x y^ u SwppVr x y^ 

which, in light of (i), is equivalent to the contention. 

(iii) : One applies (ii) to the natural injection : & n • • • H Sf n ) -> &l =x & j%. 

(iv) : We may assume that K is a local scheme with closed point y E Y. Let xi, . . . , x n E X 
be the finitely many points lying over y; for every i, j < n, we let 

TCj : X(xj) — > Y and tt^- : X(xj) x x X(xj) — > Y 

be the natural morphisms. To ease notation, denote also by ^ (resp. j^-) the pull back of of 
to X(xj) (resp. to X(xi) x x X(xj)). The induced morphism U := X{x\) II ■ • •JIX(x n ) — > X 
is faithfully flat, so descent theory yields an exact sequence of ^--modules : 

(4.3.5) n?=i III j= x n^iy 

P*2 

where p 1; p 2 '■ U x x U —> U are the natural morphisms. 
Claim 4.3.6. The induced maps : 

n n 
3=1 »J=1 

coincide. 

Proof of the claim. Indeed, it suffices to verify that they coincide after projecting onto each 
factor &ij := T^yKij^ij. But this is clear from definitions if i — j. On the other hand, if i ^ j, 
the image of ity in Y does not contain y, so the corresponding factor ^ vanishes. 

From (14.3.51 ) and claim I4.3T61 we deduce that the natural map 

n 

T {y}f*^ n r M 7r i*"^ 

3=1 

is abijection. Clearly Ts y \Ttj*&j = T^ x y^j, so both assertions follow easily. 

(vi): Let x E X be any point; since |X| is locally noetherian, the subset {x} is closed and 
constructible in X(x), and then f~ l (x) is closed and constructible in Y x x X(x). Hence 
8(y, f*&) > S(x, for every y E / _1 (x) (lemma B23Hiii) and theorem gXHii)). Then 
the assertion follows from (i). □ 
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Corollary 4.3.7. In the situation of corollary \A.2.33\ suppose furthermore that \S\ is a locally 
noetherian topological space. Then we have : 

AssJ?®0 x f*<§ = (J AssJ? ® ff3tt k(s). 

seAssSf 

Proof. Under the stated assumptions, it is easily seen that, for every x G X (resp. s G S), the 
subset {x} (resp. {s}) is constructible in X (resp. in S). Then the assertion follows immediately 
from proposition l4.3.4r i) and theorem 14 .2 .14f ii). □ 

Remark 4.3.8. Actually, it can be shown that the extra assumption on \S\ is superflous : see 
EH Part I, Prop.3.4.31. 

Corollary 4.3.9. Let X be a quasi-compact and quasi-separated scheme, & a quasi-coherent 
@x- m odule and £f C & a quasi-coherent submodule. Then : 

(i) For every quasi-compact open subset U C X and every quasi-coherent primary 
submodule jY C • with &\u C jY , there exists a quasi-coherent primary &x- 
submodule ^ C & such that jtftw = ,yV and C jY . 

(ii) admits a primary decomposition if and only if there exists a finite open covering 
X = Ui U • • • U U n consisting of quasi-compact open subsets, such that the submodules 
&\Ui C &\Ui admit primary decompositions for every i = 1, . . . , n. 

Proof. Say that jY is £ -primary for some point x G U, and set Z := X\U. According to 
[|26l Ch.I, Prop. 9.4. 2], we can extend jY to a quasi-coherent ^x-submodule j& x C up to 
replacing by M\ + £f, we may assume that Sf C Since l~&\)\u = &\ujjY, it 
follows from lemma |4T3fri) that Ass & j Jt\ C {x} U Z. Let 3# := £ z ( J^/^i), and denote 
by ^ the preimage of ^# in ^\ There follows a short exact sequence : 

o -> 3# -> ^/^i -> -> o. 

Clearly R 1 ^^ = 0, whence a short exact sequence 

o r z 3# r z (.^/^i) -> r z (J7^) -> o. 

We deduce that depth z (j£"/^) > 0; then theorem l4.2.14r ii) and proposition l4.3.4r i) show that 
Z fl Ass (J^"/~#) = 0, so that jtft is s -primary, as required. 

(ii): We may assume that a covering X — U\ U • • • U U n is given with the stated property. 
For every i < n, let 3^ = JYn fl ■ ■ • fl JY^ be a primary decomposition; by (i) we may extend 

every jYij to a primary submodule C J? containing £f . Then 5f = HILi fljli ls a 
primary decomposition of £f . □ 

Lemma 4.3.10. Lef X be a quasi-separated and quasi-compact scheme, & a quasi-coherent 
&x -module of finite type. Then the submodule C & admits a primary decomposition if and 
only if the following conditions hold: 

(a) Ass & is a finite set. 

(b) For every x G Ass J? there is a x-primary ideal I C &x,x such that the natural map 

^{x}^ X * x/ 1 ^ X 

is injective. 

Proof. In view of corollary I4.3.9I X) we are reduced to the case where X is an affine scheme, say 
X = Spec A, and & = M~ for an A-module M of finite type. Suppose first that admits a 
primary decomposition : 

k 

(4.3.11) = f|AV 
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Then the natural map M — > ©f =1 M/A^ is injective, hence 

k k 

(4.3.12) Ass M C Ass M/Nt C [j Ass M/Ni 

i=i i=i 

by proposition 14.3 .4( ii). and this shows that (a) holds. Next, if N and Nj are p-primary for 
the same prime ideal p C A, we may replace both of them by their intersection (proposition 
I4.3.4( iii)). Proceeding in this way, we achieve that the Ni appearing in (14.3.1 II) are primary 
submodules for pairwise distinct prime ideals p 1; . . . , p fc C A. By (14.3.121) we have Ass M C 
{pi, . . . ,p k }. Suppose that pi ^ AssM, and set Q := Ker (M -> ©^ =2 M/Aj). For every j > 1 
we have r {Pi} (M/A^i)~ = 0, therefore : 

r {p . } Q~ = Ker (r {Pj} M~ - ©^(M/iV^) = 0. 

Hence AssQ = 0, by proposition 14.3.4( 1). and then Q = by lemma l4.3.3f iii). In other 
words, we can omit Ni from (|4.3.1 II) . and still obtain a primary decomposition of 0; iterating 
this argument, we may achieve that Ass M = {pi, . . . , p^}. After these reductions, we see that 

V {p . } {M/N i ) p . = whenever i ^ j 

and consequently : 

Ker : T {Pj} M p . -> (M/Nj) p . ) = for every j = 1, . . . , k. 

Now, for given j < k, let / x , . . . , / n be a system of non-zero generators for M/Nf, by assump- 
tion /j := Ann^/J is a p^-primary ideal for every i < n. Hence c\j := Ann^(M/Aj) = 
PlILi h ls Pj-prirnary as well; since ipj factors through (M/c\jM) Pj , we see that (b) holds. 

Conversely, suppose that (a) and (b) hold. Say that Ass M = {pi, . . . , p^}; for every j < k 
we choose a pj-primary ideal qj such that the map T{ Pj yMp. — > M Pj /qjM Pj is injective. Clearly 
Nj := Ker (M — ► Mp./({jMp.) is a pj-primary submodule of M; moreover, the induced map 
<y9 : M — > (Bj = iM/Nj is injective, since Ass Ker y9 = (proposition 14.3 .4( ii) and lemma 
ELliii))- In other words, = f) k j=1 Nj is a primary decomposition of 0. □ 

Proposition 4.3.13. Let X be a quasi-compact and quasi-separated scheme, — > J?' — > J^" — > 

J^" — ► a storf exac? sequence of quasi-coherent &x -modules of finite type, and suppose that 

(a) Ass n Supp = 0. 

(b) 77?e submodules C J^"' and C admit primary decompositions. 
Then the submodule C & admits a primary decomposition. 

Proof. The assumptions imply that Ass J^' and Ass J^~" are finite sets, (lemma 14.3.101) , hence 
the same holds for Ass (proposition I4.3.4( ii)). Given any point x E X and any x-primary 
ideal / C Gx,x, we ma y consider the commutative diagram with exact rows: 

U *- L {x}^x L {x}^x s -{x}^ x 



Tbr?-(I, J^') KIIK KIIK 

Now, if x E Ass J^', assumption (a) implies that T {x} ^ x ' = = Torf^*^, & x ), and by (b) 
and lemma 143.1 01 we can choose I such that a is injective; a little diagram chase then shows 
that (3 is injective as well. Similarly, if x E Ass we have Ts x \^' x = and we may choose I 
such that 7 is injective, which implies again that (3 is injective. To conclude the proof it suffices 
to apply again lemma |4~3. 101 □ 



FOUNDATIONS OF p-ADIC HODGE THEORY 



263 



Proposition 4.3.14. LetY be a quasi-compact and quasi-separated scheme, f : X — > Y a finite 
morphism and a quasi- coherent (?x- m odule of finite type. Then the Gx-submodule C ^ 
admits a primary decomposition if and only if the same holds for the Gy-submodule C f*^. 

Proof. Under the stated assumptions, we can apply the criterion of lemma 14.3.101 To start 
out, it is clear from proposition 14.3 .4r iv.b) that Ass & is finite if and only if Ass /*J^ is finite. 
Next, suppose that C # admits a primary decomposition, let y E Y be any point and set 
f~ l (y) := {xi, . . . , x n }; we may also assume that Y and X are affine, and then for every j <n 
we can find an x^-primary ideal Ij C &x such that the map T[ Xj y^ x — > J? x ./Ij^ x . is injective. 
Let I be the kernel of the natural map Y — > f*(£?x/{h D • • • fl I n ). Then I is a quasi-coherent 
y-primary ideal of Y and we deduce a commutative diagram : 



whose horizontal arrows are isomorphisms, in view of propo sition 14.3. 4t iv. a) . and where a is 
injective by construction. It follows that (3 is injective, so condition (b) of lemma 14.3. lOl holds 
for the stalk f*J^ y , and since y E Y is arbitrary, we see that C admits a primary 

decomposition. Conversely, suppose that C admits a primary decomposition; then for 
every y E Y we can find a quasi-coherent y-primary ideal / C 0y such that the map (3 of 
(14.3.151 ) is injective; hence a is injective as well, and again we deduce easily that C & admits 
a primary decomposition. □ 

Proposition 4.3.16. Let X and & be as in lemma \4. 3. 101 i : Z — ► X a closed constructible 
immersion, and U : = X \ Z. Suppose that : 

(a) The €{f-submodule C and the Gzsubmodule C i*^ admit primary decom- 
positions. 

(b) The natural map r z J£~ — > is injective. 

Then the Gx-submodule C <f admits a primary decomposition. 

Proof. We shall verify that conditions (a) and (b) of lemma 14.3.101 hold for ^ . To check 
condition (a), it suffices to remark that U fl Ass = Ass&\u (which is obvious) and that 
Z fl Ass & C Ass i* & ', which follows easily from our current assumption (b). 

Next we check that condition (b) of loc.cit. holds. This is no problem for the points x E 
U fl Ass & ', so suppose that x E Z fl Ass & . Moreover, we may also assume that X is affine, 
say X = Spec A, so that Z = V(J) for some ideal J C A. Due to proposition 14.3 . 1 4| we know 
that C £f := admits a primary decomposition, hence we can find an s-primary ideal 

I C A such that the natural map T {x} ^ -> & X /W X ~ & x j{I + J)^ x is injective. Clearly 
/ + J is again a a; -primary ideal; since Z is closed and constructible, theorem 14.2.1 4f i) and our 
assumption (b) imply that the natural map T{ x y^ — > T{ x y& is injective, hence the same holds 
for the map T{ x y^ — > & x f (I + J)^ x , as required. □ 

4.3.17. Let now A be a ring, and set X : = Spec A. An associated (resp. imbedded) point for 
the quasi-coherent &x -module &x is also called an associated (resp. imbedded) prime ideal of 
A. We notice : 

Lemma 4.3.18. Let M be any A-module. The following holds : 

(i) AssM is the set of all p E Spec A with the following property. There exists m E M, 
such that p is a maximal point of the closed subset Supp(m) (i.e. p is the preimage of 
a minimal prime ideal of the ring A/Ann A (m) ). 



0™=1 ^{Xj}{^x) 



(4.3.15) 



a 



f*'^y/If*<^l 
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(ii) IfpE Ass M, and p is finitely generated, there exists m G M with p = Ann^(m). 

Proof, (i): Indeed, suppose that m G M\ {0} is any element, and p is a maximal point of 
V (Ann A (m)); denote by m p G M p := M ® A A p the image of m. Then : 

(4.3.19) Ami Ap (m p ) = Ann A (m) ® A A p . 

Hence A p /Ann Ap (m p ) = (A/ Ann A (m)) <g> A A p , and the latter is by assumption a local ring of 
Krull dimension zero; it follows easily that the radical of Ann^ (m p ) is pA p , i.e. p G Ass^M, 
as stated. 

Conversely, suppose that p G Ass^M; then there exists m p G M p such that the radical of 
Ann^ (m p ) equals pA p . We may assume that m p is the image of some m G M; then (14.3.191 ) 
implies that V(Ann A (m)) fl SpecA p = V(Arm Ap (m p )) = {p}, so p is a maximal point of 
V(Ann A (m)). 

(ii): Suppose p G AssM is finitely generated; by definition, there exists y G M p such that 
the radical of / := Aim A (y) equals pA p . Since p is finitely generated, some power of pA p 
is contained in /. Let t G N be the smallest integer such that p l A p C /, and pick any non- 
zero element x in p t ~ 1 A p y; then Arm A (x) = pA p . After clearing some denominators, we 
may assume that x G M. Let d, . . . , a r be a finite set of generators for p; we may then find 
ti, . . . , t r G A\p such that ti^x = in M, for every i <r. Set x' := ti ■ . . . ■ t r x; then p C 
Ann y i(x / ); however Ann^p (x') = pA p , therefore p = Ann A (x'), whence the contention. □ 

4.3.20. Let now p C A be any prime ideal, and n > 1; if A/p n does not admit imbedded 
primes, then the ideal p" is p-primary. In the presence of imbedded primes, this fails. For 
instance, we have the following : 

Example 4.3.21. Let A; be a field, k[x, y] the free polynomial algebra in indeterminates x and y; 
consider the ideal / := (xy, y 2 ), and set A := k[x, y]/I. Let x and y be the images of x and y 
in A; then p := (y) c A is a prime ideal, and p 2 = 0. However, m := Ann A (y) is the maximal 
ideal generated by x and y, so the ideal C A is not p-primary. 

There is however a natural sequence of p-primary ideals naturally attached to p. To explain 
this, let us remark, more generally, the following : 

Lemma 4.3.22. Let Abe a ring, p C A a prime ideal. Denote by (p p : A —>■ A p the localization 
map. The rule : 

I » Vp l I 

induces a bijectionfrom the set ofpA p -primary ideals of A p , to the set of p-primary ideals of A. 

Proof. Suppose that / C A p is pA p -primary; since the natural map A/cpZ 1 I — ► A p /I is in- 
jective, it is clear that cp~ l I is p-primary. Conversely, suppose that J C A is p-primary; we 
claim that J = cp~ 1 ( J p ). Indeed, by assumption (and by lemma l43.3r iii)) we have (A/ J) q = 
whenever q 7^ p; it follows easily that the localization map A/ J — > A p j J p is an isomorphism, 
whence the contention. □ 

Definition 4.3.23. Keep the notation of lemma 14.3.221 for every n > one defines the n-th 
symbolic power of p, as the ideal : 

pW := V -\p n A p ). 

By lemma |4~.3.22l the ideal p^ n ^ is p-primary for every n > 1. More generally, for every A- 
module M, let (p M>p : M — > M p be the localization map; then one defines the p-symbolic 
filtration on M, by the rule : 

Fil p n) M := <^ M yp n M p ) for every n > 0. 
The filtration Filj^M induces a (linear) topology on M, called the p-symbolic topology. 
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More generally, if E C Spec A is any subset, we define the Tj-symbolic topology on M, as 
the coarsest linear topology ^ on M such that Filj^M is an open subset of for every 
p E E and every n > 0. If E is finite, it is induced by the T.-symbolic filtration, defined by the 
submodules : 

Fi4 n) M := p| Filj^M for every n > 0. 

pes 

4.3.24. Let A be a ring, M an A-module, / C A an ideal. We shall show how to characterize 
the finite subsets E C Spec A such that the E-symbolic topology on M agrees with the I- 
preadic topology (see theorem |4.3.33l ). Hereafter, we begin with a few preliminary observations. 
First, suppose that A is noetherian; then it is easily seen that, for every prime ideal p C A, and 
every pA p -primary ideal / C A p , there exists n E N such that p n A p C /. From lemma 
14.3.221 we deduce that every p -primary ideal of A contains a symbolic power of p; i.e., every 
p-primary ideal is open in the p-symbolic topology of A. More generally, let E C Spec A be 
any subset, M a finitely generated A-module, and N C M a submodule; from the existence of a 
primary decomposition for N ( ll58l Th.6.8]), we see that N is open in the E-symbolic topology 
of M, whenever Ass M/N C E. Especially, if Ass M/I n M C E for every neN, then the 
E-symbolic topology is finer than the J-preadic topology on M. On the other hand, clearly 
I n M C Fil^Mfor every p e Supp M/ JM and every n e N, so the J-preadic topology on M 
is finer than the Supp M/ /M-symbolic topology. Summing up, if we have : 

E (M) := [J Ass M/TM cEc Supp M/JM 

neN 

then the S-symbolic topology on M agrees with the J-preadic topology. Notice that the above 
expression for Eq(M) is a union of finite subsets ([58, Th.6.5(i)]), hence Eq(M) is - a priori - 
at most countable; in fact, we shall show that E (M) is finite. Indeed, for every n£l, set : 

gr?A := I n /I n+1 gr "M := I n M/I n+1 M. 

Then gr*v4 := ©„ 6 pjgr n A is naturally a graded A/J-algebra, and gr*M := © ne pjgr n M is a 
graded gr'A-module. Let ip : Spec gr'jA — > Spec A// be the natural morphism, and set : 

E(M) := V(Ass gr?A (gr;M)). 

Lemma 4.3.25. With the notation of (14.3.241) , we have : 

AssA//(gr?M) C E(M) /or every neN. 

Proo/ To ease notation, set A := A/ 1 and := gr'A Suppose that p G AssA (gr"M); by 
lemma |43T8ti), there exists m E gr"M such that p is the preimage of a minimal prime ideal of 
A /Ann J 4 (m). However, if we regard m as a homogeneous element of the £> -module gr*M, 
we have the obvious identity : 

Ann J 4 (m) = A fl Ann B (m) C B 
from which we see that the induced map 

A / Ami4 (m) — > 5/ Anns (m) 

is injective, hence ip restricts to a dominant morphism V(Ami B (m)) — > K(Ann^ (m)). Es- 
pecially, there exists q E V(Ann B (m)) with r/>(q) = p; up to replacing q by a generization, 
we may assume that q is a maximal point of V(Ann B (m)), hence q is an associated prime for 
gr'M, again by lemma l4~3.18f i). □ 
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4.3.26. An easy induction, starting from lemma|4325l shows that Ass A M/I n M C E(M), 
for every n G N, therefore E (M) C E(M). However, if A is noetherian, the same holds 
for gi'jA (since the latter is a quotient of an A/J-algebra of finite type), hence E(M) is finite, 
provided M is finitely generated ([58, Th.6.5(i)]), and a fortiori, the same holds for E (M). 

Remark 4.3.27. Another proof of the finiteness of E (M) can be found in ll2Tl . 

4.3.28. Next, we wish to show that actually there exists a smallest subset E min (M) C Spec A 
such that the E min (M) -symbolic topology on M agrees with J-preadic topology; after some 
simple reductions, this boils down to the following assertion. Let E C Spec A be a finite 
subset, and p, p' G E two elements, such that the E-symbolic topology on M agrees with both 
the E \{p}-symbolic topology and the E\{p'}-symbolic topology; then these topologies agree 
as well with the E \ {p, p'}-symbolic topology. Indeed, given any subset E' C Spec A with 
p G E', for the E'-symbolic and the E' \{p}-symbolic topologies to agree, it is necessary and 
sufficient that, for every n G N there exists m G N such that : 

Filg?) } M C Fil p n) M or, what is the same : Fi\^ {p} M p C p n M p . 

In the latter inclusion, we may then replace E' \{p} by the smaller subset E' fl Spec A p \{p}, 
without changing the two terms. Suppose now that p' SpecAp; then if we apply the above, 
first with E' := E, and then with E' := E \{p'}, we see that the E-symbolic topology agrees 
with the E \{p}-symbolic topology, if and only if the E \{p'}-symbolic topology agrees with the 
E\{p, p'}-symbolic topology, whence the contention. In case p' G Spec A p , we may assume that 
p 7^ p', otherwise there is nothing to prove; then we shall have p ^ Spec A p r, so the foregoing 
argument still goes through, after reversing the roles of p and p'. 

4.3.29. Finally, theorem [4.3.331 will characterize the subset E min (M) as in (14.3.261) . To this 
aim, for every prime ideal p C A, let A p denote the p-adic completion of A; we set : 

Ass A (I, M) := {p G Spec A | there exists q G Ass^M^u^ such that ^q + TA£ = pA£} 

(where, for any ideal J C A p we denote by y/j C A p the radical of J, so the above condition 
selects the points q G Spec Ap, such that {q} n V(IA^) = {pA£}). 

Lemma 4.3.30. Let Abe a noetherian ring, M an A-module. Then we have : 

(i) depth A M® A A p = depths M® A A* for every p G Spec A 

(ii) Ass A (0, M) = Ass A M. 

(iii) Ass A (I, M) c V(I) n SuppM. 

(iv) Suppose that M is the union of a filtered family (M A | A G A) of A-submodules. Then : 

Abs a (I,M) = |J Ass A (I,M x ). 
AeA 

(v) Ass A (I, M) contains the maximal points of V(I) fl Supp M. 

Proof, (iii) is immediate, and in view of ll58l Th.8.8], (i) is a special case of corollary 14.2.291 

(ii): By definition, Assa(0, M) consists of all the prime ideals p C A such that pA p is an 
associated prime ideal of M0 A A p ; in light of proposition 14.3 .4r i). the latter condition holds 
if and only if depth A AM ® A A^ = 0, hence if and only if depth Ap M ® A A p = 0, by (i); to 
conclude, one appeals again to proposition |4.3.4r i). 

(iv) : In view of proposition |4.3.4r v), we have Ass A ^M^ A A^ = \J XeA Ass A ^M x A A^ ; the 
contention is an immediate consequence. 

(v) : In view of (iv), we are easily reduced to the case where M is a finitely generated A- 
module, in which case SuppM = V(J) for some ideal J C A. Hence, suppose that p C A is 
a maximal point of Spec A /{I + J), in other words, the preimage of a minimal prime ideal of 
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A/ (I + J); notice that Supp M® A A£ = V(JA$). Hence we have ( J + I) A* C q + IA$ for 
every q G Supp Mtg^Ap , so the radical of q + IA p equals pA p , as required. □ 

Lemma 4.3.31. Let Abe a local noetherian ring, m its maximal ideal, and suppose that A is m- 
adically complete. Let M be a finitely generated A-module, and (Fil n M | n G N) a descending 
filtration consisting of A-submodules of M. Then the following conditions are equivalent : 

(a) n„ e NF™ = 0- 

(b) For every i G N there exists n G N such that FiPM C vcv l M. 
Proof. Clearly (b)=Ka), hence suppose that (a) holds. For every i, n G N, set 

J i>n := Im(FiPM -> M/vcCM). 

For given i G N, the A-module M/m*M is artinian, hence there exists n G N such that Jj := 
<7i,n = Ji,n< for every n' > n. Assertion (b) then follows from the following : 

Claim 4.3 .32. If (a) holds, J, = for every i G N. 

Proof of the claim. By inspecting the definition, it is easily seen that the natural A/m l+1 -linear 
map J i+ i — ► Jj is surjective for every z G N, hence we are reduced to showing that J := lim Jj 

vanishes. However, J is naturally a submodule of lim M/vcCM ~ M, and if x G M lies in J, 

then we have x G Fil n M + m l M for every z, n G M. Since Fil n M is a closed subset for the 
m-adic topology of M (J58l Th.8.10(i)]), we have n ieN ( FiinM + m * M ) = Fil n M, for every 
nGN, hence x G f] neN FiPM, which vanishes, if (a) holds. □ 

The following theorem generalizes ||67l Ch.VIII, §5, Cor. 5] and [|45l Prop.7.1]. 

Theorem 4.3.33. Let A be a noetherian ring, I C A an ideal, M a finitely generated A- 
module, and £ C Spec A/ 1 a finite subset. Then the 'L-symbolic topology on M agrees with 
the I-preadic topology if and only if Ass^(J, M) C S. 

Proof. Let p G Ass^(7, M) \ E, and suppose, by way of contradiction, that the S-symbolic 
topology agrees with the J-adic topology, i.e. for every nGN there exists m G N such that : 

Fi4 m) M C I n M. 

Let X := Spec A p and U := X\{p}; after localizing at the prime p, we deduce the inclusion : 

(4.3.34) Filg^Mp C I n M p 

(cp. the discussion in (14.3.261) ). Let also j& := M~, the quasi-coherent i^x-module associated 
to M; clearly we have I m M C Fil^ m) M for every q G Spec A/ 1, hence (14.3.341) implies the 
inclusion : 

{x G M p | x\u G J"l#(f/)} C J n Mp. 
Let A£ (resp. M p A ) be the p-adic completion of A (resp. of M), f : X A := Spec X 
the natural morphism, and set U A := f~ 1 U = X A \ {pA^}. Since / is faithfully flat, and U is 
quasi-compact, we deduce that : 

(4.3.35) {x G Mp | x {u a g I m f*^(U A )} C I n Mp. 

On the other hand, by assumption there exists q G Ass^Mp such that {q} n V(IA p ) = {pA p }, 

hence we may find x G M A whose support is {q} (lemma l4.3.18r ii)). It follows easily that the 
image of x vanishes in f*^/T m f*^(U) for all m G N, i.e. G I m f*^(U) for every 
m G N, hence x G I n M p for every n G N, in view of (14.3.351) . However, M p is separated for 
the p-adic topology, a fortiori also for the J-preadic topology, so x = 0, a contradiction. 
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Next, let p E E\Assa(/, M), set E' := E\{p}, and suppose that the E-symbolic topology 
agrees with the J-adic topology; we have to prove that the latter agrees as well with the E'- 
symbolic topology. This amounts to showing that, for every n E N there exists m E N such 
that : 

Filg°M C Fil^M or, what is the same : Fil^Mp c p n M p . 
We may write : 

Filg°M p = {x E M p | x\u E (Fil^Mp) ~([/)} = {x E M p \ x\ v E (Filf M P Y ([/)} 

from which it is clear that the contention holds if and only if, for every n E N there exists 
m G N such that : 

{x E M p | x w E I m JZ(U)} C p n M p . 
Arguing as in the foregoing, we see that the latter condition holds if and only if : 

Fil m M p A := {x E M A | x\ v a E I m f*Jt(U A )} C p n M A . 

In view of lemma |4T3.31[ we are then reduced to showing the following : 

Claim 4.3.36. f] meN Fil m M A = 0. 

Proof of the claim. Let x be an element in this intersection; for any q E U A D V(IA A ), we have 
x q E n meN q m (M p A ) q , hence x q = 0,bvll58lTh.8.10(iVl. In other words, Supp(x)nUC)V (I) = 
0. Suppose that x ^ 0, and let q be any maximal point of Supp(x); by lemma I43.18I X). q is 
an associated prime, and the foregoing implies that {q} n V(IA A ) = {pA p }, which contradicts 
the assumption that p ^ Ass a(I, M). □ 

Corollary 4.3.37. In the situation of theorem \A. 3. 33l Ass^(7, M) is a finite set. 

Proof. We have already found a finite subset E C Spec A/ 1 such that the E-symbolic topology 
on M agrees with the J-preadic topology (see (14.3.26I) ). The contention then follows straight- 
forwardly from theorem 14.3.331 □ 

Example 4.3.38. Let A; be a field with char k ^ 2, and let C C A 2 k := Spec k[X, Y] be the 
nodal curve cut by the equation Y 2 = X 2 + X 3 , so that the only singularity of C is the node 
at the origin p := (0, 0) E C. Let R := k[X, Y, Z], A := R/(Y 2 - X 2 - X 3 ); denote by 
n : Al := Spec R — > the linear projection which is dual to the inclusion k[X, Y] — > R, 
so that D := n^C = Spec A. We define a morphism <p : A\ := Spec k[T] — > D by the 
rule : T i— >■ (T 2 — 1,T(T 2 — 1),T) (i.e. ip is dual to the homomorphism of A;-algebras such 
that I h T 2 - 1, y h T(T 2 - 1) and Z i-> T). Let C'cDbe the image of if, with its 
reduced subscheme structure. It is easy to check that the restriction of n maps C birationally 
onto C, so there are precisely two points p' ,p[ E C lying over p. Let n := 1(C) C A, 
the prime ideal which is the generic point of the (irreducible) curve C. We claim that the n- 
preadic topology on A does not agree with the n- symbolic topology. To this aim - in view 
of theorem T4.3.33I - it suffices to show that {p' ,p'i} C Ass^n, A). However, for any closed 
point p E 7r _1 (p), the p-adic completion A A admits two distinct minimal primes, corresponding 
to the two branches of the nodal conic C at the node p, and the corresponding irreducible 
components of B := Spec A A meet along the affine line V(Z). To see this, we may suppose 
that p = (X, Y, Z), hence A A ~ k[[X, Y, Z]]/(Y 2 - X 2 (l + X)), and notice that the latter is 
isomorphic to k[[S, Y, Z]]/(Y 2 — S 2 ), via the isomorphism that sends Y i— > Y, Z i— > Z and 
S i — > X(l + X) 1 / 2 (the assumption on the characteristic of k ensures that l+X admits a square 
root in /c[[A]]). Now, say that p = p' Q ; then C' p := C H B is contained in only one of the two 
irreducible components of B. Let q E B be the minimal prime ideal whose closure does not 
contain C p , then q E AssA A and {q} n C' p = {pA A }, therefore p' E Ass,4(n, A), as stated. 
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Example 4.3.39. Let A be an excellent normal ring, I C A any ideal, and set Z := V(I). 
Then Ass^(I, A) is the set Max(Z) of all maximal points of Z. Indeed, Max(Z) C Ass^J, A) 
by lemma l4~.3.30r v). Conversely, suppose p G Assa(I, A); the completion A^ is still normal 
( ll58l Th.32.2(i)]), and therefore its only associated prime is 0, so the assumption means that 
the radical of IA£ is pA^. Equivalently, dim A* /I A* = 0, so dimA p /IA p = 0, which is the 
contention. 

Definition 4.3.40. Let X be a noetherian scheme, Y C X a closed subset, X the formal com- 
pletion of X along Y ( |[26l Ch.I, §10.8]), and / : X — > X the natural morphism of locally ringed 
spaces. We say that the pair (X, F) satisfies the Lefschetz condition, if for every open subset 
U C X such that F C U, and every locally free ^[/-module $ of finite type, the natural map : 

T(U,£) -> T(X, /*<f) 

is an isomorphism. In this case, we also say that Lef (X, Y) holds. (Cp. [42, Exp.X, §2].) 

Lemma 4.3.41. In the situation of definition 14.3.40] suppose that Lef(X, F) holds, and let 
U C X be any open subset such that Y C U. Then : 

(i) The functor : 

^/-Modifft -> ^-Mod lfft : S ^ f*S 

is fully faithful (notation of (19.2.11 ) ). 

(ii) Denote by <^-Alg lfft ?/ze category of 0y -algebras, whose underlying Gjj -module is free 
of finite type, and define likewise ^-Alg lfft . TTzen the functor : 

GrAlg m -> ^-Alg lfft : ^ i-> /W 

is fully faithful. 

Proof, (i): Let <f and be any two locally free ^/-modules of finite type. We have : 

Hom^(<f,J^) =r([/,jrom^(<f,jr)) 
and likewise we may compute Hom^ (f*d>, f*&)- However, the natural map : 

is an isomorphism of (^-modules. The assertion follows. 

(ii): An object of ^/-Alg lfft is a locally free (^-module srf of finite type, together with 
morphisms srf <g>^ sd — > srf and 1^ : &u - > s& of ^/-modules, fulfilling the usual unitarity, 
commutativity and associativity conditions. An analogous description holds for the objects of 
^£-Alg lfft , and for the morphisms of either category. Since srf (g>^ srf is again locally free of 
finite type, the assertion follows easily from (i) : the details are left to the reader. □ 

Lemma 4.3.42. Let Abe a noetherian ring, I C A an ideal, U C Spec A an open subset, il the 
formal completion of U along U H V(I). Consider the following conditions : 

(a) Lef (U, U n V(I)) holds. 

(b) The natural map pu '■ r({7, (?u) — > r(ii, ^u) an isomorphism. 

(c) 77ze natural map p : A — > is an isomorphism. 

Then (c)=Kb)<S=Ka), and (c) implies that A is I-adically complete. 

Proof. Clearly (a)=Kb), hence we assume that (b) holds, and we show (a). Let V C U be an 
open subset with U fl V(I) C V and <§ a coherent locally free ^y-module. As A is noetherian, 
V is quasi-compact, so we may find a left exact sequence P. := (0 — > $ — > i^® m — > <^® n ) of 
i^V-modules (corollary 19.2. 171 ). Since the natural map of locally ringed spaces / : iX — > U is 
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flat, the sequence f*P is still left exact. Since the global section functors are left exact, there 
follows a ladder of left exact sequences : 

T(V,P.)^T(ii,f*P.) 

which reduces the assertion to the case where § = @y\ the latter is covered by the following : 

Claim 4.3.43. The natural map p v '■ r(V, Gy) — > r(il, ^u) is an isomorphism. 

Proof of the claim. The isomorphism py factors through pv, hence the latter is a surjection. 
Suppose that s £ Ker pv, and s / 0; then we may find x £ V such that the image s x of s in 
Cv,x does not vanish. Moreover, we may find a £ A whose image a(x) in k(x) does not vanish, 
and such that as is the restriction of an element of A; especially, as £ T(U, &u\ and clearly 
the image of as in r(V, 6y) lies in Ker p v . Therefore, as = in T(U, 6\j)\ however the image 
as x of as in G v ^ x is non-zero by construction, a contradiction. This shows that p v is injective, 
whence the claim. 

Finally, suppose that (c) holds; arguing as in the proof of claim |4~3.43[ one sees that pu is 
an isomorphism. Moreover, since r(il, ^u) ~ limTfil, & i x/P l ffsj), the morphism p factors 

nGN 

through the natural A-linear map i : A — > A A to the J-adic completion of A. The composition 
with yields an A-linear left inverse s : A A — > A to z. Set A" := Kers; clearly s is 
surjective, hence A A ~ A © AT. It follows easily that N/I n N = for every n £ N, especially 
iV C HneN -^ ny 4 A - Therefore = 0, since A A is separated for the J-adic topology. □ 

Proposition 4.3.44. Let (p : A — > B be a flat homomorphism of noetherian rings, I C A an 
ideal, U C Spec B an open subset. Set f := Spec (p : Spec B — > Spec A, and assume that : 

(a) B is complete for the IB-adic topology. 

(b) For every x £ V(I), we have : {y £ f~ l {x) \ 5(y, &f-i(x)) = 0} C U. 

(c) For every x £ Ass^(7, A), we have : {y £ f~ l (x) \ S(y, 0f-\t x \) < 1} C U. 

Then Le£(U, U n F(I-B)) toWs. 

Proof. SetS := Ass^(7, A), and let IX be the formal completion of U along V(IB); by theorem 
14.3.331 the J-preadic topology on A agrees with the S-symbolic topology. Let also J? be the 
family consisting of all ideals J C A such that Ass A/J C E; it follows that the natural maps : 

B -> lim ^u) -> lim r(E7, 0u/J0u) 

are isomorphisms (see the discussion in (14.3.241) ). In view of lemma l4.3.42l we are then reduced 
to showing : 

Claim 4.3.45. The natural map B/JB — > T(U, &uj J&u) is an isomorphism for every J £ J? . 

Proof of the claim. Let / : Y :— Spec B / JB — > X := Spec Aj J be the induced morphism; in 
view of corollary 14.2.161 it suffices to prove that 5(y, 6y) > 2 whenever y £ Y\U. Thus, set 
x := /(y); by corollary 14 . 2 . 3 3 1 we have : 

5{y, G Y ) = 5(y, & r ^ x) ) + S(x, G x ). 

Now, if 6{x, ff x ) = h notice that f(Y) c V(J) C V(I), by lemmatagXIli) and l4.3.30r iii): 
hence (b) implies the contention in this case. Lastly, if 6(x, @x) = 0, then x £ Ass A/J by 
proposition l4.3.4l hence we use assumption (c) to conclude. □ 
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4.4. Duality over coherent schemes. We say that a scheme X is coherent if @x is coherent. 
If X is coherent and & is an ^ -module, we define the dual & X ' m odule 

:= M'ome^^x). 

Notice that j£~ v is coherent whenever & is. Moreover, for every moronism of (^-modules 
Lp : & — * ^ , we denote by <£> v : £f v — > J^ v the induced (transpose) morphism. As usual, there 
is a natural morphism of &x -modules: 

: & -> J^ vv . 

One says that is reflexive at a point x E X if there exists an open neighborhood U C X 
of x such that is a coherent ^/-module, and /3&\u is an isomorphism. One says that & is 
reflexive if it is reflexive at all points of X. We denote by ^x-Rflx the full subcategory of the 
category ^-Mod, consisting of all the reflexive (^-modules. It contains ^--Modujt as a full 
subcategory (see (19.2.1I )). 

Lemma 4.4.1. Let X be a coherent scheme, x E X any point, and a coherent Gx-module. 
Then the following conditions are equivalent: 

(a) & is reflexive at the point x. 

(b) & x is a reflexive &x,x- m odule, by which we mean that the coherent sheaf induced by 
J^e on Spec &x,x is reflexive. 

(c) The map (3& iX : & x — > (^ vv ) x is an isomorphism. 

Proof. Left to the reader. □ 

Lemma 4.4.2. Suppose that X is a reduced coherent scheme, and ^ a coherent &x- m odule. 
Then (3jfv is an isomorphism of Gx- m odules and its inverse is /3j?. Especially, J^ v is reflexive. 

Proof. The assumption on X implies that the only associated points of G x are the maximal 
points of X (i.e. Ox has no imbedded points). It follows easily that, for every coherent 6x~ 
module £f, the dual £f v satisfies condition S\ (see definition 14.3. 1 H i)) . Now, rather generally, 
let jtft be any &x -module; directly from the definitions one derives the identity: 

(4.4.3) /^°/3^v = l^v. 

It remains therefore only to show that (3 y ^ is a right inverse for /3jr* when & is coherent. Since 
j^vw sa ti s fl es condition Si, it suffices to check that, for every maximal point £, the induced 
map on stalks 

is a right inverse for fi&v^. However, since &x£ is a field, (3^^ is a linear map of ^-,r vector 
spaces of the same dimension, hence it is an isomorphism, in view of (14.4.31 ). □ 

Remark 4.4.4. The following observation is often useful. Suppose that X is a coherent scheme, 
& an ^-module, reflexive at a given point x E X. We can then choose a presentation @xx ~^ 
@Xx ~^ ~ ¥ 0' an d a ft er dualizing we deduce a left exact sequence 

(4.4.5) o -v & x -.. ^ e%%. 

Especially, if Gx,x satisfies condition S\ (in the sense of definition 14.3. H iri)), then the same 
holds for For the converse, suppose additionally that X is reduced, and let x E X be a 
point for which there exists a left exact sequence such as (14.4.51 ); then lemma |4A2| says that 
is reflexive at x : indeed, & x ~ (Coker w v ) v . 

Lemma 4.4.6. (i) Let f : X — > Y be a flat morphism of coherent schemes. The induced functor 
^y-Mod — > ^jf-Mod restricts to a functor 

f* : ^y-Rflx -> ^ X -Rflx. 
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(ii) Let X be a quasi-compact and quasi-separated scheme, (X\ A 6 A) a cofiltered 
family of coherent X -schemes with flat transition morphisms ip\^ : X\ — > X^ such 

that the structure morphisms X\ — > Xq are afflne, and set X := HhiXa. Then: 

AeA 

(a) X is coherent. 

(b) the natural functor: 2-colim ^x A -R-fl x ~~ * ^x _ R-fl x is an equivalence. 

(iii) Suppose that f is surjective, and let be any coherent iffy -module. Then & is reflexive 
if and only if f*& is a reflexive 0x-module. 



Proof, (i) follows easily from 11361 Lemma 2.4.29(i.a)]. 

(ii) : For every A G A, denote by ip\ : X — ► X\ the natural moronism. Let [/cXbea quasi- 
compact open subset, u : G® n — > @u any morphism of ^/-modules; by [|32] Ch.IV, Cor.8.2.11] 
there exists A G A and a quasi-compact open subset U\ C X\ such that £7 = ^ _1 (£7a)- By [|32l 
Ch.IV, Th.8.5.2](i) we may then suppose that u descends to a homomorphism u\ : — > 
whose kernel is of finite type, since Xa is coherent. Since the transition morphisms are flat, we 
have Keru = ipl(Ker u\), whence (ii.a). Next, using [32, Ch.IV, Th.8.5.2] one sees easily that 
the functor of (ii.b) is fully faithful and moreover, every reflexive ^x-module & descends to a 
coherent &x x -module J^a for some A G A. For every p, > A let := since (3& is an 
isomorphism, loc.cit. shows that is already an isomorphism for some /i > A, whence (ii.b). 

(iii) : By virtue of (i), we may assume that f*& is reflexive, and we need to show that the 
same holds for J£\ However, the natural map /*(J^ VV ) — > (/*j£~) vv is an isomorphism ( ||28l 
Ch.O, Prop. 12.3.5]), hence f*@& = Ppge is an isomorphism. Since / is faithfully flat, we 
deduce that (3& is an isomorphism, as stated. □ 

Proposition 4.4.7. Let X be a coherent, reduced, quasi-compact and quasi- separated scheme, 
U C X a quasi-compact open subset. We have : 

(i) The restriction functor ^x-Rflx — > ^y-Rflx is essentially surjective. 

(ii) Suppose furthermore, that S'(x, Gx) > 2 /or every x G X \ U. Then the natural map 

is an isomorphism, for every reflexive &x -module & ' . 

Proof, (i): Given a reflexive ^/-module & , lemma l9l2.16f ii) says that we can find a finitely 
presented quasi-coherent ^-module £f extending J^" v ; since X is coherent, 3f is a coherent 
6x -module, hence the same holds for £f v , which extends & and is reflexive in light of lemma 
14X21 

(ii): Since the assertion is local on X, we can suppose that there exists a left exact sequence 
— > — > _> ( S ee remark |4A4l) . Since the functor j* is left exact, it then suffices 
to prove the contention for the sheaves ff^ m and G® n , and thus we may assume from start 
that & = Gx- Then, since X\U is constructible, corollary 14.2.161 applies and yields the 
assertion. □ 

Corollary 4.4.8. Let X be a coherent scheme, f : X — > S be aflat, locally finitely presented 
morphism, j : U — > X a quasi-compact open immersion, & a reflexive G x - m odule. Suppose 
that 

(a) depth Ax) > 1 for every point x G X\U, and 

(b) depth* (x) > 2 for every maximal point f] of S and every x G (X\[/) n/ -1 (r?). 

(c) ^ /las no imbedded points. 

Then the natural morphism & — > j*j*^ is an isomorphism. 

Proof. Since / is flat and 0$ has no imbedded points, corollary 14.2.331 and our assumptions (a) 
and (b) imply that 5'(x, &x) > 2 for every x G X\U, so the assertion follows from proposition 

mzztii). " □ 
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4.4.9. Let X be any scheme. Recall that the rank of an (^-module & of finite type, is the 
upper semicontinuous function: 

rkJ^:X^N x h-> dim^j.) & x ®e XtX k(x). 

Clearly, if & is a is locally free ^-module of finite type, rk J? is a continuous function on X. 
The converse holds, provided X is a reduced scheme. Moreover, if & is of finite presentation, 
rk & is a constructible function and there exists a dense open subset U <Z X such that rk ^ 
restricts to a continuous function on U. We denote by Pic X the full subcategory of ^-Modi® 
consisting of all the objects whose rank is constant equal to one (i.e. the invertible (^-modules). 
In case X is coherent, we shall also consider the category DivX of generically invertible 6 X - 
modules, defined as the full subcategory of <^-Rflx consisting of all objects which are locally 
free of rank one on a dense open subset of X. If X is coherent, PicX is a full subcategory of 
DivX. 

Remark 4.4.10. (i) Let A be any integral domain, and set X = Spec A. Classically, one has 
a notion of reflexive fractional ideal of A (see ll58l p. 80] or example 12.4.211) . Suppose now 
that X is also coherent, in which case we have the notion of reflexive X -module of (I4.4I ). We 
claim that these two notions overlap on the subclass of reflexive fractional ideals of finite type: 
more precisely, let Div(A) be the full subcategory of A- Mod whose objects are the finitely 
generated reflexive fractional ideals of A. Then the essential image of the natural functor 

(4.4.11) Div(v4) -> ^-Mod M i— > M~ 

is the category DivX, and (14.4.1 II ) yields an equivalence of Div(A) with the latter category. 
Indeed, let & be any generically invertible G x -module, and set / := &(X)\ if K denotes 
the field of fractions of A, then dim^ / ®a K — 1. Let us then fix a X-linear isomorphism 
/ ®a K K, and notice that the induced A-linear map I — > K is injective, since & is Si 
(remark 14.4.4b . We may then view I as a finitely generated A-submodule of K, and then it is 
clear that / is a fractional ideal of A. Moreover, on the one hand J^ v is the coherent ^-module 
Hom^J, A)~; on the other hand, the natural map Horn^J, A) Hom^(J ®a K,K) = K is 
injective, and its image is the fractional ideal J -1 (see (|2.4.18b ). We easily deduce that I is a 
reflexive fractional ideal, and conversely it is easily seen that every (^-module in the essential 
image of (14.4.1 lb is generically invertible; since this functor is also obviously fully faithful, the 
assertion follows. 

(ii) Let A be a coherent integral domain, and denote by coh.Div(v4) the set of all coherent 
reflexive fractional ideals of A. It is easily seen that coh.Div(A) is a submonoid of Div(A), for 
the natural monoid structure introduced in example 12.4.211 More generally, if X is a coherent 
integral scheme, we may define a sheaf of monoids 3iv x on X, as follows. First, to any affine 
open subset U C X, we assign the monoid 2>iv x {U) := coh.Div(^ (U)). For each inclusion 
j : U' C U of affine open subset, notice that the restriction map & X (U) — > ff x (U') is a flat ring 
homomorphism, hence it gives a flat morphism of monoids & x (U) \ {0} — > & X (JJ') \ {0}. We 
then have an induced map of monoids 2>iv x {j) : < 2>iv x (U) — > @iv x (U'), by virtue of lemma 
I2.4.27r iv). It is easily seen that the resulting presheaf 2>iv x is a sheaf on the site of all affine 
open subsets of X. By [|26l Ch.O, §3.2.2], the latter extends uniquely to a sheaf of monoids on 
X, which we denote again 3>iv x . We set 

Div(X) := mv x (X). 

If X is normal and locally noetherian (or more generally, if X is a Krull scheme, i.e. & X (U) is 
a Krull ring, for every affine open subset U C X) then 3iw x is an abelian sheaf, and Div(X) 
is an abelian group (proposition |2.4.25t i,iii)). 
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4.4.12. For future reference, it is useful to recall some preliminaries concerning the deter- 
minant functors defined in [53]. Let X be a scheme. We denote by gr.PicX the cate- 
gory of graded invertible &x -modules. An object of gr.PicX is a pair (L,a), where L 
is an invertible (^--module and a : X — > Z is a continuous function. A homomorphism 
h : (L, a) — + (M, (3) is a homomorphism of ^-modules h : L — > M such that h x = 
for every x G X with a(x) ^ P(x). We denote by gr.Pic*X the subcategory of gr.PicX 
with the same objects, and whose morphisms are the isomorphisms in gr.PicX. Notice that 
gr.PicX is a tensor category : the tensor product of two objects (L, a) and (M, (5) is the pair 
(L, a) <g> (M,P) := (L ® ffx M,a + (5). We denote by ^ x -Mod* fft the category whose ob- 
jects are the locally free ^-modules of finite type, and whose morphisms are the ^-linear 
isomorphisms. The determinant is the functor: 

det : ^-Mod^ -> gr.Pic*X F ^ (A-f/F, rkF). 

Let D(^x-Mod) pcrf be the category of perfect complexes of (^-modules; recall that, by def- 
inition, every perfect complex is locally isomorphic to a bounded complex of locally free @x- 
modules of finite type. The category D(<^x-Mod)* crf is the subcategory of D(^x-Mod) perf 
with the same objects, and whose morphisms are the isomorphisms (i.e. the quasi-isomorphisms 
of complexes). The main theorem of chapter 1 of [53] can be stated as follows. 

Lemma 4.4.13. ([53, Th.l]) With the notation of (14.4.121) there exists, for every scheme X, an 
extension of the determinant functor to a functor: 

det : D(^ x -Mod); crf -> gr.PicX. 

These determinant functors commute with every base change. □ 

Proposition 4.4.14. Let X be a regular scheme. Then every reflexive generically invertible 
G x - m odule is invertible. 

Proof. The question is local on X, hence we may assume that X is affine. Let & be a generi- 
cally invertible ^-module, and U C X a dense open subset such that is invertible. Denote 
by Z\, . . . , Z t the irreducible components of Z := X\U whose codimension in X equals one, 
and for every i = 1, . . . , t, let r\i be the maximal point of Zi, and set A4 := 0x,i\i- Since & 
is S\ (remark 14.4.41) . the stalk J? Vi is a torsion-free Aj-module of finite type for every % < t; 
however, A4 is a discrete valuation ring, hence is a free Aj-module, necessarily of rank one, 
for % — 1, . . . , t. Since & is coherent, it follows that there exists an open neighborhood C/j of r\i 
in X, such that ^\u i is a free G\u i -module. Hence, we may replace U by U U XJ\ U • • • U U t and 
assume that every irreducible component of Z has codimension > 1, therefore S'(x, &x) > 2 
for every x E Z. Now, J£~[0] is a perfect complex by Serre's theorem ( fTTl Th.4.4.16]), so 
the invertible ^-module det J^" is well defined (lemma 14.4.1 31) . Let j : U — >• X be the open 
immersion; in view of proposition l4.4.7[ we deduce natural isomorphisms 

& ^ j*j*^ ^ j*det(j*^"[0]) A j*j*det^"[0] ^ det ^[0] 
and the assertion follows. □ 

We wish now to introduce a notion of duality better suited to derived categories of Gx- 
modules (over a scheme X). Hereafter we only carry out a preliminary investigation of such 
derived duality - the full development of which, will be the task of section |431 

Definition 4.4.15. Let X be a coherent scheme. A complex u>* in D b (^?x-Mod) co h (notation 
of (19.2.11 )) is called dualizing if it fulfills the following two conditions : 
(a) The functor : 

9 : D(^-Mod)° -> D(^ x -Mod) C ^ RJ?om* ffx {C\u*) 

restricts to a duality functor : 3s : D 6 (^ x -Mod)° oh -> D b (^ x -Mod) coh . 
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(b) The natural transformation : r\c ■ C* — > *3) o <&(C') restricts to a biduality isomor- 
phism of functors on the category D 6 (<^-Mod) coh . 

Example 4.4.16. Suppose that X is a noetherian regular scheme {i.e. all the stalks &x,x are 
regular rings). In light of Serre's theorem ED Th.4.4.16], every object of D 6 (<^x-Mod) coh 
is a perfect complex. It follows easily that the complex ^x[0] is dualizing. For more general 
schemes, the structure sheaf does not necessarily work, and the existence of a dualizing complex 
is a delicate issue. On the other hand, one may ask to what extent a complex is determined by 
the properties (a) and (b) of definition 14.4. 151 Clearly, if to* is dualizing on X, then so is any 
other complex of the form u>* cg>^ x Jzf , where J?f is an invertible ^-module. Also, any shift of 
uj' is again dualizing. Conversely, the following propo sition 14.4.231 says that any two dualizing 
complexes are related in such manner, up to quasi-isomorphism. 

Lemma 4.4.17. Let (X, Gx) be any locally ringed space, and P* and Q' two objects of 
D~(i^x-Mod) with a quasi-isomorphism : 

P' ® ffx Q'^0x[o}. 

Then there exists an invertible &x- m odule ££, a continuous function o : \X\ — > Z and quasi- 
isomorphisms: 

P % ^££\a\ and Q" ^ ^~ x \-o\. 

Proof. It suffices to verify that, locally on X, the complexes P* and Q* are of the required form; 
indeed in this case X will be a disjoint union of open sets U n on which H'P' is concentrated 
in degree n and H*Q* is concentrated in degree — n. Note that ^--Mod is equivalent to 
the product of the categories <^y n -Mod and that the derived category of a product of abelian 
categories is the product of the derived categories of the factors. 

Claim 4.4.18. Let A be a (commutative) local ring, A* and L* two objects of D~(v4-Mod) 
with a quasi-isomorphism 

(4.4.19) K*® A V ^ A[0]. 
Then there exists s6Z and quasi-isomorphisms : 

K* ^ A[s] L' A A[-s\. 

Proof of the claim. Set : 

i : = max(i G Z | (IPK*) ^ 0) and j : = max(i G Z | (WIS) ^ 0). 

We may assume that K % = for every % > i , and that L* is a bounded above complex of 
free A-modules. Then we may find a filtered system (A* | A G A) of complexes of A-modules 
bounded from above, such that 

• H Z °(K X ) is a finitely generated A-module, for every A G A; 

• the colimit of the system (K* \ A G A) (in the category of complexes of A-modules) is 
isomorphic to A\ 

From (14.4.191 ) we get an isomorphism H°(K* ®aL') A, and it follows easily that the natural 
map H°(K* 0a L 9 ) — > H°(K* ®a L') is surjective for some A G A. For such A, we may then 
find a morphism in D~(A-Mod) : 

(4.4.20) A[0] -> Kl ® A L* 

L L 

whose composition with the natural map A"* ® A L* — > K* ® A L* is the inverse of (14.4. 1 9b . 
Hence 

(I4A201) ® A K' :K' -> (A* S A L*) ® A K' A K' x ® A (L* ® A K') A A* 
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is a right inverse of the natural moronism K' — > A* in D~(A-Mod). Especially, the induced 
map H l °Kl — > H l °K' is surjective, i.e. H l °K* is a finitely generated A-module. Likewise, we 
see that W°L* is a finitely generated A-module. Now, notice that 

h-(k- ® A n = ( f ** f° r * = •» + * 

[0 for fc > « + Jo- 

L 

From Nakayama's lemma it follows easily that H l0+:,0 (K' ®a L*) ^ 0, and then our as- 
sumptions imply that i + j = and H l °K* ©^ fP°L* ~ A. One deduces easily that 
H l °K* ~ A ~ W°L' (see e.g. ||36l Lemma 4.1.5]). Furthermore, we can find a complex 
if; in D <io (A-Mod) (resp. L* in D <JO (A-Mod)) such that : 

if* ~ A[-i ) © A x * (resp. L* ~ A[- Jo ] © LJ) 

whence a quasi-isomorphism : 

V? : A[0] ^ A"' © A V ^ A[0] © A;[-j ] © L^Ho] © (A^ © A L\). 

However, by construction ip^ 1 restricts to an isomorphism on the direct summand A[0], there- 
fore K' ~ ~ L* in D(A-Mod), and the claim follows. 

Now, for any point x G X, let i x : {x} — > X be the inclusion map, and set A* := z* A* for 
every complex K' of -modules. Notice that, if A* is a complex of flat Gx -modules, then K* 
is a complex of flat ^x iX -modules (JH Exp.V, Prop. 1.6(1)]), therefore the rule A* i— > A* yields 
a well-defined functor D~(<^x-Mod) — > D"(^f,i-Mod), and moreover we have a natural 
isomorphism 

(4.4.21) K' x ® ex<x L' x ^ (A* ©^ x L*), 

for every objects A*, L* of D~(£?x-Mod). Especially, under the current assumptions, and in 
view of claim !4.4.18l we may find s£Z, and an isomorphism of i^x )X -modules 

(4.4.22) H S P: ©^ H-Ql - H\P' X ©^ Q' x ) A ^ 

Since ^x )X is local, we may thus find a x G H S P* and 6 X G H~ S Q X such that (14.4.221) maps 
© to 1. Then and 6 X extend to local sections 

a G r(C/, Ker(rf : P s -> P^ 1 )) 6 G r(E/", Ker(d : Q~ s -> P" 5 " 1 )) 

on some neighborhood {7 C X of x, and after shrinking U, we may assume that a ® b gets 
mapped to 1, under the induced morphism of ^-modules 

H'Pfc ©^ H- S Q\ V - 7P°(P' ©^ x Q')^ A 
Then we obtain a well defined morphism in D"(^/-Mod) 

<p:Gj[ a ]^Pfr (resp. ^ : ^[-«] - Q\v) 

by the rule : t \— > t ■ a (resp. t \— > t ■ b) for every local section £ of Again by claim 144.1 81 
and (14.4.211) we deduce that cp y : &u,y[s\ —> P' is a quasi-isomorphism for every y G U (and 
likewise for if) y ); . i.e. if and ip are the sought isomorphisms in D~(^/-Mod). □ 

Proposition 4.4.23. Suppose that u' and u* are two dualizing complexes for the coherent 
scheme X. Then there exists an invertible &x-*nodule Jz? and a continuous function a : \X\ — ► 

~ ©^ x JSf [<t] in D 6 (^ x -Mod) coh . 



FOUNDATIONS OF p-ADIC HODGE THEORY 277 

Proof. Denote by 2>x and 2> 2 the duality functors associated to uji and respectively u>2- By 
assumption, we can find complexes P',Q' in D b (^x-Mod) coh such that cu 2 — 3>i(P') and 
lui ~ 2$ 2 (Q'), and therefore 

for every object of D b (^ x -Mod) coh (EQ Th.10.8.7]). 

Claim 4.4.24. Let C be an object of D-(^ x -Mod) coh , such that @ X (C*) is in D b (^ x -Mod). 
Then C is in D b (^ x -Mod) coh . 

a 8 

Proof of the claim. For given m,n G N, the natural maps: r_ n ]C* — > C* — > T[_ m C* induce 
morphisms 

Say that ~ t] cj* for some integer a e N. Then ^i(r_ n ]C*) lies in D- n+a (^ x -Mod). 
Since @x(C') is bounded, it follows that @\(ff) = for n large enough. Consider now the 
commutative diagram : 

T[_ n O s- T[_ m (_y 

'/ 

Since T[_ m C* is a bounded complex, 77 is an isomorphism in D(<^-Mod), so (3 o a = 
whenever n is large enough. Clearly this means that C is bounded, as claimed. 

L 

Applying claim 14 .4 .241 to C := 3-' ®g x P' (which is in D"(^x-Mod) coh , since X is 
coherent) we see that the latter is a bounded complex, and by reversing the roles of uj\ and cu 2 it 

L 

follows that the same holds for ®& x Q*. We then deduce isomorphisms in D (^f-Mod) co h 

2>x o ~ ®ff x P* and ~ &'® Cx Q\ 

Letting ^* := ^ [0] we derive : 

^[0] -^o^o^o ^ 2 (^x[o]) ^ ^ 2 o i^(P') ~ p- | ft q\ 

Then lemma 14.4.171 says that P* ~ <f[r] for an invertible ^-module $ and a continuous 
function r : |X| — > Z. Consequently : cu 2 — <§ y \— r] ®@ x ui, so the proposition holds with 

& := <S y and a := -r. " ' □ 

Lemma 4.4.25. Le? f : X —> Y be a morphism of coherent schemes, and uj y a dualizing 
complex on Y. 

(i) Iff is finite and finitely presented, then f l cu Y is dualizing on X. 

(ii) IfY is quasi-compact and quasi-separated, and f is an open immersion, then f*u Y is 
dualizing on X. 

Proof, (i): Denote by / : (X, ff x ) —> (Y f*&x) the morphism of ringed spaces deduced from 
/. For any object C* of D - (<^--Mod) coh we have natural isomorphisms : 

0(C) := RJtom^ x (C'J l 0J Y ) A RJtf , om ffx (C, J*RJ&omffiy(f* X , 

^ fRJ^om fm ex (j*C, RJ?om ffy (f^ x ,uj Y )) 
^J*RJ?om0 Y (f*C' 7 u Y ). 
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Hence, if C* is in D b (^x-Mod) co h, the same holds for 2>(C°), and we can compute : 

9 o @(C) A J*RM'om eY {RM > omff Y {UC\ to Y ),tu Y ) 

-* 7*f*c* -* c* 

and by inspecting the definitions, one verifies that the resulting natural transformation C — > 
3 1 o @(C m ) is the biduality isomorphism. The claim follows. 

(ii): Set &(C) := Rj^om ffx (C' ', f*u Y ) for every complex C* of ^-modules; a standard 
devissage argument reduces to showing that ^(J^[0]) lies in D 6 (<^-Mod) coh , and the biduality 
map J^[0] — > ^ o f§?(J^[0]) is an isomorphism for every (^-module J?. However, since is 
coherent, the natural map 

is an isomorphism in D 6 (^x-Mod) coh , for every (^y-module £f . Then the assertion follows 
easily from lemma [9T2 .16r ii). □ 

4.4.26. For every coherent, quasi-compact and quasi- separated scheme X, consider the cat- 
egory Dualx whose objects are the pairs (U, u^), where U C X is an open subset, and uj\j 
is a dualizing complex on X. The morphisms (U, co^) — > ([/', cu^,) are the pairs (j, where 
j : U U' is an inclusion map of open subsets of X, and (3 : u;^ is an isomorphism in 

D b (^/-Mod). Let Xz ar denote the full subcategory of Sch/X whose objects are the (Zariski) 
open subsets of X; it follows easily from lemma |4~A25r ii), that the forgetful functor 

(4.4.27) Dual x -> X Zar ([/, c^) ^ U 

is a fibration (see definition II .3. ll ii)) With this notation, we have : 

Proposition 4.4.28. Every descent datum for the fibration (14.4.271 ) is effective. 

Proof. Let (([/», a;*); /3y | z, j = 1, ... ,n) be a descent datum for the fibration (14.4.271) : this 
means that each (Z7», cu*) is an object of Dualx, and if let C/^- := U fl C/j for every z, j < n, then 

Pij '■ u i\u tj ~> u j\U iS 

are isomorphisms in D^^-Mod), fulfilling a suitable cocycle condition (see (11.4.26b "). 

We shall show, by induction on k = 1, . . . , n, that there exists a dualizing complex uj' Xk on 
X k :— U\ U • • • U E/fc, such that the descent datum ((Ui, lo*); (3ij \ i,j — 1, . . . , A;) is isomorphic 
to the descent datum relative to the family (U \ i = 1, . . . , k) determined by (X k , u x ). 

For fc = 1, there is nothing to prove. Next, suppose that k > 1, and with the sought 

properties has already been constructed. If k — 1 = n, we are done; otherwise, let 14 : = 
X fe n £4+i, set i! fe := (U i>k+1 \i = l,...,k), and C* := RM'om"^ (u Xk \v k > ^l+i\v k )- Tne 
system of morphisms (A,fc+i | i = 1, . . . , k) determines a class c k in the Cech cohomology 
group H°(ii k , C). However, we have a spectral sequence (see lemma I9T231) : 

:= H^WC-) =► //^i?Horn^(^|^,^ +1 |vJ- 

C/a/m 4.4.29. E% q = for every q < 0. 

Proof of the claim. More precisely, we check that H q C = for every g < 0. Indeed, by 
lemma l4~4.25r ii"). that both u Xk \v k an( ^ u k+i\v k 316 dualizing on V*. Moreover, on L^+i they 
restrict to isomorphic objects of D 6 (^/. fc -Mod), for every i = 1, . . . , k. It follows easily 
from proposition [4A23] that there exists an invertible ff Vk -module and an isomorphism 

^x k \v k ^ ^k+i\v„ ®*v* & in D b (^-Mod). 
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Therefore, the biduality map induces an isomorphism 

RJ^om' eVk {u' Xk]Vh ,u' k+m ) ^ .Sf[0] 

whence the claim. 
From claim |4.4.29| we see that corresponds to an element of H°RRom* &v {^x k \v k > u k+i\v k )> 
and by construction, it is clear that this global section is an isomorphism c& : ^>'x k \v k u '+i\v k 
in D 6 (^V fc -Mod). By definition, c k is represented by a diagram of quasi-isomorphisms : 

(4.4.30) u Xk]Vh <- T* - u' k+m in C(^-Mod) 

for some complex T* . Let Ti be the &x k+1 -module obtained as extension by zero of T, and 
define likewise {oJ Xk )\ and (col +1 )\. We let tu Xk+i be the cone of the map of complexes 

deduced from (14.4.301) . An easy inspection shows that this complex is dualizing on X k +i, and 
it fulfills the stated condition. □ 

Remark 4.4.31. The proof of proposition 14.4.281 is a special case of a general technique for 
"glueing perverse sheaves" developed in Q. 

In the study of duality for derived categories of modules, the role of reflexive modules is 
taken by the more general class of Cohen-Macaulay modules. There is a version of this theory 
for noetherian regular schemes, and a relative variant, for smooth morphisms. Let us begin by 
recalling the following : 

Definition 4.4.32. Let (A, m^) be a local ring, M an A-module. 

(i) The dimension of M, denoted dim a M, is the (Krull) dimension of Supp M C Spec A. 
(By convention, the empty set has dimension — oo.) 

(ii) If dircu M = depth^ M, we say that M is a Cohen-Macaulay A-module. The category 

A-CM 

is the full subcategory of A-Mod consisting of all finitely presented Cohen-Macaulay 
A-modules. For every n E N, we let v4-CM„ be the full subcategory of A-CM whose 
objects are the Cohen-Macaulay A-modules of dimension n. 

(iii) If A is a Cohen-Macaulay A-module, we say that A is a Cohen-Macaulay local ring. 

(iv) Let X be a scheme, & a quasi-coherent (^x-module. We say that & is a Cohen- 
Macaulay (^-module, if & x is a Cohen-Macaulay ^x j2 ,-module, for every x E X. We 
say that X is a Cohen-Macaulay scheme, if is a Cohen-Macaulay ^-module. 

(v) Let B be another local ring, cp : A — > B a local ring homomorphism. The category 

of ip-Cohen-Macaulay modules is the full subcategory of £?-Mod whose objects are all 
the finitely presented £> -modules N that are (/9-flat, and such that N/xx\.aN is a Cohen- 
Macaulay 5-module. For every ueN,we let <y?-CM n be the full subcategory of <^-CM 
whose objects are the <y3-Cohen-Macaulay modules N with dim B N/vc\,aN = n. 

(vi) Let / : X — > Y be a locally finitely presented morphism of schemes, & a quasi- 
coherent ^x-module, x E X any point, and set y := f(x). We say that & is j -Cohen- 
Macaulay at the point x, if & x is a /^-Cohen-Macaulay module. We say that / is 
Cohen-Macaulay at the point x, if Gx is /-Cohen-Macaulay at the point x (cp. OTl 
Ch.IV,Def.6.8.1]). 

(vii) Let / and & be as in (vi). We say that & is /-Cohen-Macaulay (resp. that / is 
Cohen-Macaulay) if & (resp. & x ) is /-Cohen-Macaulay at every point x EX. 
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(viii) Let / and & be as in (vi). The f -Cohen-Macaulay locus of & is the subset 

CM(f,&) C X 

consisting of all x £ X such that / is Cohen-Macaulay at x. The subset CM(f, ff x ) is 
also called the Cohen-Macaulay locus of f and is denoted briefly CM(f). 

Lemma 4.4.33. Let f : X — ► Y be a locally finitely presented morphism of schemes, and & a 
finitely presented ^ x -module such that Supp J? = X. We have : 

(i) CM(f, J?) is an open subset of X, 

(ii) The restriction CM(f) —>■ Y of f is locally equidimensional. 

(iii) Let g : X' —> X be another morphism of schemes, x' £ X' a point such that g is etale 
at x'. Then g(x') £ CM(f, &) if and only if x 1 £ CM(f o g, g*&). 

(iv) Ifx £ CM{f), then 5'{x, G x ) = S'(f(x), G Y ) + dim & f -i( fx ), x (notation of (14.2.121) ). 

Proof, (i) and (ii) follow easily from [32, Ch.IV, Prop. 15.4.3], and (iii) follows from corollary 
|4.2.29[ Lastly, (iv) is an immediate consequence of corollary 14.2.331 □ 

Proposition 4.4.34. Let A be a regular local ring of dimension d, and M a finitely generated 
Cohen-Macaulay A-module. Then : 

(i) Ext A (M, A) = Ofor every i ^ c := d - dimM. 

(ii) The A-module $>{M) := Ext c A (M, A) is Cohen-Macaulay. 

(iii) The natural map M — > Ext c (^(M), A) is an isomorphism, and Supp Q){M ) = 
Supp M. 

(iv) For every n £ N, the functor 

9 : v4-CM n -> A-CM° AT ^ Ext d A n {N, A) 
is an equivalence of categories. 

Proof, (i): According to ll30l Ch.O, Prop. 17.3.4], the projective dimension of M equals c, so 
we may find a minimal free resolution — > L c — > • • ■ — > Li — > L — > M for M of length 
c. Hence, we need only prove the sought vanishing for every i < c. Set X := Spec A, 
Z := SuppM C X. By virtue of proposition 14.2.181 it suffices to show that depth z <^x > c. 
In light of (14.2.231 ), this comes down to showing that & x ,z is a local ring of depth > c, for 
every z E Z. The latter holds, since <ff XyZ is a regular local ring of dimension > c (J301 Ch.O, 
Cor.16.5.12]). 

(ii) : From (i) we deduce that := (L v — > ■ ■ ■ — >■ L^), together with its natural augmenta- 
tion L^ — > 9(M), is a free resolution of 9(M); especially, the projective dimension of 9(M) 
is < c, and therefore 

depth j4 ^(M) > dimM 

again by [30, Ch.O, Prop.17.3.4]. On the other hand, it follows easily from EH Prop.3.3.10] 
that Supp $>{M) C Supp M, so 3>(M) is Cohen-Macaulay. 

(iii) : From the proof of (ii) we see that i?Hom j 4(^(M), A) is computed by the complex 
= L,, whence the first assertion. Invoking again 11711 Prop.3.3.10], we deduce that 

SuppM C Supp^(M); since the converse inclusion is already known, these two supports 
coincide. 

(iv) follows straightforwardly from (ii) and (iii). □ 

Corollary 4.4.35. Let X be a regular noetherian scheme, and j : Y — > X a closed immersion. 
We have : 

(i) Y admits a dualizing complex w*. 

(ii) If Y is a Cohen-Macaulay scheme, then we may find a dualizing complex ujy that is 
concentrated in degree 0. Moreover, H°(uy) is a Cohen-Macaulay Gy-module. 
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Proof. Indeed, lemma l4~4.25IX ) shows that the complex lo y '■= j*RJfforriff x (j*&Y, @x) will do. 
According to proposition |4A34ji,ii), this complex fulfills the condition of (ii), up to a suitable 
shift. □ 

4.4.36. Let / : X — > S be a smooth quasi-compact morphism of schemes, & a finitely 
presented quasi-coherent ^-module, x E X any point, and s := f(x). Set 

A := s ,s B:=0 X>X F := J? x B :=B® a k(s) F : = F ® A k{s). 

Theorem 4.4.37. In the situation of (14.4.361) . suppose that F is a f\-Cohen-Macaulay module. 
Then we may find an open neighborhood U dXofxinX such that the following holds: 

(i) There exists a finite resolution of the ^-module &\u, of length n := dim B — dim B F 

E. : — > Jz? n — > 5£ n -\ —>■■■■—>■ J/f — > &\xj — > 

consisting of free ffy-modules of finite rank. Moreover, E. z'^ universally -exact, i.e. 
for every coherent €?s-module Sf, the complex E. f*& is still exact. 

(ii) The complex K* := RJffom^(^\u, @u) is concentrated in degree n. 

(iii) The natural map — > RM'om^iK* Gy) is an isomorphism in D(<^y-Mod). 

(iv) 77ze B-module G := H n K* is f\-Cohen-Macaulay, and SuppG = SuppF. 

Proof, (i): According to proposition |3.1.22[ the F-module F admits a minimal free resolution 

S Xj . : > L 2 Li L F — ► 

that is universally A-exact; especially, di(Li) is a flat A-module, for every i e N. It also follows 
that E X) . ®a k{s) is a minimal free resolution of the £> -module F . Since the latter is Cohen- 
Macaulay, and B is a regular local ring (" 11331 Ch.IV, Th. 17.5.1]), the projective dimension of 
the F -module F equals n ([30, Ch.O, Prop. 17.3.4]), therefore d n (L n ) ®a k(s) is a free B - 
module, so d n (L n ) is a flat F-module (lemma 13. 1.281) ; then we deduce that it is actually a free 
F-module, as it is finitely presented. Since E Xi . is minimal, we conclude that = for every 
i > n. We may now extend E^. to a finite resolution E. of by free ^-modules on some 
open neighborhood U of x, and after replacing U by a smaller neighborhood of £/, we may 
assume that &p is /|[/-flat ( 11321 Ch.IV, Th.l 1.3.1]), hence E. is universally ^-exact, as stated. 

(ii) : Let L, := (L n L ) be the complex obtained after omitting F from the resolu- 
tion E Xj , (where L is placed in degree 0). Then if* is isomorphic to := Hohib(L., B). On 
the other hand, the universal exactness property of E Xj . implies that 

Hom Bo (L. ®a k(s),B ) = L y , ® A k(s) 

computes i?Hom^ o (F , B ). In view of proposition I4.4.34I X). we have Ext^ o (F , B ) = for 
every i ^ n. From this, a repeated application of 11321 Ch.IV, Prop. 11.3.7] shows that is 
concentrated in degree n as well, and after shrinking U, we may assume that (ii) holds (details 
left to the reader). 

(iii) : Let J?f. := (££ n —>•••—> Jz? ) be the complex obtained by omitting J^m form the 
resolution E.; the proof of (iii) shows that RJ^om^j(K', &u) is computed by Jz?. vv = Jz?., 
whence the contention. 

(iv) : By the same token, ll32l Ch.IV, Prop. 11.3.7] implies that Cokerrf^ is a flat A-module, 
for every % = 1, . . . , n. Especially, G is a flat A-module, and the complex L^[— n], with its 
natural augmentation L v n — > G, is a universally A-exact and free resolution of the F-module G. 
Especially, the projective dimension of G is < n, therefore 

(4.4.38) depth B G > dim B F 

by [|30l Ch.O, Prop. 17.3.4]. From (iii) we also see that the induced map 

F 9 ^Ext%(G p ,B 9 ) 



282 



OFER GABBER AND LORENZO RAMERO 



is an isomorphism, for every prime ideal p C B; therefore Supp F C Supp G. Symmetrically, 
the same argument yields Supp G C Supp F, Hence the supports of F and G agree. Lastly, 
combining with (14.4.381) we see that G is Cohen-Macaulay. □ 

4.4.39. Keep the notation of (14.4.361) . and let ip := f\ : A — ► B. From theorem |4A37{iii,iv) 
we deduce that, for every n G N, the functor 

% : (f-CM n -> f-CM° n M i — ► Ext^ imBo - n (M, 5) 

is an equivalence, and the natural map M — > @ v o ^(M) is an isomorphism, for every </?- 
Cohen-Macaulay module M. We shall see later also a relative variant of corollary 14.4.351 in a 
more special situation (see proposition |4.6.5l ). 

4.5. Schemes over a valuation ring. Throughout this section, (K, \ ■ |) denotes a valued field, 
whose valuation ring (resp. maximal ideal, resp. residue field, resp. value group) shall be 
denoted K + (resp. m^, resp. k, resp. Y). Also, we let 

S := Specif and S/ b := SpecfT + for every 6 G m«- 

(so S/q = S) and we denote by s := Spec k (resp. by 77 := Spec K) the closed (resp. generic) 
point of S. More generally, for every S'-scheme X we let as well 

X/b :— X x s S/b for every b G m.^. 

A basic fact, which can be deduced easily from 11431 Part I, Th.3.4.6], is that every finitely 
presented S'-scheme is coherent; we present here a direct proof, based on the following 

Proposition 4.5.1. Let A be an essentially finitely presented K + -algebra, M a finitely gener- 
ated K + -flat A-module. Then M is a finitely presented A-module. 

Proof. Let us write A = S^B for some finitely presented i^ + -algebra B, and some multiplica- 
tive subset S C B; then we may find a finitely generated £>-module Mb with an isomorphism 
ip : S~ l M B A M of A-modules. Let M' B be the image of M B in M B ® K + K; since M is 
i^ + -flat, ip induces an isomorphism S^M'g — > M. It then suffices to show that M' B is a finitely 
presented 5-module; hence we may replace A by B and M by M' B , and assume that A is a 
finitely presented K + -algebra. 

We are further easily reduced to the case where A = K + [Ti, . . . , T n ] is a free polynomial 
i^ + -algebra. Pick a finite system of generators S for M; define increasing filtrations Fi\,A and 
Fil.M on A and M, by letting Fi\ k A be the K + -submodule of all polynomials P(T U . . . , T n ) G 
A of total degree < k, and setting Fil fc M := Fi\ k A • S C M for every k G N. We consider the 
Rees algebra R(A). and the Rees module R(M), associated to these filtrations as in definition 
|3.2.23r iiiiv). Say that S is a subset of cardinality A^; we obtain an A-linear surjection ip : 
A® N -> M, and we set M£ := (FilfcA)®^ n Ker ^ for every k G N. Notice that the resulting 
graded A^ + -module := fceN M( is actually a R(A). -module and we get a short exact 
sequence of graded R (A). -modules 

C. : -> A< -> R(A)f -> R(M). -> 0. 

Notice also that the i^ + -modules R(A)f N and R(M_) k arc torsion-free and finitely generated, 
hence they are free of finite rank (see 11361 Rem.6.1.12(ii)]); then the same holds for M' k , for 
every k G M. It follows that the complex C, ®k+ k is still short exact. On the other hand, RQ4). 
is a i^ + -algebra of finite type (see example 13.2.261) . hence R := R(A), ®k+ ^ is a noetherian 
ring; therefore, M' 9 ® K + k is a graded i?-module of finite type, say generated by the system of 
homogenenous elements {x±, . . . ,x t }. Lift these elements to a system £' := {xi, . . . , x t } of 
homogeneous elements of M'„ and denote by M'J C M' t the R(A).-submodule generated by E'. 
By construction, M' k ' ® K + k = M' k ® K + k, hence M' k ' = M' k for every k G N, by Nakayama's 
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lemma. In other words, £' is a system of generators for M' 9 ; it follows easily that the image of £' 
in Ker cp is also a system of generator for the latter A-module, and the proposition follows. □ 

Corollary 4.5.2. Every essentially finitely presented K + -algebra is a coherent ring. 

Proof. One reduces easily to the case of a free polynomial if + -algebra K + [T 1 , . . . ,T n ], in 
which case the assertion follows immediately from proposition 14.5.11 : the details shall be left 
to the reader. □ 

Lemma 4.5.3. If A if a finitely presented K + -algebra, the subset MinA C Spec A of minimal 
prime ideals is finite. 

Proof. We begin with the following : 

Claim 4.5.4. The assertion holds when A is a flat f^-algebra. 

Proof of the claim. Indeed, in this case, by the going-down theorem ([58, Th.9.5]) the minimal 
primes lie in Spec A ®k+ K, which is a noetherian ring. 

In general, A is defined over a Z-subalgebra R C K + of finite type. Let L C K be the field 
of fractions of R, and set L + := L n K + ; then L + is a valuation ring of finite rank, and there 
exists a finitely presented L + -algebra A' such that A ~ A' ® L + K + . For every prime ideal 
p C L + , let k(p) be the residue field of L+, and set : 

A'(p) := A' ® L + n(p) K + (p) := K + ® L + n(p). 

Since Spec L + is a finite set, it suffices to show that the subset Min A® L + n(p) is finite for every 
p E Spec L + . However, A <g> L + n(p) ~ A'(p) ® K ( P ) K + (p), so this ring is a flat K + (p) -algebra 
of finite presentation. Let I be the nilradical of K + (p) ; since K + (p) // is a valuation ring, claim 
14.5 .41 applies with A replaced by A ®k+ K + (p)/I, and concludes the proof. □ 

Lemma 4.5.5. Let (A, t&a) be a local ring, K + —>■ A a local and essentially finitely presented 
ring homomorphism. Then there exists a local morphism <p : V — >• A of essentially finitely 
presented K + -algebras, such that the following holds : 

(i) V is a valuation ring, its maximal ideal my is generated by the image of rax, and the 
map K + — > V induces an isomorphism T Ty of value groups. 

(ii) ip induces a finite field extension V/my — > A/vxa- 

Proof. Set X := Spec A and let x E X be the closed point. Let us pick a%, . . . , aa E A 
whose classes in k(x) form a transcendence basis over k(s). The system (ai \ % < d) defines 

a factorization of the morphism Specy? : X — > S as a composition X Y := Ag — > S, 
such that £ := gf(rc) is the generic point of /i _1 (s) C Y. The morphism g is essentially finitely 
presented (J30l Ch.IV, Prop.l.4.3(v)]) and moreover : 

Claim 4.5.6. The stalk is a valuation ring with value group T. 

Proof of the claim. Indeed, set B := K + [Ti, . . . , T^]; one sees easily that V := @x,i is the 
valuation ring of the Gauss valuation \-\b '■ Frac(£>) -> TU {0} such that 



= max{|a Q | | a E K 1 } 

B 

(where a a E K + and T a := Tf 1 • ■ • for all a := (a t , . . . , a d ) E N d , and a a = except for 
finitely many a E N d ). 

In view of claim 14 .5^61 to conclude the proof it suffices to notice that k(x) is a finite extension 

of«(0- □ 



284 



OFER GABBER AND LORENZO RAMERO 



Proposition 4.5.7. Let ip : K + — > A and if) : A — * B be two essentially finitely presented ring 
homomorphisms. Then : 

(i) If ip is integral, B is a finitely presented A-module. 

(ii) If A is local, ip is local and flat, and A/xtikA is afield, then A is a valuation ring and 
(p induces an isomorphism T — > 1^ of value groups. 

Proof, (i): The assumption means that there exists a finitely presented A-algebra C and a mul- 
tiplicative system T C C such that B = T~ l C . Let I := {J teT Amic(t). Then / is the kernel 
of the localization map C — > P; the latter is integral by hypothesis, hence for every t E T 
there is a monic polynomial P(X) E C[X], say of degree n, such that P^ 1 ) = in B, hence 
t't n ■ P(t~ 1 ) = in C, for some t' E T, i.e. t'(l - cb) = holds in C for some c E C, in 
other words, the image of t is already a unit in C/I, so that B = C/I. Then lemma lX 1.341 says 
that V(I) C Spec C is closed under generizations, hence V(I) is open, by corollary 13.1.371 and 
lemma |4T5.3[ and finally I is finitely generated, by lemma |3T.3ir ii). So B is a finitely presented 
A-algebra. Then (i) follows from the well known : 

Claim 4.5.8. Let R be any ring, S a finitely presented and integral P-algebra. Then S is a 
finitely presented P-module. 

Proof of the claim. Let us pick a presentation : S = R[xi, . . . , x n ]/(fi, . . . , f m ). By assump- 
tion, for every i < n we can find a monic polynomial Pi(T) E R[T) such that Pj(xj) = in S. 
Let us set S' := R[x 1 , . . . , x n ]/(Pi(a;i), . . . , P n (x n )); then S" is a free P-module of finite rank, 
and there is an obvious surjection S' — > S 1 of P-algebras, the kernel of which is generated by 
the images of the polynomials fi, . . . , f m . The claim follows. 
(ii): By lemma |4T5.5[ we may assume from start that the residue field of A is a finite extension 
of k. We can write A = C p for a fC + -algebra C of finite presentation, and a prime ideal p C C 
containing m^; under the stated assumptions, A/vcikA is a finite field extension of k, hence p is 
a maximal ideal of C, and moreover p is isolated in the fibre (? _1 (s) of the structure morphism 
g : Z := Spec C — > S*. It then follows from J321 Ch.IV, Cor. 13. 1.4] that, up to shrinking Z, we 
may assume that g is a quasi-finite morphism ( ll27l Ch.n, §6.2]). Let K h+ be the henselization 
of K + , and set C h := C ®k+ K h+ . There exists precisely one prime ideal q C C h lying over 
p, and C q h is a flat, finite and finitely presented K h+ -algebra by 03 Ch.IV, Th. 18.5.1 1], so C q h 
is henselian, by [33, Ch.IV, Prop.l8.5.6(i)], and then is the henselization of A, since the 
natural map A — > is ind-etale and induces an isomorphism ®x+ K — Finally, C* is 
also a valuation ring with value group T, by virtue of |[3~6l Lemma 6.1.13 and Rem.6.1.12(vi)]. 
To conclude the proof of (ii), it now suffices to remark : 

Claim 4.5.9. Let V be a valuation ring, ip : R — > 1/ a faithfully flat morphism. Then P is a 
valuation ring and induces an injection <£>r : — > Ly of the respective value groups. 

Proof of the claim. Clearly P is a domain, since it is a subring of V. To show that P is a 
valuation ring, it then suffices to prove that, for any two ideals I, J C R, we have either I C J 
or J C I. However, since V is a valuation ring, we know already that either / • V C J ■ V or 
J ■ V C I ■ V; since ip is faithfully flat, the assertion follows. By the same token, we deduce 
that an ideal I C P is equal to P if and only if I ■ V — V, which implies that ip r is injective 
(see [36, §6.1.11]). " □ 

Proposition 4.5.10. Let f : X — > S be aflat and finitely presented morphism, a coherent 
&x-module, x E X any point, y := f(x), and suppose that f^iy) is a regular scheme (this 
holds e.g. if f is a smooth morphism). Let also n := dim &f-t( y ),x- Then: 

(i) hom.dim^. x ^ x < n + 1. 

(ii) If & is f-flat at the point x, then hom.dim^ x x & x < n. 
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(iii) If ^ is reflexive at the point x, then hom.dim^ x ^ x < n — 1. 

(iv) If f has regular fibres, and & is reflexive and genetically invertible (see (14.4.91 )), then 
& is invertible. 

Proof. To start out, we may assume that X is affine, and then it follows easily from lemma 
I4.4.6r ii.a) that G x is coherent. 

(ii) : Since ffx is coherent, we can find a possibly infinite resolution 

> E 2 -> E 1 -> E -> -> 

by free ^x,s-modules £?j (z G N) of finite rank; set E-\ := J£" x and L := lm(E n — > E n _i). 
It suffices to show that the &x ^ -module L is free. For every ^x.x-module M we shall let 
M(y) := M ®<ff Xx £?f-Uy),x- Since L and ^ x are torsion-free, hence flat f^ + -modules, the 
induced sequence of (^-modules: 

- L(y) - E n -i(y) - • • -^(y) - £ (y) - J^(y) - 

is exact; since / _1 (y) is a regular scheme, L(y) is a free i^-i (^-module of finite rank. Since 
L is also flat as a i^ + -module, ll30l Prop. 11.3.7] and Nakayama's lemma show that any set of 
elements of L lifting a basis of L(y), is a free basis of L. 

(i): Locally on X we can find an epimorphism ff^ n — > J^, whose kernel £f is again a coherent 
^-module, since is coherent. Clearly it suffices to show that Sf admits, locally on X, a 
finite free resolution of length < n, which holds by (ii), since ^ is /-flat. 

(iii) : Suppose & is reflexive at x; by remark 14.4.41 we can find a left exact sequence 

- ^ - ^ - 

It follows that hom.dim^^^E = max(0, hom.dim^ x ^(Coker a) —2) < n — 1, by (i). 

(iv) : Suppose that is generically invertible, let j : [/ — > X be the maximal open immersion 
such that is an invertible ^/-module, and set Z := X\U. Under the current assumptions, 
X is reduced; it follows easily that U is the set where rk = 1, and that j is quasi-compact 
(since the rank function is constructible : see (I4.4.9I )). It follows from (iii) that Z fl / _1 (y) 
has codimension > 2 in / _1 (y), for every y G S. Hence the conditions of corollary 14.4.81 are 
fulfilled, and furthermore J^[0] is a perfect complex by (ii), so the invertible ^-module det & 
is well defined (lemma |4.4.13l ). We deduce natural isomorphisms: 

& ^ ^ j*det(j*«^"[0]) A j,j*det jqo] ^ det^[0] 

whence (iv). □ 

Proposition 4.5.11. Let X be a quasi-compact and quasi-separated scheme, n G N an integer, 
and denote by n :F X — > X the natural projection. Then the map 

H°(X, Z) © Pic X -> Pic P£ (r, Jjf ) ^ ^ P n (r) © vr*^ 

is an isomorphism of abelian groups. 

Proof. To begin with, let us recall the following well known : 

Claim 4.5.12. Let / : Y — > T be a proper morphism of noetherian schemes, a coherent 
/-flat ^-module, £ G T a point, p 6 Nan integer, and denote z t : — ► V the natural 
immersion. Suppose that H p+1 (f~ 1 (t), = 0. Then the natural map 

{B?UJ?) t ^HV{f-\t),i*&) 



is surjective. 
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Proof of the claim. In light of ll28l Ch.III, Prop. 1.4. 15], we easily reduce to the case where T is 
a local scheme, say T = Spec A for some noetherian local ring A, and t is the closed point of 
T. Set k := n(t), and for every q G N, consider the functor 

F_ 9 : A-Mod -> A-Mod M ^ #°(T, R p f*(f*M~ ®a Y &)) 

(where, as usual, M~ denotes the quasi-coherent ^-module arising from an A-module M). 
Since & is /-flat, the system | q G N) defines a homological functor. The assertion is 
that F_ p _i(A;) = 0, in which case 03 Ch.HI, Cor.7.5.3] (together with flM Ch.III, Th.3.2.1 
and Th.4.1.5]) says that F_ p _i(M) = for every A-module M. Hence, F_ p _i is trivially an 
exact functor, and it follows that the natural map F^ P (A) — > F_ p (k) is surjective ( 11291 Ch.III, 
Prop.7.5.4]), which is the claim. 

Now, the injectivity of the stated map is clear (details left to the reader). For the surjectivity, 
let £f be an invertible -module, write X as the limit of a filtered system (X\ \ A G A) of 
noetherian schemes, and for every A G A, let p\ : P£ — ► PS be the induced morphism; for 

some A G A, we may find an invertible ^pn -module with an isomorphism Sf A of 
-modules. Clearly, it then suffices to check the sought surjectivity for the scheme X\\ we 
may therefore replace X by X x , and assume from start that X is noetherian. 

Next, let x G X be any point, and i x : P™^ — > F x the natural immersion; we have i*& ~ 
6y» (r x ) for some r x G Z. Set ^ := &(-r x ), and notice that .^(P™^, i* J^) = 0; moreover, 
if x := H°{¥^ x yi* x ^) is a one-dimensional /t(x)-vector space. From claim |4~5.12[ it follows 
that there exists an open neighborhood U of x in X, and a section s G H (tt^ 1 U, mapping 
to a generator of if^. The section s defines a map of ^pn-modules (p : &^{r x ) — > ^^-iu- 
Furthermore, since i*^ ~ 0pn , it is easily seen that ip restricts to an isomorphism on some 

open subset of the form n~ lT J', where U' C U is an open neighborhood of x in X. 

Summing up, since x G X is arbitrary, and since X is quasi-compact, we may find a finite 
covering X — Ui U • • • U consisting of open subsets, and for every i = 1, . . . , d an integer 
Ti and an isomorphism ipi : ff^ (rA A S^L-iy of £5p™ -modules. Then, for every i,j<d such 
that f/jj := Ui fl C/j 7^ 0, the composition of the restriction of ipi followed by the restriction of 
(pj 1 , is an isomorphism 

of -modules. This already implies that = r, whenever Uij 7^ 0, hence the rule : 

x 1— > ri if x G t/j yields a well defined continuous map r : X — > Z. Lastly, </?jj is the scalar 
multiplication by a section 

Uij G tf (P£., = H°(U i3 , <5£.) for every /../ 1 d. 

The system (u^ \ i, j — 1, . . . , d) is a 1-cocycle whose class in Cech cohomology H l (U,, 
corresponds to an invertible &x -module Jzf, with a system of trivializations ^ ^ f° r 
i = 1 , . . . , d; especially, cpi can be regarded as an isomorphism (vr -1 Jz? ) ^-1^ (Vj) ^ ^-Wi for 
every i = 1, . . . , d. By inspecting the construction, it is easily seen that these latter maps patch 
to a single isomorphism of ff-pn -modules 7r*Jz? (r) ^ Sf , as required. □ 

Corollary 4.5.13. Let f : X — > S be a smooth morphism of finite presentation, set G m x := 
X x s Spec K + [T, T -1 ], and denote by ir : G mj x X the natural morphism. Then the map 

Pic X -> Pic G m , x J^f ^ 7T*^ 

15 an isomorphism. 
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Proof. To start out, the map is injective, since n admits a section. Next, let j : G m ,x — ^ be 
the natural open immersion, and denote again by ir : F x — > X the natural projection. According 
to theorem |9 . 2 . 1 5 1 and proposition l4.5.10I T). every invertible ff^ m x -module extends to an invert- 
ible -module (namely the determinant of a coherent extension). Since j*<^pi On) — &g x , 

" I 1 ^ ' 

the claim follows from proposition 14.5.1 II □ 

Remark 4.5.14. The proof of proposition l4.5.1 1 l is based on the argument given in ||59l Lecture 
13, Prop. 3]. Of course, statements related to corollary |4 . 5 . 1 3 1 abound in the literature, and more 
general results are available: see e.g. [6| and ||69l . 

Proposition 4.5.15. Let f : X — > S be a smooth morphism of finite type, j : U —* X an open 
immersion, and set Z := X\U. Then: 

(i) Every invertible &u -module extends to an invertible ^x-module. 

(ii) Suppose furthermore, that: 

(a) For every point y E S, the codimension of Z Tl f^iy) in f~ x {y) is > 1, and 

(b) The codimension ofZn f^ijf) in f^irf) is > 2. 
Then the restriction functors: 

(4.5.16) ^ X -Rflx -»• ^-Rflx PicX^Pict/ 

are equivalences. 

Proof, (i): Notice first that the underling space \X\ is noetherian, since it is the union | U 

\f~ l 0r]) \ of two noetherian spaces. Especially, every open immersion is quasi-compact, and X 
is quasi-separated. We may then reduce easily to the case where U is dense in X, in which case 
the assertion follows from propositions I4.4.7I D and l4.5.10f iv). 
(ii): We begin with the following: 

Claim 4.5.17. Under the assumptions of (ii), the functors (14.5.161) are faithful. 

Proof of the claim. Since / is smooth, all the stalks of &x are reduced ([33 , Ch.IV, Prop. 17.5.7]). 
Since every point of Z is specialization of a point of U, the claim follows easily from remark 
HAS 
Under assumptions (a) and (b), the conditions of corollary 14.4.81 are fulfilled, and one de- 
duces that (14.5.161 ) are full functors, hence fully faithful, in view of claim 143.171 The essential 
surjectivity of the restriction functor for reflexive ^-modules is already known, by proposition 

MM). ' □ 

Lemma 4.5.18. Let f : X — > S be aflat, finitely presented morphism, and denote by U C X 
the maximal open subset such that the restriction f\u : U — > S is smooth. Suppose that the 
following two conditions hold: 

(a) For every pointy e S, the fibre f~ l {y) is geometrically reduced. 

(b) The generic fibre f^Orj) is geometrically normal. 

Then the restriction functor induces an equivalence of categories (notation of (14.4.91 )) : 

(4.5.19) DivX^Picf/. 

Proof. Let & be any generically invertible reflexive (^--module; it follows from proposition 
I4.5.10r iv) that J^m is an invertible ^-module, so the functor (14.5.191) is well defined. Let 
y E S be any point; condition (a) says in particular that the fibre is generically smooth 

over n(y) (ASH Th.28.7]). Then it follows from J3l Ch.IV, Th. 17.5.1] that Unf~ 1 {y) is a dense 
open subset of f~ l (y), and if x 6 then the depth of ^f-^( y ), x is > h since the latter is 

a reduced local ring of dimension > 1. Similarly, condition (b) and Serre's criterion [58, Ch.8, 
Th.23.8] say that for every x E / _1 (r])\?7, the local ring ^-i/^ )X has depth > 2. Furthermore, 
|[3~2l Ch.IV, Prop. 9. 9.4] implies that the open immersion j : U — > X is quasi-compact; summing 
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up, we see that all the conditions of corollary 14.4.81 are fulfilled, so that & = for every 

reflexive ^-module & . This already means that (14.5.191 ) is fully faithful. To conclude, it 
suffices to invoke proposition l4.4.7IT ). □ 

The rest of this section shall be concerned with some results that hold in the special case 
where the valuation of K has rank one. 

Theorem 4.5.20. Suppose that K is a valued field of rank one. Let f : X — > S be a finitely 
presented morphism, & a coherent & x -module. Then : 

(i) Every coherent proper submodule C & admits a primary decomposition. 

(ii) Ass & is a finite set. 

Proof. By lemma |4.3. 101 assertion (ii) follows from (i). Using corollary 14.3 .91 11) we reduce 
easily to the case where X is affine, say X = Spec A for a finitely presented A + -algebra A, 
and & = M~, 3f = iV~ for some finitely presented A-modules iV C M / 0. By considering 
the quotient M/N, we further reduce the proof to the case where N = 0. Let us choose a closed 
imbedding % : X — > Spec B, where B := K + [Ti, . . . , T r ] is a free polynomial i^ + -algebra; by 
proposition 14.3.141 the submodule C ^ admits a primary decomposition if and only if the 
submodule C does. Thus, we may replace A by B, and assume that A = A + [T 1; . . . , T r ), 
in which case we shall argue by induction on r. Let £ denote the maximal point of / -1 (s); by 
claim |4.5!6l V := X £ is a valuation ring with value group T. Then [361 Lemma 6.1.14] says 
that 

M c ~ V® m © (V/hV) © • • • © (V/b k V) 

for some m E N and elements bi,...,bk G mA-\{0}. After clearing some denominators, we 
may then find a map <p : M' := A® m © (A/biA) © • • • © (A/b k A) -> M whose localization </} € 
is an isomorphism. 

Claim 4.5.21. AssA/feA = {£} whenever 6 e mx\{0}. 

Proof of the claim. Clearly Ass A/bA C Let x G be a non-maximal point. 

Thus, the prime ideal p C A corresponding to x is not contained in xu,kA, i.e. there exists a E p 
such that \a\A = L Suppose by way of contradiction, that x E Ass A/bA; then we may find 
c E A such that c bA but a n c E bA for some n E N. The conditions translate respectively as 
the inequalities : 

|cU > |&U and |a n | A • \c\ A = \a n c\ A < \b\ A 

which are incompatible, since \a n \ A = 1. 

Since (Ker ip)^ = 0, we deduce from claim I4.5.21l and propo sition 14 . 3 . 4f ii) that Ass Ker <p = 
0; therefore Ker Lp = 0, by lemma l4~.3.3r iii). Moreover, the submodule Ni := A® m (resp. 
A 2 := (A/biA) © • • • © (A/bkA)) of M' is either ^-primary (resp. {0}-primary), or else equal 
to M'\ in the first case, C M' admits the primary decomposition = N% fl N 2 , and in the 
second case, either is primary, or else M' = has the empty primary decomposition. Now, 
if r = then M = M' and we are done. Suppose therefore that r > and that the theorem 
is known for all integers < r. Set M" := Cokery?; clearly £ ^ SuppM", so by proposition 
|4.3.13l we are reduced to showing that the submodule C M" admits a primary decomposition. 
We may then replace M by M" and assume from start that £ ^ Supp & . Let C & be 
the fC + -torsion submodule; clearly & j^ 1 is a flat fC + -module, hence it is a finitely presented 
6x -module (proposition 14.5. II) . so & l is a finitely generated &x -module, by ifTTl Ch.10, §.1, 
n.4, Prop. 6]. Hence we may find a non-zero a E mx such that a^ 1 = 0, i.e. the natural map 
J?* — > ja^ is injective. Denote by z : Z := V(Ann & /a&) — * A the closed immersion. 

Claim 4.5.22. There exists a finite morphism g : Z — > A^T 1 . 
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Proof of the claim. Since £ ^ Supp we have / ^ vcikA, i-e. we can find b G I such that 
\b\A = 1. Set PL := V(a, 6) C X; it suffices to exhibit a finite morphism PL — > A r s _1 . By 
[fT3l §5.2.4, Prop. 2], we can find an automorphism a : A/aA — > A/aA such that cr(6) = u ■ b', 
where u is a unit, and V G (# + /a/r + )[Ti, . . . , T r ] is of the form V = T r k + a j T h for 

some oq, . . . , a k -i G {K + /aK + )[T u . . . , T P _i]. Hence the ring A/ (a A + L4) = A/(aA + £M) 
is finite over K + [T±, . . . , T r _i] , and the claim follows. 

Claim 4.5.23. The ^x-submodule C & ' ja& admits a primary decomposition. 

Proof of the claim. Let Sf := / a^)\z- By our inductive assumption the submoduleO C 
on A^ 1 admits a primary decomposition; a first application of proposition @3j3] then shows 
that the submodule C Sf on Z admits a primary decomposition, and a second application 
proves the same for the submodule C = & ' ja& '. 
Finally, let j : Y :— V(a) C X be the closed immersion, and set U :— X \ Y. By con- 
struction, the natural map £ y J^ — > is injective. Furthermore, [/ is an affine noetherian 
scheme, so Il58l Th.6.8] ensures that the ^/-submodule C &\u admits a primary decomposi- 
tion. The same holds for j* J^~, in view of claim 143.231 To conclude the proof, it remains only 
to invoke proposition l4.3.16l □ 

Corollary 4.5.24. Let K be a valued field of rank one, f : X —> S a finitely presented mor- 
phism, J? a coherent Gx-module, and suppose there is given a cofiltered family J[_ := ( | A G 
A) such that : 

(a) ijCft; is a coherent ideal for every A G A. 

(b) J\ • J^u G J_ whenever J\, G J_. 
Then the following holds : 

(i) &\ := Ann^(/\) C is a submodule of finite type for every A G A. 

(ii) There exists A G A such that C &\ far every p G A. 

Proof. We easily reduce to the case where X is affine, say X = Spec A with A finitely presented 
over K + , and for each A G A the ideal I\ := T(X, J?\) C A is finitely generated. 

(i) : For given A G A, let fx, . . . , f k be a finite system of generators of I\; then &\ is the 
kernel of the map cp : J? — > defined by the rule : m 1— > (fxm, . . . , /^m), which is finitely 
generated because A is coherent. 

(ii) : By theorem [4.5.201 we can find primary submodules Sfi, . . . ,& n C & such that ^1 n 
• • • n = 0; for every % < n and A G A set M\ := 3> j% and M 3 ^ : = Ann^(j^)- Since the 
natural map & — > ©™ =1 ^ is injective, we have : 

= ^ n © • • • © J^n,x) for every A G A. 

It suffices therefore to prove that, for every i <n, there exists A G A such that M\ !jU = J^f^ f° r 
every /i 6 A. Say that is p-primary, for some prime ideal p C 4; suppose now that there 
exists A such that /j C p; since I\ is finitely generated, we deduce that I™ Ml = for n G N 
large enough; from (b) we see that J?£ G so (ii) holds in this case. In case I x £ p for every 
A G A, we have Ann^^) = for every A G A, so (ii) holds in this case as well. □ 

Corollary 4.5.25. Suppose A is a valuation ring with value group Ta, and <p : K + — > A is an 

essentially finitely presented local homomorphismfrom a valuation ring K + of rank one. Then: 

(i) If the valuation of K is not discrete, (p induces an isomorphism T —>■ Ta- 

(ii) If T ~ Z and ip is flat, <p induces an inclusion L C L^, and (L4 : L) is finite. 

Proof. Suppose first that r ~ Z; then A is noetherian, hence Ta is discrete of rank one as well, 
and the assertion follows easily. In case T is not discrete, we claim that A has rank < 1. Indeed, 
suppose by way of contradiction, that the rank of A is higher than one, and let rriA C A be 
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the maximal ideal; then we can find a,b E rru\{0} such that a~ % h E A for every % G N. Let 
us consider the A-module M := A/feA; we notice that Ann M (a l ) = a~ l bA form a strictly 
increasing sequence of ideals, contradicting corollary I4.5.24r ii). Next we claim that ip is flat. 
Indeed, suppose this is not the case; then A is a K-algebra. Let p C A be the maximal ideal; 
by lemma |4~5 .51 we may assume that A/p is a finite extension of k. Now, choose any finitely 
presented quotient A of A supported at p; it follows easily that A is integral over K + , hence 
it is a finitely presented 7^ + -module by proposition 14.5 .7I X), and its annihilator contains m^, 
which is absurd in view of ll36l Lemma 6.1.14]. Next, since T is not discrete, one sees easily 
that xxvkA is a prime ideal, and in light of the foregoing, it must then be the maximal ideal. Now 
the assertion follows from proposition l4.5.7r ii). □ 

4.5.26. Let B be a finitely presented A' + -algebra, A :— (A, Fil.A) be a pair consisting of a 
£>-algebra and a £>-algebra filtration on A; let also M be a finitely generated A-module, and 
Fil.M a good A-filtration on M (see definition |3.2.25l ). By definition, this means that the Rees 
module R(M). of the filtered A-module M := (M, Fil.M) is finitely generated over the graded 
Rees £?-algebra R(A).. We have : 

Proposition 4.5.27. In the situation of (14.5.261) . suppose that A is a finitely presented B- 
algebra, M is a finitely presented A-module, and Fil.A is a good filtration. Then : 

(i) R(A). is a finitely presented B -algebra, and R(M). is a finitely presented R(A).- 
module. 

(ii) If furthermore, Fil.A is a positive filtration (see definiion I3.2.25r ii)). then FiljM is a 
finitely presented B -module, for every i 6 Z. 

Proof. By lemma IT.2.291 there exists a finite system of generators m := (m 1; . . . , m n ) of M, 
and a sequence of integers k := (ki, . . . , k n ) such that Fil.M is of the form (|3.2.28l) . 

(i): Consider first the case where A is a free £> -algebra of finite type, say A = B[t\, . . . ,t p ], 
such that Fil.A is the good filtration associated to the system of generators t := (t\, . . . , t p ) 
and the sequence of integers r := (n, . . . , r p ), and moreover M is a free A-module with basis 
m. Then R(A). is also a free 5-algebra of finite type (see example 13.2.261) . Moreover, for 
every j < n, let Mj C M be the A-submodule generated by rrij, and denote by Fil.Mj the 
good A-filtration associated to the pair ({mj}, {kj}); clearly Fil.M = Fil.Mi © • • • ® Fil.M n , 
therefore R(M). = R(M 1 ). © • • ■ © R(M n )„ where Mj := (Mj, Fil.M^) for every j < n. 
Obviously each RQ4). -module R(M J ). is free of rank one, so the proposition follows in this 
case. 

Next, suppose that A is a free 5-algebra of finite type, and M is arbitrary. Let F be a 
free A-module of rank n, e := (ei, . . . , e n ) a basis of F, and define an A-linear surjection 
Lp : F — > M by the rule Bj i— >■ rrij for every j < n. Then if is even a map of filtered A- 
modules, provided we endow F with the good A- filtration Fil.F associated to the pair (e, k). 
More precisely, let N := Kery?; then the filtration Fil.M is induced by Fil.F, meaning that 
FiljM := (N + FiUF)/N for every i G Z. Obviously the natural map R(£). -> R(M). 
is surjective, and its kernel is the Rees module R(AQ. corresponding to the filtered A-module 
N := (N,Fi\,N) with FiljiV := fl FiljF for every i G Z. Let x := (xi, . . . ,x s ) be a 
finite system of generators of N, and choose a sequence of integers j := (ji, . . . ,j s ) such that 
x-i E FiljiV for every i < s; denote by L the filtered A-module associated as in (|3.2.27l) . to the 
A-module iV and the pair (x, j). Thus, R(L). is a finitely generated graded R(A).-submodule 
of R(N).. To ease notation, set N := R(iV)./R(L). and F := R(£)./R(L).. Recall (definition 
l3.2.23r iiiY) that R(A). is a graded fi-subalgebra of A[U, U' 1 }; then we have : 

Claim 4.5.28. N = U„ eN Ann F (f/ n ). 

Proof of the claim. It suffices to consider a homogeneous element y := U l z E R(F)i, for some 
some z E FiljF. Suppose that U n y E R(L)j +n ; especially, U %+n z E R(N_)i +n , so z E N, 
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hence y G R(N_)i. Conversely, suppose that y G R(N_)i\ write z = x-^ai + • • • + x s a s for some 
ai, . . . , a s G A. Say that a r G Fil br A for every r < s, and set I := max(z, b x + j x , . . . , b s + j s ). 
Then U l ~ l y = U l z G R(L),. " 

By the foregoing, R(P)« is finitely presented over R(A).. It follows that N is finitely gener- 
ated (corollary 14.5.241) . hence RQV). is a finitely generated R (A), -module, so finally R(M). is 
finitely presented over R(A).. 

Lastly, consider the case of an arbitrary finitely presented P-algebra A, endowed with the 
good P-algebra filtration associated to a system of generators x := (x±, . . . ,x p ) and the se- 
quence of integers r. We map the free P-algebra P := B[ti, . . . ,t p ] onto A, by the rule: 
tj i — ► Xj for every j < p. This is even a map of filtered algebras, provided we endow P with the 
good filtration Fil.P associated to the pair (t, r); more precisely, Fil.P induces the filtration 
Fil.A on A, hence Fil.A is a good P-filtration. By the foregoing case, we then deduce that 
R(A). is a finitely presented R(P). -module (where P := (P, Fil.P)), hence also a finitely pre- 
sented 7^ + -algebra. Moreover, M is a finitely presented P-module, and clearly Fil.M is good 
when regarded as a P-filtration, hence R(M). is a finitely presented R(P). -module, so also a 
finitely presented R (A), -module. 

(ii): The positivity condition implies that RQ4)o = B; then, taking into account (i), the 
assertion is just a special case of proposition l3.2.16r iii). □ 

Theorem 4.5.29. (Artin-Rees lemma) Let A be an essentially finitely presented K + -algebra, 
I C A an ideal of finite type, M a finitely presented A-module, N C M a finitely generated 
submodule. Then there exists an integer c G N such that : 

I n M n N = r~ c {I c M n N) for every n > c. 

Proof. We reduce easily to the case where A is a finitely presented /T + -algebra; then, with all 
the work done so far, we only have to repeat the argument familiar from the classical noetherian 
case. Indeed, let us define a filtered f^-algebra A := (A, FH.A) by the rule : Fi\ n A := I~ n 
if n < 0, and Yi\ n A := A otherwise; also let M := (M, Fil.M) be the filtered A-module 
such that FiljM := M ■ FiljA for every i 6 Z. We endow Q := M/N with the filtration 
Fil.Q induced from Fil.M, so that the natural projection M — > M/N yields a map of filtered 
A-modules M — > Q := (Q,Fi\,Q). By proposition 14.5.271 there follows a surjective map 
of finitely presented graded R (A), -modules : n, : R(M). — > R(Q)., whose kernel in degree 
k < is the A-module I~ k M R N. Hence we can find a finite (non-empty) system / 1( . . . , f r of 
generators for the R(A). -module Ker tt.; clearly we may assume that each f is homogeneous, 
say of degree g^; we may also suppose that di < for every i < r, since Ker7r generates 
Ker 7i n , for every n > 0. Let d := min (di \ i = 1, . . . , r); by inspecting the definitions, one 
verifies easily that 

R(A)i ■ Ker ttj C R(A) i+ j^d ■ Ker 71^ whenever i + j < d and > j > d. 
Therefore Ker 7id+k = R(A)k ■ Ker n d for every k < 0, so the assertion holds with c := —d. □ 

4.5.30. In the situation of theorem [4.5.291 let M be any finitely presented A-module; we 
denote by M A the J-adic completion of M, which is an A A -module. 

Corollary 4.5.31. With the notation of (14.5.301) . the following holds : 

(i) The functor M \— > M A 15 exact on the category of finitely presented A-modules. 

(ii) For every finitely presented A-module M, the natural map M ®a A a — > M A is an 
isomorphism. 

(iii) A A is flat over A. If additionally I C rad A (the Jacobson radical of A), then A A is 
faithfully flat over A. 



292 



OFER GABBER AND LORENZO RAMERO 



Proof, (i): Let iV C M be any injection of finitely presented A-modules; by theorem \A.5 .291 
the J-adic topology on M induces the J-adic topology on N. Then the assertion follows from 
ElTh.8.1]. 

(ii): Choose a presentation A® p — > A® q — > M — > 0. By (i) we deduce a commutative 
diagram with exact rows : 

A®v ® A A A A® q ® A A A M ® A A A 



and clearly the two left-most vertical arrows are isomorphisms. The claim follows. 

(iii): The first assertion means that the functor MhM (gu A a is exact; this follows from (i) 
and (ii), via a standard reduction to the case where M is finitely presented. Suppose next that 
I C rad A; to conclude, it suffices to show that the image of the natural map Spec A A — > Spec A 
contains the maximal spectrum Max A ( 11581 Th.7.3]). This is clear, since A A /IA A ~ A/ 1 A, 
and the natural map Max A / 1 A — > Max A is a bijection. □ 

Theorem 4.5.32. Let B —>■ A be a map of finitely presented K + -algebras. Then : 

(i) If M is an uo-coherent A-module, M is uo-coherent as a B-module. 

(ii) If J is a coh-injective B-module, and I C B is a finitely generated ideal, we have : 

(a) Hom s (A, J) is a coh-injective A-module. 

(b) UneN Annj(/ n ) is a coh-injective B-module. 

(iii) If(J n ,<Pn \ n E N) is a direct system consisting of coh-injective B / I n -modules J n and 
B-linear maps ip n : J n — ► J n+i (for every n E N), then colim J n is a coh-injective 

neN 

B-module. 

Proof. (See (|3. 1.241) for the generalities on coh-injective and ^-coherent modules.) 

(i): We reduce easily to the case where M is finitely presented over A. Let x±, . . . , x p be a 
system of generators for the £> -algebra A, and mi, ... , m n a system of generators for the A- 
module M. We let A := (A, Fi\,A), where Fil.^4 is the good _B-algebra filtration associated 
to the pair x := (x\, . . . , x p ) and r := (1, . . . , 1); likewise, let M be the filtered A-module 
defined by the good A-filtration on M associated to m := (mi, . . . , m n ) and k := (0, . . . , 0) 
(see definition 13.2.251) . Then claim follows easily after applying proposition |4.5.27t ii) to the 
filtered B-algebra A and the filtered A-module M . 

(ii.a): Let N C M be two coherent A-modules, and cp : N — > Hom B (A, J) an A-linear map. 
According to claim [93.251 cp corresponds by adjunction to a unique 5-linear map Tp : N — >• J; 
on the other hand by (i), M, and M/N are cu-coherent _B-modules, hence Tp extends to a B- 
linear map ip : M — > J (lemma [3. 1.261) . Under the adjunction, tp corresponds to an A-linear 
extension ip : M — > Hom B (A, J) of if. 

(iii): Let M C N be two finitely presented fi-modules, / : M — > J := colim J n a 5-linear 

map. Since M is finitely generated, / factors through a map / n : M — > J n and the natural 
map J n — > J, provided n is large enough ([36, Prop.2.3.16(ii)]). By theorem |4 . 5 .291 there exists 
ceN such that I n+C N n M c I n M. Hence 

/ n+c := ifn+c-i o ■ ■ ■ o ip n o f n : M ^ J n+C 

factors through a unique 5// n+c -linear map J n+C : M := M/(f +c iVnM) -> J n+C ; since J n+C 
is finitely generated, M is a coherent submodule of the coherent fi-module iV := N/I n+C N, 
therefore f n+c extends to a map g : N — >• J n+C . The composition of g : — >• J n+C with the 
projection N ^ N and the natural map J n+C — > J, is the sought extension of /. 
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(ii.b): Letting A := B/I n in (ii.a), we deduce that J n := Annj(J n ) is a coh-injective B/I n - 
module, for every neN. Then the assertion follows from (iii). □ 

4.6. Local duality. Throughout this section we let (K, | • |) be a valued field of rank one. We 
shall continue to use the general notation of ( 14.51) . 

4.6.1. Let A be finitely presented fT + -algebra, / C A an ideal generated by a finite system 
f := (fi | i — 1, . . . , r), and denote by i : Z := V(I) — > X := Spec A the natural closed 
immersion. Let also / C be the ideal arising from /. For every n > there is a natural 
epimorphism 

whence natural morphisms in D(A-Mod) : 

(4.6.2) i?Horn^(^/^", J?*) -> ^Hom^^.r 1 ^, A iO^" 

for any bounded below complex of (^-modules. 

Theorem 4.6.3. In the situation of (14.6.11 ), let M* be any object ofD + (A-~Mod), and M'~ the 
complex of €?x -modules determined by M. Then (14.6.21 ) induces natural isomorphisms : 

colimExt , (AIT, M") ^ R%M^ for every i E N. 

neN 

Proof. For ^* := M*~, trivial duality (theorem 19.3.261 ) identifies the source of (14.6.21) with 
RRom' A (A/ I n , M m ); then one takes cohomology in degree i and forms the colimit over n to 
define the sought map. Next, by usual spectral sequence arguments, we may reduce to the 
case where M* is a single A-module M sitting in degree zero (see e.g. the proof of proposition 
19.2.1 U i)). By inspecting the definitions, one verifies easily that the morphism thus defined is the 
composition of the isomorphism of proposition l4.2.26h i.b) and the map (13.1.121) (see the proof 
of proposition l4.2.26h i.b N ) N ); then it suffices to show that the inverse system (i/;K.(f n ) | n E N) 
is essentially zero when i > (lemma 13.1.131) . By lemma 13 . 1 . 1 51 this will in turn follow, 
provided the following holds. For every finitely presented quotient B of A, and every b E B, 
there exists p E N such that Ami£(6 9 ) = Anns(6 p ) for every q > p. This latter assertion is a 
special case of corollary 14.5.241 □ 

Corollary 4.6.4. In the situation oftheorem \4.6.3\ we have natural isomorphisms : 
colimExtU/ n , M") A H*(X\Z, M"~) for every i E N. 

neN 

Proof. Set U := X\Z. We may assume that M* is a complex of injective A-modules, in 
which case the sought map is obtained by taking colimits over the direct system of composed 
morphisms : 

Hom A (r\ M") ^ Y{U,M m ) -> RT(U, M*~) 
where /?„ is induced by the identification (/ n )[^ = ^/ and the natural isomorphism : 

Hom^(^/,M-) ~ r(C/,M-). 

The complex RT(U, M"~) is computed by a Cartan-Eilenberg injective resolution M*~ 
of i^x-modules, and then the usual arguments allow to reduce to the case where M* consists of 
a single injective A-module M placed in degree zero. Finally, from the short exact sequence 
0— > I n — > A — > A/I n — > we deduce a commutative ladder with exact rows : 

Rom A (A/I n , M) M Hom A (/ n , M) »- 

T Z M~ M T(U, M~) R l T z M~ 
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where a n is induced from (14.6.21) . From theorem \A. 6 .3 1 it follows that colima n is an isomor- 
phism, and R % T Z M~ vanishes for all % > 0; hence colim/3 n is an isomorphism, and the con- 
tention follows. □ 

Proposition 4.6.5. Let X — > Y A 5 be two finitely presented morphisms of schemes. 

(i) If g is smooth, ^V[0] is a dualizing complex on Y. 

(ii) 7/"g w smooth and f is a closed immersion, then X admits a dualizing complex uj' x . 

(iii) If X and Y are affine and uj y is a dualizing complex on Y, then f'LU Y is dualizing on 
X (notation of (14.1.151) ). 

(iv) Every finitely presented quasi-separated S -scheme admits a dualizing complex. 

Proof, (i) is an immediate consequence of proposition 14 . 5 . 1 Ot i) . 

(ii) : As in the proof of corollary 14.4.351 this follows directly from (i) and lemma I4A25I T). 

(iii) : Let us choose a factorization / = pyoi where i : X — > A Y is a finitely presented closed 
immersion, and py ■ A Y — > Y the smooth projection onto Y. In view of lemma I4A25H ) and 
(14.1.151) . it suffices to prove the assertion for the morphism py To this aim, we pick a closed 
finitely presented immersion h : Y —> A™ and consider the fibre diagram : 

Ay — ^ A£ +m 



PY 



PS 



Y 



By (i) we know that the scheme A™ admits a dualizing complex to", and then lemma l4A25r i) 
says that hruj' is dualizing as well. By proposition l4.4.23l we deduce that to Y — -&[o\ ®@ Y ^' UJ * 
for some invertible ^-module J2? and some continuous function a : \Y\ — > Z. Since py is 
smooth, we can compute: p y uj y ~ (p Y ° h [ u') ®^ A „ p Y ££\(r\, hence p Y u Y is dualizing if and 

only if the same holds for p Y o fruj*. By proposition 14. 1 J[ 'w). the latter complex is isomorphic 
to h' b o p'gto* and again using lemma |4.4.25T i) we reduce to checking that p [ s uj* is dualizing, 
which is clear from (i). 

(iv): Let / : X — > S be a finitely presented morphism, with X quasi-separated. If X is 
affine, (iii) says that / ! <^s[0] is dualizing on X. In the general case, let (Ui \ i = 1, . . . , n) be 
a finite covering of X consisting of affine open subsets; for each i, j, k = 1, . . . , n, denote by 
/, : Ui — > S the restriction of /, set Uj := U H Uj, Ujk := Uj fl Uk, and let : Uj — * U be 
the inclusion map. We know that fl^sl®} is dualizing on U, for every i = 1, . . . , n; moreover, 
for every i, j = 1, . . . , n there exists a natural isomorphism 

Vty : 9tjfl0s[O] ^ gTjifftsM 

fulfilling the cocycle condition 

ipjk\u ijk o ipij\u ijk = ipik\u 1Jk for every i,j,k = l,...,n 

(lemma |4. 1.161) . In other words, ((U, f-&s[Q])] i>ij | j = 1, • • • , n) is a descent datum for the 
fibration (I4.4.27I ). Then the assertion follows from proposition |4A28l □ 

Example 4.6.6. (i) For given b e m^, let % : S/ b — ► S be the closed immersion. If b ^ 0, a 
simple computation yields a natural isomorphism in D(£% -Mod) : 

By proposition I4.6.5r i.iii). we deduce that ^g,j0] is a dualizing complex on S/b, for every b E 
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(ii) Next, let / : X — > S/b be an affine finitely presented Cohen-Macaulay morphism, of 
constant fibre dimension n. Then uj' x := f'&s /b [0) is a dualizing complex on X, by (i) and 
propo sition 14 . 6 . 5 f in) . Moreover, u x is concentrated in degree —n, and H~ n uj' x is a finitely pre- 
sented /-Cohen-Macaulay (^-module. Indeed, let i : X — > Y := A;<? be a closed immersion 
of S/t-schemes, and denote by g : Y — > S/j the projection. Fix any let y := and set 

4. := dim &f-^f x ) tX d y := dim <^ g -i( s2/ ), r 
We have a natural isomorphism in D(^--Mod) 

u' x A i ! ^ y [m] A i*RJ^om' ffY (i^ x , £y[m]) 

(lemma 14.1.161 1)). and by assumption is a ^-Cohen-Macaulay ^y-module; by theorem 
I4.4.371 ii). it follows that 2 is concentrated in degree d y — d x — m, and its cohomology in that 
degree is /-Cohen-Macaulay, as asserted. Lastly, since the fibres of / and g are equidimensional 
((HI Ch.IV, Prop. 5. 2.1] and lemma PT4 . 3 3 I ii) ) , it is easily seen that d y — d x = m — n (details 
left to the reader), whence the claim. 

4.6.7. For any finitely presented morphism / : X — > S we consider the map : 

d : \X\ — > Z x 1 — > tr. deg(/t(x)//t(/(x))) + dim {/(a;)}. 

Lemma 4.6.8. M?/z ?/ze notation of (14.6.71 ), let x,y e X, and suppose that x is a specialization 
ofy. We have : 

(i) x Z5 an immediate specialization ofy if and only ifd(y) = d(x) + 1. 

(ii) 7/X ?5 irreducible, d(x) — d(y) = dimX(y) — dimX(x). 

(iii) X «5 catenarian and of finite Krull dimension. 

(iv) If X is irreducible and f is flat, then &f-i<f x ),x is equidimensional. 

(v) Iff is flat, then dim x ,x = dim ^/-i(/ x ), a: + dim ^ s ,/(x)- 

(vi) 7// z's Cohen-Macaulay at the point x, then £?x,x is equidimensional. 

Proof, (i): In case f(x) = f(y), the assertion follows from OT1 Ch.IV, Prop. 5. 2.1]. Hence, 
suppose that f(x) = s, f(y) = 77; let Z be the topological closure of {y} in X, and endow Z 
with its reduced subscheme structure; notice that Z is an S-scheme of finite type. By assump- 
tion, X is quasi-compact and quasi- separated, hence {y} is a pro-constructible subset of X, and 
therefore Z is the set of all specializations of y in X ( 11301 Ch.IV, Th. 1.10.1]). Especially, y is 
the unique maximal point of Z v := Z n / _1 (^); also, if x is an immediate specialization of y, 
then x is a maximal point of Z s := Z n / _1 (s), and by Il32l Ch.IV, Lemme 14.3.10], the latter 
implies that cf(y) = + 1. 

Conversely, suppose that d(y) = d{x) + 1; from J321 Ch.IV, Lemme 14.3.10] and OH Ch.IV, 
Prop. 5. 2.1] we deduce that x is a maximal point of Z s \ then x is an immediate specialization of 
y in X, since otherwise x would be a specialization in X of a proper specialization y' of y in Z v , 
and in this case ll32l Ch.IV, Lemme 14.3.10] would say that d(y') = d(x) + 1, i.e. d(y) = d(y'), 
contradicting El Ch.IV, Prop.5.2.1]. 

(iii) It is easily seen that X has finite Krull dimension. Now, consider any sequence y , . . . , y n 
of points of X, with y := y, y n := x, and such that y i+1 is an immediate specialization of y h 
for i — 0, . . . , n — 1; from (i) we deduce that n = d(y) — d(x), especially n is independent of 
the chosen chain of specializations, so X is catenarian. 

(ii): We reduce easily to the case where y is the maximal point of X, in which case we may 
argue as in the proof of (iii) (details left to the reader). 

(iv) : This is trivial, if f(x) = 77; hence let us assume that f(x) = s, and let yi,y2 be two 
maximal generizations of x in / _1 (s). We may find an affine open subset U C X such that 
yx G U and y 2 $L U; arguing as in the proof of (i), we see that the maximal point z of U (which 
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is also the maximal point of X) is an immediate generization of y\ in U, hence d(z) = d(yi) + 1. 
Likewise, d(z) = d(y 2 ) + 1, hence d(yi) = d(y 2 ). In view of (i), the assertion follows easily. 

(v) : If f(x) = rj, the identity is OTl Ch.IV, Cor.6.1.2]. Hence, suppose that f(x) = s. In this 
case, the proof of (iv) shows that the identity holds, when X is irreducible. In the general case, 
notice that - by the flatness assumption - every irreducible component of X intersect 

and it is therefore itself a flat S-scheme (with its reduced subscheme structure). Since f~ l {rj) is 
a noetherian scheme, it also follows that the set of irreducible components of X is finite; thus, 
let Xi , . . . , X n be the reduced irreducible components of X containing x, and fa : X { — > S 
(i = 1, . . . , n) the corresponding restrictions of /. Then 

dim @xx= max dim Gy x an d dim &f-\< a \ x = max dim @ t -\ r ,, 

l<i<n 11 \<i<n J i (S, ' X 

whence the contention. 

(vi) : By assumption, £?f-uf x ) tX is a Cohen-Macaulay noetherian local ring, especially it is 
equidimensional ( Il58l Th.l7.3(i)]). Thus, the assertion already follows, in case f(x) = rj. 
If f(x) = s, let y be any maximal generization of x in f~ 1 (s); arguing as in the proof of 
(i), we see that every immediate generization of y in X is a maximal point of X, whence the 
contention. □ 

Lemma 4.6.9. (i) The K + -module Kj ' K + is coh-injective. 

(ii) Let A be a finitely presented K + -algebra, I C A a finitely generated ideal, J a coh- 
injective K + -module. Then the A-module 

J A ■= colimHom x +(v4// n , J) 

is coh-injective. 

Proof, (i): It suffices to show that Ext^ + (M, K/K + ) = whenever M is a finitely presented 
X + -module. This is clear when M = K + , and then [36, Ch.6, Lemma 6.1.14] reduces to the 
case where M = K + /aK + for some a E mx\{0}; in that case we can compute using the free 
resolution K + — > K + M, and the claim follows easily. 

(ii): According to theorem \A . 5 . 3 2r ii . a) . the A-module J' A := ~Hom K +(A, J) is coh-injective. 
However, J a = U n eN AmiJ^^")' so the assertion follows from theorem |4.5.32r ii.b). □ 

Theorem 4.6.10. Let f : X — > S be a finitely presented ajfine morphism. Then for every point 
x E X, the &x, x - m odule 

J{x) :=R 1 - d ^r {x} (f l ^ s [0}) ]x(x) 
is coh-injective, and we have a natural isomorphism in D(^x x -Mod) : 

RT {x} (f^ s [0]) lx{x) ^ J(x)[d{x)-1). 

Proof. Fix x E X and set d := d(x); in case f(x) = r), the assertion follows from [|44l Ch.V, 
Cor.8.4 and following remark]. Hence, suppose that f(x) = s, the closed point of S, and say 
that X = Spec A. 

Claim 4.6.1 1. We may assume that x is closed in X, hence that k(x) is finite over k(s). 

Proof of the claim. Arguing as in the proof of lemma |4l5.5l we can find a factorization of the 

morphism / as a composition X Y := Ag —> S, such that ^ := g(x) is the generic point 
of /i _1 (s) C Y, the morphism g is finitely presented, and the stalk is a valuation ring. 
Moreover, let g y := g Xy ly( y ) '■ X{y) := X x Y Y(y) — > Y(y); we have a natural isomorphism 

Then we may replace / by g y , and K + by whence the claim. 
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Hence, suppose now that x is closed in X, let p C A be the maximal ideal corresponding to 
x, and p the image of p in A := A ®k+ k ; we choose a finite system of elements . . . , b r G 
(^x(X) whose images in A generate p. Pick any non-zero a 6 hir-, and let J C A be the ideal 
generated by the system (a, bx, . . . , b r ), and J? C &x the corresponding coherent ideal; clearly 
V(I) = {x}, hence theorem [4.6.31 yields a natural isomorphism : 

(4.6.12) colimifHomV^/J^, f l 6 s [0}) ^ R% x \f @s[®\ for every i e Z 

neN 

where the transition maps in the colimit are induced by the natural maps & x / J !n — > @xl 
for every n > m. However, from lemmata |4.1.6r ii), 14. 1.16( 1) and corollary 19.3 .321 we deduce 
as well natural isomorphisms : 

J RHom^(^/^,/ ! ^ s [0]) A REom^ s (f^ x /^ n , ff s ) A REom' K+ (A/I n ,K+). 

We wish to compute these Ext groups by means of lemma 13 . 1 .26r iii) ; to this aim, let us remark 
first that A/I n is an integral i^ + -algebra for every neN, hence it is a finitely presented torsion 
i^ + -module, according to proposition 14.5 .7 I T). We may then use the coh-injective resolution 
K + [0] -> (0 -> K -> -> 0) (lemmata l4CT i'). 13. 1 .26r irD) to compute : 

Jtofi.Wr, K+) = { J » : = Hom.^A//", ifi =^ 

Now the theorem follows from lemma |4i).9( i) and theorem f4 . 5 . 3 2( ii . a) ,(iii) . 

We could also appeal directly to lemma |4?6.9r ii), provided we already knew that the foregoing 
natural identifications transform the direct system whose colimit appears in (|4.6.12l) . into the 
direct system (J n \ n £ N) whose transition maps are induced by the natural maps A/I n — > 
A/I m , for every n > m. For the sake of completeness, we check this latter assertion. 

For every n > m, let j n : X n := Spec A/I n — * X and j mn : X m — > X n be the natural closed 
immersions. We have a diagram of functors : 

Jm* o J mn o (/ o j n ) ! ^ j n+ o (j mrM , o j^J o j n o / ! < j mif o f m o / ! 

a' 

Jm* O (/ O Jui j »- J m O (/ O J n )- ]n*°]„° J' 

where : 

• d and ( 2 are induced by the natural isomorphism 4>f j n ■ (/ o j n ) ! o f of lemma 
l4XT6T i). 

• f i (resp. f 2 ) is induced by the isomorphism ip fo j n ,j mn (resp. ip jn , jm J. 

• ei and e 2 are induced by the counit of adjunction j mn * o j mn — > lD+(^ n -Mod)- 

• /3 mn (resp. a mn ) is induced by the natural map (/ o j n )*& Xn (f ° j m )*<^x m (resp. 
by the map j n ^x n -> j m *@x m )- 

It follows from lemma |4~ 1.221 that the two triangular subdiagrams commute, and it is also clear 
that the same holds for the inner quadrangular subdiagram. Moreover, lemma |4!l.l6( ii) yields 
a commutative diagram 





(/ ° JmY " ] m ° f 



(4-6.13) ^ w 



(/ ° Jn)- *~ Jmn ° J n ° /' 



.1 / r . \ | Jmn 
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such that irr, J4.6.13I) is the diagram : 

, j. . n| 3m*[lpfJ m ) . ,, | 

Jm* ° (j °3my * Jm* ° 3 m ° /' 



6 



^Jm* °J m n°Jn°f'- 



(.2 

I 



We then arrive at the following commutative diagram : 

RHom'(t? x /S™, ff s ) m *'*»K RRom- ff (0 x /J? m , fff s [0}) 



RT(a mn ) 



RHom^(t? x /S n , S ) m ^ J : KKom' ffx (0 x /J? n , / ! ^s[0]). 

Now, the maps RT(a mn ) are the transition morphisms of the inductive system whose colimit 
appears in (14.6.121) . hence we may replace the latter by the inductive system formed by the maps 
RT(f3 mn ). Combining with corollary I9.3.32L we finally deduce natural A-linear isomorphisms : 

cohmExt^ + (A//",K + ) A Rr {x} f0 s [O] 

where the transition maps in the colimit are induced by the natural maps A/I n — > A/I m , for 
every n > m. Our assertion is an immediate consequence. □ 

4.6.14. Let A be a local ring, essentially of finite presentation over K + . Set X : = Spec A 
and let x E X be the closed point. Notice that X admits a dualizing complex. Indeed, one can 
find a finitely presented affine S-scheme Y and a point y E Y such that X ~ Spec (?Y,y\ by 
proposition I4.6.5r iv). Y admits a dualizing complex uj y , and since every coherent ^-module 
extends to a coherent ^y-module, one verifies easily that the restriction of co Y is dualizing for 
X. Hence, let u>* be a dualizing complex for X. It follows easily from theorem [4.6.101 and 
propositions |4.6.5r iii) and 14 .4 .231 that there exists a unique c E Z such that 

J{x) := R c T {x} lu' 0. 

Moreover, J(x) is a coh-injective A-module, hence by lemma I3.1.26r iii). we obtain a well 
defined functor 

(4.6.15) D 6 (A-Mod coh ) -> D 6 (A-Mod)° : C ^ Rom A {C , J{x)). 

Furthermore, let D| a .|(A-Mod co h) be the full subcategory of D 6 (v4-Mod co h) consisting of all 
complexes C* such that Supp H'C C {x}. We have the following : 

Corollary 4.6.16. (Local duality) In the situation of (14.6.141) . the following holds : 

(i) The functor (14.6.151) restricts to an equivalence of categories : 

D : D\ x} (A-Mod coh ) - D^. } (A-Mod coh )° 

and the natural transformation C — ► D o D(C) is an isomorphism of functors. 

(ii) For every « G Z ?/zere exists a natural isomorphism of functors : 

B*T {x} o 9 A D o i? c -T : D 6 (^ x -Mod) coh -> A-Mod° 

where *3) is the duality functor corresponding to u*. 

(iii) Le? c and ^ Z?e a* in (ii), / C/l a finitely generated ideal such that V(I) = {x}, and 
denote by A A the I-adic completion of A. Then for every i E Z there exists a natural 
isomorphism of functors : 



D o KV {x} o Ql ^ A A ® A i? c "T : D fe (^ x -Mod) coh -> A A -Mod° 



coh - 
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Proof. Let C, be any object of D b ^ x y(A-M.od coh ); we denote by i : {x} — > X the natural closed 
immersion, and C~ the complex of ^-modules determined by C.. Obviously C~ = z*i _1 C~, 
therefore : 

Hom^(C", J{x)) ^ RRom 9 A (C 9 , J{x)) by lemma [UMiii) 

^ RYiom' Gx (C~ , HT^' [c] ) by theorem 193^61 
^EHom^(z*r 1 C';>*[c]) bv l437T i.b) 
^RRom' 6x (C:,uj'[c]) 
which easily implies (i). Next, we compute, for any object of D fe (^x-Mod) coh : 
E?T {x} ®(&*) A ifHom^^*, flT {x} u;") by lemma gSJtiii) 

A Mom^M^*, J(x) [-c]) by theorem I9T261 
A Hom A ( J R c -T^', J(x)) by lemma EESJiii) 

whence (ii). Finally, let J^"* be any object of D 6 (<^x-Mod) coh ; we compute : 

A A (g) A R^T^ 9 A lim (A// n ) ® A R c ' l Y^ 9 by corollary H33Hii) 

A lim Z> o D(M// n ) ® A i^-TJ^) by (i) 

neN 

A limD(Hom A (A// n , i?T w ^(^'))) by (ii) 
A J D(cohmHom A (A// n , J RT W ^(^'))) 

A D(i?r {x} ^(^-)) 

so (iii) holds as well. □ 

Corollary 4.6.17. /n f/ze situation of (14.6.141) . sef [/ := X\{x} and let ^ be a coherent 0y- 
module, such that T{ y }^ = for every closed point y G U. ThenT(U, JP) is a finitely presented 
A-module. 

Proof. By lemma |9!2.16r ii) we may find a coherent ff x -module £f such that ~ Using 
corollary 14.5.241 we see that Yi x -0 is a finitely generated submodule of &(X), hence & : = 
^/H{x}^ * s a coherent ^-module that extends and clearly T{ x y^ = 0. There follows a 
short exact sequence : 

o -> ^(x) -> r(t/, ^) -> i? 1 ^}^ -> o. 

We are thus reduced to showing that R}Y^ X ^ is a finitely presented A-module. However, 
corollary 14.6. 1 6f ii) yields a natural isomorphism : 

R l Y {x} ~W A Hom A (Ext^ 1 (^,o;'), J(x)) 

where uj 9 is a dualizing complex for X and c and J(x) are defined as in (14.6.141) . In view of 
corollary 14.6. 16f i). it then suffices to show that the finitely presented A-module Ext^T uj 9 ) 

is supported on {x}; equivalently, it suffices to verify that the stalks R c ~ l J% ? orri0 x (JP, cu 9 ) y 
vanish whenever y is a closed point of U. However, by ||28i Ch.O, Prop. 12.3.5], the latter are 
naturally isomorphic to Ext^T 1 } {^\x{y), an( ^ u \x(y) 1S a dualizing complex for X(y). 

According to (14.6.141) . there is a unique integer c(y) such that J(y) := Br- y 'uT X t y s ^ and in 
view of theorem 14 . 6 . 1 01 and lemma 14^6.81 we obtain : 

(4.6.18) c(y) = c-l. 
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Finally, (14.6.181) and corollary I4.6.16f iii) yield the isomorphism : 

A A ® A Ext^J^),^) A Hom^ iV (r M ^, J(y)) = 0. 

To conclude, it suffices to appeal to corollary 14 . 5 . 3 1 [ hi) . □ 

Proposition 4.6.19. In the situation of (14.6.141) , suppose additionally that the structure mor- 
phism f : X — > S is flat, that f(x) = s and that is a regular scheme. Let j : U := 

X\{x} — > X be the open immersion, aflat quasi-coherent G\j-module. Then the following 
two conditions are equivalent : 

(a) T(U, J^~) is aflat A-module. 

(b) 6(x,j*&) > dim f-\s) + 1. 

Proof. If d := dim/~ 1 (s) = 0, then A is a valuation ring (proposition |4.5.7r ii)), and U is the 
spectrum of the field of fractions of A, in which case both (a) and (b) hold trivially. Hence we 
may assume that d > 1. Suppose now that (a) holds, and set F := T(U, In view of (14.2.31) . 
we need to show that H l (U, = whenever 1 < i < d — 1. If F~ denotes the ^-module 
determined by F, then F^ = & '. Moreover, by ll55l Ch.I, Th.1.2], F is the colimit of a filtered 
family (Lj | i e I) of free A-modules of finite rank, hence H % (U, J^") = colim H l (U, L~) by 

lemma [9.3. lOf ii), so we are reduced to the case where & = Gu, and therefore = @x 
(corollary I4.4.8I ). Since is regular, we have S(x, ^/-i( a )) — d; then, since the topological 

space underlying X is noetherian, lemma l4T2.13r ii) and corollary 14.2.331 imply that 5(x, &x) > 
d + 1, which is (b). 

Conversely, suppose that (b) holds; we shall derive (a) by induction on d; the case d = 
having already been dealt with. Let (resp. m^) be the maximal ideal of A (resp. of A : = 
A/vcikA). Suppose then that d > 1 and that the assertion is known whenever dim / _1 (s) < d. 
Pick t E m j 4\m^, and let t G be any lifting of t. Since / _1 (s) is regular, t is a regular 
element of A, so that t is regular in A and the induced morphism g : X' :— Spec A/tA — > 5 is 
flat ((HCh.IV, Th.l 1.3.8]). Let/ : U' :=UnX' -> X' be the restriction of j; our choice oft 
ensures that is a regular scheme, so the pair (X', JP/tJPm') fulfills the conditions of the 

proposition, and dim<7 _1 (s) = d — 1. Furthermore, since & is a flat (^-module, the sequence 

— ► & & — > & — ^ is short exact. Assumption (b) means that 

(4.6.20) #'(17, &) = whenever 1 < i < d - 1. 

Therefore, from the long exact cohomology sequence we deduce that H l (U, & /t&) = for 

1 < i < d - 2, i.e. 

(4.6.21) 5(x,£&/t&)>d. 
The same sequence also yields a left exact sequence : 

(4.6.22) -> ^) ®a A/tA A # (f/, ^/t^) -> H\U, 
Claim 4.6.23. i7°(£/, &) ® A A/tA is a flat A/t A-module. 

Proof of the claim. By (14.6.211) and our inductive assumption, H°(U, J£"/tJ£") is a flat A/tA- 
module. In case d — 1, proposition 14.5 .7r ii) shows that A/tA is a valuation ring, and then the 
claim follows from (14.6.221) . and [14, Ch.VI, §3, n.6, Lemma 1]. If d > 1, (14.6.201) implies that 
a is an isomorphism, so the claim holds also in such case. 

Set V := Spec A^ 1 ] = X\V(t) C U; since is a flat ^-module, the A[t -1 ]- 
module H°(U,JP) ®a A[t _1 ] ~ i7°(V, is flat. Moreover, since t is regular on both A 
and #°(17, an easy calculation shows that Torf (A/tA, H°(U, &)) = for i > 0. Then the 
contention folio w s from claim 14.6.231 and [36, Lemma 5.2.1]. □ 
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Remark 4.6.24. Proposition 14 . 6 . 1 9l still holds - with analogous proof - if we replace X by the 
spectrum of a regular local ring A (and then dim f~ 1 {s) + 1 is replaced by dim A in condition 
(b)). The special case where & is a locally free ^-module of finite rank has been studied in 
detail in ||4Sl 

We conclude this section with a result which shall be used in our discussion of almost purity. 

4.6.25. For given b E m^, let / : X — > S/b be a morphism of finite presentation, x E X a 
point lying in the Cohen-Macaulay locus of / (see definition (14.4.32l) (v)). a finitely presented 
&x (x) -module. Let also a E &x,x, and set /j, a : = a ■ lj? : & — > J£~; suppose that, for every point 
y E U := X(x)\{x} there is a coherent ^x y -module E, such that : 

• E is /^-Cohen-Macaulay and Supp E = X(y). 

• n a>y factors through a x , y Ame.ar map & y — > £7. 

Lemma 4.6.26. /n f/ze situation of (14.6.251 ), the following holds : 

(i) 77?e G x ,x- m odule a ■ R l Y^ x ^ is finitely presented for every i < dim 

(ii) 7/" dim > L ^ ^x,x-fnodule a ■ T(U, is finitely presented. 

Proof, (i): To ease notation, set A := &x,x an d d := dim A. Fix a finitely generated ideal 
I C A whose radical is the maximal ideal. We may assume that X is an affine scheme and / is 
Cohen-Macaulay of constant fibre dimension n (lemma l4.4.33r i.ii)). In this case, X(x) admits 
the dualizing complex 

^X(x) ■= (f@S /b [- n \)\X(x) 

which is a coherent <£?x (3.) -module placed in degree zero ( (14.6.141) and example [4.6.6r ii)). We 
may then define ceN and J(x) as in (14.6.141) , and by inspection we find that c = n — d(x) + 1 
if b = 0, and otherwise c = n — d(x). To compute this quantity, pick any irreducible component 
Z of the fibre f~ 1 (fx) containing x, and endow it with its reduced subscheme structure; then 
dim Z = n (lemma 14.4.331 ^1)). and since Z is a scheme of finite type over n(fx), we have 

d(x) = n + 1 - dim ff f -^ fx)jX - dim &sj{x) 

(EH Ch.IV, Prop.5.2.1]). Now, if b = 0, lemma glTEtv) applies and we obtain c = d If & ^ 0, 
then f(x) = s, and dim ^/-i( s ),x = hence again c = d. Let also -D be the functor (14.6.151) . 

Claim 4.6.27. For every finitely presented A-module M supported at the point x, and every 
t E A, we have a natural isomorphism : D{tM) ~ tD(M). 

Proof of the claim. It is a simple application of the exactness of the functor D. Indeed, from the 
left exact sequence — > Ann M (t) — > M — > M we deduce a right exact sequence : 

D(M) ^D(M)^ L>(Ann M (t)) -> 
i.e. D(AnnM^)) — D(M)/tD(M). Then the short exact sequence : 

-> Ann M (t) -> M A fM -> 

yields the exact sequence -> D(tM) -> D(M) D(M) /tD(M) -> 0, and by inspecting 
the definition one sees easily that -D(r) is the natural projection, whence the claim. 

We apply claim 14.6 .271 and corollary 14 . 6 . 1 6r ii) to derive a natural isomorphism : 
a ■ RYs x \& ~ D(a- # d ^(X(x), ^(J?))) ~ D(a • Ext^ ,(J^cj x(x) )) for every z G Z. 

(:r) 

However - in view of lemma l4".4.33r i) and our assumptions - for any y E U we may find an 
affine open neighborhood V C X of y, a coherent /|y -Cohen-Macaulay i^V-module <f with 
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Supp<f = V, and a factorization 3> y — > S y — > ^ of /i 0i2/ ; since cux(x) is a coherent &x{x)- 
module, there results a factorization ([28, Ch.O, Prop. 12.3.3, 12.3.5]) 

Claim 4.6.28. Sxt 0Vy [S y , uJx(x),y) — for every i > 0. 

Proof of the claim. Let j : V — > X be the open immersion, and set g :— f o j : V — > 5/&; by 
(281 Ch.O, Prop. 12.3.3, 12.3.5], we are then reduced to showing that Ext ^ fl^J-n]) = 
for every i > 0. To this aim, pick a finitely presented 5-immersion h : V — > K := , and let 

p : y — > 5/6 be the projection; we deduce a natural isomorphism g l &s /b [— n] ^ \i-Gy\m — n], 
and by adjunction 

(4.6.29) Ext^^J-n]) = Ext^(/i^, ^ y [m - n}). 

Now, fix v G V and set u := h(v); by theorem r4.4.37r ii). the complex RJrffom'e (h*<o , <^V) U 
is concentrated in degree dim — dim £?f-Uf v ),v> an d since the fibres of / and p are 

equidimensional ( ||3T1 Ch.IV, Prop. 5. 2.1] and lemma l4~4 33r ii)) it is easily seen that this quantity 
equals m — n. After composing with the functor i?T, we deduce that the right-hand side of 
(14.6.291 ) vanishes for i > 0, as required. 

From claim 14.6.281 it follows that a ■ Ext^. } ujx(x)) is a coherent A-module ( Il28l Ch.O, 
Prop. 12.3.3]) supported at x for i > 0. Assertion (i) now follows from corollary 14.6. \6[ i). 

(ii): To start out, notice that LVx}^ i s an <^x-module of finite type, by corollary 14.5.241 we 
may then replace & by /Tr x -\& and assume, without loss of generality, that : 

(4.6.30) r w J? = 0. 

Let yi, . . . , y r G U be the finitely many associated points of & that are closed in U (theorem 
I4.5.20r ii)). and set Z := {yi, . . . , y r }; notice that Z is a closed subset of U, so that the 6y- 
module Ly^i is of finite type, by corollary 14.5.241 Hence & := ^\u/V.z^\u is a coherent 
^-module, and we obtain a short exact sequence : 

o -> i^.J, -> r([/,^) -> r([/,^) -> o. 

The ^/-module & fulfills the assumptions of corollary 14.6.171 so that T(U,J?) is a finitely 
presented ^x,x-module. On the other hand, set F := T(X(x), J£"); by corollary 14.6.41 we have 
a natural isomorphism : 

colimHonufl™, F) A T(U, &) 

and using (14.6.301 ) one sees easily that the transition maps in this colimit are injective. Hence, 
T(U, F) is an increasing union of finitely presented A-modules ( Il2~6l Ch.O, §5.3.5]). Let M C 
T(U,&) be any finitely generated submodule that maps surjectively onto T(U, it then 
follows that M is finitely presented, and clearly T(U, = M + T z ^\u, hence a ■ T(U, = 
aM + a ■ T z ^\u- Finally, since aM is finitely presented, it remains only to show : 

Claim 4.6.31. a ■ T_z^\u = 0- 

Proof of the claim. Fix any y G U, and let V C X be any open neighborhood of y with a 
coherent ^y-module $ as in the foregoing. After shrinking V, we may assume that fi a \vnx(x) 
factors through S. It follows that a ■ H ZnV ^\v is a subquotient of r zny <f. We are then reduced 
to showing that r znV <f = 0. However, under the current assumptions dim U > 0, hence 

(4.6.32) dim > for i = 1, . . . , r 

(lemma |4.6.8r iii)). On the other hand, since $ is /|y-Cohen-Macaulay with support V, its 
associated points are the maximal points of V fl / _1 (r/). Taking into account (14.6.321) , we 
conclude that Z does not contain any associated point of $ , as required. □ 
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5. Logarithmic geometry 

5.1. Log topoi. Henceforth, all topoi under consideration will be locally ringed and with 
enough points, and all morphisms of topoi will be morphisms of locally ringed topoi (see 
(11.7.811) ). The purpose of this restriction is to insure that we obtain the right notions, when 
we specialize to the case of schemes. 

5.1.1. Let T := (T, Gr) be a locally ringed topos. Recall (|[50l §1.1]) that a pre-log structure 
on T is the datum of a pair (M, a), where M is a T-monoid, and a : M — ► G T is a morphism 
of T-monoids, called the structure map of M, and where the monoid structure on T is induced 
by the multiplication law (hence, by the multiplication in the ring & T {U), for every object U of 
T). The generalities of ||36l (6.4.1)-(6.4.8)] actually carry over verbatim to any locally ringed 
topos T, hence we shall recall briefly the main definitions and constructions that we need, and 
refer to loc.cit. for further details. 

5.1.2. A morphism (M, a) — > (N_, (3) of pre-log structures on T, is a map 7 : M — » N of 
T-monoids, such that /3 o 7 = a. We denote by pre-log T the category of pre-log structures on 
T. A morphism of locally ringed topoi / : T — > S induces a pair of adjoint functors : 

(5.1.3) /* : pre-log s -> pre-log T /« : pre-log T -> pre-log 5 . 

A pre-log structure (M, a) on T is said to be a Zog structure if a restricts to an isomorphism: 

crV T x A M x A ^ T x . 

The datum of a locally ringed topos (T, ^) and a log structure on T is also called, for short, a 
log topos. We denote by log T the full subcategory of pre-log T consisting of all log structures 
on T. When there is no danger of ambiguity, we shall often omit mentioning explicitly the map 
a, and therefore only write M to denote a pre-log or a log structure. The category log T admits 
an initial object, namely the log structure (<6^ , j), where j is the natural inclusion; this is called 
the trivial log structure. log T admits a final object as well : this is (&t, 1^)- 

Lemma 5.1.4. Let T be a topos with enough points, (p : ^# — > jY a morphism of integral 
T-monoids inducing isomorphisms ^ x — > t /f /x and — > jY^. Then if is an isomorphism. 

Proof. This can be checked on the stalks, hence we are reduced to the corresponding assertions 
for a morphism M N of monoids. Moreover, M" is just the set-theoretic quotient of M by 
the translation action of M x (lemma [l .7.45r iii)). so the assertion is straightforward, and shall 
be left as an exercise for the reader. □ 

Definition 5.1.5. Let 7 : (M, a) — > (N_, (3) be a morphism of pre-log structures on the locally 
ringed topos T, and £ a T-point. 

(i) We say that (M, a) is integral (resp. saturated) if M is an integral (resp. integral and 
saturated) T-monoid. 

(ii) We say that 7 is flat (resp. saturated) at the point £, if 7^ : M ? — > iV^ is a flat morphism 
of monoids (resp. a saturated morphism of integral monoids) (see remark [L7 . 37( vi)) . 

(iii) We say that 7 is/to (resp. saturated), if 7 is a flat morphism of T-monoids (resp. a sat- 
urated morphism of integral T-monoids) (see definition l2.2.28l) . In view of proposition 
11.7.401 ("resp. corollary [2.2.291) , this is the same as saying that 7 is flat (resp. saturated) 
at every T-point. 

5.1.6. The forgetful functor : 

log r -> pre-log T : M ^ M pre4og 

admits a left adjoint : 

pre-log T -> log T : (M, a) ^ (M, a) log 
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such that the resulting diagram : 

a- x (@*) *- M 

(5.1.7) 

" 

M log 

is cocartesian in the category of pre-log structures. One calls M log the log structure associated 
to M. Composing with the adjunction (15.1.31) . we deduce a pair of adjoint functors : 

/* : log 5 -> log r /„ : log T -> log s 

for any map of locally ringed topoi / : T — ► 5. Explicitly, if iV is any log structure on S, then 
/*iV is the push-out in the cocartesian diagram of T-monoids : 

f*0* » /*(ArP rc - lo s) 

a* f*N. 

It follows easily that the induced map of T-monoids : 
(5.1.8) f*(N?) ~> (f*0 

is an isomorphism. As a consequence, for every point £ of T, the natural map N.frg\ — > (f*N)t 
is a local morphism of monoids. 

5. 1.9. Let (M, a) be a pre-log structure on T. The morphism a extends to a unique morphism 
of pointed T-monoids a Q : M Q — > whence a new pre-log structure 

(M,a) := (M ,a ). 

Clearly, (M, a) is a log structure if and only if the same holds for (M, a) a . More precisely, for 
any pre-log structure M there is a natural isomorphism of log structures : 

(M ) log A (M log ) . 

Furthermore, for any morphism / : T — >• S 1 of topoi, we have natural isomorphisms of pre-log 
(resp. log) structures 

f*(N ) A (/*iV) /,(M ) A (/»M) 
for every pre-log (resp. log) structure N_ on 5 and M on T (details left to the reader). 

Example 5.1.10. (i) Let T — > S be a morphism of topoi. Since the initial object of a category 
is the empty coproduct, it follows formally that the inverse image /*(<^ 5 X , j) of the trivial log 
structure on S, is the trivial log structure on T. 

(ii) Let T be a topos, and ju : T/U — > T an open subtopos (see example [1.6.6r ii)). Consider 
the subsheaf of monoids M C &t such that : 

M(V) := {s G T (V) | s\ Uyy E0}(Ux V)} for every objects of T. 

Then it is easily seen that the natural map M — > ff T is a log structure on T. This log structure 
is (naturally isomorphic to) the extension ju*&u of the trivial log structure on T/U . 

(iii) Let U be any object of the topos T, and M_ a log structure on T. Since &t/u — ^r|t/> it 
is easily seen that the natural morphism of pre-log structures 

is an isomorphism. 



FOUNDATIONS OF p-ADIC HODGE THEORY 



305 



(iv) Let (3 : M — > G T be a pre-log structure on a topos T. Then /3 1 (0) C M is an ideal, and 
(3 factors uniquely through the natural map M — » M / /3 _1 (0), and a pre-log structure 

(M,^) red :=(M/r 1 (0)J) 

called the reduced pre-log structure associated to M_. As usual, we shall often write just M re d 
instead of (M, P) rc d- We say that (3 is reduced if the induced morphism of pre-log structures 
M — > Mred is an isomorphism. 

Suppose now that M is a log structure; then it is easily seen that the same holds for M rpr i- 
More precisely, since the tensor product is right exact (see (11.7.331 )), for any pre-log structure 
M the natural morphism of log structures 

(Ms Cd ) log -> (M log ) red 

is an isomorphism. 

Lemma 5.1.11. Let 7 : (M, a) — > (N_, (3) be a morphism of pre-log structures on T. We have : 

(i) If M. is integral (resp. saturated), then the same holds for M log . 

(ii) The unit of adjunction M — » M log is aflat morphism. 

(iii) If 7 is flat (resp. saturated) at a T -point £, the same holds for the induced morphism 
y°g • M log -> iV log o/7og structures. 

(iv) Especially, if 7 is flat (resp. saturated), the same holds for 7 log . 

Proof. In view of lemma [L7.60r ii) and proposition 1 1 .7 .401 both (i) and (ii) can be checked on 
stalks. Taking into account lemma |1.7.60r i), we are reduced to showing the following. Let 
P be a monoid, A a ring, /3 : P — > (A, ■) a morphism of monoids; then the natural map 
P —> P' := P v4 x is flat, and if P is integral (resp. saturated), the same holds for P'. 

The first assertion follows easily from example [2.1.22r vi). and the second follows from remark 
I2.2.5f i) (resp. from corollary 12 . 2 .25 f ix) and proposition l2.2.26l) . 
(iii): The map 7 log can be factored as the composition of 

l' ■= 7 ®p-r e * ■■ ^P:=M ®^ e , 0* 

and the natural unit of adjunction 7" : P — >• P log = M log . If 7^ is flat, the same clearly holds for 
7^, and (ii) says that 7" is flat, hence 7^ og is flat in this case. Lastly, suppose that 75 is saturated, 
and we wish to show that 7^ og is saturated. Set P := a^ 1 ^^ and Q := (3^ 1 ff^. Then the 
induced map {P^M^f -> (Q^N^f is saturated (lemma |2T27l2tii,iii)). But the latter is the 
same as the morphism (7^)", and then also 7^ is saturated, again by lemma l2/2.12r iii). □ 

Lemma 5.1.12. Let f : T' — > T be a morphism oftopoi, £ a T' -point, and'y : (M, a) — > (N_, (3) 
a morphism of integral log structures on T. The following conditions are equivalent : 

(a) 7 is flat (resp. saturated) at the T -point /(£). 

(b) /*7 is flat (resp. saturated) at the T' -point ^. 

(c) 7^ is aflat (resp. saturated) morphism of monoids. 

Proof. The equivalence of (a) and (c) follows from corollary 12. 1 .451 (resp. lemma l2~.2.12r ii)). 
By the same token, (b) holds if and only if (/*7)| is flat (resp. saturated); in light of the 
isomorphism (15.1.81) . the latter condition is equivalent to (c). □ 

5.1.13. For any locally ringed topos T, let us write the objects of Mnd/T(T, & T ) in the form 
(M, (p), where M is any monoid, and ip : M — > T(T, G T ) a morphism of monoids. There is an 
obvious global sections functor : 

T(T, -) : pre-log T Mnd/r(T, G T ) : (N, a) ^ (r(T, N), T(T, a)) 
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which admits a left adjoint : 

Mnd/r(T, €t) -> pre-log T : (M, p) i-> (M, ip) T := (M T , <p T ). 

Indeed, M T is the constant sheaf on (T, CV) with value M, and p T is the composition of the map 
of constant sheaves Mr — > T(T, induced by ip, with the natural map T(T, &t)t — ► @t- 
Again, we shall often just write Mt to denote this pre-log structure. 
After taking associated log structures, we deduce a left adjoint : 

(5.1.14) Mnd/r(T, T ) -> log T : (M, ip) ^ M l ° g := (M, y?)£ g 

to the global sections functor. Mj? g is called the constant log structure associated to (M, tp). 

Definition 5.1.15. Let T be a locally ringed topos, (M, a) a log structure on T. 

(i) A chart for M is an object (P, /3) of Mnd/T(T, T ), together with a map of pre- 
log structures ujp : (P,(3)t — > M, inducing an isomorphism on the associated log 
structures. (Notation of (15.1.131) .) 

(ii) We say that a chart (P, (3) h finite (resp. integral, resp. /zne, resp. saturated) if P is a 
finitely generated (resp. integral, resp. fine, resp. integral and saturated) monoid. 

(iii) Let ip : M — > iV be a morphism of log structures on T. A chart for cp is the datum of 
charts : 

up : (P, /3) T -> M and ^ Q :(Q, 7 ) T ^iV 

for M, respectively N_, and a morphism of monoids i? : Q — > P, fitting into a commu- 
tative diagram : 

-P 

N >-M, 

We say that such a chart is ^n/fe (resp. integral, resp. ^me, resp. saturated) if the 
monoids P and Q are finitely generated (resp. integral, resp. fine, resp. integral and 
saturated). We say that the chart is flat (resp. saturated), if $ is a flat morphism of 
monoids (resp. a saturated morphism of integral monoids). 

(iv) We say that M_ is quasi-coherent (resp. coherent) if there exists a covering family 
(U\ — > 1 T | A G A) of the final object 1 T in (T, Cp), and for every A G A, a chart (resp. 
a finite chart) (P A , /3 A ) for M_\ Ux . 

(v) We say that (M , a) is quasi-fine (resp. ,/me) if it is integral and quasi-coherent (resp. 
and coherent). 

(vi) Let £ be any T-point. We say that a chart (P, /3) is local (resp. sharp) at the point £, if 
the morphism : P — >• g is local (resp. if P is sharp and ^ is local). 

Lemma 5.1.16. Let f : T ^ S be a morphism of locally ringed topoi, Q a log structure on S, 
and £ any point of S. The following holds : 

(i) If Q is quasi-coherent (resp. coherent, resp. integral, resp. saturated, resp. quasi-fine, 
resp. fine), then the same holds for f*Q. 

(ii) Suppose that Q is an integral log structure. Then is an integral S -monoid, and Q is 
saturated if and only if is a saturated S-monoid. 

(iii) Suppose that Q is quasi-coherent. Then Q is integral (resp. integral and saturated, 
resp. fine, resp. fine and saturated) if and only if there exists a covering family (U\ — > 
Is | A G A) of the final object of S, and for every A G A, an integral (resp. integral and 
saturated, resp. fine, resp. fine and saturated) chart (P\)u x —* Q\u x - 

V ) If P. is an y coherent log structure on S, and uj : P^ — » is a map of monoids, then : 
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(a) There exists a neighborhood U of £ and a morphism $ : P_\u ^ Qp of log 
structures, such that $g = uj. 

(b) Moreover, for any two morphisms ■&' : P\u — > Q\u with the property of (a), we 
may find a smaller neighborhood V — > U of £ such that i?|y = "d'vy. 

(c) Especially, if Q is also coherent, and uj is an isomorphism, we may find $ and a 
small enough U as in (a), such that d is an isomorphism. 

(v) If M is a finitely generated monoid, and uj : M —>■ &s,£ a morphism of monoids, then 
we may find a neighborhood U of £ and a morphism $ : Mjj — > &u of SjU -monoids, 
such that = uj. 

Proof, (i): If Q is the constant log structure associated to a map of monoids a : Q — > T(S, 6s), 
then f*Q is the constant log structure associated to T(S, fi) o a (where : 0$ ~ > f*@r is 
the natural map). The assertions concerning quasi-coherent or coherent log structures are a 
straightforward consequence. Next, suppose that Q is integral (resp. saturated); we wish to 

show that f*Q is integral (resp. saturated). To this aim, let M := /*(Q pre - log ); by lemma 
I1.7.59I X). M is an integral (resp. saturated) T-monoid; then the assertion follows from lemma 

(ii) : By lemma [T.7.60r ii) the assertion can be checked on stalks. Hence, suppose that Q is 
integral; then is integral by loc.cit., consequently, the same holds for Q^/Q^ (lemma [T.7.52l) . 
The second assertion follows from lemma [Z2.9f ii). 

(iii) : Suppose first that Q is quasi-coherent and integral. Hence, there is a covering family 
(Ux — > Is | A e A), and for every A G A a monoid M\, a pre-log structure a\ : (M\) Ux — > & Ux , 
and an isomorphism ((M\)u x , «A) log — > Q, v ', whence a cocartesian diagram of S'-monoids, as 
in (T5T71) : 

(5.1.17) 



The induced diagram (|5.1.17|) mt of integral S-monoids is still cocartesian. Moreover, since 
Q is integral, a x factors through a unique map (3\ : ((M\) Ux ) mt — > Q — > 6 Vx , and the 

morphism in S underlying the induced morphism of S'-monoids N_ mt — > :— P^i&uJ is an 
epimorphism (this can be checked easily on the stalks). Furthermore, ((M A );y A ) mt ~ (M 1 x nt ) Ux 
(see (11.7.631) ). It follows that the natural map 

Q ]Ux - ^ (Mf ) Ux ~ (Mf 

is an isomorphism, so the claim holds with Pa := M A nt . If Q is fine, we can find M\ as above 
which is also finitely generated, in which case the resulting P x shall be fine. 

Suppose additionally, that Q is saturated. By the previous case, we may then find a covering 
family (U\ —> e$ \ \ E A), and for every A E A an integral monoid M\, a pre-log structure ct\ : 
(M\) Ux — > <ff Ux , and an isomorphism ((M\) Ux) ot\) x ° z Q.^ ; whence a cocartesian diagram 

(|5.1.17l) consisting of integral S'-monoids. The induced diagram (|5.1.17l) sat is still cocartesian; 
one may then argue as in the foregoing, to obtain a natural isomorphism : Q\u x ~* (M^)^. 
Furthermore, if M\ is finitely generated, the same holds for M^ at (corollary l2.4.1f ii)). hence the 
chart thus obtained shall be fine and saturated, in this case. 

Conversely, if a family (Pa | A E A) of integral (resp. saturated) monoids can be found 
fulfilling the condition of (iii), then [P\)u x is an integral (resp. saturated) pre-log structure on 
T/U\ (example 11.7.61 f ii)) , hence the same holds for its associated log structure Q\ Ux (lemma 
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l5.1.11f iY). and therefore also for Q (lemmata 1 1 .7 . 60f ii) . 11.6.161 and example [5.1.1 Or iii)) . More- 
over, if each P A is fine, then Q is fine as well. 

(iv.a): We may assume that P admits a finite chart a : Ms — > P, for some finitely generated 
monoid M, denote by j3 : Q — > &s the structure map of Q, and set uj' := uj o : M — > 
According to lemma l2~.1.7r ii). the morphism uj' factors through a map uj" : M — > T(U',Q), 
for some neighborhood U' of £. By adjunction, uj" determines a morphism of 5*/?7'-monoids 
ip : Mtji — > Qmi whence a morphism of pre-log structures 

(5.1.18) (M^,/V°V0^(£|^ /%/')■ 

Let us make the following general observation : 

Claim 5.1.19. Let iV be a finite monoid, F any S'-monoid, /, g : N s — > F two morphisms of 
S'-monoids, such that = g^. Then there exists a neighborhood U of £ in 5 such that = yij/. 

Proof of the claim. By adjunction, the morphisms / and g correspond to unique maps of 
monoids T(f),T(g) : N — » T(S,F); since iV is finite and = g^, we may find a neigh- 
borhood U of £ such that the maps N — > F{U) induced by r(/) and T(g) coincide. Again by 
adjunction, we deduce a unique morphism of S/tZ-monoids Njj — >■ P^, which by construction 
is just the restriction of both / and g. 

Let 7 : P — > &s be the structure map of P; we apply claim [5TT. 191 with S 1 replaced by SfU', 
to deduce that there exists a small enough neighborhood U — > U' of £ such that the restriction 
(7 oc 0|t/ : ^|f/ agrees with /3\u°i>\u- Then it is clear that the morphism of log structure 

associated to (|5.1.18t | L r yields the sought extension $ of uj. 

(iv.b): By assumption we have the identity : i?£ = however, any morphism of log struc- 
tures P\ v — ► Q is already determined by its restriction to the image of any finite local chart 
Mjj —> P\u- Hence the assertion follows from claim |5. 1.191 

(iv.c): We apply (iv.a) to uj^ 1 to deduce the existence of a morphism a : Q\u — > P|{/ such 
that erg = u; -1 on some neighborhood U of £. Hence, o cr)^ = 1q and (a o i?)^ = lp By 
(iv.b), these identities persist on some smaller neighborhood. 

(v): The proof is similar to that of (iv.a), though simpler : we leave it as an exercise for the 
reader. □ 

Definition 5.1.20. (i) A morphism (T, M) (S,N_) of topoi with pre-log (resp. log) struc- 
tures, is a pair /:=(/, log /) consisting of a morphism of locally ringed topoi / : T — >• S, and 
a morphism 

log/ :/*iV^M 

of pre-log structures (resp. log structures) on T. We say that / is log flat (resp. saturated) if 
log / is a flat (resp. saturated) morphism of pre-log structures. 

(ii) Let (/, log /) as in (i) be a morphism of log topoi, £ a T-point; we say that / is strict at 
the point £, if log fa is an isomorphism. We say that / is strict, if it is strict at every T-point. 

(iii) A chart for (p is the datum of charts 

up : (P, (3) T -> M and uj q : (Q, 7)5 -> N 

for M, respectively JV, and a morphism of monoids 1? : (J — > P, such that (f*ujQ, ujp, •&) is a 
chart for the morphism log /. We say that such a chart (ujq, uj p , §) infinite (resp. fine, resp. /to, 
resp. saturated) if the same holds for the corresponding chart (/*ujq, ujp, $) of log /. 

Remark 5.1.21. (i) Let / : (T,M) -> be a morphism of log topoi, g : T' -> T 

a morphism of topoi, and /' : (T", q*M) — > (S, N_) the composition of / and the natural 
morphism of log topoi (T 7 , q*M) — >■ (T, M); let also £ be a T'-point. Then /' is strict at the 
point £ if and only if / is strict at the point . Indeed, /' is strict at £ if and only if (log f')l is 
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an isomorphism (lemma 15 .1.41) . if and only if (log iO^is an isomorphism (by (15.1.81) ). if and 
only if log f g ^ is an isomorphism (again by lemma [57l74]) . 

(ii) For any log topos (T, M), let us set (T, M) := (T, M D ). Then (T, M) Q is a log topos 
(see (15.1.91 )), and clearly, every morphism / : (T, M) — > (S,N) of log topoi extends naturally 
to a morphism f Q : (T, M) Q — > (5*, JV) of log topoi. 

5.1.22. The category of log topoi admits arbitrary 2-limits. Indeed, if 2F := ((T\, M\ ) | A G 
A) is any pseudo-functor (from a small category A, to the category of log topoi), the 2-limit of 
& is the pair (T, M), where T is the 2-limit of the system of ringed topoi (T x | A G A), and M 
is the log structure on T obtained as follows. For every A G A, let p\ : T — ► Ta be the natural 
projection; take the colimit M' of the induced system of pre-log structures (p*M x | A G A), and 
then let M be the log structure associated to M ' . 

5. 1 .23. Consider a 2-cartesian diagram of log topoi : 

(T',M') (T,M) 

/' / 
(S',N!) (£,AQ. 
The following result yields a relative variant of the isomorphism (15.1.81) : 
Lemma 5.1.24. In the situation of (15.1.231) . the morphism 

g*Coker(log /) — > Coker(log/') 
induced by logg is an isomorphism of V -monoids. 

Proof Indeed, denote by (3 : M -> G T and 7 : AT' -> ^ the log structures of T and 5". Fix 
any T'-point £, let £ := <?(£')' and set 

P := ®N m i^'/'KO and P := & ® T/'(C) : P ~> ^T'- 
Then M'^ = P ® p -i^ T , ? , and it is easily seen that p~ l @ T '£ = ®^ s x /(0 @s< /'(£')' 

Therefore = P/p" 1 ^' = M ®™« , and 

— /(£) ^ ' 

Coker(log^) = CokerQV'*,^ -> M» ®^ ^ (c0 ) = Coker(JV» (0 -> M») 
whence the contention. □ 

5.1.25. We consider now a special situation, which will be encountered in proposition |5. 1.281 
Namely, let Q be a monoid, and H C Q x a subgroup. Let also G be an abelian group, p : G — > 
Qgp a group homomorphism, and set : 

if p := G Xq sp H Q p := G Xq ep Q. 

The natural inclusion H ^ Q and the projection Q p — > Q determine a unique morphism : 

(5.1.26) Q p ®h p H^Q. 

Lemma 5.1.27. In the situation of (15.1.251) . suppose furthermore that the composition : 

G -L> gsp _> (Q/#) SP 
15 surjective. Then (|5.1.26l) J5 an isomorphism. 
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Proof. Set G' := G © H, and let p' : G' — > Q gv be the unique group homomorphism that 
extends p and the natural map H — > Q — > Q 8P . Under the standing assumptions, p' is clearly 
surjective. Define Q p > and ff p / as in (15.1.25k there is a natural isomorphism of monoids : 
Q P > —* Q P © H, inducing an isomorphism H p / ^* H p © H, and defined as follows. To every 
g G G,h G H,q G Q such that [(#, h),q] G Qp', we assign the element [(g, h~ l q), a] G Q P ®H 
(details left to the reader). Under this isomorphism, the projection H p > — > i7 is identified with 
the map H p ® H ^ H given by the rule : (hi, h 2 ) i— > 7Tff (/ii) • /12, where tth ■ H p ^ H is the 
projection. It then follows that the natural map : 

q p # -> q p , ©^ # 

is an isomorphism. Thus, we may replace G and p by G" and p', which allows to assume from 
start that p is surjective. However, we have natural isomorphisms : 

Ker(Q p Q) ~ Ker p ~ Ker(# p H). 

Moreover, the set underlying Q (resp. H) is the set- theoretic quotient of the set Q p (resp. H p ) by 
the translation action of Ker p; hence the natural maps Q p /Ker tcq — > Q and H p /Kei hr ^ H 
are isomorphisms (lemma [T .7 .45r ii)) . We can then compute : 

®ff p H ~ (Q p /Ker 7Tq) ®tf p /Kcr7r ff H ~Q® H H ~Q 

as stated. □ 

Proposition 5.1.28. Let T be a locally ringed topos, £ any T -point, and M_ a coherent (resp. 
fine) log structure on T. Suppose that G is a finitely generated abelian group with a group 
homomorphism G — ► Mf p such that the induced map G -> (M fl )| p is surjective. Set 

P:=G x Mf M ? . 

77?en ?/ze induced morphism P — > extends to a finite (resp. fine) chart Pjj — > M|c/ °" some 
neighborhood U of £. 

Proof. We begin with the following : 

Claim 5.1.29. Let Y be any locally ringed topos, £ a F-point, and a : — > <^y the constant 

pre-log structure associated to a map of monoids $ : Q — ► r(Y, where Q is finitely 
generated. Set S := a^iffy^ C = Q. Then : 

(i) S and S^Q are finitely generated monoids. 

(ii) There exists a neighborhood U of £ such that aitr factors as the composition of the 
natural map of sheaves of monoids ju ■ Qu —> (S~ 1 Q)u, and a (necessarily unique) 
pre-log structure as ■ (S~ 1 Q)u — > 

(iii) The induced map of log structures j|° g : Q^ s — > (S _1 Q)^ g is an isomorphism. 

(iv) ots\{^u,i) = (S^ 1 Q) X is a finitely generated group. 

Proof of the claim, (i) follows from lemma |2T.19r iv). 

(ii) : Since 6y^ is the filtered colimit of the groups T(U, &y ), where U ranges over the neigh- 
borhoods of £, lemma I2.1.7r ii) and (i) imply that the induced map S — ► factors through 
r([/, ) for some neighborhood U of £. Then the composition of $ and the natural map 
r(Y, <^ y ) — ► T(U, extends to a unique map S~ X Q — ► r(C7, ^7), whence the sought pre-log 
structure «s on £7. 

(iii) : Let N be any log structure on U; it is clear that every morphism of pre-log structures 
Qu N. factors uniquely through (S~ 1 Q)u, whence the contention. 

(iv) : Indeed, by construction we have : ois\(tfj,s) = S gp . 
Let Y be a neighborhood of £ such that M\y admits a finite local chart a : Qy — > &y\ we 

lift £ to some F-point, £y, and choose a neighborhood U G Ob(T/F) of £y, as provided by 
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claim 15X291 We may then replace T by U, £ by £y and a by the chart as of claim l5TT.29r ii). 
which allows to assume from start that S := a^i^e) is a finitely generated group. Moreover, 
let H := Ker(S — > ^? ? ); clearly ct ? : Q — > ^ factors through the quotient Q' := Q/ff, 
hence we may find a neighborhood U of £ such that am factors through a (necessarily unique) 
map of pre-log structures au : Q{j — > Furthermore, if N is any log structure on U, every 
map of pre-log structures Qu —> N_ factors through Q' v , so that an is a chart for Mm. We may 
therefore replace T by P and a by a#, which allows to assume additionally, that is injective 
on the subgroup S. Now, for any finitely generated subgroup H C w i m S C H, we set 
Mg ; H := if 1I5 Q; clearly, the monoids Me } n are finitely generated, and moreover : 

Me = colim H . 

Furthermore, we deduce a natural sequence of maps of monoids : 
(5.1.30) {1} -»• Mt,H ^M4^ ^tJ h {!}■ 

Claim 5.1.31. For every subgroup if as above, the sequence (15.1.301 ) is exact, i.e. Me h is the 
kernel of ipn, and &^JH is the cokernel of ips- 

Proof of the claim. By lemma [T.7.43r iii). the assertion concerning KexipH can be verified on 
the underlying map of sets; however, lemma [L7.45f ii) says that the set is the set-theoretic 
quotient (Q x ^^)/S, for the natural translation action of S, and a similar description holds 
for Mg H , therefore Ker cpn is the set-theoretic quotient (H x Q)J S, as required. 

The assertion concerning Coker ip H holds by general categorical nonsense. 

Let e : — > Mf p be the natural map; claim \5A .311 implies that the sequence of abelian 
groups (|5.1.30l ) gp is right exact, and then a little diagram chase shows that : 

(5.1.32) e-^Im^fP) = M^,h whenever S c H C 0^. 

Since G is finitely generated, we may find H as above, large enough, so that Mf p H contains the 
image of G. In view of (15.1.321) . we deduce that the natural map 

G x M - H Mt,H -> P 

is an isomorphism, so P is finitely generated, by corollary 12.4.21 moreover P is integral when- 
ever is. Then, lemma I5.1.16f iv.a) implies that the natural map P — > extends to a 
morphism of log structures 1? : P^ g — >■ Miy on some neighborhood U of £. It remains to show 
that 1? restricts to a chart for My, on some smaller neighborhood V of £. To this aim, it suffices 
to show that the map of stalks t?^ is an isomorphism (lemma [5.1.1 6r iv.c)). The latter assertion 
follows from lemma [BTl. 27 [ □ 

Proposition |5.1.28| is the basis of several frequently used tricks that allow to construct "good" 
charts for a given coherent log structure (and for a morphism of such structures), or to "improve" 
given charts. We conclude this section with a selection of these tricks. 

Corollary 5.1.33. Let T be a topos, £ a T -point, M a fine log structure on T. Then there exists 
a neighborhood Uof£ in T, and a chart Py — > Mm such that : 

(a) P gp 15 a free abelian group of finite rank. 

(b) The induced morphism of monoids P — ► @t,£ is local. 

Proof. Choose a group homomorphism G := Z® n — ► Mf p (for some integer n > 0), such 
that the induced map G — > (M* i )f p is surjective, and set P := G x m sp Me . By proposition 
15.1.281 the induced map P — > extends to a chart P[/ — > Miy, for some neighborhood P 
of £. According to example ["l.7.50r v). P gp is a subgroup of G, whence (a). Next, claim l5.l!29l 
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implies that, after replacing P by some localization (which does not alter P gp ), and U by a 
smaller neighborhood of £, we may achieve (b) as well. □ 

Corollary 5.1.34. Let T be a topos, £ a T -point, M_ a coherent log structure on T, and suppose 
that Mt 15 integral and saturated. Then we have : 

(i) There exists a neighborhood U of ^ in T, and a fine and saturated chart Pu — > M\u 
which is sharp at the point £. 

(ii) Especially, there exists a neighborhood Uof^ in T, such that Mr is a fine and satu- 
rated log structure. 

Proof, (i): By lemma |2~.2.1Q[ we may find a decomposition = P x M| \ for a sharp sub- 
monoid P C Mp , Set G := P gp ; we deduce an isomorphism G ^ MfP/M?, and clearly 
P = G x M gp Mf . By proposition 15. 1.281 it follows that the induced map P — > extends to 
a chart (3 : Pu — * M_\u on a neighborhood U of £. By construction, (3 is sharp at the T-point £; 
moreover, since is saturated, it is easily seen that the same holds for P. Finally, P is finitely 
generated, by corollary 12.4.21 

(ii): This follows immediately from (i) and lemma l5T.16r iii). □ 

Theorem 5.1.35. Let T be a locally ringed topos, £ a T-point, f : M — > N_a morphism of 
coherent ( resp. fine ) log structures on T. Then : 

(i) There exists a neighborood U of £, such that f\u admits a finite (resp. fine) chart. 

(ii) More precisely, given a finite (resp. fine) chart up : P? — > M, we may find a neigh- 
borhood U of £, a finite (resp. fine) monoid Q, and a chart of f\u of the form 

(uj p \u, uq-.Qu^ N\u, $ ■ P -> Q)- 

(iii) Moreover, if f is aflat (resp. saturated) morphism of fine log structures and (up, uq, i?) 
is a fine chart for f, then we may find a neighborhood U of I;, a localization map j : 
Q — > Q', and aflat (resp. saturated) and fine chart for f\ v of the form {ujp\u-,Uq> , j o$), 
such that 

(a) loq\u = u Q > oju. 

(b) The chart uoqi is local at the point £. 

Proof. Up to replacing T by T/Ul for a covering — > It | z 6 J) of the final object, we may 
assume that we have finite (resp. fine) charts uj p : P T — > M and Q' T — > iV (lemma [5 . 1 . 1 6r iii)). 
whence a morphism of pre-log structures : 

uj : P T M^N. 

Let £ be any T-point; there follow maps of monoids cp : P — > — » iV^ and ip : Q' —> Ng. 
Set C7 := (P © Q') gP ' an d a Pply proposition 15. 1 .281 to the group homomorphism G — ► iV| p 
induced by </? and ■?/>; for Q := G x w gp JV^, we obtain a finite (resp. fine) local chart Qu — > JV|[/ 
on some neighborhood £7 of £. Then, </? and the natural map P — > G determine a unique map 
P — ► Q, whence a morphism a;' : P^ — > Qt/ — > A[|t/ of pre-log structures; by construction, 
c<^ : P = P;/^ — > iV^ is none else than ip. By lemma \5. 1 . 1 6r iv.b). we may then find a smaller 
neighborhood V — > U of £ such that to'^ v — u>\v- This proves (i) and (ii). 

Next, we suppose that / is flat (resp. saturated) and both M, N_ are fine, and we wish to show 
(iii). In view of claim |5T .291 we may find - after replacing T by a neighborhood of £ - a fine 
chart for / of the form (a>p/, o;q/, $'), such that : 

• P' and Q' are localizations of P and Q, and is induced by 

• ujp = ojpi o (j P ) T and uj q = uj q > o (j'q)t, where j P : P — >■ P' and j Q : Q — ► Q' are the 
localization maps; 

• the induced maps — > Aft and P'" — * iVt are isomorphisms. 
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Now, by proposition ll.7.40l (resp. corollary l2.2.29l) . the map fa is flat (resp. saturated), hence the 
same holds for the induced map M| — > iV"|, by coroirary l2.1.45r i) (resp. by lemma 1X2 . 1 2r iii)) . 
Then the map P'$ — > induced by is flat (resp. saturated) as well, so the same holds for 
by corollary 12. 1 .45r ii) (resp. again by lemma 1X2 . 1 2r iii)) . Finally, jp o §' ; P Q' is flat 
(resp. saturated), by example [2. 1 .22r iii) (resp. by lemma l2l2. 12f i)). and (u>p,u>Qi,jp o ■&') is a 
chart for / with the sought properties. □ 

Corollary 5.1.36. Let T be a topos, £ a T -point, and f : M — > N_ a saturated morphism of fine 
and saturated log structures on T. We have : 

(i) There exists a neighborhood U of £, and a fine and saturate chart (up, uq, $ : P — > Q) 
ofip\u, such that up and uq are sharp at the point £. 

(ii) More precisely, suppose that (up, uq, $ : P — > Q) is a fine and saturated chart for ip, 
such that M_ is sharp at the point £, and uq is local at £. Then there exists a section 
a : — > Q of the projection Q — > Q\ such that (ujp, uq o <j t , ■&») is a chart for ip. 

Proof. After replacing T by some neighborhood of £, we may assume that M admits a chart 
up : Pt — » M which is fine, saturated, and sharp at the point £ (corollary I5.1.34r i)). Then, 
by theorem |5.1.35r iii), we may find a neighborhood U of £, and a fine and saturated chart 
(up\u, uq, d : P — > Q) for ip\ v , such that uq is local at £, so that -d is also a local morphism. 
Hence, it suffices to show assertion (ii). 
(ii): We notice the following : 

Claim 5.1.37. Let i? : P — > Q a local and saturated morphism of fine and saturated monoids, 
and suppose that P is sharp. Then there exists a section o : Q$ — > Q of the projection Q — > 
such that i?(P) lies in the image of a. 

Proof of the claim. Pick an isomorphism /3 : Q — > x Q x as in lemma f2.2. 101 and denote by 
if) : P —> Q x the composition of $ with the induced projection Q — > Q x . The morphism is 
still local and saturated (lemma [2.2.1 2r iii)) . hence corollary I2.2.32( ii) implies that ^ gp extends 
to an isomorphism P gp © L A Q^ gp , where L is a free abelian group of finite rank. Thus, we 
may extend ^ gp to a group homomorphism ip' : — > Q x . Define an automorphism a of 
x Q x , by the rule : (x, g) i— > (x, g ■ -^'(x) -1 ). The restriction cr : — ► Q of (a o will 
do. " 

With the notation of claim ISTT .371 it is easily seen that uq o a T is still a chart for N_, hence 
(up, uq o ax, is a chart for ip as required. □ 

Corollary 5.1.38. Let f : (T, M) — > (S 1 , iV) a morphism of log topoi with coherent (resp. fine) 
log structures, and suppose that N_ admits a finite (resp. fine) chart uq : Qs — > N. Let also £ 
be any T -point; we have : 

(i) There exists a neighborhood U of^, and a finite (resp. fine) chart {uq\jj, u p ,$ : Q — > 
P) for the morphism fyj. 

(ii) Moreover, if M and N_ are fine and f is log flat (resp. saturated) then, on some neigh- 
borhood U of^, we may also find a chart (uq\u, up,$) which is flat (resp. saturated) 
and fine. 

Proof. This is an immediate consequence of theorem f5. 1.351 □ 

5.2. Log schemes. We specialize now to the case of a scheme X. Whereas in [36, §6.4] we 
considered only pre-log structures on the Zariski site of a scheme, hereafter we shall treat uni- 
formly the categories of log structures on the topoi X£. and X^ w (notation of (11.7.811) ). 
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5.2.1. Henceforth, we choose r G {et, Zar} (see (11.7.861) ). and whenever we mention a topol- 
ogy on a scheme X, it will be implicitly meant that this is the topology X r (unless explicitly 
stated otherwise). Let X be a scheme; a pre-log structure (resp. a log structure) on X is a 
pre-log structure (resp. a log structure) on the topos X~. The datum of a scheme X and a log 
structure on X is called briefly a log scheme. It is known that a morphism of schemes X — > Y is 
the same as a morphism of locally ringed topoi X~ — > F T ~, hence we may define a morphism of 
log schemes (X, M) — > (Y, N_) as a morphism of log topoi (X~, M) — > (Y^, X) (and likewise 
for morphisms of schemes with pre-log structures). We denote by pre-log T (resp. log r ) the 
category of schemes with pre-log structures (resp. of log schemes) on the chosen topology r. 
We denote by : 

int.log T sat.log r qcoh.log T coh.log r 

the full subcategory of the category log r , consisting of all log schemes with integral (resp. 
integral and saturated, resp. quasi-coherent, resp. coherent) log structures. 

A scheme with a quasi-fine (resp. fine, resp. quasi-fine and saturated, resp. fine and saturated) 
log structure is called, briefly, a quasi-fine log scheme (resp. a fine log scheme, resp. a qfs log 
scheme, resp. afs log scheme), and we denote by 

qf.log T flog T qfs.log T fs.log r 

the full subcategory of log r consisting of all quasi-fine (resp. fine, resp. qfs, resp. fs) log 
schemes on the topology r. In case it is clear (or indifferent) which topology we are dealing 
with, we will usually omit the subscript r. There is an obvious (forgetful) functor : 

F : log — > Sch 

to the category of schemes, and it is easily seen that this functor is a fibration. For every scheme 
X, we denote by log x the fibre category F -1 (X) i.e. the category of all log structures on X 
(or log x , if we need to specify the topology r). The same notation shall be used also for the 
various subcategories : so for instance we shall write int.log x for the full subcategory of all 
integral log structures on X. Moreover, we shall say that the log scheme (X, M) is locally 
noetherian if the underlying scheme X is locally noetherian. 

5.2.2. Most of the forthcoming assertions hold in both the etale and Zariski topoi, with the 
same proof. However, it may occasionally happen that the proof of some assertion concerning 
X~ (for t G {et, Zar}), is easier for one choice or the other of these two topologies; in such 
cases, it is convenient to be able to change the underlying topology, to suit the problem at hand. 
This is sometimes possible, thanks to the following general considerations. 

The morphism of locally ringed topoi u of (11.7.831) induces a pair of adjoint functors : 

«* ■ log Zar -> log 6t u t : log 6t -> log Zar 

as well as analogous adjoint pairs for the corresponding categories of sheaves of monoids (resp. 
of pre-log structures) on the two sites. It follows formally that u* sends constant log struc- 
tures to constant log structures, i.e. for every scheme X, and every object M := (M, cp) of 
Mnd/r(X, & x ) we have a natural isomorphism : 

u*(X Zai ,M^J^(X 6t ,M^ t ). 

More generally, lemma 15". 1.16I D shows that u* preserves the subcategories of quasi-coherent 
(resp. coherent, resp. integral, resp. fine, resp. fine and saturated) log structures. 

Proposition 5.2.3. (i) The functor u* on log structures is faithful and conservative. 
(ii) The functor u* restricts to a fully faithful functor : 

u* : int.log Zar int.log 6t . 
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(iii) Let (X$t, M) be any log scheme. Then the counit of adjunction u*u*{X&,, M) — > 
(X&;, M) is an isomorphism if and only if the same holds for the counit of adjunction 

Proof (i): Let (X Zar ,M) be any log structure; set (X &t ,M.et) := u*(X,M_), and denote by 
ift x : w*^x Zar — » the natural map of structure rings. Since m is a morphism of locally 
ringed topoi, we have : 

It follows easily that is the push-out in the cocartesian diagram : 

However, for every geometric point £ of X, the natural map &x,\$\ ~^ ^x,f ls faithfully flat, 
hence is injective, and therefore also (3^, in light of lemma [L7 .45 H i). The faithfulness of u* 
is an easy consequence. Next, let / : M — > N_ be a morphism of log structures on Xz ar , set 
(X^t,Nj. t ) := u*(X, N), and suppose that u*f : — > N_ 6t is an isomorphism; we wish to 
show that / is an isomorphism. However, (5 induces an isomorphism of monoids : 

(5.2.4) ?(M»)^Mj t 

and likewise for Nj it follows already that / induces an isomorphism M} ^ N_K To conclude, 
it suffices to invoke lemma l5T.4l 

(ii) : Let us suppose that M is integral. According to ifTOl Prop.3.4.1], it suffices to show that 
the unit of adjunction (X, M) — > u*(Xm., Mm) is an isomorphism. Now, from the isomorphism 
(15.2.41 ) we deduce a commutative diagram : 

M} (u.AL,,)'- 

whose bottom arrow is an isomorphism, and whose left vertical arrow is an isomorphism as 
well, by lemma [T.7.94r iii) (and again IfTOl Prop.3.4.1]). We claim that also the right vertical 
arrow is an isomorphism. Indeed, since u* is left exact, the latter arrow is a monomorphism, 
hence it suffices to show it is an epimorphism; however, since Mm , is an integral log structure 
(lemma |5.1.16r i)), it is easily seen that the projection M<s t — >■ Mjj t is a i^.-torsor (in the topos 

X£/M^ t ). Then the contention follows from the exact sequence of pointed sheaves (11.7.801) , 
and the vanishing result of lemma [L"7 . 94f iv) . 

Summing up, we conclude that the top horizontal arrow in the above diagram is an isomor- 
phism, so the assertion follows from lemma [5T 1.4[ 

(iii) : Set (X&, (u*M)&) := u*u*{X&, M). To begin with, lemma [T.7.94r iv) easily implies 
that the natural morphism (u*M)$ — > u*(M}) is an isomorphism; together with the general 
isomorphism (15.1.81) . this yields a short exact sequence of X& -monoids : 

-> ^ -> (u*M) ft -> u*u*(M}) -> 

which easily implies the assertion : the details shall be left to the reader. □ 



We shall prove later on some more results in the same vein (see corollary 15.2.221) . 
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5.2.5. Arguing as in (15.1.221) . we see easily that all finite limits are representable in the cate- 
gory of log schemes. The rule X i— > (X, defines a fully faithful inclusion of the category 
of schemes into the category of log schemes. Hence, we shall regard a scheme as a log scheme 
with trivial log structure. Especially, if (X, M) is any log scheme, and Y — > X is any morphism 
of schemes, we shall often use the notation : 

(5.2.6) Y x x (X,M) ■= (Y,#P) * ( x , M)- 

Especially, if £ is any r-point of X, the localization of (X, M) at £ is the log scheme 

{X{0,M(0) :=X(Ox x (X,M) 
(see definition 1 1 .7 . 85 r iijii)) . If r = et, this operation is also called the strict henselization of X 

ate 

Definition 5.2.7. (i) For every integer n G N, we have the subset : 

(X, M) n ■= {x G X | dimMg < n for every r-point £ — > X localized at x}. 

Especially (X, M) consists of all points x G X such that M ? = for every r-point £ of X 
localized at x; this subset is called the trivial locus of (X, M ), and is also denoted (X, M) tr . 

(ii) If / : (X, M) — > (Y, X) is a morphism of log schemes, we denote by Str(/) C X the 
strict locus of /, which is the subset consisting of all points x G X such that / is strict at every 
r-point localized at x (see definition 15 . 1 .20r ii)) . 

Remark 5.2.8. Let / : (X, M) — ► (Y, X) be any morphism of log schemes. 

(i) Since log / induces local morphisms on stalks, it is easily seen that / restricts to a map 

/ tr :(X,M) tr ^(F,X) tr . 

(ii) Especially, we have (X,M) tr C Str(/). 

5.2.9. Let X := (Xj | i G I) be a cofiltered family of quasi-separated schemes, with affine 
transition morphisms f v : Xj — > Xj, for every morphism : j — > i in /. Denote by X the limit 
of X, and for each z G / let ixi : X — > Xj be the natural projection. 

Lemma 5.2.10. In the situation of (15.2.91) . let 3^ := ((Xj, MJ | z G /) a cofiltered sys- 
tem of log schemes, with transition morphisms (f<p,logfp) : (Xj,Mj) — > (Xj, Mj) for every 
morphism (p : i — > j in I. We have : 

(i) The limit of the system exists in the category log. 

(ii) Let (X, M) denote the limit of the system 3£. If Xi is quasi-compact for every i E I, 
then the natural map 

colimr(Xj,X i ) -> T(X,X) 
iei 

is an isomorphism. 

Proof, (i): Let X be the limit of the system of schemes X, and endow X with the sheaf of 

monoids M := colim7r*Mj, where n* is the pull-back functor for sheaves of monoids (see 

iei 

(11.7.571) ). and the transition maps itjMj — > 7T* M i are induced by the morphisms log/ v : 
f*Mj — > Mj, for every (p : i — > j in /. Then the structure maps of the log structures M_ i 
induce a well defined morphism of X-monoids M — > & x , an d we claim that the resulting 
scheme with pre-log structure (X, M) is actually a log scheme. Indeed, the assertion can be 
checked on the stalks, and notice that, for every r-point £ of X we have a natural identification 
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(This is clear for r = Zar, and for r = et one uses Il3~3l Ch.IV, Prop. 18.8. 18(ii)]); it then suffices 
to invoke lemma [L7.60r i). Lastly, it is easily seen that (X, M) is a limit of the system 3£ : the 
details shall be left to the reader. 

(ii): In view of the explicit construction in (i), the assertion follows immediately from propo- 
sition l9.3.151 □ 

Example 5.2.11. Let X be a scheme. For the following example we choose to work with the 
etale topology on X. A divisor on X is a closed subscheme D C X which is regularly 
embedded in X and of codimension 1 ( 11331 Ch.IV, Def.19.1.3, §21.2.12]). Suppose moreover 
that X is noetherian, let D C X be a divisor, and denote by (Di \ % G I) the irreducible reduced 
components of D. We say that D is a strict normal crossing divisor, if : 

• &x,x is a regular ring, for every x G D. 

• D is a reduced subscheme. 

• For every subset J C J, the (scheme theoretic) intersection flje J ls regul^ °f P ure 
codimension (j J in X. 

A closed subscheme D of a noetherian scheme X is a normal crossing divisor if, for every 
x G X there exists an etale neighborhood / : U — > X of x such that / -1 .D is a strict normal 
crossing divisor in U. 

Suppose that D is a normal crossing divisor of a noetherian scheme X, and let j : [/ : = 
X\D — > X be the natural open immersion. We claim that the log structure is fine (this is 
the direct image of the trivial log structure on [/& : see example [5.1.1 Ot ii)) . To see this, let £ be 
any geometric point of X localized at a point of D; up to replacing X by an etale neighborhood 
of £, we may assume that D is a strict normal crossing divisor; we can assume as well that X 
is affine and small enough, so that the irreducible components (D\ | A G A) are of the form 
V(I\), where I\ C A : = T(X, &x) is a principal divisor, say generated by an element x\ G A, 
for every A G A. We claim that is the constant log structure associated to the pre-log 

structure : 

a : N^ A) : e x ^x x 

where (e A | A G A) is the standard basis of N^ A \ Indeed, let 5 C A be the largest subset such 
that the image of £ lies in Ds ■= f)\es D\, we have x\ G &xx f° r a ^ A ^ S 1 , so that the push- 
out of the induced diagram of stalks <— ol~ x G^^ — > is the same as the push-out Ps 

of the analogous diagram ff^^ <— ag 1 ^^ ~^ N^, where cts : N)f — > &x is the restriction 
of a. Suppose that a G tfx,£ an d a is invertible on X{^)\D S \ the minimal associated primes 
of Aj (a) are all of height one, and they must therefore be found among the prime ideals Ax\, 
with A G S. It follows easily that a is of the form u ■ Ylxes x \ f° r certa i n ^a^N and u G &x^. 
Therefore, the natural map (3% : Ps — > (j*^)^ is surjective. Moreover, the family (x A | A G S) 
is a regular system of parameters of ( Il30l Ch.O, Prop. 17. 1.7]), therefore the natural map 
Sym"^-)(m^/m|) — > m£/m£ +1 is an isomorphism for every n G N (here C &x& is the 
maximal ideal); it follows easily that (3^ is also injective. 

Example 5.2.12. Suppose that X is a regular noetherian scheme, and D C X a divisor on X; 
let [/ := X\D. If D is not a normal crossing divisor, the log structure M := on X 6t 

is not necessarily fine. For a counterexample, let X be an algebraically closed field, C C A 2 K 
a nodal cubic; take D C X := to be the (reduced, affine) cone over the cubic C, with 
vertex xo G A 3 , and pick a geometric point £ localized at xq. It is easily seen that, away from 
the vertex, D is a normal crossing divisor, hence M.\x\{x } 1S a fi ne l°g structure on X\{x }, 
by example 15.2.1 II More precisely, let y G C be the unique singular point, L C D the line 
spanned by x and y , and a geometric point localized at the generic point of L. By inspecting 
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the argument in example [5 .2.1 1[ we find that : 

M v ~ N® 2 © &l v 

(indeed, an isomorphism is obtained by choosing a,b E &c,y sucn that ^( a ) an d V(b) are the 
two branches of the cubic C in an etale neighborhood of y ). On the other hand, let p C A : = 
K[Ti,T 2 , T 3 ) be the prime ideal corresponding to xq, and I C A p the ideal defining the closed 
subscheme X(x )f]D in X(x ); we claim that I-&x£ is still a prime ideal, necessarily of height 
one. Indeed, let B := A p /I, and denote by A A (resp. B A ) the p-adic completion of A p (resp. 
of B); then £> A is also the completion of the reduced ring 0x,z/I, hence it suffices to show that 
Spec B A is irreducible. However, we may assume that C C Spec K[Ti, T 2 ] is the affine cubic 
defined by the ideal J c K[T U T 2 ) generated by Tf - T| + T X T 2 . Then I is generated by the 
element / := T? - TiT 3 + 7\T 2 T 3 ; also, p = (T U T 2 ,T 3 ), so that A A ~ T 2 , T 3 ]] and 

£> A ~ A A /(f). Suppose SpecB A is not irreducible. This means that V(f) C Specv4 A is a 
union V(/) = Zx U • • • U Z n of n > 2 irreducible components Z^ Since A A is a local regular 
ring, each such irreducible component Zi is a divisor, defined by some principal prime ideal q ; 
in A A . Let a* be a generator for q^; then / admits factorizations of the form / = aA for some 
non-invertible bi E A A . Fix some i, and set a := aj, 6 := bf, since / is homogeneous of degree 
3, we must have a E p fc \p fc+1 for either k = lork = 2(k^0 since a is not a unit, and k ^ 3, 
since 6 is not a unit); then 6 E p 3 ~ fc \p 4_fc . Write a = a' + a" and b = b' + 6", where a" G p fc+1 , 
b" E p 4_fc and a' (resp. b') is homogeneous of degree k (resp. 3 — k). Then f = ab = a'b' + c, 
where c G p 4 and a'6' is homogeneous of degree 3. This means that / = a'b' is a factorization 
of / in A. However, / is irreducible in A, a contradiction. (Instead of this elementary argument, 
one can appeal to ||60l Th.43.20], which runs as follows. If R is a local domain, then there is 
a natural bijection between the set of minimal prime ideals of the henselization R h of R and 
the set of maximal ideals of the normalization of R in its ring of fractions. In our case, the 
normalization D u of D is the cone over the normalization of C, hence the only point of D u 
lying over xq is the vertex of D u .) 

It follows that any choice of a generator of / yields an isomorphism : 

M ? ~ N © 

Suppose now that - in an etale neighborhood V of £ - the log structure M is associated to a 
pre-log structure a : Py — > Gy, for some monoid P; hence M> v is the push-out of the diagram 
ffy <— oT x {@y ) — ► Py, whence isomorphisms : 

But clearly ^^(^x^) c a,^^,), so we would have a surjection of monoids N — > N® 2 , 
which is absurd. 

On the other hand, we remark that the log structure 0£ on the Zariski site X Zar is fine : 
indeed, one has a global chart Nx Zar — ► , provided by the equation defining the divisor D. 

5.2.13. Let R be a ring, M a monoid, and set S := Spec R[M]. The unit of adjunction 
€m '■ M — > i?[M] can be regarded as an object (M, e M ) of Mnd/r(S l , whence a constant 
log structure M s og on S 1 (see (I5.1.13I) ). The rule 

M ^ Spec( J R, M) := il4° g ) 

is clearly functorial in M. Namely, to any morphism A : M — > of monoids, we attach the 
morphism of log schemes 

Spec(i?, A) := (SpecflfA], X^ ecR[N] ) ■ Spec(R,N) Spec(i?,M). 
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Likewise, if P is a pointed monoid, SpecR(P) is a closed subscheme of Spec R[P], and we 
may define 

Spec(R,P) := Spec(P,P) x SpccR[P] Spec R(P). 
Lastly, if M is a non-pointed monoid, notice the natural isomorphism of log schemes 

Spec(P,M ) Spec(P,M) . 

(Notation of remark [5.1 .2 lf ii) : the details shall be left to the reader.) 

Lemma 5.2.14. With the notation of (15.2.131) . let a G M be any element, and set M a := S~ l M, 
where S a := {a n \ n G N}. Then U a := Spec R[M a ] is an open subscheme ofS, and the induced 
morphism of log schemes : 

Spec(P, M a ) -> Spec(P, M)x s U a 

is an isomorphism. 

Proof. Let (3s ■ Ms — > @s and (3y a '■ (M a )u a ~> &u a be the natural charts, and denote by 
(p : M — > M a the localization map. For every r -point £ of U a , we have the identity : 

Let Q := Pul^u a c ^ ne asser tion is a straightforward consequence of the following : 
Claim 5.2.15. The induced commutative diagram of monoids : 

p- l Q *- M 



Q *M a 

is cocartesian. 

Proof of the claim. Let b G M, and suppose that (3u a ,z( al b) G tfj a f Since (3u a ,^( a ) G 
^UaV we deduce that the same holds for (3u a ,z(b), i.e. b G <#~ X Q. Let Q' := </?(</? -1 (5); we 
conclude that Q = S~ l Q' , the submonoid of M a generated by Q' and a -1 . The claim follows 
easily. □ 

5.2.16. In the same vein, let X be a P-scheme, and (M, cp) any object of Mnd/T(X, Gx)- 
The map </? induces, via the adjunction of (11.7.641) . a homomorphism of R- algebras R[M] — > 
T(X, &x), whence a map of schemes / : X — > S := Spec P[M], inducing a morphism 

(5.2.17) X x s Spec(P, M) -> (X, (M, ^)£ g ) 

of log schemes. 

Lemma 5.2.18. /n f/ze situation of (15.2.161) . we /zave : 

(i) 77ze map (15.2.171) is an isomorphism. 

(ii) 77ze log scheme Spec(P, M) represents the functor 

log -> Set : (y, JV) h-> Hom z . AIg (i?,r(F,iV)) x Hom Mn d(P, r(F, AQ). 

Proof, (i): The log structure /*(M^ og ) of Spec(P, M) x 5 X represents the functor : 

F : log x -> Set : TV i-> Hom M nd/r(^ s) ((M, e M ), r(S, /,JV)). 

However, if iV is any log structure on X, the pre-log structure (/*AQ prc " log is the same as 
f*(N_ pre ' l ° s ) (see J36l (6.4.8)]). From the explicit construction of direct images for pre-log 
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structures, and since the global sections functor is left exact (because it is a right adjoint), we 
deduce a cartesian diagram of monoids : 



r(X,AQ *T(X,0 x ). 

It follows easily that F is naturally isomorphic to the functor given by the rule : 

N ^ Hom M nd/r ( x,^)((M, <p), T(X,N)). 

The latter is of course the functor represented by (M, <p)x g . 

(ii) can now be deduced formally from (i), or proved directly by inspecting the definitions. 

□ 

5.2.19. From (15.2.131 ) it is also clear that the rule (R, M) i— > Spec(-R, M) defines a functor 

Z-Alg° x -Mon° log 
which commutes with fibre products; namely, say that 

(R', M') «- (R, M) -> (R", M") 
are two morphisms of Z- Alg x -Mon; then there is a natural isomorphism of log schemes : 

Spec(# ® R R", M' ® M M") ^ Spec( J R / ) M') x Spec{R , M ) Spec(i2", M"). 

For the proof, one compares the universal properties characterizing these log schemes, using 
lemma l5T2.18r ii) : details left to the reader. 

5.2.20. Let X be a scheme, M a sheaf of monoids on X T . We say that M is locally constant 
if there exists a covering family (U\ — > X | A G A) and for every A G A, a monoid Pa and 
an isomorphism of sheaves of monoids M_p x ~ (P\)u x . We say that M is constructible if, for 
every affine open subset U C X we can find finitely many constructible subsets Zj, . . . , Z n C U 
such that : 

• U = Zi u • • • u z n 

• M.\Zi is a locally constant sheaf of monoids, for every i = 1, . . . , n. 

If moreover, is a finitely generated monoid for every r-point £ of X, we say that M is of 
finite type. If : M — > N_ is a morphism of constructible sheaves of monoids on X T , then it is 
easily seen that Ker cp, Coker ip and Im p are also constructible. Moreover, if M and N_ are of 
finite type, then the same holds for Coker cp and Im cp. 

Suppose that M is a sheaf of monoids on X T , and for every x G X choose a r-point x 
localized at x; the rank of M is the function 

rk M :X^NU{oo} x ^ dim Q M| p <g> z Q. 

It is clear from the definitions that the rank function of a constructible sheaf of monoid of finite 
type is constructible on X. 

Lemma 5.2.21. Let X be a scheme, p> : Q —>■ Q' a morphism of coherent log structures on X T . 
Then : 

(i) The sheaves Q" and Coker p are constructible of finite type. 

(ii) (X, Q) n is an open subset of X, for every integer n > 0. (See definition 15. 2.7\ i).) 

(iii) The rank functions of and Coker ip are (constructible and) upper semicontinuous. 
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Proof. Suppose that Q admits a finite chart a : M x — > Q. Pick a finite system of generators 
E C M, and for every'S C E, set : _ 

Z s := f) D(s) n f| 

sG5 ten\s 

where, as usual D(s) (resp. V(s)) is the open (resp. closed) subset of the points x E X such 
that the image s(x) E k(x) of s is invertible (resp. vanishes). Clearly each Z s is a constructible 
subset of X, and their union equals X. Moreover, for every S C E, and every r-point £ 
supported on Zs, the submonoid N% := (^x?) C M is a face of M (lemma I2.1.19I T)), 
hence it is the submonoid (S 1 ) generated by E fl = S 1 (lemma |2.1.19r ii)). It follows easily 
that ~ (M/ {S))\ Zs . ^ ' 

More generally, suppose that Q is coherent. We may assume that X is quasi-compact. Then, 
by the foregoing, we may find a finite set A and a covering family (f\ : U\ — > X | A 6 A) 
of X, such that is a constructible sheaf of monoids on Since /a is finitely presented, 
it maps constructible subsets to constructible subsets ((33] Ch.IV, Th.1.8.4]); it follows easily 
that the restriction of Q* to f\(U\) is constructible, therefore Qr is constructible. Next, notice 
that Coker <£> = Coker by the foregoing, Q'" is constructible as well, so the same holds for 
Coker ip. 

Next, Let x E X be any point, and £ a r-point of X localized at x; by theorem [5.1.35( 1) we 
may find a neighborhood / : U — > X of £ in X T and a finite chart (ujp,ujpi,'&) for ^i^. By 
claim [5TT.291 we may assume, after replacing U by a smaller neighborhood of £, that cup and 
cjp/ are local at the point £, in which case = P tt and Coker ip 6 = Coker i?. Let r : X -> N 
(resp. r' : U — > N) denote the rank function of (resp. of QL); then it is clear that r' = r o /. 
On the other hand, for every y E U and every r-point rj of U localized at y, the stalk is a 
quotient of P", hence r'(y) < r(x) and dimQ^ < dimQg. Since / is an open mapping, this 
shows (ii), and also that the rank function of is upper semicontinuous. Likewise, let s (resp. 
s') denote the rank function of Coker ip (resp. Coker cp\u)', then s' — s o f, and Coker cp v is 
a quotient of Coker $ for every r-point rj of U; the latter implies that s'(y) < s(x) for every 
y E U, which shows that s is upper semicontinuous. □ 

Corollary 5.2.22. Let X be a scheme, M_ a log structure on X Zar , and set 

(X 6t ,Met) :=M*(X Zar ,M). 

Then M_ is integral (resp. coherent, resp. fine, resp. fine and saturated) if and only if the same 
holds for Mm,- 

Proof. It has already been remarked that (X 6t ,M_ 6t ) is coherent (resp. fine, resp. fine and 
saturated) whenever the same holds for (X Zar , M) ; furthermore, the proof of proposition l5.2.3I T) 
shows that the natural map on stalks Mia — > M_6t£ is injective for every geometric point £ of 
X, therefore M is integral whenever the same holds for Mm.. 

Next, we suppose that Mm . is coherent, and we wish to show that M is coherent. 

Let x E X be any point, £ a geometric point localized at x. By assumption there exists a 
finitely generated monoid P', with a morphism a : P' — > Mg t ,g inducing an isomorphism : 

i" ®/3-iM- >e M| t ,€ -> Met,? ^ M x ® Ki ®lf 

It follows easily that we may find a finitely generated submonoid Q C M T , such that the image 
of a lies in (Q ■ M*) ® M x @xz> an ^ therefore the natural map : 
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is surjective. Then lemma IT~.7.45r ii) implies that Q • M * = M x , in other words, the induced 
map Q — > M| = M\ t ^ is surjective. Set 

P:=g gp x Mi P { M, u . 

In this situation, proposition 15. 1 .281 tells us that the induced map [3^ : P — > Met.g extends to an 
isomorphism of log structures /5 log : i^ og — > M^ic^ on some etale neighborhood U — > X of £. 
On the other hand, it is easily seen that the diagram of monoids : 

M T ^ Mi? 



M** — 

is cartesian, therefore factors uniquely through a morphism /3^. : P — > M x . The latter extends 
to a morphism of log structures /9' log : P r l? g — > Miy on some (Zariski) open neighborhood 
L r ' of x in X (lemma [5.1.1 6r iv.a) ,( v)) . By inspecting the construction, we find a commutative 
diagram of monoids : 



/3f 



(where w* is the functor on log structures of (15.2.21) ) whose horizontal arrows and right vertical 
arrow are isomorphisms; it follows that (u*(3' log )^ is an isomorphism as well, therefore u*f3' log 
restricts to an isomorphism on some smaller etale neighborhood /:[/"—»■ U' of £ (lemma 
I5.1.16r iv.c)). Since / is an open morphism, we deduce that the restriction of (u*(3' log )^ is 
already an isomorphism on f(U")&, and f(U") is a (Zariski) open neighborhood of x in X. Fi- 
nally, in light of propo sition 15 . 2 . 3 f i) , we conclude that the restriction of (3 n ° g is an isomorphism 
on /({/") zar > so M is coherent, as stated. 

Lastly, we suppose that is fine and saturated, and we wish to show that M is saturated. 
However, the assertion can be checked on the stalks, hence let £ be any geometric point of X; 
the proof of proposition 15.2.31 shows that the natural map ML — > Mjj t ^ is bijective, so the 
assertion follows from lemma l2!2.9r ii). □ 

Corollary 5.2.23. The category coh.log admits all finite limits. More precisely, the limit (in 
the category of log structures) of a finite system of coherent log structures, is coherent. 

Proof. Let A be a finite category, := {{X\, M x ) | A G A) an inverse system of schemes 
with coherent log structures indexed by A. Denote by Y the limit of the system (X A | A 6 A) 
of underlying schemes, and by ii\ : Y — ► X\ the natural morphism, for every A G A. It 
is easily seen that the limit of S£ is naturally isomorphic to the limit of the induced system 
& := ((y, tc*M x ) | A G A), and in view of lemma l5T.16r i). we may therefore replace 5E by 
and assume that S£ is a finite inverse system in the category log x , for some scheme X 
(especially, the underlying maps of schemes are lx, for every morphism A — ► fi in A). 

It suffices then to show that the push-out of two morphisms g : N_ — > M, h : N_ — > M' of 
coherent log structures on X, is coherent. However, notice that the assertion is local on the site 
X T , hence we may assume that N_ admits a finite chart Q x — > N. Then, thanks to theorem 
I5.1.35t ii). we may further assume that both / and g admit finite charts of the form Q x — > Px 
and respectively Qx — ► P'x, f° r some finitely generated monoids P and P'. We deduce a 
natural map (P U Q P') x ^ Px LIq x P' x -> M U K M', which is the sought finite chart. □ 
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Lemma 5.2.24. In the situation of (15.2.91) . suppose that X{ is quasi-compact for every i E I, 
and that there exists i E I, and a coherent log structure N_i on X it such that the log structure 
N : = ir*N_i on X T admits a finite chart (5 : Qx — > N_. Then there exists a morphism if : j ' — » % 
in I and a chart f3j : Qxj — > N_j '■= f* p Xj for Nj, such that ^*f3j = (3. 

Proof. After replacing I by I/i, we may assume that jVj is well defined for every j E I, and 
i is the final object of /. In this case, notice that (X, N_) is the limit of the cofiltered system of 
log schemes ((Xj,N_j) \ j E I). We begin with the following : 

Claim 5.2.25. In order to prove the lemma, it suffices to show that, for every r-point £ of X 
there exists j(£) E I, a. neighborhood U$ — > Xj^ of 7Tj (£)(£) in Xj^) >T , and a chart /3j(£) : 
Qc/ ? -> ^(0|tr e suchm at (1d< x x . (0 n m )*/3 m = (3. 

Proof of the claim. Clearly we may assume that U% is an affine scheme, for every r-point £ of X. 
Under the stated assumptions, X is quasi-compact, hence we may find a finite set . . . , £ n } 
of r-points of X, such that (f/c fe x x Mik) X — > X \ k — 1, . . . , n) is covering in X T . Since / is 
cofiltered, we may then find j E I and morphisms : j — > for every k = 1, . . . ,n. After 
replacing each /3j(£ fe ) by fZ k f3j(£ k ), we may assume that j(Cfc) = j f° r every k < n. 

In this case, set /3& := $j(^ k ), and := L^ fc for every k < n; let also U k i := C/% Xx, C/i, 
Z7y := t/fci x Xj X for every k,l < n, and denote by 7Tjy : — > the natural projection. 
Hence, for every fc, I < n we have a morphism of £4rmonoids : 

Phi ■= Pk\U kt -Qu k i 

and by construction we have n^ij3ki = 7r* fc $& under the natural identification : C/^ ^ U[jl. 
Notice now that U k i is quasi-compact and quasi- separated for every k,l < n, hence the natural 
map 

coUmr(Z7« x x . Ai,^) -> r(E/£,iV) 

is an isomorphism (lemma l5 . 2 . 1 Ol iD) . On the other hand, (3 k i is given by a morphism of monoids 
bki '■ Q — > r(£/jy,iVj), and likewise 7rjy/3jy is given by the morphism Q — > T(U kl ,N_) obtained 
by composiiton of b kl and the natural map T(U k i,N_j) — > T(U kh N_). By lemma l2~X7lT i). we 
may then find a morphism j' — » j in J such that the following holds. Set 

V k := £4 x Xj Xj, V M ■= V k x x ., V for every k,l<n 

and let p k : V fc — > C/ fe be the projection for every k < n; let also := which is a chart 
Qy fc - ► i^j'IVfc f° r m e restriction of Nj'. Then 

(5.2.26) /^^ = $ m for every k,l < n 

under the natural identification V k . By construction, the system of morphisms (V k X-x , 

X — > X | k — 1, . . . , n) is covering in X T ; after replacing j' by a larger index, we may then 
assume that the system of morphisms (V k — > X,/ | fc = 1, . . . , n) is covering in Xj/ T ( 11321 
Ch.IV, Th.8.10.5]). In this case, (|5.2.26l) implies that the local charts (3' k glue to a well defined 
chart (3ji : , — > iVjs and a direct inspection shows that we have indeed ir*,(3ji = (3. 

Now, denote by a : Qx — > the composition of /3 and the structure map of iV, and let £ be 
a r-point of X; we have a natural isomorphism 

= N iM0 %x ^ colimiV ij7ri(c) ® w x ^ colimiVj- (0 

((331 Ch.IV, Prop. 18. 8.18(h)]). It follows that fa and factor through morphisms of monoids 
f3^j : Q — > iVj )7r .(f) and c^j : Q — > &x-,tt (£) for some j 6 / (lemma |2.1.7r ii)), and again we 
may replace / by I /j, after which we may assume that (3^j and a^j are defined for every j E I. 
Then a^j extends to a pre-log structure aj : Q v — > ^ on some neighborhood L^- — > Xj of 
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7Tj(£) in Xj )T (lemma 15. 1.16f v)). and we may also assume that P^j extends to a morphism of 
pre-log structures f3j : (QjjpOtj) — > N_j\Uj (lemma [5.1.1 6f iv. a)) . Notice as well that 

N* M ~ X* and /^X*^ = P^Ng for every j E I 

and since induces an isomorphism Q/P^ l N^ — > Xj , we deduce that (which is the same 
as /3^j) induces an isomorphism Q / aj^ ~* M-j £ f° r every j G /. In turn, it then follows 

from lemma 15. 1.41 that Pj^ induces an isomorphism (Quj, a j)^%) ~* — j>j(0- 

Next, by lemma l5T.16r iv.b.c) we may find, for every j G I, a neighborhood £/_• — » C/j of £ in 
X T , such that the restriction (Qui, a j\u^) ~* K.j\ui of Pj is a chart for A^ux. 

By construction, the morphism Xj 3 Kj)*Pj)z '■ Q —> N4 is the same as /3f, so by lemma 
I5.1.16f iv.b) we may find a neighborhood Vj — > £/j X of £ in X T , such that 

((If/j xx, ^ j)* Pj) \Vj = P\y, and ((1^ x Xj Tr^o,)^ = «|v r 

Claim 5.2.27. In the situation of (15.2.91 ), let Y — > X be an object of the site X T , with Y quasi- 
compact and quasi-separated. We have : 

(i) There exists i G I, an object Yi — > X of Xj )T , and an isomorphism of X-schemes 

Y^Y,x Xi X. 

(ii) Moreover, if Y — > X is covering in X T , then we may find i G / and Yi — > Xj as in (i), 
which is covering in X ijT . 

Proof of the claim, (i) is obtained by combining OH Ch.IV, Th.8.8.2(ii)] and OH Ch.IV, 
Prop.l7.7.8(ii)] (and OH Ch.IV, Cor.8.6.4] if r = Zar). Assertion (ii) follows from (i) and 
OH Ch.IV, Th.8. 10.5]. 

By claim [5^2.27( 1), we may assume that Vj = U" x Xj X for some neighborhood U" — > U', 
of 7Tj(£) in Xj T . To conclude, it suffices to invoke claim !5.2.25[ □ 

Proposition 5.2.28. In the situation of (15.2.91 ), suppose that Xj is quasi-compact for every 
i G I. Then the natural functor : 

(5.2.29) 2-colimcoh.log x — > coh.log x 

is an equivalence. 

Proof. To begin with, we show : 

Claim 5.2.30. The functor (15.2.291) is faithful. Namely, for a given i G 7, let Mj and Xj be two 
coherent log structures on Xj, and /j, : Mj — > Xj two morphisms, such that 7r* /j agrees with 
7r*5>j. Then there exists a morphism *0 : j — > z in 7 such that /jj/j = /Jjjgfj. 

Proof of the claim. Set M := n*Mj, and define likewise the coherent log structure X on 
X. For any r-point £ of X, pick a neighborhood [/^ — > Xj of 7Tj(£) in Xj, and a finite chart 
P : — > Mj|;j 5 for the restriction of Mj. The morphisms /j^ and g^u are determined by 
the induced maps ip := T(U^, f) o /3 and 7 := r([/t, #j) o p, and the assumption means that the 
composition of ip and the natural map T(U^, Nj) — > x Xi X, X) equals the composition of 
7 with the same map. 

It then follows from lemmata [5.2. lOt ii) and !2.1.7f ii) that there exists a morphism ip : — > i 
in 7 such that the composition of with the natural map T(U^,Nj) — > r(C/^ x x . Xj(^), /^X) 
equals the composition of 7 with the same map; in other words, if we set U'^ := x Xi X^), 
we have f^f^u^ = f^9i\u'- Next, since X is quasi-compact, we may find finitely many r-points 
£l, . . . , £„ such that the family (C/^ x x 4(5fc) X X) is covering in X T . Then, by (321 Ch.IV, 
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Th.8.10.5] we may find j G / and morphisms ipk : j — > i(^) in /, for k = 1, . . . , n, such that 
the induced family := x x l(ik) Xj — > Xj) is covering in X jiT , By construction we have 

fi> k oi>fi\u% = f^ k o-4,9i\u'> for A; = 1, ... ,n 
therefore /J^/i = /^fl'i' a » required. 

C/a/m 5.2.31. The functor (15.2.291) is full. Namely, let i G I and N { as in claim 15.2.301 
and suppose that / : 7r*M,; — > 7r*iVj is a given morphism of log structures; then there exists 
a morphism ip : j — > i in /, and a morphism of log structures fj : /^M- — > /^iV, such that 

= /• 

Proof of the claim. Indeed, by theorem [5T35]j) we may find a covering family (U\ — > X | A G 
A) in X T , and for each A G A a finite chart 

P\ : Pa,^ -> M| Pa 7 A : Qa,ct a -> X,^ tf A : ^a -> Qa 
for the restriction fm x . Clearly we may assume that each U\ is affine, and since X is quasi- 
compact, we may assume as well that A is a finite set; in this case, claim 15.2.271 implies that 
there exists a morphism j 1 — > i in /, a covering family (L^ — > X 3 ■ \ A G A), and isomorphism 
of X-schemes £/" A ^> [/j iA x Xj X for every A G A. Next, lemma |5T2.24| says that, after replacing 
j by some larger index, we may assume that for every A G A there exist charts 

Pj,x ■ Px,u jA - Mj : IrALi and 7j - A : Q AiC/ , >A - X,- := 

with vr*/? JiA = /3 A and = 7a- Set / JiA := a : — >■ iV^; by construction we have : 

(lt/,, A ><x, 7Tj)*/i,A = /|c/ A for every A G A. 
Next, for every A,// G A, let £/j |A/ u := Uj y \ x Xj Uj jfM ; we deduce, for every A,// G A, two 
morphisms of log structures fj,\\Uj x , fj,^\v x '■ M.j\u x ~ > £Lj\u x > which agree after pull back to 
Uj t Xfj, x Xj X. By applying claim l5.2.30l to the cofiltered system of schemes (Uj^ x Xj Xj/ \ j' G 
I /j), we may then achieve - after replacing j by some larger index - that fj j \\u i Xfl = fj,^\u x > 
in which case the system ( fj\ | A G A) glues to a well defined morphism fj as sought. 

Finally, let us show that (15.2.291) is essentially surjective. Indeed, let M be a coherent log 
structure on X; let us pick a covering family := (U\ — > X | A G A) and finite charts 
/3a : -Pa,c/ a — > M-\u x f° r every A G A. As in the foregoing, we may assume that each U\ is 
affine, and A is a finite set, in which case, according to claim |5.2.27r ii) we may find i G I and a 
covering family (Ui \ — > Xj | A G A) with isomorphisms of X-schemes U iy \ x x . X —> U\ for 
every A G A; for every j G I/i and every A G A, let us set Uj\ := U iy \X Xi Xj. The composition 
^a : P\,u x — > ^t/ A of /3a an d the structure map of M_\u x is determined by a morphism of monoids 

P A - r(C/ A , ^ /A ) = colim V(Uj \, UjX ). 

iel/i 

Then, as usual, lemma [2~. 1 Jf ii) implies that there exists j G I/i such that a A descends to a 
pre-log structure Px,u x ~^ @u x on Uj : \, whose associated log structure we denote by Mj \. 
For every A, \i G A, let L^ jA(U := L/j jA x x . Uj tlx ; by construction we have isomorphisms 

(5.2.32) (l v . Am x x . t^M,- aic;. A(j ^ (1c. imA x Xj tTj)*^, Mia,, M , for every A, fi G A. 
By applying claim l5.2.31l to the cofiltered system (£^,a^ Xx, X^ | j' G //j), we can then obtain 
- after replacing j by a larger index - isomorphisms cux^, '■ Mj^\ u ]Ali — » Mj^\u. ^ for every 
A, /x G A, whose pull-back to Xjf 3 A are the isomorphisms d5 .2.32b . Lastly, in view of 
claim l5.2.30l we may achieve - after further replacement of j by a larger index - that the system 
2> := (Mj.\, ux^i | A, ii G A) is a descent datum for the fibration F of (15.2.11) . whose pull-back 
to X is isomorphic to the natural descent datum for M, associated to the covering family % . 
Then glues to a log structure Mj , such that ir*M.j — M.- D 
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Corollary 5.2.33. In the situation of (19.3.141) . suppose that X is quasi-compact, and let 

(#00, log #00) : (TocA^) -> (Xoo.Moo) 

be a morphism of log schemes with coherent log structures. Then there exists A G A, and a 
morphism 

(g X ,logg x ):(Y x ,N x )^(X x ,Mx) 
of log schemes with coherent log structures, such that log = ip\ \ogg x . 

Proof. If X is quasi-compact, the same holds for all X x and Y x , so the assertion is an immediate 
consequence of proposition |5.2.28l □ 

Corollary 5.2.34. In the situation of (19.3.141) , let X and M be coherent log structures on 
Y , and respectively X , and (g ,logg ) : (Y ,N_ ) — > (X , M ) a morphism of log schemes. 
Suppose also that X is quasi-compact (as well as quasi-separated); then we have : 

(i) If the morphism of log schemes 

(#co,^o log g ) ■■Y OQ x Yo (Y ,N ) -> X^ x Xo (X ,M ) 

admits a chart (u^, lu'^, •& : P — > Q), ?/zere exists a morphism u : A — ► in A smc/i 
?/za? morphism of log schemes 

(<7A,<log</o) : >A x Yo (y ,iVo) - X A x Xo (X ,M ) 
admits a chart (u>\, u> x , 1?). 

(ii) 7/" (poo, ?/>q logpo) W a log flat (resp. saturated) morphism of fine log schemes, there 
exists a morphism u : A — > in A smc/i f/za? (5% V£ 1°S #0) z ^ « log flat (resp. saturated) 
morphism of fine log schemes. 

Proof, (i): Since X is quasi-compact, the same holds for every X x and Y x , as well as for Xoo 
and Fqo. In view of lemma [5^2.241 we may then find a morphism v : p — > 0, such that and 
cu^ descend to charts lo^ : Px M — ► <PvMd an d ct>£ : Q Y)1 — >■ iplKa- We deduce two morphisms 
of pre-log structures Py M — > ^*X , namely 

(h-=i/>Z (log £0 ) and /3 2 : = u' v o % 

and by construction we have V^/3i° g = ^W^- By proposition l5.2.28l it follows that there exists 
w : A — > p such that ip^/3° g = ip^p 1 ^. The latter means that ((p* w uj v ,il)* w uo' v ,'d) is a chart for 
the morphism of log schemes (g x , ^* ow logg ) : (Y x , ip* ow N ) -> (X A , ^ O(U M ), the claim 
holds with u := v ow. 

(ii): Suppose therefore that (poo, V'o loSfl'o) is a l°g A at (resp. saturated) morphism, and let 
% := (Z7j — > Xqo | z G /) be a covering family for Xoo T , such that x (X n , Mn) admits a 
finite (resp. fine) chart, and Ui is affine for every i E I. Since X^ is quasi-compact, we may 
assume that I is a finite set, and then there exists A G A such that & descends to a covering 
family <^ A := (U X)i — > X x \ i E I) for X A)T (claim ESfci)). After replacing A by A/A, 
we may assume that A = 0, in which case we set £7^ := C/ 0i x Xo X A for every object A 
of A, and every i E I. Clearly, it suffices to show that there exists u : A — > such that 
U\i Xj x (g x , if;* log g ) is flat (resp. saturated) for every i El. Set Y' x i := Y x x Xx U x>i for every 
A G A; we may then replace the cofiltered system X and Y_, by respectively (U Xji | A G A) and 
(Y x i I A G A), which allows to assume from start, that 1^ x Xo (X , M ) admits a finite (resp. 
fine) chart. In this case, lemma \5. 2 .241 allows to further reduce to the case where M p admits a 
finite (resp. fine) chart. 

In this case, by theorem [5.1.35 t in) . we may find a covering family V := (Vj — > Y^ \ j E J) 
for Foo,r, consisting of finitely many affine schemes Vj, and for every j E J, a flat (resp. 
saturated) and fine chart for the induced morphism Vj x Yo (In, Xn) — > X^ x Xq (Xn, Mn). As 
in the foregoing, after replacing A by some category A/ A, we may assume that "V descends to a 
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covering family % := (Vqj — > Y \ j G J) for Y 0)T , in which case we set V\,j ■= Vqj Xy Y\ for 
every A G A. Clearly, it suffices to show that there exists A G A such that the induced moronism 
V\,j x y (Yq, N.o) X\ x Xo (X , M ) is log flat (resp. saturated). Thus, we may replace Y_ by 
the cofiltered system (V\j | A G A), which allows to assume that (g^, i/)q log go) admits a flat 
(resp. saturated) and fine chart. In this case, the assertion follows from (i). □ 

Proposition 5.2.35. The inclusion functors : 

qf.log — > qcoh.log qfs.log — > qf.log 

admit right adjoints : 

qcoh.log -> qf.log : (X,M) ^ (X,M) qf qf.log -> qfs.log : (X,M) h-> (X,M) qfs . 

Proof. Let (X, M) be a scheme with quasi-coherent (resp. quasi-fine) log structure. We need 
to construct a morphism of log schemes 

ip : (X, M) qf -> (X, M) (resp. y? : (X, M) qfs -> (X, M)) 

such that (X, M) qf (resp. (X, M) qfs ) is a quasi-fine (resp. qfs) log scheme, and the following 
holds. Every morphism of log schemes ip : (Y, X) — > (X, M) with (Y, X) quasi-fine (resp. 
qfs), factors uniquely through ip. To this aim, suppose first that M admits a chart (resp. a 
quasi-fine chart) a : Px — * M. By lemma [5^2.18r i). a determines an isomorphism 

(X,M) ^ Spec(Z,P) x SpccZ[P] X. 

Since X is integral (resp. and saturated), the morphism (Y,N_) — > Spec(Z, P) induced by t/> 
factors uniquely through Spec(Z, P mt ) (resp. Spec(Z, P sat )) (lemma l5.2.18r ii)). Taking into 
account lemma l5T.16r iii). it follows easily that we may take 

(X,M) qf := Spec(Z,P int ) x z[P] X (X,M) qfs := Spec(Z,P sat ) x z[P] X 

Next, notice that the universal property of (X',M') := (X,M) qf (resp. of (X',M') : = 
(X, M) qfs ) is local on X T : namely, suppose that (X',M') has already been found, and let 
U — > X be an object of X r , with a morphism (Y, X) — >■ (U, Mm) from a quasi-fine (resp. qfs) 
log scheme; there follows a unique morphism 

(Y,N) ^ (U,M\u) X(x, M ) (X',M') A U x x (X',M) 

(notation of (E23)). Thus (U,M\u) qi - Ux x (X, M) qf (resp. {U,M\u) qh - Ux x (X,M)^ s ,) 
since the latter is a quasi-fine (resp. qfs) log scheme. Therefore, for a general quasi-coherent 
(resp. quasi-fine) log structure M, choose a covering family {U\ — > X \ A G A) such that 
Mi[/ A ) admits a chart for every A G A; it follows that the family ^ := ((U x , M|c/ A ) qf I ^ € 
A), together with the natural isomorphisms : 

P M x x (tf A , M |l7 J qf ~ C/ A x x {U^MmX for every A,/x G A 

is a descent datum for the fibred category over X r , whose fibre over any object U — > X is 
the category of affine [/-schemes endowed with a log structure (resp. likewise for the family 
^ := ((U x , M\u x ) q& I A e A ))- Usin S faithfully flat descent (gO, Exp.VIII, Th.2.1]), one 
sees that 'W comes from a quasi-fine (resp. qfs) log scheme which enjoys the sought universal 
property. □ 

Remark 5.2.36. (i) By inspecting the proof of proposition l5.2.35l we see that the quasi-fine log 
scheme associated to a coherent log scheme, is actually fine, and the qfs log scheme associated 
to a fine log scheme, is a fs log scheme (one applies corollary 12.4. lf i)). Hence we obtain 
functors 

coh.log -> f.log : (X,M) ^ (X,M) f f.log -> fs.log : (X,M) ^ (X,M) fs 
which are right adjoint to the inclusion functors f.log — ► coh.log and fs.log — > f.log. 
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(ii) Notice as well that, for every log scheme (X, M) with quasi-coherent (resp. fine) log 
structure, the moronism of schemes underlying the counit of adjunction (X, M) qf — > (X, M ) 
(resp. (X, M) fs — > (X, M)) is a closed immersion (resp. is finite). 

(iii) Furthermore, let / : Y — > X be any morphism of schemes; the proof of proposition 
!5.2.35l also yields a natural isomorphism of (Y, f*M)- schemes : 

(y, /*M) qf ^Y x x (X, M) qf (resp. (Y, /*M) qfs ^Y x x (X, M) qfs ). 

(iv) Let (X, M) be a quasi-fine log scheme, and suppose that X is a normal, irreducible 
scheme, and (X, M) tr is a dense subset of X. Denote by X qfs the scheme underlying (X, M) qfs ; 
then we claim that the projection X qfs — > X (underlying the counit of adjunction) admits a 
natural section : 

a x : X -> X qfs . 

The naturality means that, if / : (X, M) — >■ (Y, X) is any morphism of quasi-fine log schemes, 
where Y is also normal and irreducible, and (Y, X) tr is dense in Y, then the induced diagram 
of schemes : 



X >■ X qfs 



(5.2.37) / 



y L-9. yqfs 

commutes, and therefore it is cartesian, by virtue of (iii). Indeed, suppose first that X is affine, 
say X = Spec A for some normal domain A, and M admits an integral chart, given by a 
morphism (3 : P — > A, for some integral monoid P; we have to exhibit a ring homomorphism 
P sat ®pi -> A, whose composition with the natural map A — > P sat ®p A is the identity of A 
The latter is the same as the datum of a morphism of monoids P sat — > A whose restriction to P 
agrees with /3. However, since the trivial locus of M is dense in X, the image of P in A does 
not contain 0, hence (3 extends to a group homomorphism (3 gp : P gp — > Frac(A) x ; since A is 
integrally closed in Frac(A), we have /3 gp (P sat ) C A, as required. Next, suppose that U — > X 
is an object of X T , with U also affine and irreducible; then U is normal and the trivial locus of 
(U, M\tt) is dense in U. Thus, the foregoing applies to (U, Mi [r ) as well, and by inspecting the 
constructions we deduce a natural identification : 

a v = Ijj x x a x . 

Lastly, for a general (X, M), we can find a covering family (U\ — >X|A^A)in X T , such 
that [/a is affine, and (U\, M.\u x ) admits an integral chart for every A G A; proceeding as above, 
we obtain a system of morphisms (a x : ?7a - ^ f^ qfs | A G A), as well as natural identifications : 

lc/ M xx cta = lux x xcr II for every A, /i G A. 

In other words, we have defined a descent datum for the category fibred over X r , whose fibre 
over any object U — > X is the category of all morphisms of schemes U — ► P qfs . By invoking 
faithfully flat descent ([40, Exp. VIII, Th.2.1]), we see that this descent datum yields a morphism 
a x : X — > X qfs such that 1^ x x a x = a\ for every A G A. The verification that a x is a 
section of the projection X qfs — > X, and that (15.2.371) commutes, can be carried out locally on 
X T , in which case we can assume that M admits a chart as above, and one can check explicitly 
these assertions, by inspecting the constructions. 

5.3. Logarithmic differentials and smooth morphisms. In this section we introduce the log- 
arithmic version of the usual sheaves of relative differentials, and we study some special classes 
of morphisms of log schemes. 
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Definition 5.3.1. Let (X, M A ff x ) and (Y, N_ — > ^) be two schemes with pre-log structures, 
and / : (X, M) — > (Y, X) a morphism of schemes with pre-log structures. Let also & be an 
i^x-module. An f -linear derivation of M_ with values in & is a pair (<9, log &) consisting of 
maps of sheaves : 

d : & x -> ^ log9 : logM -> ^ 

such that : 

• 9 is a derivation (in the usual sense). 

• log d is a morphism of sheaves of (additive) monoids on X T . 

• 60/^ = and log d o log / = 0. 

• do a(m) = a(m) ■ log d(m) for every object U of X T , and every m G M(U). 
The set of all /-linear derivations with values in / shall be denoted by : 

Der (y>i v ) ((X ) M),^). 

The /-linear derivations shall also be called (Y, N_)-linear derivations, when there is no danger 
of ambiguity. 

5.3.2. The set DeX(Y,m ( (X, M) , is clearly functorial in & , and moreover, for any object U 
of X T , any s G &x{U), and any /-linear derivation (9, log 9), the restriction (s • c^, s ■ \ogd\u) 
is an element of DeX(y,N)((U, Mm), hence the rule U 1— > Der^y-^ ((?/,, Mi cr ), ^) defines 
an ^-module : 

^(^((^M),^). 

In case M = ^ and X = are me trivial log structures, the /-linear derivations of M are 
the same as the usual /-linear derivations, i.e. the natural map 

(5.3.3) Zkr^^aX, - ^r y (X, J?) 

is an isomorphism. In the category of usual schemes, the functor of derivations is represented 
by the module of relative differentials. This construction extends to the category of schemes 
with pre-log structures. Namely, let us make the following : 

Definition 5.3.4. Let (X, M A ff x ) and (Y, X ff Y ) be two schemes with pre-log structures, 
and / : (X, M) — ► (Y, X) a morphism of schemes with pre-log structures. The sheaf of 
logarithmic differentials of / is the ^-module : 

^ /y (logM/X) := (n l x/Y © {0 X ®z logM gp ))/i? 

where R is the i^-submodule generated locally on X T by local sections of the form : 

• (da(a), —a (a) <8> log a) with a G M(U) 

• (0, 1 ® log a) with a G Im^/^XXC/) -> M(C/)) 

where U ranges over all the objects of X T (here we use the notation of (12.11) ). For arbitrary 
a G M(U), the class of (0, 1 <g> log a) in Q x/Y (logM/X) shall be denoted by d log a. 

5.3.5. It is easy to verify that Q x , Y (\og M/N) represents the functor 

^^Der (y , i v ) ((X,M),^) 
on ^-modules. Consequently, (15.3.31 ) translates as a natural isomorphism of (^-modules : 
(5.3.6) Q x/Y A tt x/Y (\og 

Furthermore, let us fix a scheme with pre-log structure (S, X), and define the category : 

pre-log/^, X) 
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as in (|1.1.2I) . Also, let Mod. pre-log/^, X) be the category whose objects are all the pairs 
((X, M), J^"), where (X, M) is a (S, X)-scheme, and J? is an ^-module. The morphisms 

in Mod.pre-log/ (S, X) are the pairs (/, if) consisting of a morphism / : (X, M) — > (Y, X) 
of (£, X)-schemes, and a morphism ip : f*@ — > & of -modules. With this notation, we 
claim that the rule : 

(5.3.7) (X,M) i- ((X,M),n x/s (logM/N)) 

defines a functor pre- log/ (S, X) — > Mod.pre-log/ (5, iV). Indeed, slightly more generally, 
consider a commutative diagram of schemes with pre-log structures : 

(X,M) -L*(X',M!) 

(5.3.8) /J If 

(S,N)-±+(S',N!). 

An 6 X -linear map : 

(5.3.9) g*n x , /s ,{\ogM!/N!) ^ n x /s(logM/N) 
is the same as a natural transformation of functors : 

(5.3.10) Str (s ,N)((X,M),^) - ^r M0 ((X', M'),^) 

on all i^x-modules J^~. The latter can be defined as follows. Let (<9, log 9) be an (S, AQ-linear 
derivation of M with values in then we deduce morphisms : 



a' 9 /F/ 9*9 ^ -. n/ ri logs 9* log 9 ^ 

d : G X t g*& x > log 9 : M > g*M > g*& 



and it is easily seen that {& , log &) is a (S", X')-linear derivation of M' with values in g^ . 

5.3. 1 1 . Consider two morphisms (X, M) — » (Y, X) (Z, P) of schemes with pre-log struc- 
tures. A direct inspection of the definitions shows that : 

@er {Y ,N){{X,M),&) = KeT(Str {z>E) ((X,M),^) - @er (ZE) ((Y, N), f^)) 
for every 6 X -module ', whence a right exact sequence of x -modules : 

(5.3.12) r^Y/zi^gN/P) ^ Q x/z (logM/P) - tt x/Y (\ogM/N) -> 

extending the standard right exact sequence for the usual sheaves of relative differentials. 

Proposition 5.3.13. Suppose that the diagram (15.3.81) is cartesian. Then the map (15.3.91 ) is an 

isomorphism. 

Proof. If (|5.3.8I) is cartesian, X is the scheme X' x S i S, and M is the push-out of the diagram : 

Suppose now that log d : M_' — > and 9 : ^/ — > g*^_ define a /'-linear derivation of 
M '. By adjunction, we deduce morphisms a : g~ x Gx' - > ^ an d (3 '■ g~ l Ml — > By 
construction, we have ^0^ = 0, hence /3 extends uniquely to a morphism log <9' : M — » 
such that log 9' o log/ = 0. Likewise, a extends by linearity to a unique /-linear derivation 
9 : — > & . One checks easily that (d', log 9') is a /-linear derivation of M, and that every 
/-linear derivation of M with values in & is obtained in this fashion. □ 
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5.3.14. The functor (15X71) admits a left adjoint. Indeed, let ((X, M^<ff x ), be any object 
of Mod.pre-log/(S; N); we define an (S, X)-scheme (X © 3?, M © as follows. X -7 
is the spectrum of the i^-algebra G x © & "> whose multiplication law is given by the rule : 

(s, t) • (V, t') := (ss', st' + s't) for every local section s of G x and £ of J^~. 

Likewise, we define a composition law on the sheaf M © J^~, by the rule : 

(m, i) • (m', t') := (mm f , a(m) ■ t' + a(m') ■ t) for every local section m of M and i of 

Then M © is a sheaf of monoids, and a extends to a pre-log structure a © !.» : M © — > 
<^?x © J^. The natural map ^ — > ^ © J^" is a morphism of algebras, whence a natural map 
of schemes n : X © — > X, which extends to a morphism of schemes with pre-log structures 
(X © J^, M © -> (X, M), by letting log vr : vr*M -> M © & be the map induced by the 
natural monomorphism (notice that n* induces an equivalence of sites X T ^ (X © J£") T ). 
Now, let (y, P) be any (S 1 , X)-scheme, and : 

if : : = ((X,M), JT) - n := ((Y, P), O r/s (logP/jV)) 

a morphism in Mod. pre-log/ (5, X). By definition, <p consists of a morphism / : (X, M) — > 
{Y,P) and an ^-linear map /*fi y / 5 (logP/X) — > & , which is the same as a (S, X)-linear 
derivation : 

d-ffy^f^ \ogd: P^f^. 
In turns, the latter yields a morphism of (S, X)-schemes : 

(5.3.15) (y©/^,p©/^) -> (f,p) 

determined by the map of algebras : 

— > © /^ s i — > (s, ds) for every local section s of ^ 

and the map of monoids : 

Ph P © /*J? p h-> (p, log <9p) for every local section p of P. 

Finally, we compose (15.3.151) with the natural morphism 

(X©J?,M© J?) -> (Fffi/^P©/*^) 

that extends /, to obtain a morphism ^ : (X © J^, M © — > (Y, P). We leave to the reader 
the verification that the rule <p i— >• ^ establishes a natural bijection : 

Hom M od.pre-log/(S,iV) {&,n) ^ Hom pre . Iog/(S!i v ) ((x © j?,m ./ ). (y,p)). 

5.3.16. In the situation of definition 15.3.41 let (d, log d) be an /-linear derivation of M with 
values in an (^-module Consider the map : 

& : &x —> & '■ u i— > m" 1 ■ for all local sections w of ^ . 

By definition, <9'o« : or x M_ — > agrees with the restriction of log <9; in view of the cocartesian 
diagram (15.1.71 ), we deduce that log d extends uniquely to an /-linear derivation log <9 log of M log . 
Let / log : (X, M log ) — ► (Y, X log ) be the map deduced from /; a similar direct verification shows 
that log d log is a / log -linear derivation. There follow natural identifications : 

(5.3.17) n x/Y (log(M/N)) = n x/Y (\og(M l °z/N)) = n x/Y (\og(M l ^/N^)). 
Moreover, if M and N are log structures, the natural map : 

(5.3.18) ^ x © z logM gp -> n x/Y (\og(M/N)) a © b ^ a • dlog(fe) 

is an epimorphism. Indeed, we have da = d(a + 1) for every local section a E & X (U) (for any 
etale X-scheme U), and locally on X r , either a or 1 + a is invertible in (this holds certainly 
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on the stalks, hence on appropriate small neighborhoods U' — > U); hence da lies in the image 
of (I5.3.18D . 

Example 5.3.19. Let P be a ring, (p : X — > M be any map of monoids, and set : 

S := SpecP 3[M] := Spec R[M] S[N] := SpecP[X]. 

Also, let / : Spec(P, M) — > Spec(P, X) be the morphism of log schemes induced by <p (see 
(15.2.131) ). With this notation, we claim that (15.3.181) induces an isomorphism : 

&s m ®z Coker^ ^ n\ Mys[N] {\ogM^ M] /N l ^ N] ) 

To see this, we may use (15.3.121 ) to reduce to the case where X = {1}. Next, notice that the 
functor 

Mnd° -> pre-log/(S, ^ 5 X ) : M h+ Spec(P, M) 
commutes with limits, and the same holds for the functor (15.3.71 ), since the latter is a right 
adjoint. Hence, we may assume that M is finitely generated; then lemma l2T .IV i) further reduces 
to the case where M = N® n for some integer n > 0, and even to the case where n = 1. Set 
X := S[N]; it is easy to see that a ^-linear derivation of N x g with values in an ^-module & , 
is completely determined by a map of additive monoids N — > T(X, J£"), and the latter is the 
same as an &x -linear map 0x — > & whence the contention. 

Lemma 5.3.20. Let f : (X, M) — > (Y,N_) be a morphism of schemes with quasi-coherent log 
structures. Then : 

(i) The @x-moduleVL x/Y {\og Al/ N) is quasi-coherent. 

(ii) If M is coherent, X is noetherian, and f : X —> Y is locally of finite type, then 
Q x , Y (logM /N) is a coherent Gx-module. 

(iii) If both M_ and X are coherent, and f : X —>■ Y is locally of finite presentation, then 
Q x , Y (\ogM /N) is a quasi-coherent Gx -module of finite presentation. 

Proof. Applying the right exact sequence (|5.3.12l) to the sequence (X, M) — > (Y,N_) — ► 
(Y, &y), we may easily reduce to the case where X = Gy is the trivial log structure on Y . 
In this case, X admits the chart given by the unique map of monoids : {1} — > T(Y, G Y ), and / 
admits the chart {1} — > P, whenever M admits a chart P — ► r(X, ^x). 

Hence, everything follows from the following assertion, whose proof shall be left to the 
reader. Suppose that (p : A — > B is a ring homomorphism, M (resp. X) is the constant log 
structure on X := Spec B (resp. onF := Spec A) associated to a map of monoids a : P — > B 
(resp. (3 : Q —> A), and / : (X,M) -> (Y, JV) is defined by 93 admits a chart # : Q -> 
P. Then fl^ , y (log MJ N) is the quasi-coherent ^-module L~, associated to the P-module 

L := (fi^/^ © (B ®i P gp ))/P, where P is the submodule generated by the elements of the 
form (0, 1 ® logi9(g)) for all q E Q, and those of the form (da(m), —a(m) (g) logm), for all 
me M. □ 

5.3.21. Let us fix a log scheme (Y, X). To any pair of (Y, X)-schemes X := (X, M), X' : = 
(X', M'), we attach a contravariant functor 

^ y (X',X) : (X;)° -> Set 

by assigning, to every object U of X' T , the set of all morphisms (U, M\u) ~^ (X, M) of (Y, X)- 
schemes. It is easily seen that My[X' ', X) is a sheaf on X' T . Any morphism cp : (X", M") — > 
(X', Ml) (rcsp. ^ : (X, M) -> (X", M)) of (Y, X)-schemes induces a map of sheaves : 

V?* : <p*Jfy(X', X) -> J#y(X", X) (resp. ^ : J#y(X', X) -> ^y(X', X")) 

in the obvious way. 
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Definition 5.3.22. With the notation of (15.3.211) : 

(i) We say that a morphism i : (T 1 \ L') — > {T,L) of log schemes is a closed immersion 
(resp. an exact closed immersion) if the underlying morphism of schemes T' — ► T is a 
closed immersion, and logz : i*L — > Z/ is an epimorphism (resp. an isomorphism) of 
T^-monoids. 

(ii) We say that a morphism i : (T", IT) — > (T, L) of log schemes is an eract nilpotent 
immersion if i is an exact closed immersion, and the ideal J* := Ker(0r — > i*$r>) is 
nilpotent. 

(iii) We say that a morphism / : (X, M) — > (F, JV) of log schemes is formally smooth 
(resp. formally unramified, resp. formally etale) if, for every exact nilpotent immersion 
i : T" — > T of fine (F, JV)-schemes, the induced map of sheaves i* : i*^y(T, X) — > 
j£y(T", X) is an epimorphism (resp. a monomorphism, resp. an isomorphism). 

(iv) We say that a morphism / : (X, M) — > (F, JV) of log schemes is smooth (resp. unram- 
ified, resp. etale) if the underlying morphism X — ► F is locally of finite presentation, 
and / is formally smooth (resp. formally unramified, resp. formally etale). 

Example 5.3.23. Let (S,P) be a log scheme, (/, log/) : (X, M) — > (F, JV) be a morphism 
of S-schemes, such that F is a separated S-scheme. The pair (1(xm)i (/>l°g/)) induces a 
morphism 

I) : (X,M) - (X', M') := (X,M) x s (F, JV) 

the graph of /. Then it is easily seen that 1} is a closed immersion of log schemes. Indeed, 
the morphism of schemes underlying 1} is a closed immersion fll26l Ch.I, 5.4.3]) and it is easily 
seen that the morphism log 1} : T^M' — > M is an epimorphism on the underlying sheaves of 
sets, so it is a fortiori an epimorphism of X r -monoids. 

Proposition 5.3.24. Let f : (X,M) -> (F,X), </ : (F,X) -> (Z,P), anJ /i : (F'.X') -> 
(F, JV) /?e morphisms of log schemes. Denote by P either one of the properties : "formally 
smooth", "formally unramified", "formally etale", "smooth", "unramified", "etale". The 
following holds : 

(i) Iff and g enjoy the property P, then the same holds for g o f. 

(ii) If(f, log /) enjoys the property P, then the same holds for 

(/,log/) x (YtK) (Y',N') : (X,M) (F', JV') ^ (F', JV'). 

(iii) Le? (j'a X | A 6 A) a covering family in X T ; endow U\ with the log structure 
(K)\u x and suppose that fx := (/ o j A , (log f)\ Ux ) : (C/ A , (M)|i/J ( Y ^) en J°y s 
the property P, for every A G A. TTzen / enjoys the property P as well. 

(iv) An open immersion of log schemes is etale. 

(v) A closed immersion of log schemes is formally unramified. 

Proof, (i), (ii) and (iv) are left to the reader. 

(iii): To begin with, if each f\ is locally of finite presentation, the same holds for /, by ll33l 
Ch.IV, lemme 17.7.5], hence we may assume that P is either "formally smooth" or "formally 
unramified". (Clearly, the case where P is "formally etale" will follow.) 

Now, let % : T" — >• T be an exact nilpotent immersion of (F, JV) -schemes, and £ a r-point 
of T'. By inspecting the definitions, it is easily seen that the stalk j£y(T, X)^ is the union of 
the images of the stalks J^y(T, U\)^, for every A G A, and likewise for J%y(T', X)f. It readily 
follows that / is formally smooth whenever all the fx are formally smooth. 

Lastly, suppose that all the fx are formally unramified, and let Sf , t% G J%y(T, XW) be two 
sections whose images in j£y(T", X)g agree; after replacing T by a neighborhood of z(£) in T T , 
we may assume that s^,t^ are represented by two (F, JV) -morphisms s,t : T — > (X, M) such 
that soi = toi. Choose A G A such that U\ is a neighborhood of soj(() = £oi(£); this means 
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that there exists a neighborhood p' : U' — > T' of £, and a morphism su> U' — > U\ lifiting s o i 
(and thus, also t o i). Then we may find a neighborhood p : U — > T of which identifies p' 
with p x T 1 T / ( ll33l Ch.IV, Th. 1 8. 1 .2]), and since j\ is etale, we may furthermore find morphisms 
su, tu '■ U — > U\ such that j\ o sjj = soi = toi=j x otu. Set %u := % x T lu '■ U' — > U; 
by construction, sjj and tu yield two sections of i^J^fy^, U\)^, whose images in J%y(U', Ux)$ 
coincide. Since fx is formally unramified, it follows that - up to replacing U by a neighborhood 
of z(£) in {7 T - we must have su = tu, so = tg, and we conclude that / is formally unramified. 
(v): Consider a commutative diagram of log schemes : 

(T',L/)-^(X,M) 
f 

(T,L)^+(Y,N) 

where / is a closed immersion, and i is an exact closed immersion. We are easily reduced to 
showing that there exists at most a morphism (g, log) : (T,L) — > (X, M) such that / o g = h 
and h! — g a i. Since / : X — > Y is a closed immersion of schemes, there exists at most 
one morphism of schemes g : T — » X lifting h and extending h! ( Il33l Ch.IV, Prop.l7.1.3(i)]). 
Hence we may assume that such a <? is given, and we need to check that there exists at most 
one morphism log g : g*M_ — > L whose composition with <?* (log/) : /i*iV — > (7*M equals 
\ogh. However, by assumption log / is an epimorphism, hence the same holds for g* (log/) 
(see ( 11.1.31b ). whence the contention. □ 

Corollary 5.3.25. Let f and g be as proposition 15 .3 .241 We have : 

(i) If g o f is formally unramified, the same holds for f. 

(ii) Ifgof is formally smooth (resp. formally etale) and g is formally unramified, then f 
is formally smooth (resp. formally etale). 

(Hi) Suppose that g is formally etale. Then f is formally smooth (resp. formally unramified, 
resp. formally etale) if and only if the same holds for g o f. 

Proof, (i): Let Y = IJaga ^ e an a ffi ne open covering of Y, and for each A G A, let fx : 
Ux Xy (X, M) — > (U\, N_\i/ X ) De m e restriction of /; in light of proposition l5.3.24r iii) it suffices 
to show that each fx is formally unramified, and on the other hand, the restriction g ° fx '■ 
Ux Xy (X, M) — > (Z,P_) of g o f is formally unramified, by proposition l5.3.24T i).Civ). It 
follows that we may replace / and g respectively by fx and g\, which allows to assume that Y 
is affine, especially separated, so that g is a separated morphism of schemes. In such situation, 
one may - in view of example [5.3.23l - argue as in the proof of [33, Ch.IV, Prop. 17. 1.3] : the 
details shall be left to the reader. 

(ii) is a formal consequence of the definitions (cp. the proof of [|33l Ch.IV, Prop. 17. 1.4]), and 
(iii) follows from (ii) and proposition |5.3.24t i). □ 

Proposition 5.3.26. Let f : (X, M) — > (Y, N) be a morphism of log schemes, and i an exact 
closed immersion of (Y, N_)-schemes, defined by an ideal J* := Ker(0r —> i*$r>) with J? 2 = 
0. For any global section s : T" — > ,Wy{T l ', X), denote by 2? s the morphism : 

i*Jt?Y(T,X)x jeHT , iX) T'^T' 

deduced from i* : i*^f Y (T,X) -> Jfy(T',X). Let also U d V be the image of 3T S (i.e. the 
subset of all t! G T' such that £? S £ ^ for every r-point £ localized at t'), and suppose that 
U ^ 0. We have : 

(i) U is an open subset of T', and ,%\u is a torsorfor the abelian sheaf 

9 := ^om^ T ,(s*Q x/Y (log(M/N)), J\ v . 
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(ii) If f is a smooth morphism of log schemes with coherent log structures, we have : 

(a) The &x' m odule Q x / Y (log(M /N_ )) is locally free of finite type. 

(b) If T' is affine, ,% is a trivial &-torsor. 

Proof, (i): To any r-point £ of U, and any two given local sections h and g of 3? s £, we assign 
the /-linear derivation of M s (£) w i m values in s* given by the rule : 

a t— > /i*(a) — <7*(a) for every a G &x, s (0 

dlogm i — > logu(m) := u(m) — 1 for every m e Ms{p) 
where u(m) is the unique local section of Ker(^ T? — > i*&T'£) sucn that 

\og(g(m) ■ u(m)) = log h(m). 

We leave to the reader the laborious, but straightforward verification that the above map is 
well-defined, and yields the sought bijection between ^ ^ and 

(ii.b) is standard : first, since / is smooth, we have U = T'\ by lemma 15". 3 . 20f iii) . the 6x- 
module Q x , Y (log(M /N)) is quasi-coherent and finitely presented, hence 3f is quasi-coherent; 
however, the obstruction to gluing local sections of a ^-torsor lies in if 1 (T T , 3f ) (see (11.7.791) ): 
the latter vanishes whenever T is affine. 

(ii.a) We may assume that X is affine, say X = Spec A; then Q x ly (log(M/ N) ) is the quasi- 
coherent (^-module arising from a finitely presented A-module (l (lemma [5.3. 20r iii)) . Let I 
be any A-module, and set : 

T!-.= x®r Lj-=M@r 

(notation of (15.3.141) ). Let i : X — > Tj (resp. n : Tj — > X) be the natural closed immersion 
(resp. the natural projection); then (Tj, Lf) is a fine log scheme, and n (resp. i) extends to a 
morphism of log schemes (7r,log7r) : (T/,L 7 ) — > (X, M) (resp. (i, logi) : (X, M) — > (T/,L 7 )) 
with log7r : 7r*M — > L 7 (resp. logz : i*L 7 — > M) induced by the obvious inclusion (resp. 
projection) map. Notice that (i, logi) is an exact immersion and (J~) 2 = 0, hence (i) says that 
the set S'^Ti) of all morphisms g : (Tj, L 7 ) -> (X,M) such that 

/ og = f on goi = l ( x,M) 

is in bijection with Horn4(f2,/). Moreover, any map cp : I — > J of A-modules induces a 
morphism i v : (Tj,Lj) — ► (Tj,Lj) of log schemes, and if (/? is surjective, is an exact 
nilpotent immersion. Furthermore, we have a commutative diagram of sets : 

*r{Tf) — ^(Tj) 

Horcu(fi, J) y * > Hom^fi, J) 

whose vertical arrows are bijections, and where i* (resp. is given by the rule g \— > g o i v , 
(resp. t/) i— > cp o ip). Assertion (ii.b) implies that l* is surjective when / is smooth and ip is 
surjective, hence the same holds for i.e. fHs a projective A-module, as stated. □ 

Corollary 5.3.27. Let (/, log /) : (X, M) — >■ (Y, JV) be a morphism of log schemes. We have : 

(i) If M_ and N_ are fine log structures, and f is strict ( see definition I5.1.20r ii) ), then 
(/, log/) is smooth (resp. etale) if and only if the underlying morphism of schemes 
f : X — > Y is smooth (resp. etale). 

(ii) Suppose that (/, log /) is a smooth ( resp. etale) morphism of log schemes on the Zariski 
sites of X and Y , and either : 

(a) M_ and N_ are both integral log structures, 



336 



OFER GABBER AND LORENZO RAMERO 



(b) or else N_ is coherent (on YzaJ and M_ is fine (on Xzm)- 
Then the induced morphism of log schemes on etale sites : 



u 



Y 



(Y,N) 



tT(/,log/) := (f,u x \ogf) : u x {X,M) 

is smooth (resp. etale). (Notation of (15.2.21) .) 
(iii) Suppose that (/, log /) is a morphism of log schemes on the Zariski sites of X and Y, 
and M is an integral log structure on X% w . Suppose also that u*(f, log /) is smooth 
(resp. etale). Then the same holds for (/, log/). 

Proof (i): Suppose first that (/, log /) is smooth (resp. etale). Let i : T" — > T be a nilpotent 
immersion of affine schemes, defined by an ideal y C G T such that J? 2 = 0; let s : T' — > X 
and £ : T — ► F be morphisms of schemes such that f o s = t o i. By lemma l5T.16f i). the log 
structures L := t*N_ and L/ := s*M are fine, and by choosing the obvious maps log s and log £, 
we deduce a commutative diagram : 



(5.3.28) 



(X,M) 



Then proposition |5.3.26t ii.b) says that there exists a morphism (resp. a unique morphism) of 
schemes g : T — > X such that g o i = s and / o g — t, i.e. f is smooth (resp. etale). 
The converse is easy, and shall be left as an exercise for the reader. 

(ii): Suppose first that (/, log /) is smooth, N_ is coherent and M is fine. By proposition 
I5.3.24r in). the assertion to prove is local on X^ t , hence we may assume that / admits a chart, 
given by a morphism of finite monoids P — > P' and commutative diagrams : 

P'x^ - K u: P Y ^ N 
(theorem 15 . 1 . 3 5 . Now, consider a commutative diagram of log schemes on etale sites : 



(T',L!_)^u x (X,M) 



(5.3.29) 



u Y (Y,N) 



where i is an exact nilpotent immersion of fine log schemes, defined by an ideal J? C &t suc h 
that y 2 = 0. Since the assertion to prove is local on T& t , we may assume that T is affine and 
- in view of theorem (5jT35]ji) - that t admits a chart, given by a morphism of finite monoids 
(p : P — > Q, and commutative diagrams : 



(5.3.30) 



P T = t*P Y . t 

-Let 1 et 



t*u* Y N 



L 



P 



r(y, e Y ) 



Q T(T, 



Since i is an exact closed immersion, it follows that the morphism : 

„ i*j3 .* T logi T , 

ct 

is a chart for V. Especially, (T',L/) is isomorphic to (T 6 ' t , Q^f), the constant log structure 
deduced from the morphism $ o ip : Q — > T(T', &t')- The latter is also the log scheme 
u* T i (Tzar , <5r /g ) • F rom proposition (523)^11) we deduce that there exists a unique morphism sz ar : 
(2zar, Qt' 8 ) ~^ (X, M ), such that u*s Zar = s. On the other hand, by inspecting (15.3.301) we find 
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that there exists a unique morphism t Zar : (T Zar , Qt & ) ~ > (YiM.) suc h tnat M *^z ar = t. These 
morphisms can be assembled into a diagram : 



•-Za 



(5.3.31) 



/ 



where iz ar is an exact closed immersion. By construction, the diagram t? (15.3.31l) is naturally 
isomorphic to (15.3.291 ); especially, (15.3.311) commutes (proposition I5.2.3I D). Now, since / is 
smooth. proposition l5.3.26f ii.b) implies that there exists a morphism v : (Tz ar ,<5y g ) — > (X, M) 
such that f o v — tzar and t> o i Za r = szar; then w*t> provides an appropriate lifting of i, which 
allows to conclude that u*(f, log /) is smooth. 

Next, suppose that (/, log /) is etale (and we are still in case (b) of the corollary); then 
there exists a unique morphism v with the properties stated above. However, from proposition 
I5.2.3t i).(ii) we deduce easily that the natural map : 

^y((Tz ar ,QT g ), (X,M))(T) - ^(y,n)((T,L),u*(X,M))(T) 

is a bijection, and the same holds for the analogous map for T'. In view of the foregoing, 
this shows that the map JZ~* {y ,n)((T, L),u*{X, M))(T) -> Mk* (y,n) ( {T 1 , V) , u* (X, M) ) (T') 
is bijective, whenever £ admits a chart and T is affine. We easily conclude that «*(/, log /) is 
etale. 

The case where both N_ and M are both integral, is similar, though easier : we may assume 
that L admits a chart, in which case (T, L) is of the form w*(T Zar , Q l ° g ) for some finite integral 
monoid Q; then (T',L/) admits a similar description, and again, by appealing to proposition 
I5.2.3H we deduce that (15.3.291) is of the form n* (l5.3.31l) . in which case we conclude as in the 
foregoing. 

Conversely, suppose that u* (/, log /) is smooth, and consider a commutative diagram (15.3.281) 
of log schemes on Zariski sites, with % an exact closed immersion, defined by a sheaf of ideals 
C &t such that J^ 2 = 0. By applying everywhere the pull-back functors from Zariski to 
etale sites, we deduce a commutative diagram tt* (15.3.28b of log schemes on etale sites, and 
it is easy to see that u*(i, logi) is again an exact nilpotent immersion. According to proposi- 
tion |53]26£ii.b), after replacing T by any affine open subset, we may find a morphism of log 
schemes g : u^(T, L) — > u* x (X,M_), such that g ou*i = u*s and u*f o g = t. By proposition 
I5.2.3r i).(ii) there exists a unique morphism g' : (T, L) — > (X, M) such that = g>, and 
necessarily g' o i = s and f o g' = t. We conclude that (/, log /) is smooth. 

Finally, if «*(/, log /) is etale, the morphism g exhibited above is unique, and therefore the 
same holds for g', so (/, log /) is etale as well. □ 

Proposition 5.3.32. In the situation of (15.3.1 II ). suppose that the log structures M_, N_, P_ are 

coherent, and consider the following conditions : 

(a) / is smooth (resp. etale). 

(b) df is a locally split monomorphism (resp. an isomorphism). 
Then (a)=Kb), and if g ° / is smooth, then (b)=Ka). 

Proof. We may assume that the schemes under consideration are affine, say X = Spec A, 
Y = Spec B, Z = Spec C; then (15.3.121) amounts to an exact sequence of A-modules : 

A® B n(g)^tl(gof)^n(f)^0. 

On the other hand, let i : (T'L/) — > (T,L) be an exact closed immersion of (Y, X)-schemes, 
defined by an ideal J C G T with J 2 = 0. Suppose that s : T ->• J^(T',X) is a global 
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section, i.e. a given moronism of (Y, AQ -schemes (T'L/) — > (X, M). In this situation, we have 
a natural sequence of morphisms : 

M{ := MyiT, X) A 3#> 2 := J&(T, X) ^ 3 := J^ Z (T, F) 

where a is the obvious monomorphism. Let us consider the pull-back of these sheaves along 
the global section s : 

sr : = r x^ Y(T ,, x) fjft sr' : = r x, mT ,, x) sr" : = r x^ z( t>,y) i*M- 

By proposition I5.3.26T T), any choice of a global section of £F(T) determines a commutative 
diagram of sets : 

Hom A (n(/), S(T)) — Hom A (n(g o /), J{T)) Rom B (Q(g), J(T)) 

(5.3.33) 

ST(T) ST'(T) ST"(T) 

whose vertical arrows are bijections. 

In order to show that df is a locally split monomorphism (resp. an isomorphism), it suffices 
to show that the map df* := Horned/, I) is surjective for every A-module /. To this aim, we 
take (T, L) := (Tj , Lj), (T", If) := (X, M ), and let i be the nilpotent immersion defined by the 
ideal / C A © /, as in the proof of proposition 15 . 3 .26r ii . a) . If Jf C 0t is the corresponding 
sheaf of ideals, then Jf(T) = I; moreover, the inclusions A — >■ A © I and M C M © 
determine a morphism ft, : (Tj,Lj) — > (X,M), which is a global section of S^(T). Having 
made these choices, consider the resulting diagram (15.3.331 ) : if / is etale, /* is an isomorphism, 
and when / is smooth, /* is surjective (proposition l5.3.26f ii.b)). whence the contention. 

For the converse, we may suppose that df is a split monomorphism, hence df * in (15.3.331) is a 
split surjection. We have to show that ST{T) is not empty, and by assumption (and proposition 
l5.3.26f ii.bY) we know that 3"{T) ^ 0. Choose any h e ST'(T)\ then t and fji are two 
elements of ST"{T), so we may find cp E Hom B (Q(g), y(T)) such that cp + f*h — t (where the 
sum denotes the action of Hom^(fi(p), J^(T)) on its torsor 5*"). Then we may write ip = ipodf 
for some ip : Q(g o f) — > y(Y), and it follows easily that ip + h lies in ST{T). Finally, if df is 
an isomorphism, we have f2(/) = 0, hence ST{T) contains exactly one element. □ 

Proposition 5.3.34. Let R be a ring, ip : P — > Q a morphism of finitely generated monoids, 
such that Ker (p gp and the torsion subgroup of Coker ip gp ( resp. Ker ip gp and Coker (p gp ) are 
finite groups whose orders are invertible in R. Then, the induced morphism 

Spec(R,(p) : Spec(.R, Q) — > Spec(R,P) 

is smooth (resp. etale). 
Proof. To ease notation, set 

/ := Spec(i*,p) (X,M) := Spec(#, Q) (Y,N) := Spec(i2,P). 

Clearly / is finitely presented. We have to show that, for every commutative diagram like 
(15.3.281 ) with i an exact nilpotent immersion of fine log schemes, there is, locally on T T at least 
one morphism (resp. a unique morphism) h : (T, L) — > (X, M) such that foh — hoi. 

Let J* := Ker(0r — > i*@r>)', by considering the J^-adic filtration on 0r, we reduce easily to 
the case where J' 2 = 0, and then we may embed J? in L via the morphism : 
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(Here J? is regarded as a sheaf of abelian groups, via its addition law.) Since i is exact, the 
natural morphism L/<# — ► i*L[ is an isomorphism, whence a commutative diagram : 



log i 



(5.3.35) 



L gp 



(logi)s 



and since L is integral, one sees easily that (15.3.351) is cartesian (it suffices to consider the stalks 
over the r-points). 

• On the other hand, suppose first that both Ker <^ gp and Coker (/9 gp are finite groups whose 
order is invertible in R, hence in ^f; then a standard diagram chase shows that we may find a 
unique map g : P| p — ► L gp of abelian sheaves that fits into a commutative diagram : 



(logt)« 




(5.3.36) 



• More generally, we may write : Coker yj gp ~ G © H, where if is a finite group with 
order invertible in R, and G is a free abelian group of finite rank. The direct summand G 
lifts to a direct summand G' C P gp . Extend y? gp to a map ip : Q gp © G' -> P gp , by the 



rule : (x, g) 



g. Given any r-point £ of T, we may extend the morphism Q gp 



L| p in (|5.3.36b t. to a map u : Q gp © G' — > L gp whose composition with (logz) 



o |? 



agrees with the composition of ^ and the bottom map P gp = P| p — >■ i*(L ') gp of (I5.3.36l) t. 
By the usual arguments, c<j extends to a map of abelian sheaves "d : (Q gp © G')u — > (L gp 
on some neighborhood [/ — >■ T of £, and if U is small enough, the composition (logi) g ^ 

agrees with the composition of ipu and the bottom map (3 : P^ p — > i*(l± gp )\u of <l5.3.36l) | Cf . We 
may then replace T by U, and since Ker^ = Ker<£> gp , and Coker?/' = H, the same diagram 
chase as in the foregoing shows that we may again find a morphism g : P| p — > L gp fitting into 
a commutative diagram : 




In either case, in view of (15.3.351) . the morphisms 

P T P| p ^> L gp and Pr 



: lOg S 



determine a unique morphism P? 
(X, M) with the sought property. 



L, which induces a morphism of log schemes (T, L) 



□ 



Theorem 5.3.37. Let f : (X, M ) — > (Y, AQ Z?e a morphism of fine log schemes. Assume we are 
given a fine chart (3 : Qy — > N_ ofN. Then the following conditions are equivalent : 

(a) / is smooth (resp. etale). 

(b) There exists a covering family (g x : U\ —* X | A G A) in X<s t , and for every X e A, a 
fine chart ((3, (P\)u x ~^ Q*M, fx Q Px) of the induced morphism of log schemes 

f\u x ■= if°9x,g>gf) ■ (Ux,g* x M) - (y,jv) 

smc/i that : 
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(i) Ker <pf and the torsion subgroup o/ Coker <^f p (resp. Ker iff and Coker ipf) are 
finite groups of orders invertible in &u x . 

(ii) The natural morphism of Y -schemes p x : U x — > Y x SpecZ [Q] SpecZ[P\] is Stale. 

Proof. Suppose first that r = et, so M and N_ are log structures on etale sites. Then the log 
structure q*M on (U\)& is just the restriction of M, and g x log / is the restriction of log / to 
(Ux)et- In case r = Zar, the log structure g*M can be described as follows. Form the log 
scheme (X,M') := u* x (X,M) (notation of (l5?Z2l) ). take the restriction M!\u x of M'to {U x )et, 
and push forward to the Zariski site to obtain ux*{M!\u x ) = Q*M (by proposition 15 .2.3r ii)). 
Since / is smooth (resp. etale) if and only if u*f is (corollary 15 .3 .271 ii).(iii)). we conclude that 
the assertion concerning / holds if and only if the corresponding assertion for u*f does. Hence, 
it suffices to consider the case of log structures on etale sites. Set S := SpecZ[Q]. 

(b)=Ka): Taking into account lemma [572. 18( 1), we deduce a commutative diagram of log 
schemes : 

(U x ,Mp x ) — 1* Spec(Z, P x ) x Sp ccZ[p A ] U x -^*- Spec(Z, P x ) x SpccZ[Q] Y 

{X,M) {Y,N) Spec(Z, Q) x S p CcZ[Q] Y. 

It follows by corollary l5.3.27f i) (resp. by propositions l5 .3 .24T ii) and !5.3.34l) that p x (resp. % x ) is 
smooth. Hence / o g x is smooth, by proposition 15 .3 .24l X) . Finally, / is smooth, by proposition 
[53Miii). 

(a)=Kb): Suppose that / is smooth, and fix a geometric point £ of X. Since (15.3.18L is a 
surjection, we may find elements ti, . . . , t r G Mg such that (oHogtj | i = 1, . . . , r) is a basis 
of the free ffx ^-module Q x / Y flog MJ N)t (proposition I5.3.26f ii.a)). Moreover, the kernel of 
(I5.3.18l) g is generated by sections of the form : 

• 1 (g) log a where a G N' := Im(log : N f ^ —> M£) 

• Sj=i a ( m i) ® l°g m i where mi,...,m s G M§ and Ylj=i da(rrij) = in Q X / Y 
whence a well-defined ^x£-linear ma P : 

(5.3.38) ^x/Y^gM/N)^ -> k(£) ® z (Mf/(M| • iV')) : dloga^l®a. 
Consider the map of monoids : 

if : P 1 := N® r © Q -> 

which is given by the rule : i— > on the canonical basis ei, . . . , e r of N® r , and on the 

summand Q it is given by the map Q — ^ Nlf{£) g ^ S> M< . Since (15.3.381) is a surjection, we 
see that the same holds for the induced map 

«(0 ®z A SP ^^!> ® z Mf - K (£) ® z (Mf/M|). 

It follows that the cokernel of the map <^ : Pf p — > Mf'/M? induced by (^ gp , is a finite group 
(lemma |5.2.2ir i)) annihilated by an integers which is invertible in &x,(,- Let mi, . . . ,m s G Mf p 
be finitely many elements, whose images in M| p /M| generate Coker Tp\ therefore we may find 
Ui, . . . ,u s G M?, and x%, . . . , x s G Pf p , such that mf ■ Ui = (p(xi) for every i < s. However, 
since &x,£ is strictly henselian, M| ~ is n-divisible, hence we may find v%, . . . , v s in M| 
such that Mj = f ™ for i = 1, . . . , n. Define group homomorphisms : 

j®s 1+ Z ®s pgp ^ ^gp 

by the rules : 7(e$) = (— ne», and 5(ej, y) = m^j • <^(i/) for every i = 1, . . . , s and every 
y G Pf p . It is easily seen that 5 factors through a group homomorphism h : G := Coker 7 — > 
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Mf \ moreover the natural map Pf p — > G is injective, and its cokernel is annihilated by n; 
furthermore, the induced map G — > is surjective. Let P := h~ x Mp. Then, the natural map 
qsp _> pgp i s injective, and the torsion subgroup of P gp / Q gp is annihilated by n. We deduce 
that the rule : x i— > ti log for every a; G P gp , induces an isomorphism : 

(5.3.39) ^ ® z (P gp /Q gp ) A ^ /y (logM/iV) ? . 

It follows that we may find an etale neighborhood U — > X of £, such that (15.3.391 ) extends to an 
isomorphism of ^-modules : 

(5.3.40) Ch ®z (P gp /Q gP ) ^ ^(logMia/iV). 

Next, proposition 15 . 1 .281 say s that, after replacing U by a smaller etale neighborhood of £, the 
restriction /i|p : P — > extends to a chart P[/ — > M\n, whence a strict morphism 

V - {U,M\u) - {Y',Ip) := (F,iV) x Spec(ZiQ) Spec(Z,P). 

as sought. Taking into account corollary 15 . 3 . 27 r i) . it remains only to show : 

Claim 5.3.41. pis etale. 

Proof of the claim. By proposition [53T3] and example [5 .3 .191 we have natural isomorphisms 

In view of (|5.3.40l) . it follows that the map 

dp : p*n Y , /Y (\og P^/N) - ^^^(logMi^/iV) 
is an isomorphism, and then the claim follows from proposition [53321 D 

Corollary 5.3.42. f/ze notation of theorem 15.3.371 Suppose that f is a smooth morphism 
offs log schemes, and that Q is fine, sharp and saturated. Then there exists a covering family 
(9x '■ U\ — > X) in and fine and saturated charts ((3, (Px)u x ~* 9xM., Px '■ Q —> P\) °f f\u x 
fulfilling conditions (b.i) and (b.ii) of the theorem, and such that moreover ip\ is injective, and 
P A X is a torsion-free abelian group, for every A G A. 

Proof. Notice that, under the stated assumptions, Q gp is a torsion-free abelian group; hence 
theorem f5 .3.371 already implies the existence of a covering family (g\ : U\ — > X) in and 
of fine charts (j3, u' x : [P x )u x ~~ > Q*M, <p' x : Q — >■ P[) such that ip' x is injective and Coker(<^ A ) gp 
is a finite group of order invertible in &u x > f° r every A G A. Since g x M_ is saturated (lemma 
I5.1.16I X)). it is clear that uj' x factors through a morphism {P'x)ut ~^ g*xM. °f pre-log structures, 
which is again a chart, so we may assume that P' x is fine and saturated, for every A G A 
(corollary 12 . 4 . 1 \ ii) ) , in which case we may find an isomorphism of monoids P' x = P\X G, where 
P x is torsion-free, and G is a finite group (lemma [2 .2. 101 ). Let d be the order of Coker(<£> A ) gp , 
and denote by ip\ the composition of cp' x and the projection P' x — > P A ; since Q gp is a torsion-free 
abelian group, we deduce a short exact sequence : 

(5.3.43) -> G -> Coker(y? A ) gp -> Coker -> 

and notice that ip\ is also injective. We may assume that U\ and Y are affine, say C/\ = Spec B\ 
and F = Spec A, and since d is invertible in <^y A , we reduce easily - via base change by a finite 
morphism Y' — > Y - to the case where A contains the subgroup C Q x of d-th power roots 
of 1. The chart cu' x determines a morphism of monoids P' x — > B x , and the map /" : A — > B\ 
factors through the natural ring homomorphism 

A -+ A ® R[Q] R[P' X ] ^ A ®r[q\ [R[Px] ®r R[G\) where R := Z[<T\ » d }. 
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On the other hand, let T := Hom z (c7, then we have a natural decomposition 

R[G] ~ J] e x i?[G] 
xer 

where e x is the idempotent of R[G] defined as in (17.5.111) (cp. the proof of theorem \l .5 . 23IT )) : 
each factor is a ring isomorphic to R, whence a corresponding decomposition of U\ as a disjoint 
union of F-schemes U\ = U x6r U\, x - We are then further reduced to the case where U\ = U\ iX 
for some character \ °f G. In view of (15.3.43b , it is easily seen that the composition 

fas'. ) sp ^ 

extends to a well defined group homomorphism x : -Pf p — > Md> whence a map Xca : -Px,t/ A — > 
^d,u x C (7aM of sheaves on Define c<ja : -P\,c/ A — ► 9\M. by the rule : s i— > c<j a (s) • Xc/ A ( s ) 
for every local section s of -Pa,c/ a • It is easily seen that co> A is again a chart for g\M_ (e.g. one may 
apply lemma 15X41) . Lastly, a direct inspection shows that (/?, oja, V?a) is a chart of /|c/ A with the 
sought properties. □ 

5.3.44. Let (Y| | % G /) be a cofiltered system of quasi-compact and quasi-separated schemes, 
with affine transition morphisms, and suppose that is an initial object of the indexing category 
/. Suppose also that g : X — > F is a finitely presented morphism of schemes. Let Xj := 
x y ^ f° r ever y and denote gi : Xi —> Y; L the induced morphism. Let also g : X — > F 
be the limit of the family of morphisms (</j | i G /) . 

Corollary 5.3.45. In the situation of (15.3.44b . suppose that (g,\ogg) : (X,M) — > (Y,N_) is 
a smooth morphism of fine log schemes. Then there exists i E I, and a smooth morphism 
(^i, log pi) : (Xj, Mj) — > (Yi,Nj) of fine log schemes, such that log g = n* log gi. 

Proof. First, using corollary 15.2.331 we may find i G I such that (g, log g) descends to a mor- 
phism (<7i, log <7i) of log schemes with coherent log structures. After replacing /by I/i, we may 
then suppose that i = 0, in which case we set (Xj, M, : ) := Xi x (X , M ), and define likewise 
(Fj, Nj) for every i G /. 

Next, arguing as in the proof of corollary |5.2.34r ii), we may assume that iV admits a fine 
chart. In this case, also N_ admits a fine chart, and then we my find a covering family % : = 
(U\ — > X | A G A) for A r , such that the induced morphism (U\, M.\u x ) (X> i^D admits a chart 
fulfilling conditions (i) and (ii) of theorem f5. 3 .371 Moreover, under the current assumptions, X 
is quasi-compact, hence we may assume that A is a finite set, in which case there exists % G I 
such that % descends to a covering family (U^x — ► Xi \ A G A) for X i)T (claim |5~2 . 271 ii)) . and 
as usual, we may then reduce to the case where i = 0. It then suffices to show that there exists 
% G / such that the induced morphism C/ ,a x x (Xj, Mj) — > (F, Xj) is smooth (proposition 
I5.3.24f iii')). Thus, we may replace the system (Xj | % G I) by the system of schemes (£/o,a Xx„ 
Xj | i G J), and assume from start that (g, log p) admits a fine chart fulfilling conditions (i) and 
(ii) of theorem [53371 In this case, corollary EXJUi) and [J32l Ch.IV, Prop.l7.7.8(ii)] imply 
more precisely that there exists i E I such that the morphism (Xj, Mi) — > (Y^Nj) fulfills 
conditions (i) and (ii) of theorem [53371 whence the contention. □ 

5.4. Logarithmic blow up of a coherent ideal. This section introduces the logarithmic ver- 
sion of the scheme-theoretic blow up of a coherent ideal. We begin by recalling a few generali- 
ties on graded algebras and their homogeneous prime spectra; next we introduce the logarithmic 
variants of these constructions. Finally, the logarithmic blow up shall be exhibited as the loga- 
rithmic homogeneous spectrum of a certain graded algebra, naturally attached to any sheaf of 
ideals in a log structure. 
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5.4.1. Let A := ©„ eN A n be a N-graded ring, and set A + := ©„>o^4n, which is an ideal of 
A. Following ||27l Ch.n, (2.3.1)], one denotes by Proj A the set consisting of all graded prime 
ideals of A that do not contain A + , and one endows Proj A with the topology induced from the 
Zariski topology of Spec A. For every homogeneous element / G A + , set : 

D + {f) :=D(f)nPiojA 

where as usual, D(f) := Spec Af C Spec A. The system of open subsets D + (f), for / 
ranging over the homogeneous elements of A + , is a basis of the topology of Proj A ( Il27l Ch.II, 
Prop.2.3.4]). Clearly : 

(5.4.2) D+(fg) = D+(f) H D+(g) for every homogeneous /, g G A+. 

For any homogeneous element / G A + , let also Aif\ C Aj be the subring consisting of all 
elements of degree zero (for the natural Z-grading of Af); in other words : 

A (f) :=J2 A ^f' kcA f- 

ken 

The topological space Proj A carries a sheaf of rings &, with isomorphisms of ringed spaces : 

uof : (D + (f), <ff\D + {f)) —> SpecA(j) for every homogeneous / G A+. 
and the system of isomorphisms luj is compatible, in an obvious way, with the inclusions : 

j f , g : D+(fg) C D + (f) 

as in (|5.4.2I) . and with the natural homomorphisms Aif\ — > Aif g \. Especially, the locally ringed 
space (Proj A, 0) is a separated scheme. 

5.4.3. Let A' := (B n enA' n be another N-graded ring, and ip : A — > A' a homomorphism of 
graded rings (i.e. <p(A n ) C A' n for every n G N). Following (271 Ch.II, (2.8.1)], we let : 

Gfa) :=Proji4 / \y( ¥ »(A + )). 

This open subset of Proj A' is also the same as the union of all the open subsets of the form 
D + (cp(f)), where / ranges over the homogeneous elements of A + . The restriction to G(cp) of 
Spec cp : Spec A' — > Spec A, is a continuous map a ip : G(cp) — > Proj A. Moreover, we have the 
identity : 

a (p~ 1 (D + (f)) = D + ((f(f)) for every homogeneous / G A + . 

Furthermore, the homomorphism (p induces a homomorphism ip^ : A(j) —> Ay~, whence a 
morphism of schemes : 

* f : D+(<p(J)) - £>+(/). 
Let (7 G A + be another homogeneous element; it is easily seen that : 

3f,g°®fg = (®f)\D+{ v (fg))- 
It follows that the locally defined morphisms $ f glue to a unique morphism of schemes : 

Proj ip : G(ip) — > Proj A 

such that the diagram of schemes : 



Spec ^ Spec A (f) 



(5.4.4) 



(Proj ^) id ,( v m) 

D+W)) - DM) 



commutes for every homogeneous / G A + ( [|27l Ch.II, Prop. 2. 8. 2]). Notice that G(y?) 
Proj A', whenever (f(A + ) generates the ideal A' + . 
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5.4.5. To ease notation, set Y := Proj A. Let M := ® n& %M n be a Z-graded A-module {i.e. 
A k ■ M n C M k+n for every k E N and n E Z); for every homogeneous / 6 A + , denote 
by Mm C M/ the submodule consisting of all elements of degree zero (for the natural Z- 
grading of A//). Clearly Mm is a Am -module in a natural way, whence a quasi-coherent 
&D+{f) -module M^; these modules glue to a unique quasi-coherent -module M~ ( 11271 
Ch.II, Prop. 2. 5. 2]). Especially, for every n E Z, let A(n) be the Z-graded A-module such that 
A(n)k '■— A n+ k for every k E Z (with the convention that Ak — if k < 0). We set : 

^V(n) := A(n)~. 

Any element f E A n induces a natural isomorphism of D + (/)-modules : 

&Y{n)\ D+ (f) ^ &D + (f) 

( 11271 Ch.II, Prop.2.5.7]). Hence, on the open subset 

C/ n (A) := |J D + (f) 

the sheaf ^V(n) restricts to an invertible &u n (A) -module. Especially, if A\ generates the ideal 
A + , the ^-modules G Y [n) are invertible, for every n E Z. 

5.4.6. In the situation of (15.4.31 ), let M := e„ a M n be a Z-graded A-module. Then M' : = 
M ®a A' is a Z-graded A'-module, with the grading defined by the rule : 

M' n := ^2 Im( M j ®z A 'k -* M> ) for ever y 

j-\-k=n 

( 11271 Ch.II, (2.1.2)]). Then J271 Ch.II, Prop.2.8.8] yields a natural morphism of ^b^-modules: 

i/ M :(Proj^)*M~^(M')~ GM . 

Moreover, set : 

G x {ip) : = |J !>+(¥>(/)) 
/eAi 

and notice that Gi(cp) C £/i(A.') fl G((p); by inspecting the proof of loc.cit. we see that the re- 
striction fMlGUtp) is an isomorphism. Especially, is an isomorphism whenever A\ generates 
the ideal A + . It is also easily seen that Gi((p) = Ui(A') if (f(A + ) generates A',. 

For any / E A\, the restriction (i'aOid+m/)) can be described explicitly : namely, we have 
natural identifications 

and in view of (15.4.41) , the morphism {y M )|d + o(/)) is induced by the A', ,jy. -linear map : 

M (f) A' W)) -> M ( ; (/)) 

given by the rule : 



(m* • /"*) ® (a; • ¥>(/)-'') ^ (m* (g) a;) • <p(f)- j - k for all fc, j E Z, m fc G M fc , G ^. 
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5.4.7. The foregoing results can be improved somewhat, in the following special situation. 
Let R — > R' be a ring homomorphism, A a N-graded i?-algebra (hence the structure morphism 
R — > A is a ring homomorphism R — > A ); the ring A' := R' ®r A is naturally a N-graded 
-R'-algebra, and the induced map (p : A — > A' is a homomorphism of graded rings. In this case, 
obviously <p(A + ) generates the ideal A' + , hence G((p) = Proj A', and indeed, Proj if induces 
an isomorphism of Spec .R'-schemes : 

y' —> Spec R' XspecR ^ 

where again F := Proj A and V := Proj A'. Moreover, for every Z-graded A-module M, the 
corresponding morphism vm is an isomorphism, regardless of whether or not A\ generates A + 
( Il27l Ch.II, Prop.2.8.10]). Especially, v A(jl) is a natural identification ([27, Ch.II, Cor.2.8.1 1]) : 

(Proj <p)*0 Y (n) ^y(n) for every fiGZ. 

5.4.8. Let X be a scheme, =c/ := ©„ e N=£)4 a N-graded quasi-coherent ^-algebra on the 
Zariski site of X; we let srf + := ©„>o^4- According to (271 Ch.II, Prop. 3. 1.2], there exists an 
X-scheme n : Proj srf — > X, with natural isomorphisms of U -schemes : 

ipu :U x x Proj A Proj s/{U) 

for every affine open subset U C X, and the system of isomorphisms ipu is compatible, in an 
obvious way, with inclusions U' C U of affine open subsets. For any integer d > 0, every 
/ G r(X, defines an open subset D + (f) C Proj $4 ', such that : 

D + (f) n 7r _1 f/ = D + (f\u) C Proj for every affine open subset U C X. 

5.4.9. To ease notation, set Y := Proj $& and let again n : Y — > X be the natural morphism. 
Let := ® n &z-^n be a Z-graded -module, quasi-coherent as a ^-module; for every affine 
open subset U C X, the graded £?(U) -module ^(U) yields a quasi-coherent i^-i^ -module 
~#£T, and every inclusion of affine open subsets U' C U induces a natural isomorphism of 
^-lf/z-modules : J^^vq, —> ^{f,. Therefore the locally defined modules glue to a well 
defined quasi-coherent ^y-module ' . 

Especially, for every n G Z, denote by srf (n) the Z-graded srf -module such that &?(n)k '■ = 
g? n+ k for every k G Z, with the convention that ^ = whenever n < 0. We set: 

^y(n) := sf(n)~ and Jl~{ri) := ®^> y G Y {n). 

Denote by XJ n {sf) C V the union of the open subsets U n (gf (U)), for £/ ranging over the affine 
open subsets of Y; from the discussion in (|5.4.5I) . it clear that the restriction &Y{n)\u n (^) is an 
invertible Gu n {at) -module. This open subset can be described as follows. For every x G X, let : 

(5.4.10) =sz4(V) := =sz4,z 8^ and set ^(x) := © neN ^4(x) 
which is a N-graded /t(x)-algebra; then : 

(5.4.11) U n (jS) = g y | <(7r(y)) £ p(y)} 

where p(y) C £/ (tt (2/) ) denotes the prime ideal corresponding to the point y. 

5.4.12. Moreover, for every Z-graded srf -module ./#, and every n G Z, there exists a natural 
morphism of ^y-modules : 

(5.4.13) Jt~(n) -> ^T(n)~ 

where M{n) is the Z-graded ^-module given by the rule : ^(n)k := ^ n +k for every fc G N 
( ll27l Prop. 3. 2. 16]). The restriction of (15.4.131) to the open subset U\(srf) is an isomorphism 
( ||27l Ch.II, Cor.3.2.8]). Especially, we have natural morphisms of ^y-modules : 

(5.4.14) G Y [n) ®g Y ffyim) -> & Y {n + m) for every n,m eZ 
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whose restrictions to U\(srf) are isomorphisms. Furthermore, we have a natural morphism 
~~ ¥ tt*^~ of (^-modules ( Il27l Ch.II, (3.3.2.1)]), whence, by adjunction, a morphism of 
^y-modules : 

(5.4.15) n*^ -> Jt~. 

Applying (|5.4.15l) to the modules M n = ^(n) , and taking into account the isomorphism 
(15.4.131) . we deduce a natural morphism of ffu^) -modules : 

(5.4.16) (vr*^# n )|[7 l(£ /) -> Jt~ {n)\v x (fii) 

which can be described as follows. Let U C X be any affine open subset; for every / e ^(f/), 
the restriction of (15.4.161) to D + (f) C 7r _1 f/ is given by the morphisms 

^n(U) ® ffx{u) sf(U) if) ^(n)(U) {f) := J2^k +n (U) ■ f~ k C JZ{U) f . 

induced by the scalar multiplication ®g x =^4 — > ^#„+fc. Especially, we have natural mor- 
phisms of ^y-modules : 

(5.4.17) 7rW rt — >■ ^y(n) for every n£N 

whose restrictions to Ui(stf) are epimorphisms. An inspection of the definition, also shows that 
the diagram of ^-modules : 

(5.4.18) 

^y(n) ^y(m) ^ ^y(n + m) 

commutes for every n, m e N, where the top horizontal arrow is induced by the graded mul- 
tiplication stf n ®tf x srf m — » ^4 +m , the vertical arrows are the maps (15.4.171) , and the bottom 
horizontal arrow is the map (15.4.141) . 

5.4.19. Next, let stf 1 := ® n &i^n be another N-graded quasi-coherent ^x-algebra on the 
Zariski site of X, and (p : &f —* srf' a morphism of graded ^-algebras; for every affine 
open subset U cl,we deduce a morphism ipu : srf (U) — > srf'(U) of graded ^x([/)-algebras, 
whence an open subset G(cpu) C Proj s/'(JJ) as in (15.4.31) . If V C £7 is a smaller affine open 
subset, the natural isomorphism 

Vx v Proj sf\U) A Proj **"(V) 

induces an identification 1/X(, G(ipu) G(<y2y), hence there exists a well defined open subset 
C7(y?) C Proj =sz/' such that the morphisms Proj <pu glue to a unique morphism of X-schemes : 

Proj if : C7(yj) — > Proj =2/. 

If ^ is generated - locally on X - by <^(^+), we have G(<^) = Proj 

Moreover, if jtft is a Z-graded quasi-coherent ■sZ-module, the morphisms v^gaj) assemble 
into a well defined morphism of ^G(</j)- m °dules : 

v M : (Proj Lp)*J(~ -> {Jt% {tp) 

where the grading of jtf 1 := g)^ is defined as in (|5.4.6I) . Likewise, the union of the 
subsets Gi((fu), for U ranging over the affine open subsets of X, is an open subset : 

(5.4.20) dip) C U x {^') n G(<p) 

such that the restriction Vjg\Q x (<?) is an isomorphism. Especially, set Y' := Proj srf'\ we have a 
natural morphism : 

(5.4.21) zv (n) : (Proj ip)* " G Y {n) -> ^y/(n)| G(v3) 
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which is an isomorphism, if sfi generates s/ + locally on X. Again, we have G\(<p) = Ui(sf') 
whenever ip(&f+) generates gf! , locally on X. 

5.4.22. The discussion in (15.4.71) implies that any morphism of schemes / : X' — > X induces 
a natural isomorphism of X'-schemes ( 11271 Ch.II, Prop. 3. 5. 3]) : 

(5.4.23) Proj fW ^ X' x x Proj st 

and the description (15.4.1 II) implies that (15.4.231) restricts to an isomorphism : 

C/ n (/W) A X' x x U n (st) for every neN. 

Furthermore, set Y' := Proj f*srf , and let ix Y '■ Y' — > Y be the morphism deduced from 
(15.4.23b : the discussion in (15.4.71) implies as well that, for any Z-graded quasi-coherent 
module there is a natural isomorphism : 

( 11271 Ch.II, Prop.3.5.3]). Especially, / induces a natural identification ((271 Ch.II, Cor.3.5.4]) : 

(5.4.24) ff Y ,{n) ^ -Ky&yin) for every n e Z. 

5.4.25. Keep the notation of (15.4.9b , and let ^ x be the category whose objects are all the pairs 
(ip : Z — > X, Jzf), where tp is a morphism of schemes and jf is an invertible (^-module on 
the Zariski site of Z; the morphisms (ip : Z — > X, J?) — > (ip' : Z' — > X, J£") are the pairs 
(P, h), where (3 : Z — > Z' is a morphism of X-schemes, and h : /3*Jzf' ^> Jzf is an isomorphism 
of (^-modules (with composition of morphisms defined in the obvious way). Consider the 
functor: 

Fgt : — > Set 

which assigns to any object (■?/>, =2f) of ^x, the set consisting of all homomorphisms of graded 
&z~ algebras : 

9 ■ - Sym^Jzf 

which are epimorphisms on the underlying ^-modules (here Sym^ z= Sf denotes the symmetric 
^-algebra on the ^-module Jzf); on a morphism (/3, h) as in the foregoing, and an element 
g' £ F^(ip', ££'), the functor acts by the rule : 

F*(P, h)(g') := (Sym^/i) o /?*</. 

Lemma 5.4.26. The object (tc : Ui(s/) — > X, @Y(X)\U\(fif)) °f represents the functor F^. 

Proof. Given an object (ip : Z -> X, of ^V, and # G i^(V>, -^), set : 

P(jgf) := Proj Sym^JS?. 

According to El Ch.II, Cor.3.1.7, Prop.3.1.8(iii)], the natural morphism vr z : P(jSf) -> Z is 
an isomorphism. On the other hand, since g is an epimorphism, we have G(g) = P(jSf); taking 
(15.4.23b into account, we deduce a morphism of Z-schemes : 

Proj g : P(j&?) -> F' := Z x x Proj si 

which is the same as a morphism of X-schemes : 

F(g) : Z -» Proj 

We need to show that the image of F(g) lies in the open subset U\{s^); to this aim, we may 
assume that both X and Z are affine, say X = Spec R, Z = Spec in which case sf is 
the quasi-coherent algebra associated to a N-graded i?-algebra A, J£ is the invertible module 
associated to a projective rank one S-module L, and g : S ®k A — > Sym* L is a surjective 
homomorphism of i?-algebras. Then locally on Z, Jz? is generated by elements of the form 
g(l <g> t), for some local sections t of sd\, and up to replacing Z by an affine open subset, we 
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may assume that t E A\ is an element such that t' := g(l (g> t) generates the free ^-module L. 
In this situation, we have P(jSf) = D + (tf), and the isomorphism n z ■ P(j£?) ^> Z is induced by 
the natural identification: 

(5.4.27) S = S[t'] {t/) . 

Likewise, &w(#)(n) is the ^ P (^)-module associated to the S[t']-mod\}\e L® n ® s S{t'] ^ S[t')(n), 
hence (15.4.271 ) induces a natural identification : 

(5.4.28) n* z ^® n A ^p ( ^)(n) for every neN. 

Moreover, P(gr) is the same as the morphism $ 4 : D + (t') — > D + (t) (notation of (15.4.31) ): 
especially the image of P(gr) lies in Ui(srf), as required. From this description, we also can 
extract an explicit expression for $ t ; namely, it is induced by the map of _R-algebras : 

Am -> S 1 such that a fc • i-> #(1 <g> a fc ) • t'~ fc 

for every G N, and every a k E A k . Next, letting n :— 1 in (15.4.211 ) and (15.4.241) , we obtain a 
natural isomorphism of ^Wj?) -modules : 

%^)(1) ^ (Proj<?)*<^(l) ^ (Proj^)*o7r^ y (l) ^7r^oP(^)*^ y (l) 

(notice that, since by assumption g is an epimorphism, we have G\(g) = Ux(Sym'^ Jf) = 
P(jSf), hence i^^/m is an isomorphism). Composition with (15.4.281) yields an isomorphism : 

h(g):F( g y& Y (l)^J? 

of (^-modules, whence a morphism in ffx 

(F(g),h(g)) : JSf ) -> (7^(^,^(1)1^)). 

In case X and Z are affine, and Jzf is associated to a free module L, generated by an element 
of the form t' := g(l ® t) as m the foregoing, we can describe explicitly h(g); namely, a direct 
inspection of the construction shows that in this case h(g) is induced by the map of S-modules 

S®A (t) A(1)m -> L : s(g>a k ■t 1 ~ k ^ s ■ g{\ ®a k ) ■ (t') 1 ' k for every s E S, a k E A k . 

Conversely, let (5 : Z — > XJ\{sf) be a morphism of X-schemes, and h : (3* @Y(X)\U\(i*) ~* ^ 
an isomorphism of ^-modules. In view of the natural isomorphisms (15.4.141) , we deduce, for 
every n E N, an isomorphism : 

Combining with the epimorphisms (15.4.171) : 

we may define the epimorphism of ^-modules : 

(5.4.29) g{/3, h) := o /T(u; n ) : - Sym^JSf 

neN 

which, in view of (15.4.181) . is a homomorphism of graded (^-algebras, g([3, h) E F(ijj, «£?). 
This homomorphism can be described explicitly, locally on Z : namely, say again that X = 
Spec R, Z = Spec S, Jz? = L~ for a free S'-module of rank one, and srf = A~ for some 
N-graded i?-algebra A; suppose moreover that the image of (3 lies in an open subset D + (t) C 
Ui(<srf), for some t E A x . Then (3 comes from a ring homomorphism ft : Am —> S, his an 
^-linear isomorphism S <8u (t) ^.(l)(t) ~* an d i' := <S> £) is a generator of L; moreover, 
uj n is the epimorphism deduced from the map : 

An ® R Am -> A(n)( t ) : a n ®b k - t~ k i-> a„6 fc • t _/c for every a n e A n , 6 fe G A* 
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By inspecting the construction, we see therefore that g is the direct sum of the moronisms : 

g n : S ® R A n -> L® n : s <g) a n h-> s ■ (3\a n ■ t~ n ) ■ t'® n for every s E S,a n E A n . 
Finally, it is easily seen that the natural transformations : 
(5.4.30) g^(F{g),h(g)) and (/?, h) i- g((3, h) 

are inverse to each other : indeed, the verification can be made locally on Z, hence we may 
assume that X and Z are affine, and J2? is free, in which case one may use the explicit formulae 
provided above. □ 

5.4.3 1 . We wish now to consider the logarithmic counterparts of the notions introduced in the 
foregoing. To begin with, let X be any scheme, iV a monoid, and P a (commutative) iV-graded 
monoid of the topos X T (see definition [T.7.18l) . Notice that P x = LL eAr (£ X n £„)> hence the 
sheaf of invertible sections of a iV-graded monoid on X is a iV-graded abelian sheaf. 

Definition 5.4.32. Let X be a scheme, and (3 : M — > &x a log structure on X T . 

(i) A N-graded ^ x ,M_)-algebra is a datum (gtf , P, a, (3^) consisting of a N-graded ff x - 
algebra stf := @ n m^n ( on the site X T ), a graded monoid P on X T , and a commutative 
diagram : 

M^^P 





where restricts to a morphism of graded monoids P — > U„ eN ^4 (and the compo- 
sition law on the target is induced by the multiplication law of &/), a is a morphism 
of monoids M — > (P)o, and the bottom map is the natural morphism ^ — > g/ . 
We say that the N-graded ^$*(x,A/)~algebra (&/ , P, ct, (3^/) is quasi-coherent, if is a 
quasi-coherent ^--algebra, 
(ii) A morphism (gAogg) : (^,P,a, (3^) — > P', a', /3^) o/ N-graded &{x^-alge- 



bras is a commutative diagram : 

n lo S9 



where log g is a morphism of N-graded monoid such that log g o a = a', and g is a 
morphism of (^-algebras. 

5.4.33. Let M be a monoid, 5 an M -module; we say that an element s E S is invertible, if 
the translation map M -»S:mHm^ (for all m G M) is an isomorphism. It is easily seen 
that the subset S x consisting of all invertible elements of S, is naturally an M x -module. 

Let M be a sheaf of monoids on X T , and jV an M-module; by restriction of scalars, jV is 
naturally an M x -module. We define the M x -submodule jV x C jV , by the rule : 

^ x (U):= Jf(U) x for every object U of X T . 

Conversely, for any M x -module the extension of scalars jY ® m x M defines a functor 
M x -Mod — > M-Mod. It is easily seen that the latter restricts to an equivalence from the full 
subcategory M x -Inv of M x -torsors to the subcategory (M-Inv) x of M-Mod whose objects 
are all invertible M -modules, and whose morphisms are the isomorphisms of M -modules (see 
definition 11.7.1 6t iv)) : the functor JV i— ► JV X provides a quasi-inverse (M-Inv) x — > M x -Inv. 
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Especially, if (X, M) is a log scheme, we see that the category of invertible M-modules is 
equivalent to that of invertible ^-modules, hence also to that of invertible (^-modules. 
If ip : (Z, N_) — > (X, M) is a moronism of log schemes, and jY a M-module, we let : 

(5.4.34) y*Jf := yrl/f ® r . M N. 

Clearly, (p*jV is an invertible iV-module, whenever JV is an invertible M-module. 

5.4.35. Keep the notation of definition |5.4.32r i); by faithfully flat descent, the restriction of 
$rf to the Zariski site of X is again a quasi-coherent ^x-algebra, which we denote again by srf . 
We may then set Y : = Proj $$ and let n : Y — ► X be the natural morphism. The composition 
of 7r _1 /3c/ and the morphism (15.4.171) . yields a map on the site Y T : 

(5.4.36) vr _1 P rt -> ^y(n) for every n G N. 

Set (•) := ]J neZ ^y(n); it is easily seen that the morphisms (15.4.141 ) induce a natural 
Z-graded monoid structure on ^y(»), and the coproduct of the maps (15.4.361) amounts to a 
morphism of graded monoids : 

uj. : tv ^P_ — > @ Y (*)- 
We let Q be the push-out in the cocartesian diagram : 



71 



(5.4.37) 



Clearly Q is naturally a Z-graded monoid, in such a way that all the arrows in (15.4.371) are 
morphisms of Z-graded monoids. For every n e Z, let Q n be the degree n subsheaf of Q; the 
map oj, and the natural inclusion ^y(«) x — > ^y(») determine a unique morphism Q — > 
whose restriction in degree zero is a pre-log structure : 

02 : Q -> ^y- 



Clearly a induces a unique morphism oT : ir 1 M 



7T 



7T 



► Qo, such that the diagram of monoids 

Qo 

PS 

'Y 



commutes. Denote by P~ the log structure associated to /3£', the homogeneous spectrum of the 
quasi-coherent N-graded algebra P, a, (3^) is defined as the (X, M)- scheme : 

Proj(^,P) := (Y,P~). 

We also let : 

t/x^P) := C/x^) x y ProjK,P). 
Furthermore, for every nGZwe have a natural morphism of Qo -monoids : 

(5.4.38) Qo®^0Y{n) x ^Qn 

and it is easily seen that (15 .4.3 81) i^^) is an isomorphism. We set : 

P~(n) := (P~ ®q„ Q n )|i/i(*0 for every n G Z. 
Hence (15.4.381) induces a natural isomorphism : 

(5.4.39) (P~ ®„x ^(n)*),^) A P~(n). 



FOUNDATIONS OF p-ADIC HODGE THEORY 351 

Especially, P~(n) is an invertible Pmuar) -module, for every n G Z. From (|5.4.39l) . we also 
deduce natural isomorphisms of PpUj*) -modules : 

(5.4.40) ET( n ) ®p~ ET( m ) ET( n + m ) f° r every n, m G Z 
and of &\j x urf) -modules : 

(5.4.41) P~(n) ®p- 0vx{*) ^ 0Y{n)\UxW for every n G Z. 

Additionally, the morphism , K~ x P_ n — ► Q n deduced from (15.4.371) . yields a natural map of 
Zj^^) -modules : 

(5.4.42) A n : (7r*P n )|a l( ^) -> P~(n) for every n G N. 

Example 5.4.43. Let (Z, 7 : JV — > & z ) be a log scheme, Jzf an invertible JV- module, and set : 

A/(jf) := Sym^Jgf ® K 7 : Sym^f -»• ^(JSf ) := Sym^(jg? ®jv &z) 

which is a morphisms of N-graded monoids (notation of example 11.7.221) . Clearly ,g/(Jzf) is 
also a N-graded quasi-coherent (^-algebra. Denote also : 

<*x : N -> Sym^J*? 

the natural morphism that identifies JV to Sym^J^f ; then the datum 

(^(if),SKif, c^,/v m ) 

is a quasi-coherent &(z,N)- algebra, and a direct inspection of the definitions shows that the 
induced morphism of log schemes : 

(5.4.44) 7r {Zjm : P(J*f) := Proj(^(^), Sym^f) -> (Z, JV) 

is an isomorphism. Furthermore, we have natural isomorphisms as in (|5.4.28l) : 

7T (z,N)(^ n ®K &z) -* ^p(j?)(n) for every n G Z. 
Let P_2> "~ ^ <^p(_?) be the log structure of P(jSf); there follows a natural identification : 

(5.4.45) 7T ( z,iv)^® n ^ «V* ^P(^)(^) x ^ £2?(") for everv ^ ^ Z 

P( Jz? ) 

where the last isomorphism is (15.4.391) . in view of the fact that U\(srf = Proj .e/ (jSf). 

Example 5.4.46. (i) Let (Z, JV) be a log scheme, and n G N any integer. We define an N- 
grading on N® n , by setting 

gr fc N®" := {a, := (di, . . . , a n ) \ a x H h a n = k} for every k eN. 

We then define the N-graded monoid 

Sym^JV®" := N® n x JV 

whose N-grading is deduced in the obvious way from the foregoing grading of N® n . The log 
structure 7 : JV — > &7, extends naturally to a map of N-graded Z-monoids : 

Sym^ 7 ® n : Sym^JV®" - Sym^J*. 

Namely, if e±, . . . , e n is the canonical basis of the free ^-module iff^ n , then Sym^ £?® n is a 
free ^-module with basis 

K. :=e?---e£\a. G gr fe N®"} 

and Sym^7® n is given by the rule : (a., x) 1— > 7(2;) -e a . for every a. G N® n , every r-open subset 
of Z, and every section x G N_(U). Clearly Sym^7® n defines an N-graded &(z,N) -algebra 

Syml^ m (0 z , K) m ■= (Sym^^T, Sym^JV®") for every n G N. 
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We set : 

Wf ZJD := Proj Sjm' { ^ m (^ z ,Nf n+1 
and we call it the projective n-dimensional space over (Z, N_). 

(ii) Denote by iV~ the log structure of P" z N y and by N_~(k) the iV~-modules defined as in 
(15.4.391 ), for every k 6 Z. By simple inspection we get a commutative diagram of monoids : 

r(Z,Sym* 7®" +1 ) 

T(Z, Syn^A^ 1 ) — = U T(Z, Syn^®^ 1 ) 

for every k E N 



r( 



whose right vertical arrow is an isomorphism. Especially, the natural basis of the free N_(Z)- 
module T(Z, Sym^iV® 714 ^ 1 ) = N_(Z)® n+1 yields a distinguished system of n + 1 elements 

On the other hand, we have as well the distinguished system of global sections 

corresponding to the natural basis of T(Z, Sym^^j?™® 1 ) = <^ z (Z)® n+1 . For each i = 0, . . . , n, 
the largest open subset C7, C P™ z N ^ such that Tj G r(C/j, <^p™ z ^ (1) x ) is the complement of the 
hyperplane where Tj vanishes. Moreover, notice that 

Tr 1 ^ G N~{Ui) for every i, j = 0, . . . , n. 

With this notation, the isomorphism (15.4.391) yields the identification : 

Ej = T~ l Tj ® Ti on Ui for every i,j — 0,...,n 

from which we also see that, for every i — 0, . . . , n, the open subset U{ is the largest such that 
Si G r([/j, iV~(l) x ). By the same token, we obtain : 

(5.4.47) (P^, jV~)tr = ^ n • • • n c/ n ~ G^ z . 

5.4.48. Let (Z,N) be a log scheme, log<£>) : (gf, P_) — > P') a morphism of quasi- 
coherent N-graded &(z,n) -algebras. We let (notation of (15.4.191 )) : 

Gfalogtp) := G(tp) X Proj „, Proj(^,£0- 

Denote also by n : Y : = Proj srf — > Z and n' : Y' := Proj £/' — > Z' the natural projections; 
there follows, on the one hand, a morphism of N-graded monoids : 

(5.4.49) Tr'-^log^) : (Proj ^(tt^P) -> (vr'- 1 ^)^) 
and on the other hand, a morphism of Z-graded monoids : 

(5.4.50) (Proj^)- 1 ^ y (.) x - 

deduced from (15.4.211) . Define the Z-graded monoid Q on F T as in (15.4.371) . and the analogous 
Z-graded monoid Q' on F r '. Then (15.4.491) and (15.4.501) determine a unique morphism of Z- 
graded monoids : 

^(Proj^Q^g;^ 

and by construction, the restriction of %9 in degree zero is a morphism of pre-log structures : 

tf : (Pnw)*((Q) ,/^) - ((Q')o,/£0 
whence a morphism of (Z, iV) -schemes : 

Proj (ip, log if) : G(ip,logip) -*Pioj(*/,P). 
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Moreover, on the one hand, (15.4.211) induces an isomorphism of <^y,-modules : 

: ®(Pr OJ »-^* (Proj^)-V y (n) x )| Gl(¥3) ^ ^(n), x Gi(¥j) for every n G Z 

(notation of (15.4.20I )). On the other hand, for every n E Z, the morphism of (Proj if)^ 1 (Q) - 
modules $ n determines a morphism of P'~-modules : 

(5.4.51) C : Proj(<^, log ^)*P~(n) |Gl(v) -> P , ~(n)| Gl ( v .) 

and by inspecting the construction, it is easily seen that the isomorphism (15.4.391 ) (and the corre- 
sponding one for P'~(n)) identifies #~ with ®^x ; P'~; especially, #~ is an isomorphism. 

5.4.52. Let ip : (Z', X') -> (Z, iV) be a morphism of log schemes, and P, a, /3^) a N- 
graded quasi-coherent &(z,N) -algebra. We may view P as a iV-module, via the morphism a, 
hence we may form the iV'-module ip*P_, as in (15.4.341) . Moreover, by remark (I2.1.24l) (i). tp*P_ 
is a N-graded sheaf of monoids on Z' T , such that 

(5.4.53) p) ■= u>**f, 

is a N-graded quasi-coherent &(z',n')' algebra, and in view of the isomorphism (I2.1.25|) . we 
obtain a natural isomorphism of (Z', iV^-schemes: 

(5.4.54) Proj A (Z 1 , N') x M Proj^P). 

Furthermore, denote by ^(^p) : U^tp* (#/ , P)) — > Ui(s*/,P_) the morphism deduced from 
(I5.4.54I) . and by 7ry : V := Proj , 0*«e/ — > F := Proj s?/ the underlying morphism of schemes. 
From (|5.4.24l) we obtain natural isomorphisms : 

(0*, ® v -i ff * *?0 Y {ny) m w ^ 0Y>(n)* Ui(r ^ for every nEZ 

and the latter induce natural identifications : 

(5.4.55) 7T(V/,P)iTW ^ 0*£rW for every n G Z. 

5.4.56. Keep the notation of (I5.4.35I) , and let log ^x,m) be the category whose objects are the 
pairs ((Z, AQ, Jzf), where (Z,N_) is a (X, M) -scheme, and Jzf is an invertible iV-module. The 
morphisms ((Z, N), Jgf) -> ((Z', N!),SP) are the pairs (p, fc), where 93 : (Z, JV) -> (Z', JV') is 
a morphism of (X, M) -schemes, and h : cp*Jf' ^> J2? is an isomorphism of iV-modules (with 
composition of morphisms defined in the obvious way). There is an obvious forgetful functor : 

p : log ^ {XM ) -> : ((Z, N),&)» (Z, if ® K Z ) 

and the functor can be lifted to a functor : 

iV,P) : log ^(x,M) -> Set 

which assigns to any object ((Z, 7 : iV — >■ ^),j5f) the set consisting of all morphisms of 
N-graded quasi-coherent &{z,n} -algebras : 

***(&) 

where ip : (Z, N_) — > (X, M) is the structural morphism, and g is an epimorphism on the 
underlying ^-modules. 

Proposition 5.4.57. The object (Ui(&/,P), P~(l)) 0/ log ^(x,M) represents the functor F(^,py 
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Proof. Given an object {ip : (Z, X) — > (X, M) , Jzf ) of log ^(x,m) , and any element (g, log g) G 
F (£/i p)((Z, X), Jzf), define P(Jzf) as in (15.4.441) ; there follows a morphism of (Z, X)-schemes : 

Proj(s,logs) : P(jgf) -> ProjV* (<<£). 
In view of (15.4.441 ) and (15.4.541) . this is the same as a morphism of (X, M)- schemes : 

P((7,logs):(Z,X)^ProjO<P) 

and arguing as in the proof of lemma [3~.4.26l we see that the image of P(g,logg) lands in 
U\(^, P). Next, combining (15.4.451) . (15.4.511) and (15.4.551) . we deduce a natural isomorphism : 

7r* (Ztm o F(g, logg)*P~(l) A ProjQ?, log<?)* o tt^ >£) P~(1) 

■^Proj(^ ) log^)*(V*P)~(l) 

whence an isomorphism h(g, logg) : F(g, log<7)*P~(l) ^ Jzf, and the datum : 

(P(S, log <?),%, log*?)) : {{Z,N\&) - (C/iK,P),r(l)) 

is a well defined morphism of log ^(x,m)- 

Conversely, let cp := log/3) : (Z,N_) — > U\{s/,P) be a morphism of (X, M) -schemes, 
and ft, : <£>*P~(1) «5f an isomorphism of X-modules. In view of (15.4.401 ), we deduce an 
isomorphism : 

h ®n . v *p~( n } ^ C£®n for eyery n e z> 

Combining with (15.4.421 ), we may define the map of X-modules : 

log£fo h) := h® n o (3*(\ n ) : - Sym^f. 

neN 

On the other hand, in view of (|5.4.41l) . we have an isomorphism of ^-modules : 

h ® K Z : (3* @ Y (l)\ Ul{s/) A (p*P~(l) ® K G z A if ®jv 
(where, as usual, F := Proj srf). We let (notation of (15.4.291 )) : 

g(<p,h) := g((3,h®N^z) 

and notice that the pair (g((p, h), log g((p, h)) is an element of F{^,p){{Z, X), J*f). Summing 
up, we have exhibited two natural transformations : 

■& : P Ki p) Hom logW) (-, (C/iK,P),P~(l))) (<?,log<?) ^P(p,logp) 

a : Hom log ^ (XM) (-,(?7i(^,P),P~(l))) P (< p } (</?, ft) i-> (g(ip, h), log g(<p, h)) 

and it remains to show that these transformations are isomorphisms of functors. However, the 
latter fit into an essentially commutative diagram of natural transformations : 

*V,p) =^=> Hom log (C/iKP), P~(l))) =^> P K) p) 



i^op =^> Hom ¥jc (p(-), (£/i(j^), ^y(l)|^K))) P^ o p 

whose bottom line is given by the natural transformations (15 .4.301 ). Moreover, given an isomor- 
phism h of invertible X-modules, the discussion in (15.4.331) leads to the identity : 

(5.4.58) h={h® K Z Y ® ffyx X. 
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Likewise, we have natural identifications : 

Sym^JSf = (Sym^JS? ®n &z) x ®<g iV for every n G Z 

which show that and g determine uniquely logg. This - and an inspection of the proof of 
lemma l5A26l - already implies that aoi3 is the identity automorphism of the functor -F(^,p). Fi- 
nally, let <p = ((3, log f3) and h as in the foregoing, so that (</?, h) is a morphism in log^(x,M); to 
conclude we have to show that (<//, h') := $ o cr(y?, /i) equals h). Say that <// := (/?', log /?'); 
by the above (and by the proof of lemma |5".4.26I) we already know that (3 = (3' , and (15.4.581) 
implies that h = h! . Hence, it remains only to show that log (3 = log (3' , which can be checked 
directly on the stalks over the r-points of Z : we leave the details to the reader. □ 

Example 5.4.59. (i) Let ip : (Z',N^) — > (Z,N_) be a morphism of log schemes, n G N 
any integer, and ^?zn) me ^-dimensional projective space over (Z,N), defined as in example 
15.4.461 A simple inspection of the definitions yields a natural isomorphism of 0<z',n')- algebras 

Sym^^^iV')®" A ^Sym^^x, TV)®" for every n G N 

whence a natural isomorphism of (Z', A[')-schemes : 

W n {z , m A (Z', iV') x M Pf z ^ } for every n G N. 

(ii) Let Jz? be any invertible iV-module; notice that a morphism of N-graded monoids 

Sym^iV®" -> Sym^JSf 

which is the identity map in degree zero, is the same as the datum of a sequence 

(A : iV -> | i = 1, , . . . , n) 

of morphisms of iV-modules, and the latter is the same as a sequence (b 1 , . . . , b n ) of global 
sections of =Sf. Since Sym^ z ^ n+1 generates Sym*^^ +1 , proposition [5A57J and (i) imply 
that P" ZiV ) represents the functor log^ z ,N) —> Set that assigns to any pair ((X, M),J?f) the 
set of all sequences (6 , • • • , b n ) of global sections of Jzf . The bijection 

(5.4.60) Hom log ^ ) (((X,M),^), (P^, JV~(1))) A r(X,^)" +1 

can be explicited as follows. Let (<p, h) : ((X,M),J?f) — > (P™ Z7V j, iV~(l)) be a given morphism 
in log^(z,N)\ then /i : <^*iV~(l) — > j£f is an isomorphism of M- modules, which induces a map 
on global sections 

T(h) :T(F^ K) ,Nr(l))) ^T(X,^). 

However, iV~(l) admits a distiguished system of global sections e , . . . ,e n (example l5.4.46r ii)), 
and the bijection (15.4.601) assigns to (<p, h) the sequence (T(h)(e ), . . . , T(h)(e n )). 

(iii) Given a sequence b. := (6 , • • • , b n ) as in (ii), denote by 

/fc:(A\M)->P?zjfl 

the corresponding morphism. A direct inspection of the definitions shows that the formation of 
f bt is compatible with arbitrary base changes h : (Z',N^) — > (Z,N_). Namely, set (X', M') : = 
(Z',N!) X (z ,n) (X,M), let g : (X r , M') -> (X,M) be the induced morphism, Jzf := 
and suppose that ££' is also invertible (which always holds, if M' is an integral log structure); 
the sequence b, pulls back to a corresponding sequence b' 9 := (b' , . . . , b n ) of global sections of 
', and there follows a cartesian diagram of log schemes : 

(x',M!)^^ z/ , m 

pn 

(X,M)-^P(W 
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The details shall be left to the reader. 

Definition 5.4.61. Let (X,M) be a log scheme, and/cM an ideal of M (see (11.7.131) 1 

(i) Let / : (Y, N_) — > (X, M) be a morphism of log schemes; then f~ 1 ^ is an ideal in the 
sheaf of monoids / -1 M; we let : 

JN:= log fir 1 J) ■ N 

which is the smallest ideal of N_ containing the image of f~ x <#, 

(ii) A logarithmic blow up of the ideal is a morphism of log schemes 

<p:(X',M!)^(X,M) 

which enjoys the following universal property. The ideal J^M' is invertible, and every 
morphism of log schemes (Y, N_) — > (X, M) such that J?N_ C N_ is invertible, factors 
uniquely through (p. 

Remark 5.4.62. (i) Keep the notation of definition 15 .4.611 By the usual general nonsense, it is 
clear that the blow up (X', M') is determined up to unique isomorphism of (X, M)- schemes. 

(ii) Moreover, let / : Y — > X be a morphism of schemes. Then we claim that the natural 
projection : 

(y',m!y) ■■= y ><x (X',M!) - (YMy) ■= Y ><x (X,M) 

is a logarithmic blow up of J 1 'M Y , provided yM' Y is an invertible ideal; especially, this holds 
whenever M' is an integral log structure (lemma l5.1.16t T)"). The proof is left as an exercise for 
the reader. 

5.4.63. Let (X, M) be a log scheme, y C M an ideal; we shall show the existence of the 
logarithmic blow up of , under fairly general conditions. To this aim, we introduce the graded 
blow up €?x-algebra : 

B(X,M,^) :=0^ n ®m@x 

n€N 

where J? n ®m_ <ff x is the sheaf associated to the presheaf U i— > y n (U) ®m_(u) &x{U) on 
X T . Here := M, and for every n > we let y n be the sheaf associated to the presheaf 
U i — ► y(U) n on X T . The graded multiplication law of the blow up €?x -algebra is induced by 
the multiplication J? n x ^ m — > c ^ n + m t for every n, m G N. 

The natural map ^ n — >■ ^ n ®m induces a morphism of sheaves of monoids : 

]JS n ^B(X,P,jr). 

The latter defines a N-graded ^x^-algebra, which we denote 38 (X, M, ^). 

5.4.64. Suppose first that J? is invertible; then it is easily seen that, locally on X T , J? is 
generated by a regular local section (see example [T7732i)), hence the same holds for the power 
y n , for every n E N. Therefore y n is a locally free M-module of rank one, and we have a 
natural isomorphism : 

^(X,M,^)^(^(^),Sym^) 
(notation of example (15.4.43I) ). It follows that in this case, the natural projection : 

7r (X)M) ^ : Proj^(X,M,^) -> (X,M) 

is an isomorphism of log schemes. 
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5.4.65. The formation of &(X,M_, J') is obviously functorial with respect to morphisms of 
log schemes; more precisely, such a morphism / : (Y, N) — > (X, M) induces a morphism of 
N-graded &{y,n) -algebras: 

38{f, J) : f*38{X, M, J) -> &(y, N, JN) 

(notation of (15.4.531) ) which is an epimorphism on the underlying (^-modules. Moreover, if 
g : (Z, Q) — »■ (Y, N_) is another morphism, we have the identity : 

(5.4.66) #(/ og,S)= <%(g, J?N) o g*<%(f, J). 

Furthermore, the construction of the blow up algebra is local for the topology of X T : if U — > X 
is any object of X T , we have a natural identification 

In the presence of charts for the log structure M, we can give a handier description for the blow 
up algebra; namely, we have the following : 

Lemma 5.4.67. Let X be a scheme, a : P — > G x a pre-log structure, (3 : P — > P log the natural 
morphism of pre-log structures. Let also J* C P_be an ideal, and set J^P log := (3{JP) ■ P log 
(which is the ideal ofP}° 8 generated by the image of J*). Then : 

(i) There is a natural isomorphism of graded G x -algebras : 

j n ®p e x a b(x, p log , yp log ). 

neN 

(ii) Especially, suppose (X, M) is a log scheme that admits a chart (3 : P x — > M, let 
I C P be an ideal, and set IM := (5(I X ) ■ M. Then 3B(X,M, JM) is a N-graded 
quasi-coherent 6 \ x ,M)-algebra. 

(iii) In the situation of (ii), set (S, Pg S ) '■= Spec(Z, P) (see (15.2.131) ). and denote by f : 
(X, M) — > (5, P<!; 0g ) natural morphism. Then the map : 

^(f,IP l s og ) : f*^(S,P l s og ,IPl oe ) -> &(X,M,IM) 

is an isomorphism of N-graded 6 \ x ^-algebras. 

Proof, (i): Since the functor (11.7.651 ) commutes with all colimits, we have a natural isomor- 
phism of sheaves of rings on X T : 

Z\pk*\ ^ Z[P] ® z[a _ 1<5?] Z[<£]. 

We are therefore reduced to showing that the natural morphism 

is an isomorphism for every neN. The latter assertion can be checked on the stalks over the 
r-points of X; to this aim, we invoke the more general : 

Claim 5.4.68. Let G be an abelian group, ip : H — ► P' and ip : H — > G two morphisms of 
monoids, I C P' an ideal. Then the natural map 

(5.4.69) Z[I] ® m Z[G] -> IZ[P' ®^ G] 

is an isomorphism. 

Proof of the claim. Recall that Z[J] = IZ[P'], and the map (15.4.691) is induced by the natural 
identification: Z[P'] ® z[fl] Z[G] ^ Z[P' ® H G] (see (11.7.661) ). Especially, (15.4.691) is clearly 
surjective, and it remains to show that it is also injective. To this aim, notice first that ift factors 
through the unit of adjunction r) : H -> # gp ; the morphism Z [7/] : Z[H] -> Z[# gp ] = F _1 Z[iy] 
is a localization map (see (11.7.671) ). especially it is flat, hence (15.4.691) is injective when G = 
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H SP and = rj. It follows easily that we may replace if by H gp , P' by P' ®h H gp , I by 
I • (P' ® H if gp ), and therefore assume that H is a group. Let L := ip(H); arguing as in the 
foregoing, we may consider separately the case where ip is the surjection H — > L and the case 
where if) is the injection i : L — > G. However, one sees easily that Z[z] : Z[L] — >■ Z[C7] is a flat 
morphism, hence it suffices to consider the case where ip is a surjective group homomorphism. 
Set if := Ker^; we have a natural identification : P' ®h G — P' ®k {1}, hence we may 
further reduce to the case where G = {1}. Then the contention is that the augmentation map 
Z[K] — > Z induces an isomorphism uj : Z[I] ®z[k] ^ ~* I1\P' / K]. From lemma [L"7.45r ii), we 
derive easily that IZ[P'/K] = Z[i /K], where I / K is the set-theoretic quotient of J for the in- 
action deduced from cp. However, any set-theoretic section I /K — > I of the natural projection 
I — ► I/K yields a well-defined surjection Z[I /K] — > Z[i] ®z[K] Z whose composition with uj 
is the identity map. The claim follows. 

(ii) : Let U be an affine object of X T , say U = Spec A; from (i), we see that 38 (X, M, IM)m 
is the quasi-coherent ^/-algebra associated to the A-algebra Q) ne ^Z[I n ] ®z\p] A. 

(iii) : In view of (i) we know already that 3§(f, IPs S ) induces an isomorphism on the under- 
lying ^--algebras; hence, by lemma [572. 18f i). it remains to show that 3£t(f, IP 1 *? 5 ) induces an 
isomorphism : 

f*(I n P l s og ) ^ i n /*(P^ og ) for every nGN. 

Let 7 : / _1 Ps° s — > f~ l &s ~^ ^ be the natural map; after replacing i by I n , we come down 
to showing that the natural map : 

is an isomorphism. This assertion can be checked on the stalks over the r-points of X; if x is 
such a point, let G := &x,x> H := Ix 1 ^ an d P' := Psf(x)- ^ ne ma P un der consideration is the 
natural morphism of P'-modules : 

uj : (IP') ® H G^ I(P' ® H G) 

and it suffices to show that Z[uj] is an isomorphism; however, the latter is none else than (15.4.691) , 
so we may appeal to claim l5.4.68l to conclude. □ 

5.4.70. We wish to generalize lemma l5A67r ii) to log structures that do not necessarily admit 
global charts. Namely, suppose now that M is a quasi-coherent log structure on X, and y C M 
is a coherent ideal (see definition ll.7.16f v)). For every r-point £ of X, we may then find a 
neighborhood U of £ in X T , a chart (3 : Pjj — > Mm, and local sections s 1 , . . . ,s n G y(U) 
which form a system of generators for J'm. We may then write s» £ = Ui ■ P(xi) for certain 
Xx,...,x n G P and u\,...,u n G Up to shrinking U, we may assume that ux,...,u n G 

^ ([/), and it follows that y\u = I • Mm, where i C P is the ideal generated by x±, . . . , x n . In 
other words, locally on X T , the datum (X, M, y) is of the type considered in lemma 1574 . 67 M i); 
therefore the blow up ^-algebra 3§(X, M, J?) is quasi-coherent. We may then consider the 
natural projection : 

(5.4.71) K{x,m,s) ■ B ^(^M) := Proj 3§{X, M, J) -> (X, M). 

Next, let / : (Y, X) — >■ (X, M) be a morphism of log schemes; it is easily seen that yN_ 
is a coherent ideal of X, hence ^(Y, X, yN_) is quasi-coherent as well, and since the map 
3$(f, y) of (15.4.651 ) is an epimorphism on the underlying ^y-modules, we have : 

G(3g(f,y)) = B\,MY,N) 

(notation of (15.4.481 )) whence a closed immersion of (Y, X)-schemes : 

Pvoj 38(f,y) : BW(Y,JV) -> (Y,X) x (x , M) BU(X,M) 
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( 11271 Ch.II, Prop.3.6.2(i)] and (15.4.541) ). which is the same as a morphism of (X, M)- schemes : 

<p(f,S) : BW(y, X) -> BU(X,M). 
Moreover, if (7 : (Z, Q) — > (Y, X) is another morphism, (15.4.661) induces the identity : 
(5.4.72) <p(f, J) o ^g, J?N) = <p(f og,S). 

Example 5.4.73. In the situation of lemma l5T4.67r iii). notice that &$ is a fiat Z[P 5 ] -algebra, 
and therefore : 

B(5,P? g ,/P s bs )=0/¥ s . 

nGN 

Moreover, (15.4.541) specializes to a natural isomorphism of (X, M)- schemes : 
(5.4.74) B1 JM (X, M) ^ X x s Bl^S, P^ og ). 

We wish to give a more explicit description of the log structure of Bl Ip io S (S, Ps° g ). To begin 

with, recall that S' := Proj B(S, Pg g , IP l s ° s ) admits a distinguished covering by (Zariski) affine 
open subsets : namely, for every a E I, consider the localization 

p a ■= T~ X P where T a := {a n \ n e N} 

and let Q a C P a be the submonoid generated by the image of P and the subset {a^b \b E I}; 
then 

S" = |JSpecZ[Q a ]. 

a€l 

Hence, let us set 

U a := Spec(Z, Q a ) for every a E I. 

We claim that these locally defined log structures glue to a well defined log structure Q on the 
whole of S' T . Indeed, let a,b E I; we have 

U a ,b ■= SpecZfQa] H SpecZ[Q&] = SpecZ[Q a <g> P Q b ] 

and it is easily seen that Q a ®p Qb = Qa\b~ l a\, i-e. the localization of Q a obtained by inverting 
its element a^b, and this is of course the same as Qbla^b]. Then lemma |5".2. 1 41 implies that 
the log structures of U a and XJ h agree on U a ^, whence the contention. It is easy to check that the 
resulting log scheme is precisely Bl /p i og (S', P l s S ) '■ the details shall be left to the reader. 

Proposition 5.4.75. Let (X, M ) be a log scheme with quasi-coherent log structure, and J? C 
M a coherent ideal. Then, the morphism (|5.4.71l) is a logarithmic blow up of J?. 

Proof. Let / : (Y, N_) — > (X, M_) be a morphism of log schemes, and suppose that J^X is an 
invertible ideal of X; in this case, we have already remarked (see (|5.4.64l) ) that the projection 
K(y,n,jtn) '■ Bl jtn_(Y, N_) — >■ (Y, X) is an isomorphism. We deduce a morphism : 

(5.4.76) <p(f, J) o ^ &Jm : (Y,N) -> B1^(X, M). 

To conclude, it remains to show that (15.4.761 ) is the only morphism of log schemes whose com- 
position with 7T(x,Af,>) equals /. The latter assertion can be checked locally on X r , hence 
we may assume that M admits a chart P x — * M_, such that J* = I M for some finitely 
generated ideal / C P. In this case, in view of (15.4.741) . the set of morphisms of (X, M)- 
schemes (Y,N_) Bl ?(X, M) is in natural bijection with the set of (S, P l g 8 ) -morphisms 
(Y,N) B := B\ Iplos (S,P l s og ) (notation of example I57T73T) . In other words, we may as- 
sume that (X, M) = (S, P l $ g ), and y = IP l g g . Then / is determined by log /, i.e. by a map 
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(3 : P — » N_(Y). Let a±, . . . , be a system of generators for /; for each z = 1, . . . , k, we let 
£/j C F be the subset of all y G F for which there exists a r-point £ of F with |£| = y and 

(5.4.77) ciiNt = INj:. 

Notice that, if y G £/;, then (15.4.771) holds for every r-point £ of F localized at y (details left to 
the reader). 

Claim 5.4.78. The subset [/, is open in F for every z = 1, . . . , k, and F = [_} i=1 U{. 

Proof of the claim. Say that y G C/j, and let £ be a r-point of F localized at y, such that (|5.4.77l) 
holds. This means that, for every j = 1, . . . , k, there exists G Xg such that aj = Ujdi. Then, 
we may find a r-neighborhood /i : U' of £ such that this identity persists in N_(U'); thus, 
^(E/ 7 ) C t/j. Since /i is an open map, this shows that Ui is an open subset. 

Next, let £ be any r-point of F; by assumption, we have I N? = bN_^ for some b G N^; this 
means that for every i = 1, . . . , k there exists Ui G iV^ such that a, = Since a±, . . . , a k 
generate /, we must have G X| for at least an index i < k, in which case |£| G t/j, and this 
shows that the Ui cover the whole of F, as claimed. 

It is easily seen that, for every i = 1, . . . , k, any morphism (Ui,N_\Ui) — > -B of (5, P^ 08 )- 
schemes factors through the open immersion Spec (Z, Q ai ) — > B (where Q a , for an element 
a G P, is defined as in example 15.4.731) . Conversely, by construction (3 extends to a unique 
morphism of monoids Q ai — > N[Ui). Summing up, there exists at most one morphism of 
(S, P^) -schemes (U^N^) -> B. In light of claim 15.4.781 the proposition follows. □ 

5.4.79. Keep the notation of proposition 15.4.751 by inspecting the construction, it is easily 
seen that the log structure M' of Bl,y(X,M) is quasi-coherent, and if M is coherent (resp. 
quasi-fine, resp. fine), then the same holds for M ' . However, simple examples show that M' 
may fail to be saturated, even in cases where (X, M) is a fs log scheme. Due to the prominent 
role played by fs log schemes, it is convenient to introduce the special notation : 

sat.Bl^(X,M) := (B1^(X, M)) qfs 

for the saturated logarithmic blow up of a coherent ideal J* in a quasi-fine log structure M 
(notation of proposition 15.2.351) . Clearly the projection sat.Bl,y(X, M) — > (X, M) is a final 
object of the category of saturated (X, M)-schemes in which the preimage of y is invertible. If 
(X, M) is a fine log scheme, sat.Bljr(X, M) is a fs log scheme. Moreover, for any morphism 
of schemes / : F — > X, let M y := /*M; from remarks (|5.4.62l) (ii) andE236tiii), we deduce 
a natural isomorphism of (F, M y )-schemes : 

(5.4.80) sat.Bl jsm y (F, M_ y ) ^Y x x sat.Bl,, (X, M). 

Theorem 5.4.81. Let (X, M) be a quasi-fine log scheme with saturated log structure, J? C M 
an ideal, £ a t -point of X. Suppose that, in a neighborhood of the ideal J? is generated by 
at most two sections, and denote : 

if : Bls(X, M) -> (X, M) (resp. ^ sat : sat.Bl s(X, M) -> (X, M) J 

logarithmic (resp. saturated logarithmic) blow up of J? . Then : 

(i) 7/" is an invertible ideal of M^, the natural morphisms 

<p~\0 -> Spec k(£) ¥> s ~l(£) -> Spec «(£) 
are isomorphisms. 

(ii) Otherwise, v 3 ~ 1 (0 z * « n(^)-scheme isomorphic to furthermore, the same holds 
for the reduced fibre ip~^ (£) re( j, provided M is fine. 
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Proof. After replacing X by a r-neighborhood of £, we reduce to the case where M admits an 
integral and saturated chart a : P x — > M (lemma [5. 1 . 1 6r irp), and if M is a fs log structure, we 
may also assume that the chart a is fine and sharp at £ (corollary 15.1 . 3411 )) . Furthermore, we 
may assume that y is generated by at most two elements of M(X), and if J 2 ^ is principal, we 
may assume that the same holds for y. In the latter case, since M is integral, y is invertible, 
hence if and y? sa t are isomorphisms, so (i) follows already. 

Now, suppose that is not invertible, and let a',b' E M(X) be a system of generators for 
J?; we can write a' = a (a) ■ u,b' = a(b) ■ v for some a,b E P and u,v E n x . Set t := a _1 6, 
and let J C P be the ideal generated by a and b; clearly J M = y, and Pa, Pb ^ J. 

Consider first the case where X = Spec k, where k is a field (resp. a separably closed field, in 
case r = et). In this situation, a pre-log structure on X T is the same as a morphism of monoids 
P \ P — ► k, the associated log structure is the induced map of monoids 

(3 log : P ® Po k x — > k where P := /TV 

and a is the natural map P — > P ©p k x . After replacing P by its localization P - P, we may 
also assume that P = P x . Let 

(S,P^) := S P ec( K ,P) J- := JP^ (Y,N) := Blj~(S,P^). 

Denote by e : k[P] — > k the homomorphism of K-algebras induced by (3 via the adjunction 
(11.7.641 ), and set / := Ker e. In view of lemma |5A67r i) and (15.4.801 ), we have natural cartesian 
diagrams of /{-schemes : 

(x,m v^(o <y,® 

(5.4.82) 



sat 



Spec e 



Spec e 



\i\ — iei — — — -s. 

On the other hand, (a, b) can be regarded as a pair of global sections of J~iV, so the universal 
property of example |5 .4 .59r ii) yields a morphism of (S, P^ og )-schemes : 

f(a,b) ■ {Y,N) ^Pj 5)P to g) . 

In light of example [5 .4 . 59( i), the assertion concerning <^ -1 (£) will then follow from the : 

Claim 5.4.83. The morphism |£| x s f( a ,b) is an isomorphism of K-schemes. 

Proof of the claim. Let Q a C P gp (resp. Q b C P gp ) be the submonoid generated by P and t 
(resp. by P and t -1 ); by inspecting example [5A731 we see that Y is covered by two affine open 
subsets : 

U a := Spec k[Q a ] U b := Spec n[Q b ] 
and U a fl U b = Spec n[Q a ©p Q b ). On the other hand, F] , is covered as well by two 

affine open subsets U' Q and U'^, both isomorphic to Spec k[P © N], and such that U' Q fl U'^ = 
Spec k[P © Z], as usual. Moreover, a direct inspection shows that restricts to morphisms 

t/a - f/o tf& - ^ 

induced respectively by the maps of K-algebras 

u : k[P © N] -> «[QJ ^ : «[P © N] -> k[Q 6 ] 

such that c<Jo(x, n) = x ■ t n and ^(x, n) = x • t" n for every (x, n) e P © N. We show that 
ZJq := lu ®«rp] k[P]/J is an isomorphism; the same argument will apply also to uj^, so the 
claim shall follow. 

Indeed, clearly the k[P] -algebra n[Q a ] is generated by t, hence ujq is surjective, and then the 
same holds for uj . Next, set H a := I ■ K,[Q a ]; it is easily seen that H a consists of all sums of the 



362 



OFER GABBER AND LORENZO RAMERO 



form Xlj=o C i^' f° r arbitrary n G N, with Cj G / for every j = 0, . . . , n. Clearly, an element 
p(T) G k[N] = k[T] lies in Ker aJ if and only if p(t) G H a , so we come down to the following 
assertion. Let cq, . . . , c n G k[P] such that 

n 

(5.4.84) c i tj = 

in «[Q a ]; then c 3 - lies in the ideal k[/? _1 (0)] of k[P], for every j — 0, . . . , n. Since P is integral, 
(15.4.841 ) is equivalent to the identity : Y^j=o c j an ~^ = in k[P). For every x G P, denote by 
ti x '■ k[P] — > k the K-linear projection such that 7r a (x) = 1, and 7r a .(y) = for every?/ G P\{x}. 

Suppose, by way of contradiction, that q ^ k[/3 -1 (0)] for some i < n, hence 7r x (c») 7^ for 
some x G Po; since Po = P x , we may replace c, by x _1 Cj, for every j < n, and assume that 
^\{ci) 7^ 0, hence n a n-i b i(cia n ~ l b l ) 7^ (again, using the assumption that P is integral). Thus, 
there exists j ^ i with j < n, such that 7r a n-; 6 i {cja n ~^W) 7^ 0, and we may then find an element 
c G P such that T\ a n-i h i{ca n ~^V) = 1, i.e. ca n ~^hP = a n ~ l b l ; up to swapping the roles of a and 
b, we may assume that i > j, in which case we may write t % ~'-> = c; since P is saturated, it 
follows that t G P, hence J is generated by a, which is excluded. 

Next, we assume that M is a fs log structure (and X is still Spec k), and we consider the 
morphism Lp sat . As already remarked, we may assume that a is sharp at £, and P fine and 
saturated; the sharpness condition amounts to saying that f3(x) = for every x G P \ {1}, 
therefore I is the augmentation ideal of the graded K-algebra k[P). By inspecting the proof of 
proposition |5.2.35[ we see that (Y, AQ sat is covered by two affine open subsets 

U { : := Spec k[QT] Vf := Spec k[Q?] 

and fl f/f 3 = Spec ^IQ^ ®p Q| at ]- Since J is not principal, we have t £ P, and since P is 
saturated, we deduce that t is not a torsion element of P gp ; as the latter is a finitely generated 
abelian group, it follows that we may find a unimodular element u G P gp such that t lies in the 
submonoid Nu C P gp generated by u; this condition means that t = u k for some fcGN, and Nw 
is not properly contained in another rank one free submonoid of P gp . Write u = a'~ l b' for some 
a', b' G P, let J' C P be the ideal generated by a' and 6', and P a / (resp. Ry) the submonoid of 
pgp generated by P and u (resp. by P and u^ 1 ); clearly R s a f = Q^, and R s b f = Q^ at . Denote 
by AT' the log structure of (Y, AQ sat , and := J'N'; it is easily seen that 

hence J?' is invertible, and example [5 .4.591 ^1) yields a morphism of (S, P<l og )-schemes 

h*>M) ■ (r,iv) sat ^pJ SiP , g) . 

In light of example [5.4.59r i), the assertion concerning y^satlO will then follow from the : 

Claim 5.4.85. (|£| x s f( a ',b'))ved '■ <^at(0red — > P« is an isomorphism of ^-schemes. 

Proof of the claim. As in the proof of claim l5.4.83l the morphism fr a /m restricts to morphisms 
Ua Uq and £/ fe fs — > £7^ induced by maps of K-algebras : 

cu : k[P © N] -> ^[gf] cuoo : k[P © N] -> K [Qf ] 

such that co> (x, n) = x ■ u n and ^(x, n) = x • -u~ n for every (x, n) G P © N, and again, it 
suffices to show that 

(wo © K [p] k[-P]//) red ■ ^ 

[T] - («[Pf ]//«[Pf ]) red 
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is an isomorphism (where for any ring A, we denote A rc d be the maximal reduced quotient 
of A, i.e. A red := A/wl(A), where nil(A) is the nilpotent radical of A). We break the latter 
verification in two steps : first, let us check that the map 

uf : k[T] -> K[R a ]/lK[R a ] p(T) i-> p(u) (mod In[R a }) 

is an isomorphism. Indeed, uj' is induced by the map of monoids cp : N — > R a such that n i— ► u n 
for every n E N; if t = the map </? fits into the cocartesian diagram : 




where is the /c-Frobenius map, ijj is given by the rule : n i— »■ t n for every neN, and j is the 
natural inclusion. Hence : 

^0 = («#] ®«[P] «[-P]/-0 ®k[T"] k[T\. 

However, the proof of claim |5~4. 831 shows that k[i/j] ® K m k[P]/I is an isomorphism, whence 
the contention. Lastly, let show that the natural map 

57g : K[R a ]/lK[R a ] -> («[i2f ]//K[i2f ]) red 

is an isomorphism. Indeed, it is clear that the natural map uj'q : n[R a ] — > ^[-R^*] is integral and 
injective, hence Spec uj'q is surjective; therefore Spec uj'q is still surjective and integral. However, 
the foregoing shows that K[R a }/lK[R a } is reduced, so we deduce that uj'q is injective. To show 
that uj'q is surjective, it suffices to show that the classes of the generating system i?^ at C ft[i?^ at ] 
lie in the image of uj'q. Hence, let x E Rf, with x m E R a for some m > 0, so that x m = y ■ u n 
for some n E N and y E P. If y 1, we have y E I, hence the image of x m vanishes in 
K[-R^ at ]//fi;[-R^ at ], and the image of x vanishes in the reduced quotient; finally, if y = 1, the 
identity x m = u n implies that m divides n, since u is unimodular; hence x = u n ^ m and the 
image of x agrees with ujQ(u n ^ m ). 

Finally, let us return to a general quasi-fine log scheme (X, M); the theorem will follow from 
the more precise : 

Claim 5.4.86. In the situation of the theorem, suppose moreover that 

(a) M admits a saturated chart a : Px — > M 

(b) y = JM, where J C P is an ideal generated by two elements a,b E P 

(c) is not invertible. 

Then we have : 

(i) There exists a morphism of (X, M)- schemes : Blj-(X,M) — > M s inducing an 

isomorphism of «;(£)-schemes — * 

(ii) If furthermore, P is fine (and saturated) and a is sharp at £, then there exists a morphism 
of (X, M) -schemes : sat.Bl,^(X, M) — > PpriW) inducing an isomorphism of «(£)- 

schemes ¥>~J(f)™d ^ P« (s) . 

Proof of the claim, (i): Denote by JV the log structure of B\y(X, M); the elements a, 6 define 
global sections of the invertible iV-module J^iV, and we claim that the corresponding morphism 
of (X,M)-schemes / (o>6) : Bl, y (X,M) -> Pf XM) will do. Indeed, set (\C\,Mt) ■= \k\ Xx 
(X, M), and recall that there exists natural isomorphisms 

1^1 xx Pfx,M) ^ P(|e|,M,) If I xx Bls(X, M) A Bl^d^Jl^) 
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(example 15 .4. 5 9( i) and remark l5A62r ii)). Denote by Njt the log structure of Bl smM€\, Me); 
by example [5.4.59r iii), the base change 

1^1 x x /:BW ? (|ei,M^)^PkM,) 

is the unique morphism of ( | £ | , Ma) -schemes corresponding to the pair (a, b) of global 
sections of J'X^ obtained by pulling back the pair (a, b). Therefore, in order to check that 
|£| X-xf is an isomorphism, we may replace from start (X, M) by Me) (whose log structure 
is still quasi-fine, by lemma I5T 1.16( 1), and assume that X = Spec k, where k is a field (resp. a 
separably closed field, in case r = et), in which case the assertion is just claim [5~4.83l 

(ii): Denote by iV' the log structure of sat.Bl ,?(X, M), define a', b' and J' as in the foregoing, 
and set again e fl' := J'N^. Again, it is easily seen that J>' is an invertible iV'-module, and 
the pair (a 1 , V) yields a morphism f( a ',b>) '■ sat.Bl ?(X, M) — > W} x m) wm ch fulfills the sought 
condition. Indeed, denote by the log structure of sat.Bl. <?m_A\£\, M£); in light of (15.4.801) 
and example [5 .4 . 5 9( iii) , the base change 

If I xx f(a',v) ■ sat.BW,(|ei,M«) -> ^\, m ) 

is the unique morphism f^-, y-^ of (|£|, Ma) -schemes corresponding to the pair (a',F) of global 
sections of ^'N'^ obtained by pulling back the pair (a', b'). Thus, the assertion is just claim 
I5A851 ^ □ 

5.5. Regular log schemes. In this section we introduce the logarithmic version of the classical 
regularity condition for locally noetherian schemes. This theory is essentially due to K.Kato 
(DSHD, an d we mainly follow his exposition, except in a few places where his original arguments 
are slightly flawed, in which cases we supply the necessary corrections. 

5.5.1. Let A be a ring, P a monoid. Recall that trip is the maximal (prime) ideal of P (see 
(12.1.101) ). The mp-adic filtration of P is the descending sequence of ideals : 

■ ■ ■ C mp C mp C mp 

where m P is the n-th power of m in the monoid £P(P) (see (12.1 .lb ). It induces a mp-adic 
filtration Fil.M on any P-module M and any A [P] -algebra B, defined by letting Fil n M : = 
m P M and Fi\ n B := A[m P ] ■ B, for every n E K 

Lemma 5.5.2. Suppose that P is fine. We have : 

(i) The mp-adic filtration is separated on P. 

(ii) If P is sharp, P\m p is a finite set, for every n 6 N. 

Proof, (i): Indeed, choose A to be a noetherian ring, set J := Pln>o ^[ m p] an d notice that J is 
generated by mp° := HneN m P- ^ n tne om er hand, J is annihilated by an element of 1 + v4[mp] 
( Il58l Th.8.9]). Thus, suppose x E mp° , and pick y E A[m P ] such that (1 — y)x = 0; we 
may write y = a x ti + ■ ■ • + a r t r for certain a l5 . . . , a r E A and t±,..., t r E m P . Therefore 
x = aixti + ■ ■ ■ + a r xt r in A[P], which is absurd, since P is integral. 

Assertion (ii) is immediate from the definition. □ 

5.5.3. Keep the assumptions of lemma \5.5.2\ It turns out that P can actually be made into a 
graded monoid, albeit in a non-canonical manner. We proceed as follows. Let e : P — > P sat 
the inclusion map, T C P sat the torsion subgroup, set Q := P sat /T, and let n : P sat — > Q be 
the natural surjection. We may regard log Q as a submonoid of the polyhedral cone Qr, lying 
in the vector space Q^, as in (12.4.6b . Since Qm is a rational polyhedral cone, the same holds 
for Qg, hence we may find a Q-linear form 7 : log Q gp ®z Q — ► Q, which is non-negative 
on logQ, and such that Q R n Kerw ®q E is the minimal face of Q®>, i-e. the R- vector space 
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spanned by the image of Q x . If we multiply 7 by some large positive integer, we may achieve 
that 7 (log P) C N. We set : 

gr^P := (7 o 7r o for every n EN. 

It is clear that gr^P • gr^P C gr^ +m P, hence 

P = II g&P 

nGN 

is a N-graded monoid, and consequently : 

MP) = (& MgrZP] 

nGN 

is a graded A-algebra. Moreover, it is easily seen that gr^P = P x . More generally, for x G P, 
let n(x) be the maximal n G N such that x G trip; then there exists a constant C > 1 such that : 

7(2;) > n(x) > C~ lr y(x) for every x G P 

so that the mp-adic filtration and the filtration defined by grJP, induce the same topology on 
P and on A[P]. As a corollary of these considerations, we may state the following "regularity 
criterion" for fine monoids : 

Proposition 5.5.4. Let P be a monoid such that P^ is fine. Then we have 

rk px mp/mp > dimP 

(notation of examp le 1 1 . 7 . 3 21) and the equality holds if and only if P" is a free monoid. 

Proof. (Notice that mp/mp is a free pointed P x -module, since P x obviously acts freely on 
mp \ mp.) Since m P t/m pi = (mp/mp) ®p P", we may replace P by P", and assume from 
start that P is sharp and fine. Then, the rank of mp/mp equals the cardinality of the set E := 
mp \ mp, which is finite, by lemma \5~.5 .21 Clearly, we have a surjective morphism of monoids 
tp : — > P, that sends the basis of bijectively onto E C P. The sought inequality 
follows immediately, and it is also clear that we have equality, in case P is free. Conversely, if 
equality holds, y? gp must be a surjective group homomorphism between free abelian group of 
the same finite rank (corollary I2.4.10r i)). so it is an isomorphism, and then the same holds for 
(p. □ 

Proposition 5.5.5. Let P be a fine and sharp monoid, A a noetherian local ring. Set Sp : = 
1 + v4[mp]; then we have : 

dim Sp l A[P] = dim A + dim P. 

Proof. To begin with, the assumption that P is sharp implies that Sp i[P] is local. Next, 
notice that A[P] is a free A-module, hence the natural map A — > Sp A[P] is a flat and local 
ring homomorphism. Let k be the residue field of A; in view of ll58l Th.l5.1(ii)], we deduce : 

dim Sp^P] = dim A + dimS^JfefP]. 

Hence we are reduced to showing the stated identity for A = k. In this case, we have the 
following more general : 

Claim 5.5.6. Let F be a field, P a fine monoid, R an integral domain which is a P-algebra of 
finite type, and F' the field of fractions of R. Then we have : 

(i) For every maximal ideal m C R, the Krull dimension of P m equals the transcendence 
degree of F' over F. 

(ii) For every maximal ideal m C F[P], the Krull dimension of F[P] m equals rk^ P gp . 
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Proof of the claim, (i): This is a straightforward consequence of [58, Th.5.6]. 

(ii): Choose an isomorphism : P gp ^ L®T, where T is the torsion subgroup of P sp , and L 
is a free abelian group of finite rank; there follows an induced isomorphism (11.7.661) : 

F[P gv ] A F[L) ® F F[T). 

Let B be the maximal reduced quotient of F[P gp ] (so the kernel of the projection F[P SP ] — > B 
is the nilpotent radical); we deduce that B is a direct product of the type fllLi ^1 where 
each F[ is a finite field extension of F. By (i), the Krull dimension of F[\L] m equals r : = 
rk^P gp for every maximal ideal m C F([L], hence every irreducible component of Spec B has 
dimension r. Let also C be the maximal reduced quotient of F[P]; the natural map C — > B 
is an injective localization, obtained by inverting a finite system of generators of P, hence the 
induced morphism Spec B — > Spec C is an open immersion with dense image. Let Z be any 
(reduced) irreducible component of Spec C; again by (i) it follows that every non-empty open 
subset of Z has dimension equal to dim Z, so necessarily the latter equals r. 

Clearly Sp^P] = k[P) m , where m is the maximal ideal generated by the image of trip, 
hence it suffices to apply claim [533t ii) and corollary 12.4. 10I T), to conclude. □ 

5.5.7. Let A be a ring, and P a fine and sharp monoid. We define : 

A[[P]] :=W<P/tr£). 

Alternatively, this is the completion of A[P] for its A[mp]-adic topology. In view of the finite- 
ness properties of the mp-adic filtration (lemma l5.5.2r ii)). one may present A[[P]] as the ring of 
formal infinite sums XLgp a<T ' a ' w ^ m arbitrary coefficients a a E A, where the multiplication 
and addition are defined in the obvious way. Moreover, we may use a morphism of monoids 
7 : log P -> N as in (15.5.31) . to see that : 

(5.5.8) A[[P]] = Y[ A[gT%P] 

neN 

where v4[gr^P] ■ Afgr^P] C v4[gr^ +m P] for every m, n e N. So any element x E A[[P]} can 
be decomposed as an infinite sum 

x = > erZx. 



The term gr^x E g^A = A does not depend on the chosen 7 : it is the constant term of x, i.e. 
the image of x under the natural projection A[[P]] — >• A. 

Corollary 5.5.9. Let P be a fine and sharp monoid, A a noetherian local ring. Then : 

(i) For any local morphism P — ► A ( see (12.1.101) ), we have the inequality: 

dim A < dimA/mpA + dim P. 

(ii) dimA[P] = dim A[[P]\ = dim A + dim P. 

Proof, (i): Set A := A/m P A, and B := S P 1 A [P), where S P C A [P] is the multiplicative 
subset 1 + v4 [mp]; if we denote by gr.A (resp. gr.P) the graded v4 -algebra associated to the 
mp-adic filtration on A (resp. on B), we have a natural surjective homomorphism of graded 
A -algebras : 

gr.P -> gr.A 

Hence dim A = dim gr.A < dim gr.P = dimP, by [|58l Th.15.7]. Then the assertion follows 
from proposition |5331 

(ii): Again we consider the ring B := S'p 1 A[P], where Sp := 1+A[mp]. One sees easily that 
the graded ring associated to the mp-adic filtration on B is just the ring algebra A[P], whence 
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the first stated identity, taking into account ll58l Th.5.7]. The same argument applies as well to 
the rrip-adic filtration on A[[P]], and yields the second identity. □ 

As a first application, we have the following combinatorial version of a theorem of Kunz that 
characterizes regular rings via their Frobenius endomorphism. 

Theorem 5.5.10. Let P be a monoid such that P* is fine, k > 1 an integer, and suppose that the 
Frobenius endomorphism kp : P — > P is flat (see example [2 . 5 . 1 0[ i) ). Then P" is a free monoid. 

Proof. First, we remark that k p :P^^ P" is still flat (corollary 12. 1 .45I T)). Moreover, k p is 
injective. Indeed, suppose that x k = y k -u for some x,y E P and u E P x ; from theorem f2. 1.381 
we deduce that there exist bi,b 2 ,t E P such that 

b x x = b 2 y 1 = b\t u = b\t. 

Especially, b%, b 2 E P x , so the images of x and y agree in P". Hence, we may replace P by P", 
and assume that kp is flat and injective, in which case Z[kp] : Z[P] — ► Z[P] is flat (theorem 
12.2.31) . integral and injective, hence it is faithfully flat. Now, let R be the colimit of the system of 
rings (P n \ n E N), where R n := Z[P], and the transition map R n — > R n +i is Z[kp] for every 
n E N. The induced map j : P — ► P is still faithfully flat; moreover, let p be any prime divisor 
of k, and notice that jop p = j (where p P is the p- Frobenius map). It follows that p P is flat and 
injective as well, so F p [p P ] : F p [P] — > F P [P] is a flat ring homomorphism (again, by theorem 
12X31) . and then the same holds for the induced map F p [[p P ]] : F P [[P]] -> F P [[P]]. By Kunz's 
theorem, we deduce that F p [[P]] is a regular local ring, with maximal ideal m := F p [[mp]]; 
notice that the images of the elements of mp\mp yield a basis for the F p -vector space m/m 2 . 
Say that mp\mp = {xi, . . . , x s }; it follows that the continuous ring homomorphism 

F P [[T 1; ...,T S ]}^ ¥ p [[P}} Ti^x t for i = 1, . . . , s 

is an isomorphism. From the discussion of (|5.5.7I) . we immediately deduce that P ~ as 
required. □ 

5.5. 1 1 . Now we wish to state and prove the combinatorial versions of the Artin-Rees lemma, 
and of the so-called local flatness criterion (see e.g. Il58l Th.22.3]). Namely, let P be a pointed 
monoid, such that P^ is finitely generated; let also (A, m^) be a local noetherian ring, iV a 
finitely generated A-module, and : 

a : P -»• (A, •) 

a morphism of pointed monoids. The following is our version of the Artin-Rees lemma : 

Lemma 5.5.12. In the situation of (15.5.111 ), let J C P be an ideal, M a finitely generated 
P -module, M C M a submodule. Then there exists c E N such that : 

(5.5.13) J n M n M = J n ~ c (J c M n M ) for every n > c. 

Proof. Set M := M/P\ M := M /P x and 7 := J/P x , the set-theoretic quotients for the 
respective natural P x -actions. Notice that J is an ideal of P tt and M C M is an inclusion of 
P-modules. Moreover, any set of generators of the ideal J (resp. of the P^-module M ) lifts 
to a set of generators for J (resp. for the P-module M ). Furthermore, it is easily seen that 
(15.5.131) is equivalent to the identity J n M n M = 7 n_c (J c M n M ). Hence, we are reduced 
to the case where P = P" is a finitely generated monoid. Then Z[P] is noetherian, Z[M] is a 
Z[P] -module of finite type, and we notice that : 

z[j n M n m ] = J n z[M] n z[M„] z[j n - c (j c M n m )] = J n ~ c (J c z[M] n z[M ]). 

Thus, the assertion follows from the standard Artin-Rees lemma [|58l Th.8.5]. □ 

Proposition 5.5.14. In the situation of (15.5.111) . suppose moreover that P' is fine (see remark 
|1.7.28r vi) ), and let m a := a^mA- Then the following conditions are equivalent : 
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(a) iV is a-flat (see definition XIA .301) . 

(b) Torf ^ (N, Z(M)) = 0/or every z > and every integral pointed P -module M. 

(c) Torf <P> (iV,Z(P/m a )) =0. 

(d) 77?e natural map : 

K/m™ +1 ) ® P N^ m n a N/m n a +1 N 
is an isomorphism of A-modules, for every n G N (notation of (12.1.291) ). 

Proof. The assertion (a)<^>(b) is just a restatement of proposition ^. 1 .36l T), and holds in greater 
generality, without any assumption on either A or the pointed integral monoid P. 

As for the remaining assertions, let S := a^ 1 (A x ); since the localization P — > S^P is flat, 
the natural maps : 

Torf (P> (iV, Z(M}) -> Torf <5 ~ lp> (iV, Z(5~ 1 M)) 

are isomorphisms, for every i G N and every P-module M. Also, notice that the two P-modules 
appearing in (d) are actually S _1 P-modules (and the natural map is Z(S' _1 P)-linear). Hence, 
we can replace everywhere P by S^P, which allows to assume that a is local, i.e. m a = trip. 
Next, obviously (b)=Kc). 

(c)=Kd): For every n G N, we have a short exact sequence of pointed P-modules : 

-> m P /m P +1 -> P/m P +1 -> P/m n P -> 0. 

It is easily seen that m P /m p +1 is a free P/m P -module (in the category of pointed modules), 
so the assumption implies that Tor^^iV, m P /m p +1 ) = for every n G N. By looking at the 
induced long Tor-sequences, we deduce that the natural map 

Torf <P> (iV,P/m P +1 ) -> Torf <P> (N, P/m P ) 

is injective for every n G N. Then, a simple induction shows that, under assumption (c), all 
these modules vanish. The latter means that the natural map : 

m n P N 

is an isomorphism, for every n G N. We consider the commutative ladder with exact rows : 
m™ +1 ® P N m P ® P N (m P /m P +1 ) ® P N 



m n P +1 N m n P N m P N/m P +1 N 0. 

By the foregoing, the two left-most vertical arrows are isomorphisms, hence the same holds for 
the right-most, whence (c). 

(d)=Kc): We have to show that the natural map u : mp ®p N — > mpN is an isomorphism. 
To this aim, we consider the m P -adic filtrations on these two modules; for the associated graded 
modules one gets : 

gr n (m P iV) = m P N/m n p +1 N gr n (m P ® P N) = (m P /m P +1 ) ® P N 

for every n G N; whence maps of A-modules : 

gr n (mp ® P N) ^> gr n (m P iV). 

which are isomorphism by assumption. To conclude, it suffices to show : 

Claim 5.5.15. For every ideal I C P, the mpA-adic filtration is separated on the A-module 

/ <g>P N. 
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Proof of the claim. Indeed, notice that the ideal I / P x C P" is finitely generated (lemma 
|2.1.9r ii)), hence the same holds for /, so / ®p iV is a finitely generated A-module. Then the 
contention follows from (581 Th.8. 10]. 
(c)=Kb): We argue by induction on i. For i — 1, suppose first that M = P/I for some ideal 
I C P (notice that any such quotient is an integral pointed P-module); in this case, the assertion 
to prove is that the natural map v : I ®p N —> IN is an isomorphism. However, consider the 
mp-adic filtration on P/P, for the associated graded module we have : 

gr n (P/J) = (m P U J)/(m n+1 U /) for every neN 

and it is easily seen that this is a free pointed P x -module, for every n G N. Hence, by inspecting 
the long exact Tor-sequences associated to the exact sequences 

-> gr n (P//) -> P/(m P +1 U I) -> P/(m P U J) -> 

our assumption (c), together with a simple induction yields : 

(5.5.16) Torf (P> (iV,Z(P/(mp U /))) for every n G N. 

Now, fix n G N; in light of lemma [575 .121 there exists k > n such that m P PI / C nip/. We 
deduce surjective maps of A-modules : 

/ I I® P N 
I® P N^—, ® P N—> -<® P N 



mpn/ m n P I m P (I® P N) 

On the other hand, (15.5.161) says that the natural map (m P U I) ® P N — > (m P U 7)iV is an 
isomorphism, so the same holds for the induced composed map : 

/ Ar „ mpUJ Ar (mpU/)iV 

mp fi i nip mpA/ 

Consequently, the kernel of v is contained in m P (J (g>p N); since n is arbitrary, we are reduced 
to showing that the mp-adic filtration is separated on I ®p N, which is claim 153.151 

Next, again for i = 1, let M be an arbitrary integral P-module. In view of remark l2.1.26f i). 
we may assume that M is finitely generated; moreover, remark l2.1.26r ii). together with an easy 
induction further reduces to the case where M is cyclic, in which case, according to remark 
I2.1.26f iii). M is of the form Pj I for some ideal /, so the proof is complete in this case. 

Finally, suppose i > 1 and assume that the assertion is already known for i — 1. We may 
similarly reduce to the case where M = P/I for some ideal / as in the foregoing; to conclude, 
we observe that : 

Torf <P> (iV,Z(P//» ~ Torfi P> (iV,Z(/». 
Since obviously / is an integral P-module, the contention follows. □ 

As a corollary, we have the following combinatorial going-down theorem, which is proved in 
the same way as its commutative algebra counterpart. 

Corollary 5.5.17. In the situation of (15.5.1 II ), assume that P* is fine, and that A is a-flat. Let 
p C q be two prime ideals of P, and q' C A a prime ideal such that q = a _1 q'. Then there 
exists a prime ideal p' C q' such that p = a^p'. 

Proof. Let (3 : P q — > A q i be the morphism induced by a; it is easily seen that A q > is /3-flat, 
and moreover (P p )" = (P")jj is still fine (lemma |2. 1 . 19r iv)). Hence we may replace a by (5, 
which (in view of (12.1.101 )) allows to assume that q (resp. q') is the maximal ideal of P (resp. 
of A). Next, let P := P/p, A := A/pA and denote by a : P — » A the morphism induced 
from a; it is easily seen that A is a -flat : for instance, the natural map (mp/m p +1 ) ® P A ^> 
m P A /mp +1 A is of the type / ®a A , where / is the map in proposition I5.5.14l c). thus if 
the latter is bijective, so is the former. Moreover Pq is a quotient of P tt , hence it is again fine. 
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Therefore we may replace P by P and A by A , which allows to further assume that p = {0}, 
and it suffices to show that there exists a prime ideal q' C A, such that a _1 q' = {0}. Set 
E := P \ {0}; it is easily seen that the natural morphism P — > £ _1 P is injective; moreover, its 

cokernel C (in the category of pointed P -modules) is integral, so that Tor^ P ^(A, Z(C)) = 
by assumption. It follows that the localization map A — > Y>~ l A is injective, especially ^ 
{0}, and therefore it contains a prime ideal q". The prime ideal q' := q" n A will do. □ 

Lemma 5.5.18. Let Abe a noetherian local ring, N an A-module of finite type, a : P — > A 
and (3 : Q — > A fwo morphisms of pointed monoids, with P^ and both fine. Suppose that a 
and (3 induce the same constant log structure on Spec A (see (I5.1.13I )). Then N is a-flat if and 
only if it is (3 -flat. 

Proof. Let £ be a r-point localized at the closed point of X := Spec A, set P := ffx,z an d 
let : A — > P> be the natural map. Let also M be the push-out of the diagram of monoids 
P <— (ip o a) _1 P x — > P x deduced from a; then M ~ P x °f, the stalk at the point £ of the 
constant log structure on X T associated to a. Since cp is faithfully flat, it is easily seen that iV is 
a-flat if and only if iV ®a B is ip o a-flat. 

Hence we may replace A by B, a by <p o a, N by iV ®a B, and Q by M, after which we may 
assume that Q = P H a -i(A*) A x ; especially, there exists a morphism of monoids 7 : P — > Q 
such that a = /3 o 7, and moreover /3 is a local morphism. 

Next, set S := a^ 1 (A x ); clearly 7 extends to a morphism of monoids 7' : S^P — > Q, 
and a and ^07' induce the same constant log structure on X T . Arguing as in the proof of 
proposition 15 .5 .141 we see that N is P-flat if and only if it is S^P-flat. Hence, we may replace 
P by S _1 P, which allows to assume that 7 induces an isomorphism PU P x A x A- Q, therefore 
also an isomorphism P^ ^ QK The latter implies that iuq = mpQ; moreover, notice that the 
morphism of monoids P x — > A x is faithfully flat, so the natural map : 

Torf P> (iV,Z(P/mp» -> Tor? Q> (iV, Z((P/m P ) ® P Q» - Torf <Q> (iV, Z(Q/m Q » 
is an isomorphism. The assertion follows. □ 

Lemma 5.5.19. Let M be an integral monoid, A a ring, tp : M — > A a morphism of monoids, 
and set S := Spec A Suppose that A is ip-flat. Then the log structure (M, ip) l g g on S T is the 
subsheaf of monoids of Gs generated by 6$ and the image of M. 

Proof. To ease notation, set M := (M, <^)s g ; let £ be any r-point of S. Then the stalk Mg is 
the push-out of the diagram : 6^ <— (^f) — > M where ip$ : M — > is deduced from 
(/?. Hence is generated by ^ S X £ and the image of M, and it remains only to show that the 
structure map — > ^ ^ is injective. Therefore, let a, 6 £ M and m,d£ ^ s x ^ such that : 

(5.5.20) V 9 €( a ) ' M = ^(^) ' u - 

We come down to showing : 

Claim 5.5.21. There exist c,d £ M such that : 

<f^(c), <p^(d) £ ^ 5 X ^ ac = bd (p^(c) ■ v — <p^(d) ■ u. 

Proof of the claim. Let C be the maximal ideal, and set p := <pj (m^), so that <pg 
extends to a local morphism tp p : M p — > Since &s,% is a flat A-algebra, is </?-flat, 

and consequently it is faithfully ^p-flat (lemma [2. 1.321) . Then, assumption (15.5.201) leads to the 
identity: 

aM p ® Mp 0s& = <P(( a ) ■ 0s & = <fid b ) ■ 0s & = bM p <g> Mp SA 
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whence aM p = bM p , by faithful (/9 p -flatness. It follows that there exist x,y G M p such that 
ax = b and by = a, hence axy = a, which implies that xy = 1, since M p is an integral module. 
The latter means that there exist c,d G M\p such that ac = bd in M. We deduce easily that 

n( a ) ■ ■ v = n( a ) ■ n( d ) ■ u - 

Thus, to complete the proof, it suffices to show that ip^(a) is regular in However, the 

morphism of M-modules \i a : M — > M : m \— > am (for all m G M) is injective, hence the 
same holds for the map fi a £g> A f ■ &s,(, — ► which is just multiplication by if (a). □ 

5.5.22. Our next objective is to prove a classical theorem due to M.Hochster ( II4710 . which - 
in our terminology - states that, for any field k and any finitely generated saturated monoid P, 
the fc-algebra k[P] is Cohen-Macaulay. To make the proof work, one has actually to generalize 
the statement to a larger class of fc-algebras (see definition l5.5.26l) . 
We begin with a couple of preliminary lemmata : 

Lemma 5.5.23. Let P be a fine and sharp monoid, such that P gp is a torsion-free abelian group. 
Then we may find : 

(a) an integer r > and a fine saturated submonoid Q C N® r , such that : 

(1, 1, . . . , 1) G Q and Q = N® r n Q gp 

(where the intersection takes place in 7L® r ); 

(b) an integer N > and morphisms of monoids f : P — > Q and g : Q —>■ P such that 
g o /(x) = x N for every x G P. 

Proof. To begin with, under the stated assumptions, we may view log P as a submonoid of Pr 
(notation of (I2.4.6I )). Moreover, in view of propo sition 12 . 3 . 2 1 I t) , we may find Q-linear forms 
Ui : Pq P — > Q (i = 1, . . . , r) such that the induced IR-linear forms Ui ®q E generate all the 
extremal rays of P^. Since P is sharp, the forms m, . . . , u r generate (Pq P ) v (corollary 12.3.141 
and proposition |2.4.7r ii)), hence the induced map 

u:P ZP^Q®r . x ^( Ml (x),...,n r (x)) 

is injective. Clearly there exists v G Pq such that Ui(v) > for every i = 1, . . . , r, hence, after 
replacing the forms it, by some rational multiples, we may suppose that u(v) = (1, 1, . . . , 1). 
By construction, we have Pq = n~ 1 (Q® r ) (notation of (12.3.201) ). We take : 

Q:=«(F Q )nN ffir . 

Then it is clear that (1, 1, . . . , 1) G Q. Furthermore, say that x G N® r PI Q gp ; hence x = u(y) for 
some y G Pq, and necessarily y G Pq, since u(y) G Qf r ; but then u(y) G u(Pq) H N® r = Q, 
so the whole of condition (a) holds. Moreover, Q is saturated, since it is an intersection of 
saturated submonoids of Q® r . Finally, Q is finitely generated, by Gordon's lemma (proposition 
l2A22lm 

Next, by construction we have u(Pq) = Qq. This implies that some positive integer multiple 
of u restricts to a map / : logP — > Q, and some positive integer of u^ 1 restricts to a map 
Q — > log P. Clearly the composition g o / is a multiple of the identity of logP, whence 
(b). ~ n 

Lemma 5.5.24. Let P and Q be fine saturated monoids, and suppose there exists an integer 
N > 0, and morphisms of monoids f : P — >• Q, g : Q — > P, such that g o f(x) = x N 
for every x G P. Let also R be a noetherian ring, and suppose furthermore, that R[Q] is a 
Cohen-Macaulay ring. Then the same holds for R[P}. 
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Proof. To begin with, the assumptions imply that the induced ring homomorphism R[P] — > 
R[Q] is injective and integral; since Q is finitely generated, it follows especially that R[Q] is a 
finite R[P] -algebra. Next, we claim that M := Q\ f(P) is a P-submodule of Q (for the module 
structure induced by /); indeed, say that x E M, y E P, and suppose that there exists t E P 
such that f(t) = f(y) ■ x; then x = f{y~H) E f(P gp ), and therefore g(x) = (y~H) N E P. 
Since P is saturated, we deduce that y~H E P, so x E f(P), a contradiction. 

Then set X := Spec R{P] and Y := Spec R[Q}; the induced morphism of schemes n : Y — > 
X is finite and dominant, especially it is surjective. Moreover, the R{P] -module R[M] induces 
a quasi-coherent G x -module ^# := R{M]~, such that 

(5.5.25) tt^y ^^x® Jt. 

Let x E X be any point; according to lemma 142.1 lt ii) and theorem f4 . 2 . 1 4f ii) , we have : 

S(x, k*@y) = mm{5(y, Gy) \ y E it (x)} 

(notation of (14.2.121) ). However, since R[Q) is Cohen-Macaulay, we have 5(y, Gy) = dim 6 Y , y 
for every y E Y; on the other hand, since ir is finite and dominant, we have dim 6 x ,x = dim 6 Y , y 
for every y E ix~ l (x) (flM Th.9.4]), consequently 6(x, tc^y) = dim^x,*- Finally, (I5.5.25I) 
implies that 5(x, @x) > 5(x, ti*€>y), and the lemma follows. □ 

Definition 5.5.26. Let M be a fine, sharp and saturated monoid, and Mr the polyhedral cone 
associated to M, as in (I2.4.6I ). Let d := dim K M]| p , suppose d > to avoid trivialities, fix 
a convex polytope C C Mj| p of dimension d whose interior contains 0, and let dC be the 
boundary of C. 

Let F := Fi U • • • U F^ C M be the union of a collection of proper faces of M (so F is 
strictly contained in M), and set F K := F 1K U • • • U F kj ^. Also, let n G N. 

(i) We say that F is a n-cell (resp. a n-sphere) of M, if F K D <9C is piecewise linearly 
homeomorphic to a n-ball (resp. a n-sphere). The face {0} is called a {—\)-cell. Notice 
that an n-cell or n-sphere F is the union of the faces F' C F such that dim F' — n+ 1. 
(The notions of n-cell and n-sphere are independent of the choice C, as can be seen 
via the technique of pseudo-radial projections : for generalities on piecewise linear 
topology, see ll66l .) 

(ii) Let F be an n-cell of M. We say that F is an n-shell if either n < 0, or else n > 
and the (n + 1) -dimensional faces of F can be arranged in a sequence (Fi, F 2 , . . . , Fk) 
such that, for every j = 2, . . . , k the intersection Fj fl (Uo<j<j ^ s an ( n — 1) -shell 

ofPy 

(iii) In the situation of (ii), we say that . . . , F k ) is a shell sequence of F. 

(iv) Let F be a n-sphere of M. We say that F is an n-shell if the [n + 1) -dimensional 
faces of F can be arranged in a sequence (Fi, . . . , Fc) such that either k = 1, or else 
(Fi, . . . , Ffc_i) is a shell sequence of the n-cell F\ U • • • U Ffe_i. In this case, we say 
that (Fi, . . . , Fk) is a shell sequence of F. 

Lemma 5.5.27. Let M be as in definition ^ .5 .261 an J to F Z?e union of all the proper faces 
of M. Then F is a shell of M. 

Proof This follows from (221 P-203, Cor.]. □ 

Theorem 5.5.28. Let Rbe a Cohen-Macaulay noetherian ring, M a fine, sharp and saturated 
monoid. We have : 

(i) R[M] is Cohen-Macaulay. 

(ii) More generally, let I C M an ideal such that M\I is a shell of M. Then the R-algebra 
R(M/I) is Cohen-Macaulay. 
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Proof. Notice that (i) follows formally from (ii) : it suffices to apply (ii) to M' :=MxN and 
its ideal I' :— M' \ (M x {0}). 

(ii): In view of [58, p. 181, Cor.] we may assume that R is a field. We argue by induction 
on d := dimM. If d = 1, then M ~ N (theorem [lAMiii)), so R(M/I) = R. Suppose 
that d > 1, and that the theorem is known for the shells of every monoid of dimension < d, 
fulfilling the assumptions of the theorem. Let (Fi, . . . , Fk) be a shell sequence of F := M\I. 
Then we proceed by induction on k. If k = 1, F is a fine and saturated monoid of dimension 
d! < d; we choose an integer N > 0, and a monoid Q fulfilling condition (a) of lemma |5T5.23[ 
together with injective morphisms F — > Q — > F whose composition is the map ihi 1 In 
light of lemma l5.5.241 we are reduced to showing that R[Q] is Cohen-Macaulay, and notice that 
dimQ = d! . Let J C Q be the ideal generated by the element v := (1, 1, . . . , 1) e Q; notice 
that t> is a regular element, hence we are further reduced to showing that R[Q) / R[ J] = R(Q/J) 
is Cohen-Macaulay. However, since Q = N® r H Q gp , it is easily seen that Q\J is the union of 
all the facets of Q, hence we conclude by inductive assumption and lemma I5T5.27I 

Finally, suppose that k > 1, and that the assertion is already known for /' := M\(Fi U • ■ ■ U 
F fc _x), and set I k := M\F k ; we have : 

(5.5.29) R(M/I) ~ i2(M/J'> x R(M/(/ , u/fe)) #(M/I fc ). 

SetX := SpecR(M/I), Y := SpecR(M/I k ), Y' := SpecR(M/T). By inductive assump- 
tion, F and Y' are Cohen-Macaulay schemes, and all their irreducible components are of di- 
mension d—1 (corollaries 12.4. lOl ii) and !5.5.9f ii)). Moreover, if F is a cell, then - by definition 
- F' n F k is a shell of F k ; if F is a sphere, then notice that F' n -Ffc is the union of all the facets of 
Fk, hence it is also a shell, by virtue of lemma 15.5.271 In either case, our inductive assumption 
assures that Z := Spec R(M/(I' U is also Cohen-Macaulay, and every irreducible com- 
ponent of Z has dimension d — 2. Let x 6 X be any point, and say that the dimension of the 
topological closure {x} C X of x equals e. From J5H1 Th.l7.4(i)] we deduce: 

(5.5.30) 5(x, Y ) = S(x, G Y i) = d - e - 1 and = d - e - 2 
(notation of (|4.2.12l) ). We remark : 

Claim 5.5.31. Let T be any topological space, ScTa closed subset, & — > J$? and — > J$? 
two morphisms of abelian sheaves on T, at least one of which is an epimorphism. Let n 6 N 
such that : 

depth 5 ^, depth^ > n and depth 5 ^f > n — 1. 
Then depth 5 ^ x # & > n. 

Proof of the claim. One has a short exact sequence : 

whence a long exact cohomology sequence, after applying the derived functor RT S . The claim 
follows by inspecting the latter cohomology sequence (details left to the reader). 

Now, let i : F — > X, %' : Y' — > X and j : Z — > X be the natural closed immersions; (15.5.291 ) 
translates as an isomorphism ff x —* i*&Y x j t ff z i'#&Y'- Then (15.5.301 ) and claim 15. 5 .3T1 yield 
5(x, &x) > d — e — 1, and the theorem follows. □ 

5.5.32. Let (X, M) be a locally noetherian log scheme, with coherent log structure (on the 
site X T , see (15.2.11) ). and let £ be any r-point of X. We denote by I(£,M) C the ideal 
generated by the image of the maximal ideal of Mf , and we set : 

d(£,M) ■= dim^//(£,M) + dimM ? . 
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Lemma 5.5.33. In the situation of (15.5.321) . suppose furthermore that (X, M) is afs log scheme. 
Then we have the inequality : 

dim^ Xi5 < d{i,M). 

Proof. According to corollary 15.1 .341 1). there exists a neighborhood U — > X of £ in X T , and 
a fine and saturated chart a : Py — > M\ v , whi ch is sharp at the point £. Especially, P ~ Af| , 
therefore dimP = dimM^ (corollary I2.4.10r ii)). Notice that is a noetherian local ring 
(this is obvious for r = Zar, and follows from ||33l Ch.IV, Prop.l8.8.8(iv)] for r = et), hence to 
conclude it suffices to apply corollary 15.5.9( 1) to the induced map of monoids P — > @x£- D 

Definition 5.5.34. Let (X, M) be a locally noetherian fs log scheme, £ a r-point of X. 

(i) We say that (X, M) is regular at the point £, if the following holds : 

(a) the inequality of lemma (15.5.331) is actually an equality, and 

(b) the local ring Xi6 /I(£, M) is regular. 

(ii) We denote by (X, M) reg C X the set of points x such that (X, M) is regular at any 
(hence all) r -points of X localized at x. 

(iii) We say that (X, M) is regular, if (X, M) reg = X. 

(iv) Suppose that K is a field, and X a X-scheme. We say that the K-\og scheme (X, M) 
is geometrically regular, if E x K (X, M) is regular, for every field extension E of K. 

Remark 5.5.35. (i) Certain constructions produce log structures M — > &x that are morphisms 
of pointed monoids. It is then useful to extend the notion of regularity to such log structures. 
We shall say that (X, M) is a pointed regular log scheme, if there exists a log structure N_ on 
X, such that M = N_ a (notation of (15.1.91) ). and (X, N_) is a regular log scheme. 

(ii) Likewise, if K is a field, X a ii'-scheme, and M a log structure on X, we shall say that 
the X-log scheme (X, M) is geometrically pointed regular, if M — N_ a for some log structure 
N_ on X, such that (X, N_) is geometrically regular. 

5.5.36. Let (X, M) be a locally noetherian fs log scheme, £ a r-point of X, and the 
completion of &x,£- The next result is the logarithmic version of the classical characterization 
of complete regular local rings ( ||58l Th.29.7 and Th.29.8]). 

Theorem 5.5.37. With the notation of (15.5.361) . the log scheme (X, M) is regular at the point £ 
if and only if there exist : 

(a) a complete regular local ring (R, tn^), and a local ring homomorphism R — > &xi> 

(b) a fine and saturated chart Px{£) ~^ M(0 which is sharp at the closed point £ o/X(£), 
smc/i f/zaf f/ze induced continuous ring homomorphism 

R[[P]] - 4U 

is an isomorphism if contains a field, and otherwise it is a surjection, with kernel 
generated by an element d G -R[[-P]] whose constant term lies in vc\.r\xv? r . 

Proof. Suppose first that (a) and (b) hold. If R contains a field, then it follows that 

dim &x,£ — dim ^ = dim R + dim P 

by corollary |5.5.9f ii); moreover, in this case M) = mp^, hence 6x.ell{t, M) = 
^x,f/%^, whose completion is @xjvcip@x£ ~ R so that &x,z/I(€,M) is regular ( ll30l 
Ch.O, Prop.l7.3.3(i)]). Furthermore, 

dimi? = dim^/mp^ = dim ^/J(£,M) 

( [|58l Th.15.1]). Hence (X, M) is regular at the point £. If i? does not contain a field, we obtain 
dim &x£ = dim R + dim P — 1. On the other hand, let -# be the image of $ in m#; then we 
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have &x t/ m P&x $ — -R/^oP, which is regular of dimension dim R — 1, and again we invoke 
[[301 Ch.6, Prop.l7.3.3(i)] to see that (X, M) is regular at £. 

Conversely, suppose that (X, M) is regular at £. Suppose first that contains a field; 
then we may find a field k E mapping isomorphically to the residue field of ( |[58l 
Th.28.3]). Pick a sequence (t±, . . . , t r ) of elements of Gx,£ whose image in the regular local 
ring £?x ,£ forms a regular system of parameters. Let also P a fine saturated monoid for which 
there exists a neighborhood U — > X of £ and a chart Pj/ — > Mm, sharp at the point £. There 
follows a map of monoids a : P —> &x& and necessarily the image of mp lies in the maximal 
ideal of &x,£, and generates J(£, M). We deduce a continuous ring homomorphism 

k[[P x N® r ]] -> ^X,£ 

which extends a, and which maps the generators Ti, . . . , T r of N® r onto respectively ti, . . . , t r . 
This map is clearly surjective, and by comparing dimensions (using corolrary |5.5.9r ii)) one sees 
that it is an isomorphism. Then the theorem holds in this case, with R := k[[N® r ]]. 

Next, if Gx,% does not contain a field, then its residue characteristic is a positive integer p, 
and we may find a complete discrete valuation ring V C &x^ whose maximal ideal is pV, and 
such that V/pV maps isomorphically onto the residue field of ( |[58l Th.29.3]). Again, we 
choose a morphism of monoids a : P — > (?x£ as in the foregoing, and a sequence (ti, . . . , t r ) 
of elements of &x£ lifting a regular system of parameters for ^^//(£, M ), by means of which 
we define a continuous ring homomorphism 

cp:V[[Px N er ]] -> ^ 

as in the previous case. Again, it is clear that ip is surjective. The image of the ideal J generated 
by the maximal ideal of P x N ffir is the maximal ideal of &x{> m particular, there exists x E J 
such that i? := p — x lies in Ker </?. If we let R := V[[N® r ]], it is clear that d G m R \ m. 2 R . 

Claim 5.5.38. Let A be a ring, n a regular element of A such that A/txA is an integral domain, 
P a fine and sharp monoid. Let also d be an element of A[[P]] whose constant term is n (see 
(15.5.7b ). Then A[[P]]/(#) is an integral domain. 

Proof of the claim. To ease notation, set A := A/ttA, B := A[[P]] and C := B/-&B. Choose a 
decomposition (15.5.8b . and set Fil^P := Yli> n M[s T ]P]] f° r every neN. Fil^P is a separated 
filtration by ideals of B, and we may consider the induced filtration FifJC on C . First, we 
remark that Fil^C is also separated. This comes down to checking that 



n 

n>0 



$B + FiFP = -&B. 



To this aim, suppose that, for a given x E B we have identities of the type x = i3y n + z n , with 
y n E B and z n E Fil^P for every n E N. Then, since ir is regular, an easy induction shows that 
gi](y n ) = gr](y m ) whenever n,m > i, and moreover x = •& ■ g r 7(2/*+i)> which shows the 
contention. It follows that, in order to show that C is a domain, it suffices to show that the same 
holds for the graded ring gr^C associated to Fil^C. However, notice that : 

Fil^P n $B = ■d ■ FiP n B for every n E N. 

(Indeed, this follows easily from the fact that 7r is a regular element : the verification shall be 
left to the reader). Hence, we may compute : 

YiVB + 'dB FiFP 

Thus, gr^A ~ Aq[P], which is a domain, since by assumption A Q is a domain. 
From claim l5T5.38f ii) we deduce that P[[P]]/(i?) is an integral domain. Then, again by 
comparing dimensions, we see that cp factors through an isomorphism P[[P]]/($) A- &x£. □ 
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Remark 5.5.39. Resume the notation of (15.5.361) . and suppose that &x,i-/I(£, M) is a regular 
local ring. Let Px{g) ~^ MiO be a chart as in theorem [5.5.37I L>), and a : P — > (?x,z the 
corresponding morphism of monoids. Moreover, if &x,£ contains a field, let V denote a coeffi- 
cient field of &x£, and otherwise, let V be a complete discrete valuation ring whose maximal 
ideal is generated by p, the residue characteristic of &x,£- hi either case, pick a ring homomor- 
phism V — > inducing an isomorphism of V/pV onto the residue field of Let as well 
tx,. . . ,t r G (?xj- be any sequence of elements whose image in ^^//(^, M) forms a regular 
system of parameters, and extend the map a to a morphism of monoids P x N® r — > &x&, by 
the rule : e« i— > if, where ei, . . . , e r is the natural basis of N® r . Then by inspecting the proof of 
theorem l"5 .5 .371 we see that the induced continuous ring homomorphism : 

V[[Px N® r )) -> ^ 

is always surjective, and if V is not a field, its kernel contains an element •& whose constant term 
in V is $o = p. If V is a field (resp. if V is a discrete valuation ring) then (X, M) is regular at 
the point £, if and only if this map is an isomorphism (resp. if and only if the kernel of this map 
is generated by 

Corollary 5.5.40. Let (X, M ) be a regular log scheme. Then the scheme X is normal and 
Cohen-Macaulay. 

Proof. Let x G X be any point, and £ a r-point localized at x; we have to show that ff x ,x is 
Cohen-Macaulay; in light of ll33l Ch.IV, Cor. 18.8. 13(a)] (when r = et), it suffices to show that 
the same holds for &x,£- Then ||58l Th.17.5] further reduces to showing that the completion 
is Cohen-Macaulay; the latter follows easily from theorems 15.5.371 and l5.5.28f i). Next, in order 
to prove that X is normal, it suffices to show that Gx,x is regular, whenever x has codimension 
one in X (ES Th.23.8]). Again, by [33, Ch.IV, Cor.'l 8.8. 13(c)] (when r = et) and J301 Ch.O, 
Prop. 17. 1.5], we reduce to showing that &x,£ i s regular for such a point x. However, for a point 
of codimension one we have r := dimMg < 1. If r = 0, then I(£, M) = {0}, hence &x,t is 
regular. Lastly, if r = 1, we see that ~ N (theorem 12.4. 16r iii)); consequently, there exists 
a regular local ring R and an isomorphism — where i? = if ff x ^ contains a 

field, and otherwise the constant term of d lies in rriR \ m 2 R . Since -R[[N]] is again regular, the 
assertion follows in either case. □ 

Corollary 5.5.41. Let i : (X' , M') — > (X, M) be an exact closed immersion of regular log 
schemes ( see definition I5.3.22IT ) ). Then the underlying morphism of schemes X' — > X is a 
regular closed immersion. 

Proof. Let £ be a r-point of X, and denote by J the kernel of li : (? x ,£ —> &x'£- To ease 
notation, let as well A := ^r,£/7(£, M) and A' := 0x'&/I(£,M!.) Since logi : i*M M' is 
an isomorphism, induces an isomorphism : 

x ,t/(J + I(£,M))^A'. 

Since A and A' are regular, there exists a sequence of elements ti, . . . , t k e J, whose image 
in A forms the beginning of a regular system of parameters and generate the kernel of the 
induced map A —> A' ( ll30l Ch.O, Cor.17.1.9]). Extend this sequence by suitable elements of 
0x,$> to obtain a sequence . . . ,t r ) whose image in A is a regular system of parameters. We 
deduce a surjection ip : V[[P x N ffir ]] — > as in remark [5.5.391 where V is either a field 
or a complete discrete valuation ring. Denote by (ex, ... , e r ) the natural basis of N ffir . Now, 
suppose first that V is a complete discrete valuation ring; then Ker (p is generated by an element 
i? G 7[[P x N 0r ]], whose constant term is a uniformizer in V; we deduce easily from claim 
I5.5.38l that (ei, . . . , e r , t?) is a regular sequence in V[[P x N® r ]]; hence the same holds for the 
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sequence e±, . . . , e r ), in view of ll58l p.127, Cor.]. This implies that (ti, . . . , t r ) is a regular 
sequence in ^ hence (ti, . . . , tt) is a regular sequence in which is the contention. The 
case where V is a field is analogous, though simpler : the details shall be left to the reader. □ 

Remark 5.5.42. In the situation of remark |5~.5.39l suppose that P is a free monoid of finite rank 
d, let {fx, . . . , fd] C be the image of the (unique) system of generators of P, and for every 
i < d let Zi C X be the zero locus of fi, then Ui=i %i * s a strict normal crossing divisor in 
the sense of example [5.2.1 II The proof is analogous to that of corollary 15.5.411 : the sequence 
(/i, . . . , fa, i?) is regular in V[[P © N® r ]], hence also its permutation (i?, /x, . . . , / d ) is regular, 
whence the claim (the details shall be left to the reader). 

Proposition 5.5.43. Resume the situation of (15.5.361) . Then the log scheme (X, M) w regular 
at the t -point £ if and only if the following two conditions hold : 

(a) 77ze rmg £?x,el H£., M) is regular. 

(b) 77zere ejrisJs a morphism of monoids P — ► €? X £from a fine monoid P, whose associated 
constant log structure on X(£) is the same as M(£), and such that &x,£ is P-flat. 

Proof. Suppose first that (X, M) is regular at the point £; then by definition (a) holds. Next, 
we may find a fine monoid P and a local morphism a : P — > A := whose associated 
constant log structure on is the same as M(£), and a regular local ring R, with a ring 
homomorphism R — > A such that the induced continuous map P[[P]] — > A A fulfills condition 
(b) of theorem \5 . 5 .37 1 (where v4 A is the completion of A). Since the completion map cp : A — > 
A A is faithfully flat, A is a-flat if and only if A A is (p o a-flat; in light of proposition 12. 1.35f i). 
it then suffices to show that, for every ideal I C P, the natural map 

A A k) P P/I -> A A ® P P/7 
is an isomorphism in D~(A A -Mod) (notation of (I2.1.29I )). To this aim we remark : 
Claim 5.5.44. For any ideal I C P, the natural morphism 

R[P] dp p/i -> p(p//) 

is an isomorphism in D~(P[P]-Mod). 

Proof of the claim. We consider the base change spectral sequence for Tor : 

E% : = Torf [P] (Torf(P,Z[P]),Z(P/7>) Tovf +j (R, Z(P//» 
( irTTl Th.5.6.6]). Clearly P?. = whenever j > 0, whence isomorphisms : 

Torf <P> (P(P),Z(P/7» A Torf(P,Z(P/7» 

for every i e N. The claim follows easily. 
In light of claim |5.5.44| we deduce natural isomorphisms : 

A A |p P/I A A A |p [P] (P[P] Sp P//) A A A ®p [P] R(P/I) 

in D~(A A -Mod). Now, if A contains a field, we have A A ~ P[[P]], which is a flat P[P] -algebra 
( ll58l Th.8.8]), and the contention follows. If A does not contain a field, the complex 

-> P[[P]] ^ P[[P]] -> A A -> 
is a P[P]-flat resolution of A A . Since R[[P}}/ IR[[P}} ~ lim P(P/(I U m P )), we come down 
to the following : 

Claim 5.5.45. Let $ e P[P] be any element whose constant term #q is a regular element in R. 
Then, for every ideal I C P, the image of i? in R(P/I) is a regular element. 
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Proof of the claim. In view of (15.5.31) . P can be regarded as a graded monoid P = U neN P n , 
so R[P] is a graded algebra, and / = U ngN (/ H P n ) is a graded ideal. Thus, (P/I) is a graded 
P-algebra as well, and the claim follows easily (details left to the reader). 

Conversely, suppose that conditions (a) and (b) hold. By virtue of lemma I5.5.181 we may 
assume that P is fine, sharp and saturated, and that the map P — > &x,e, is local. According 
to remark |5 .5 .391 we may find a regular local ring R of dimension < 1 + dim A/mpA, and a 
surjective ring homomorphism : 

ip : R[[P]] - A A 

Suppose first that dim R—1 + dim A/xx\,pA\ then Ker ip contains an element •§ whose constant 
term $ lies in tn.R \ mp, and if induces an isomorphism R := R/tDqR ^ A A /m.pA A . We have 
to show that (p induces an isomorphism^ : P[[P]]/($) ^ A A . To this aim, we consider the 
rrip-adic filtrations on these rings; for the associated graded rings we have : 

gr n P[[P]]/(tf) ~ R (m P /m P +1 ) gr n A A = m P A A /m n P +1 A A . 

Hence gr n ^ is the natural map A A /m P A A <g> P (mp/rrip +1 ) -> m P A A /m P +1 A A , and the latter 
is an isomorphism, since A A is P-fiat. The assertion follows in this case. The remaining 
case where dimP = dimA/m P A is similar, but easier, so shall be left to the reader, as an 
exercise. □ 

Corollary 5.5.46. Let (X, M) be a log scheme, £ a r -point of X, and suppose that (X, M) is 
regular at £. Then the following conditions are equivalent : 

(a) is a regular local ring. 

(b) is a free monoid of finite rank. 

Proof. (b)=Ka) : Indeed, it suffices to show that ^ is regular (J30l Ch.O, Prop.l7.3.3(i)]); by 
theorem l5.5.37l the latter is isomorphic to either -R[[-P]] or i2[[P]]/i?i?[[P]], where R is a regular 
local ring, P := Ma and the constant term of ■d lies in \ m R . Since, by assumption, P is 
a free monoid of finite rank, it is easily seen that rings of the latter kind are regular ( [|30l Ch.O, 
Cor.17.1.8]). 

(a)=Kb) : By proposition |5JL43J R := G X £ is P-flat, for a morphism P := -> R that 
induces the log structure M(^) on X(£). It follows that 

mpR/mpR = (m P /m 2 P ) ® P R = P® r 

where r := ik px m P /xn P is the cardinality of m P \ mp. In view of J331 Ch.IV, Prop. 16.9.3, 
Cor.16.9.4, Cor.19.1.2], we deduce that the image of mp \ trip is a regular sequence of R of 
length r, hence dimP = dimP — dimP/mpP = r, since (X, M) is regular at £. Then the 
assertion follows from proposition 15 .5 .41 □ 

Corollary 5.5.47. Let (X, M ) be a regular log scheme, £ any r-point of X, and p C M c a 
prime ideal. Then p &x ,£ is a prime ideal of &x& an d ht p = lit p &x& 

Proof. To ease notation, set A := &x,£- Pick a morphism (3 : P — > as in proposition 
15.5.431 by corollary 15. 1.341 1) and lemma I5.5.181 we may further assume that P is fine, sharp 
and saturated. Let q := /? _1 p C P; then q is a prime ideal of P, and pA = c\A. In order to 
prove that pA is a prime ideal, it suffices therefore to show that the completion (A/c\A) A of 
A/qA is an integral domain. However, remark [5 .5.391 implies that (A/c\A) A ~ B/fiB, where 
B := P[[P\q]], with (P, mp) a regular local ring, and $ is either zero, or else it is an element 
whose constant term $ e R lies in mp\rrip. The assertion is obvious when -d = 0, and 
otherwise it follows from claim 15 .5 .381 Next, by going down (corollary 15.5.171 ), we see that : 



htpA > lit p. 



FOUNDATIONS OF p-ADIC HODGE THEORY 



379 



On the other hand, notice that we have a natural identification Spec Spec P, especially 

ht p = ht q, hence dim A/pA = dim(A/qA) A = dimP + dim(P\q) — e, where e is either or 
1 depending on whether R does or does not contain a field (corollary 15. 5.9f ii)). Thus : 

htp^4 < dim A - dimA/pA = dimP - dim(P\q) = htp 

(corollary 12.4. lOr iii)). which completes the proof. □ 

Lemma 5.5.48. Let X be a scheme, M_afs log structure on Xz ar , and £ a geometric point of 
X. Then (X, M) is regular at the point |£| if and only if u x (X, M) is regular at £. 

Proof Set (Y,N) := u* x (X,M) (notation of (15X21) : of course Y = X, but the sheaf G Y is 
defined on the site X &t , hence B := is the strict henselization of A := &k,\(\\ an d let 
a '■ M.\$\ "~ > B be the induced morphism of monoids; since a is local, it is easily seen that is 
isomorphic to the push-out of the diagram M\e\ <— MX, — >• B x , especially dimM^ = dim N^. 
Moreover, I(£,N) = I(\£\,M)B, so that B := B/I(£,N) is the strict henselization of A : = 
A/I{\£\,M) (031 Ch.IV, Prop.18.6.8]); hence A is regular if and only if the same holds for P 
(fel Ch.IV, Cor.18.8.13]). Finally, dim A = dimP and dimA = dimP (fl58l Th.15.1]). The 
lemma follows. □ 

5.5.49. Let (Y, N_) be a log scheme, y a r-point of Y, and a : Qy S — > N_ a fine and saturated 
chart which is sharp at y. Let also (p : Q — > P be an injective morphism of monoids, with P 
fine and saturated, and such that P x is a torsion-free abelian group. Define (X, M) as the fibre 
product in the cartesian diagram of log schemes : 



(5.5.50) 



( x,m) f - -or, ao 



Spec(Z, P) — P ^ > Spec(Z, Q) 



where h is induced by a; especially, h is strict. 

Lemma 5.5.51. In the situation of (15.5.491) . Let x be any r-point of X such that f(x) = y, and 
suppose that ( Y, N_) is regular at y. Then (X, M ) is regular at x. 

Proof. To begin with, we show : 

Claim 5.5.52. The natural map : 

^X,x ®P P/ 1 -> ^X,x ®P P/ 1 

is an isomorphism in D~(<^x,x -Mod), for every ideal I C P (notation of (12.1.291) ). 

Proof of the claim. It suffices to show that this map is an isomorphism in D"(^-Mod), and 
in the latter category we have a commutative diagram : 

{0y,v ®Q P ) ®p PI 1 *" 0y,v ®Q PI I 



(5.5.53) 



P) Sp P/J ^ iPvs ®Q P) ®P P l l &Y,v ®Q P/P 



Since is a localization of ®q P, we are reduced to showing that the bottom arrow 
of (|5.5.53l) is an isomorphism. However, the top arrow of (15.5.531) is always an isomorphism. 
Moreover, on the one hand, since ( Y, N) is regular at y, the ring ff Y ,y is Q-flat (proposition 
15.5.431 ), and on the other hand, since cp is injective, P/I is an integral Q-module, so the two 
vertical arrows are isomorphisms as well, and the claim follows. 
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Claim 5.5.54. &x,x/ I{ x -> M.) is a regular ring. 

Proof of the claim. Let (3 : P — > A := ff x ,x be the morphism deduced from h, and set : 

S:=(3-\^) I(x,P):=P\S. 

Then the Z[P] -algebra A is a localization of the Z[P] -algebra 

B:=S-\0 Yt y ® Q P) 

and it suffices to show that B/I(x, M) is regular. 

It is easily seen that I(x, M) = I(x, P)A and <p(vciq) C I(x, P); on the other hand, since a 
is sharp at the point y, we have I(y, N_) = mQ0y,y, and Q \ vxq = {1}. Let p be the residue 
characteristic of &y,y\ there follow isomorphisms of Z( p ) -algebras : 

B/I(x,M)B ~ S-^yvQcj P/I{x,P) - @Y,y/I(y,K) ®z {p) Z (p) [5 gp ]. 

By assumption, &y,yl 'I{y,N) is regular, hence we are reduced to showing that Z^[S gp ] is a 
smooth Z( p )-algebra ( ||3~3l Ch.IV, Prop.l7.5.8(iii)]). However, under the current assumptions 
P gp is a free abelian group of finite rank, hence the same holds for S gp , and the contention 
follows easily. 
In light of proposition 12. 1 .35t i). claims [5T5.52I and 15.5.541 assert that conditions (a) and (b) 
of proposition 15.5.431 are satisfied for the r-point x of (X, M), so the latter is regular at x, as 
stated. □ 

Theorem 5.5.55. Let f : (X, M ) — > (Y, N_) be a smooth morphism of locally noetherian fs log 
schemes, £ a r-point of X, and suppose that (Y, N_) is regular at the point /(£). Then (X, M) 
is regular at the point 

Proof. In case r = Zar, lemma \5.5 .481 and corollary I5.3.27r ip reduce the assertion to the cor- 
responding one for u*f. Hence, we may assume that r = et. Next, since the assertion is local 
on X T , we may assume that N_ admits a fine and saturated chart a : Qy g — > N_ which is sharp 
at /(^) (corollary 15. 1 .34f i)); then, by corollary 15 .3 .42[ we may further assume that there exists 
an injective morphism of fine and saturated monoids (p : Q — > P, such that P x is torsion-free, 
and a cartesian diagram as in (15.5.501) . Then the assertion follows from lemma [5^5 .5 II □ 

Corollary 5.5.56. Let f : (X, M) — * (Y, N) be a smooth morphism of locally noetherian fine 
log schemes. Then, for every y G (Y, N_) tr , the log scheme Spec n{y) x Y (X, M) is geometri- 
cally regular. 

Proof. The trivial log structure on Spec n(y) is obviously saturated, so the same holds for the 
log structure of Spec n(y) x Y (X, M). Hence, the assertion is an immediate consequence of 
theorem 153351 □ 

Theorem 5.5.57. Let (X, M ) be a locally noetherian fs log scheme. Then the subset (X, M) reg 
is closed under generization. 

Proof. Let £ be a r-point of X, with support x E (X, M) rcg , and let r\ be a generization of £, 
whose support is a generization y of x. We have to show that (X, M) is regular at the point 77. 
Since the assertion is local on X, we may assume that (X, M) admits a fine and saturated chart 
(3 : Px — > M, sharp at the point £ (corollary 15. 1 .34I T)). Let a : P — > be the morphism 
deduced from (3 V , and set p := a _1 m f? , where C &x,^ is the maximal ideal. We consider the 
cartesian diagram of log schemes : 

(X',M') -(X,M) 

a 

" 

Spec(Z, P/p) Spec(Z, P) 
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where g is induced by (3 (notation of (15.2.131) ). Clearly £ and rj induce r -points on X' , which 
we denote by the same names. We have natural identifications: 

0x,s/I({i, M) ^ 0x>,dm Ml) Ml, = 0x>, v 0xJI(v, M) ^ @x>, v 
( 11331 Ch.IV, Prop. 18. 6. 8]). Moreover, from proposition 15 .5 .43 1 and lemma 1575 .181 we know that 
@x,z is -P-flat; then corollary 15 . 5 . 1 7 1 yields the inequality : 

dim X >£ = dim X & ®p P/p > dim G X £ - ht(p) = dim &x,z/I(£,M) + dimP/p 

in other words : dim &x' & = d(£, M' ) (notation of definition |5.5.34L so (X', M' ) is regular at 
£. By the same token, ffx^ is -Pp-flat; from proposition l5.5.43l it follows that (X, M) is regular 
at r\ if and only if the same holds for (X', M'). 

Hence we may replace (X, M_) by (X', Ml), and P by P \ p, after which we may assume that 
V £ (X, M) tr - In this case : 

(5.5.58) a(P) C @l v 

and we have to show that 0x,r\ is a regular local ring, or equivalently, that x , y is regular ( 11331 
Ch.IV, Cor. 18. 8. 13(c)]). 

Denote by Y the topological closure of y in X, endowed with its reduced subscheme struc- 
ture. According to OH Ch.II, Prop.7.1.7] (and 021 Ch.IV, Prop.l8.8.8(iv)] in case r = et), we 
may find a local injective ring homomorphism j : ~* V \ where V is a discrete valuation 
ring. Let also j3 : P — > Gy^ be the morphism deduced from [3. Then (|5.5.58l) implies that 
j o P(P) C V^jO}, hence j o (3 extends to a homomorphism of groups P gp — > K x , where 
K x := (V\{0}) gp is the multiplicative group of the field of fractions of V; after composition 
with the valuation K x — > Z of V, there follows a group homomorphism 

V? : P -> Z. 

Notice also that j o /3 is a local morphism, since the same holds for j and /3; consequently, 
y(P) 7^ {0}. Set Q := y? -1 N; then ip(Q) is a non-trivial submonoid of N, and dimQ = 
dimQ/Ker^P = dim^(Q) = 1. Set 

T := Spec V (S, Q) := Spec(Z, Q). 

Notice that Q is saturated and fine (corollary 12.4.21) . so there exists an isomorphism : 

Z® r x N ^ Q for some r e N 

(theorem l2.4.16r iii)): the latter determines a chart : 

(5.5.59) N 5 -> Q 

which is sharp at every r-point of S 1 localized outside the trivial locus Spec(Z, Q) tr . We consider 
the cartesian diagram of log schemes : 

(X',(/*Q)^Spec(Z,Q) 



(X,M) — ^Spec(Z, P) 

where / is the morphism of log schemes induced by the inclusion map tp '■ P Q- Notice that 
/ is a smooth morphism (propo sition 15.3.34"]) ; moreover, the restriction 

/ tr : Spec(Z, Q) tI -> Spec(Z, P) tr 

of /, is just the morphism Spec Z[-?/> gp ] : SpecZ[Q gp ] — > SpecZ[P gp ], hence it is an isomor- 
phism of schemes. It follows that /' is a smooth morphism (proposition I5.3.24r ii)). and its 
restriction / t ' r to the trivial loci, is an isomorphism. 
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The homomorphism j induces a moronism h : T — > X, such that the closed point of T maps 
to x and the generic point maps to y. By construction g o h lifts to a morphism of schemes 
hi : T — > S, and the pair (h, h!) determines a morphism T — > X'. Let x',?/ G X' be the 
images of respectively the closed point and the generic point of T, and choose r-points £' and 7/ 
localized at a?' and respectively y'\ then the image of x' in X is the point x, therefore (X', g'*Q) 
is regular at the point by theorem 15.5.551 Furthermore, </(£') lies outside Spec(Z, Q) t r, 
hence (15.5.591 ) induces a chart N x > — > which is sharp at In light of corollary |5 .5 .461 
we deduce that &x\x' is a regular ring, and then the same holds also for &x',y' ClEQl Ch.O, 
Cor.17.3.2]). However, y' lies in the trivial locus of (X', g'*Q), and its image in X is y, so by 
the foregoing the natural map & x ,y @X',y' is an isomorphism, and the contention follows. □ 

5.5.60. Let (X, M) be any log scheme, £ a r-point of X. There follows a continuous map 

^ : X(0 -> T € := SpecM € 

that sends the closed point of X(£) to the closed point of T%. For every point p G Tg, let {p} be 
the topological closure of {p} in then 

X(p) := ^{p} 

is a closed subset of X(£), which we endow with its reduced subscheme structure, and we set 

(X(p),M(p)) := ((X(0,M(0) XxX(p)) red 

(notation of example [5.1.1 Or iv)) . Notice that U p := ip^ l (p) is an open subset of X(p), for every 
p G Xg. We call the family 

(u P I p g r € ) 

of locally closed subschemes of X(£), the logarithmic stratification of (X(£), M(£). For in- 
stance, C/ = (X(x), M(x)) tr . More generally, it is clear from the definition that 

(5.5.61) U p = (X(p),M(p)) tr for every p G T v 

Corollary 5.5.62. In the situation of (15.5.601) . suppose that (X, M) w regular at £. We have : 

(i) The log scheme (X(p), M(p)) is pointed regular, for every p G T$. 

(ii) The scheme X(p) is irreducible, and its codimension in X equals the height of p in T^, 
for every p G T^. 

(iii) The scheme U p is regular, for every p G T^. 

Proof, (i): By theorem|5337l it suffices to show that (X(p), M(p)) is pointed regular at £, for 
every p G T^. However, say that X(£) = Spec A, and let P — > M(£) be a fine and saturated 
chart, sharp at the r-point £. Then X(p) = Spec A , where A := A/pA, and M(p) = X , 
where JV is the fs log structure deduced from the induced map (3 : P\p — > A . By proposition 
I5.5.43l and lemma l5T5.18[ the ring A is P-flat; then A is /3-flat, and the assertion follows from 
proposition l5.5.43l 

Next, (ii) is a rephrasing of corollary [5.5.471 and (iii) follows from (i) and (15.5.611) . by virtue 
of corollary |5JL46J □ 

Proposition 5.5.63. Let (X,f3 : M — > <^x) #e « regular log scheme, set U := (X, M) tr , and 
denote by j : U — > X f/ze open immersion. Then the morphism (3 induces identifications: 

Proof. Notice that the scheme X is normal (corollary 15.5.401) . hence both and Gx are 

subsheaves of the sheaf i*&x > where X is the subscheme of maximal points of X, and % : 
X — > X is the natural morphism; so we may intersect these two sheaves inside the latter. 

In view of lemma 15.5.191 and proposition 15.5.431 we know already that (3 is injective, and 
clearly the image of (3 lands in j*G^, so it remains only to show that (3 (resp. (3 gp ) induces an 
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epimorphism onto H &x (resp. onto The assertions can be checked on the stalks, 

hence let £ be any r-point of X; to begin with, we show : 

Claim 5.5.64. The induced map /3| p : Mf p — > (j*^)^ is a surjection. 

Proof of the claim. Set A := ^x^; notice that (X(£), M(£))t r is the complement of the union 
of the finitely many closed subsets of the form Z p := Spec A/pA, where p C runs over the 
prime ideals of height one. Due to corollary 15 .5 .471 each Z p is an irreducible divisor in Spec A. 
Now, let s E {j*&u)z) men me divisor of s is of the form ^ htp=1 np[p], for some n p E Z. 
By lemmata l5.1.16r ii) and I5.2.2TT T). M\ is a fine and saturated monoid; then lemma I2A22I 
and proposition 12.4.321 say that the fractional ideal I := nhtp=i m p P or " M4 * s re A ex i ve > an d 
therefore the fractional ideal I A of A is reflexive as well (lemma [2 .4. 27r ii)) . Since A is normal, 
by considering the localizations of I&x,£ at me prime ideals of height one of A, we deduce easily 
that I A = sA (JTH Ch.VII, §4, n.2, Cor. du Th.2]). Thus, we may write s = £" =1 ( x i) a i 
for certain a { E A and Xi E I (for z = 1, . . . ,ri). Then we must have /5| p (xj)ai ^ s • 
for at least one index i < n (where C A is the maximal ideal); for such i, it follows that 
s _1 • /5| p (xi) E A x , whence s G Mf p , as required. 

Now, let s E (j*^u)z n A; by claim !5.5.64l we may find x E M| p such that f3f(x) = s. To 
conclude, it suffices to show that x E Mp . By theorem [2.4. 16r i). we are reduced to showing 
that x E ( Mf )t, for every prime ideal p C of height one. Set q := pA; then q is a 
prime ideal of height one (corollary 15.5.471) . and (3% extends to a well defined map of monoids 
Pp '■ CMg )p A q . Furthermore, A q is a discrete valuation ring (corollary 15.5.401) . whose 
valuation we denote v : A q \ {0} — ► N. In view of theorem f2 . 4 . 1 6r ii) . we see that x E (Mj-)p ^ 
and only if (y o P p ) gp (x) > 0. However, clearly v(s) > 0, whence the contention. □ 

Remark 5.5.65. Let reg.log T denote the full subcategory of log r whose objects are the regular 
log schemes. As an immediate consequence of proposition 15.5 .631 (and of remark |5.2.8IT )) we 
see that the forgetful functor F of (15.2.11 ) restricts to a fully faithful functor 

reg.log T - Open (X,M) ^ ((*,M)tr ^ X) 
where Open is full subcategory of Morph(Sch) whose objects are the open immersions. 

5.6. Resolution of singularities of regular log schemes. Most of this section concerns results 
that are special to the class of log schemes over the Zariski topology; these are then applied to 
etale fs log structures, after we have shown that every such log structure admits a logarithmic 
blow up which descends to the Zariski topology (proposition 15.6.481) . The same statement - 
with an unnecessary restriction to regular log schemes - can be found in the article ll6Tll by 
W.Niziol : see theorem 5.6 of loc.cit.. We mainly follow her treatment, except for fleshing out 
some details, and correcting some inaccuracies. 

Therefore, we let here r = Zar, and all log structures considered in this section until (15.6.441 ) 
are defined on the Zariski sites of their underlying schemes. 

5.6.1. Let / : (Y,N_) — > (X, M) be any morphism of log schemes; we remark that / is a 
morphism of monoidal spaces, i.e. for every y EY, the map M f(,j\ — > N_ y induced by log/, is 
local. Indeed, it has been remarked in (15.1.61) that the natural map M f( y \ — > (f*M) y is local, 
and on the other hand, a section s E ( f*M) y is invertible if and only if its image in £? Y , y is 
invertible, if and only if log f y (s) is invertible in N_ y , whence the contention. We shall denote 

f:(Y,Nf^(X,Mf 

the morphism of sharp monoidal spaces induced by / in the obvious way (i.e. the underlying 
continuous map is the same as the continuous map underlying /, and log /" : f*M} N} is 
(log/) tt : see definition l2.5.1l) . 
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5.6.2. We let X be the category whose objects are all data of the form X : = ((X, M), F, ip), 
where (X, M) is a log scheme, F is a fan, and ip : (X, M)$ — > F is a morphism of sharp 
monoidal spaces, such that logip : i\)* 6p M. is an isomorphism. The morphisms : 

{(Y,N),F',iP')^X 

in Jff are all the pairs (/, cp), where / : (Y, N_) — > (X, M) is a morphism of log schemes, and 
</j : F' — > F is a morphism of fans, such that the diagram 

{Y,Nf^ (X,M)» 
F' : >■ F 

commutes. Especially, notice that lemma \5. 1 .41 implies the identity : 
(5.6.3) Str(/) =^ ,_1 Str(y?). 

(notation of definitions 12.5.1 T ii) and !5.2.7t ii)). We shall say that an object X is locally noether- 
ian, if the same holds for the scheme X. Likewise, a morphism (/, ip) in J?T is quasi-compact, 
(resp. quasi-separated, resp. separated, resp. locally of finite type, resp. of finite type) if the 
same holds for the morphism of schemes underlying /. We say that / is etale, if the same holds 
for the morphism of log schemes underlying /. Also, the trivial locus of X is defined as the 
subset (X, M) tT of X. 

5.6.4. There is an obvious (forgetful) functor : 

F:JT^Sch {{X,M),F,ip) >-> X 

which is a fibration. More precisely, every morphism of schemes S' — > S induces a base change 
functor (notation of (11.1.171) ) : 

FX jS -> FX jS' X^S'x s X 

unique up to natural isomorphism of functors. Namely, for X := ((X, M), F, ip) one lets 

S'x s X:= (S' x s (X,M_),F,ip') 

where ip' := ip o n\ and tt : S' x s (X, M) — > (X, M) is the natural projection. 

Example 5.6.5. (i) Let P be a monoid, P a ring, and set (S, Pg° g ) := Spec(P, P) (see (15.2.13b ). 
The unit of adjunction £p : P — > R[P] determines a unique morphism of sharp monoidal spaces 

ip P : Spec(P,P) tt -> T P := (SpecP) s 

(proposition l2.5.6b . and we claim that 5 := (Spec(P, P),T P , ip P ) is an object of X . 

The assertion can be checked on the stalks, hence let £ be a point of S; then £ corresponds 
to a prime ideal pg C R[P], and by inspecting the definitions, we see that ipp(£) = Ep 1 (p^) = 

:= P fl pg E Spec P. Again, a direct inspection shows that the morphism 

is none else than the natural isomorphism P$ — > Ps°i/ ^se, deduced from ep and the natural 
identifications 

(ii) The construction of S_ is clearly functorial in P. Namely, say that A : P — > Q is a 
morphism of monoids, and set S' := Spec P[Q], Tq := (Spec Q)K There follows a morphism 

(5.6.6) £' := (Sj>ec(R,Q),T Q ,iP Q )^S 



FOUNDATIONS OF p-ADIC HODGE THEORY 



385 



in J^, whose underlying morphism of log schemes is Spec(i?, A), and whose underlying mor- 
phism of fans is just (Spec X)K 

5.6.7. Example 15.6.51 can be globalized to more general log schemes, at least under some 
additional assumptions. Namely, let (X, M) be a regular log scheme. For every point x of X, 
let m x . C @x,x be the maximal ideal; we set : 

F(X) := {x G X | I(x,M) = m x } 

(notation of (15.5.321) ). and we endow F(X) with the topology induced from X. The fan of 
(X, M) is the sharp monoidal space 

F(X,M) :=(F(X),M lF(x) )K 

We wish to show that F(X, M) is indeed a fan. Let U C X be any open subset; to begin with, 
it is clear that F(U, M_\u) is naturally an open subset of F(X, M); hence the contention is local 
on X, so we may assume that X is affine, say X = Spec A for a noetherian ring A, and that M 
admits a finite chart P x — > M; denote by [3 : P — > A the induced morphism of monoids. Let 
now £ be a point of X, and C A the corresponding prime ideal; set qg := /3 -1 p£ G Spec P. 
By inspecting the definitions, it is easily seen that /(£, M) = q§^4 Pr Therefore, for any prime 
ideal q C P, let K(q) max be the finite set consisting of all the maximal points of the closed 
subset V(q) := Spec A/qA (i.e. the minimal prime ideals of A/qA); in light of corollary 
I5.5.47L it follows easily that 

(5.6.8) F(X)= |J ^(q) max 

qeSpecP 

especially, F(X) is a finite set (lemma |2. 1 . 19f iii)). Let t G F(X) be any element, and denote 
by U (t) C F(X) the subset of all generizations of t in F(X); as a corollary, we see that U (t) 
is an open subset of F(X). Moreover, (15.6.81) also implies that : 

U(t)= |J (Spec^ Xit /q^ Xit ) max . 

qGSpecP 

However, corollary 15 .5 .471 says that Spec &x,t/^x,t is irreducible for every q G Spec P, there- 
fore the set U(t) is naturally identified with a subset of Spec P. Furthermore, arguing as in 
example l5.6.5r i) we find a natural isomorphism P$ t &F(x,M),t- Moreover, if t' G U (t) is any 
other point, the specialization map &F(x,M),t &F{x,M),t' corresponds - under the above iso- 
morphism - to the natural morphism P^ — > Pjj induced by the localization map P qt — > P^. This 

shows that the open monoidal subspace (U(t), M_\u(t)) ^ s naturally isomorphic to (Spec P qt )K 
hence F(X, M) is a fan, as stated. 

Remark 5.6.9. (i) The discussion in ( 15.6.71) shows more precisely that, if : 

(a) (U, M) is a log scheme with U = Spec A affine, 

(b) there exists a morphism (3 : P — > A from a finitely generated monoid P, inducing the 
log structure M on U, and 

(c) f3(q)A is a prime ideal for every q G Spec P 

then F(U, M) is naturally identified with (Spec P)K In this situation, denote by 

fp:(U,M?^T P := (SpecPf 

the morphism of sharp monoidal spaces deduced from f3 (proposition 12.5 .61 ); by inspecting the 
definitions, we see that the associated map \ogfp : fp@T P — > M. is an isomorphism. Via the 
foregoing natural identification, there results a morphism wu ■ (U, M)" — > F(U, M) which can 
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be described without reference to P. Indeed, let x G U be any point, and p G Spec A the 
corresponding prime ideal; by inspecting the definitions we find that 

nu(x) = I(x, M_) which is the largest prime ideal in Spec A p n F(U, M ). 

Especially, nu(x) is a generization of x, and the inverse of (\ogTCu) x : &f{u,M),k V {x) ~* Ml 
is induced by the specialization map M_ x — > M^m (which induces an isomorphism on the 
associated sharp quotient monoids). 

(ii) Finally, it follows easily from corollary 15 . 5 .47 1 and ll32l Ch.IV, Cor.8.4.3], that every reg- 
ular log scheme (X, M_) admits an affine open covering X = [J ieI Ui, such that each (U i7 M\ U; ) 
fulfills conditions (a)-(c) above, and the intrinsic description in (i) shows that the morphisms 
7TUi glue to a well defined morphism ttx '■ (X, M)$ — > F(X, M) of sharp monoidal spaces, such 
that the datum 

JT(X,M) := ({X,M),F(X,M),Kx) 

is an object of Jt. 

(iii) Notice that 7r x 1 (t) is an irreducible locally closed subset of X of codimension equal 
to the height of t, for every t G F(X, M); also 7r x 1 (t) is a regular scheme, for its reduced 
subscheme structure. Indeed, we have already observed that t is the unique maximal point of 
7r^ 1 (t), and then the assertion follows immediately from corollary I5.5.62f ii.iir). Furthermore, 
the inclusion map j : F(X, M_) — > X is a continuous section of Tlx, and notice that jonx{U) = 
j~^U for every open subset U C X, since j maps every t G F(X, M) to the unique maximal 
point of 7r^ 1 (i). It follows easily that n x is an open map. 

5.6.10. Denote by J% nt the full subcategory of whose objects are the data ((X, M), F, ip) 
such that M is an integral log structure, and F is an integral fan. There is an obvious functor 

J^ nt -> int. Fan : ( (X, M), F,iJ})\-> F 

to the category of integral fans, which shall be used to construct useful morphisms of log 
schemes, starting from given morphisms of fans. This technique rests on the following three 
results : 

Lemma 5.6.11. Let ((X, M), F, ip) be an object of J^ n u with F locally fine. Then, for each 
point x G X there exists an open neighborhood U C X of x, a fine chart Q v — > M_\ v (for some 
fine monoid Q depending on x), and an isomorphism of monoids Q$ ^* &fMx)- 

Proof. The assertion is local on X, hence we may assume that F = (Spec P)" for a fine monoid 
P. In this case, ip is determined by the corresponding map 

p:P x ^ MK 

Indeed, for any x G X, the point ip(x) is the prime ideal /5~ 1 (m I .) C P, where m x C M | is the 
maximal ideal; moreover : 

^(*) = ^ where ^ := ^ x (l) 

and - under this identification - the isomorphism log ijj x : &fMx) ~* Ml is deduced from j3 x in 
the obvious way. 

Now, let x G X be any point; after replacing X by the open subset ^ _1 f/(^(x)), we may 
assume that P = &fMx) (notation of (|2.5.16l) ). and by assumption log ip x : P —> M| is an 
isomorphism. Pick a surjection a : 7h® r — > P gp , and let Q be the pull-back in the cartesian 
diagram : 

Q 

Ml — 
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By construction, a restricts to a morphism of monoids ft : Q — > P, inducing an isomorphism 
P, whence an isomorphisms of fans (Spec P)* (Spec Q)", and Q is fi ne > by corollary 
12.4.21 Moreover, the choice of a lifting Z ffir — > Mf of (log^)^ o a determines a morphism 



M\ 



gp 



which lifts log^ o (here it is needed that M is integral). Next, after replacing X by an open 
neighborhood of x, we may assume that (3 X extends to a map of pre-log structures (3 : Qx — ► M 
lifting /3 (lemma I5.1.16r iv.b).(v)). It remains only to show that (3 is a chart for M, which 
can be checked on the stalks. Thus, let y G X be any point, and set S y := &~ l M*\ with 

the foregoing notation, the stalk Qx% °f the induced log structure is naturally isomorphic to 

(S^Qx &l y )/Sf, therefore 



(Q 



log ' 



and the induced map P/ — > is again deduced from /3 , so it is an isomorphism; then the 



same holds for /^ og : Q X y 



-doe 



M y (lemma ElB. 



□ 



Lemma 5.6.12. Let fi : P P' be a morphism of integral monoids such that yU gp is surjective, 
<p : (SpecP')" — > (SpecP)" the induced morphism of 'affine fans, and denote by 



A: P -> Q := PSP x P ,gp P' 

map of monoids determined by \i and the unit of adjunction P — > P gp . Then : 

(i) 77ze natural projection Q — > P' induces an isomorphism uj : (SpecP')" — > 
of affine fans, such that (Spec A)" o uj = ip. 

(ii) The induced morphism (|5.6.6I) in J^ n t (wif« R := is int. Fan-cartesian. 

(iii) 7f P anJ P' are fine, the morphism (15.6.61) is eto/e. 



(SpecQ)* 



Proof. (See (11.31) for generalities concerning inverse images and cartesian morphisms relative 
to a functor.) Notice first that, since /x gp is surjective, the projection Q — > P' induces an 
isomorphism Q$ P'", whence (i). 

(ii): Notice that the log structure of Spec(Z, Q) is integral, by lemma |5~.1.16r iii). Next, set 
F' := (Spec P')K define S, §! as in exampleEE3ii) (with R := Z), let g : ((Y, N), F", iffy) -»■ 
5 be any morphism of J^ nt , and : P" — > F' a morphism of integral fans, such that the 
image of g in int. Fan equals cp o cp'; we must show that g factors through a unique morphism 
h ■ ((Y, AQ, F",iPy) £l, whose image in int. Fan equals cp'. As usual, we may reduce 
to the case where Y = Spec A is affine, F" = Spec P" is an affine fan for a sharp integral 
monoid P", and ipy is given by a map of sheaves Py — > N} . In such situation, the morphism 
(Y, N_) — > Spec(Z, P) underlying o is determined by a morphism of monoids P — > N(Y), or 
which is the same, a map of sheaves 7y : Py — > iV; likewise, (// is given by a morphism of 
monoids P' — > P", and composing with ^y, we get a map of sheaves ay : P y — >• iV\ Finally, 
the condition that g lies over {pop' translates as the commutativity of the following diagram of 
sheaves : 



pgp 



p'gP 
Y 



7 f? 



N sp ^N gp /N 

There follows a unique morphism of sheaves : 
(5.6.13) Q Y 



PJ 

r Y 



OLY 



iV gp x^p/^x N} = N 
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(here it is needed that N_ is integral) such that the diagram : 

Py Qy P Y 

w 

N = N N$ 

commutes. Then (15.6.131 ) determines a morphism of log schemes h Y ■ (Y,N_) — > Spec(Z, Q), 
such that the pair (h Y , ip') is the unique morphism h in J% nt with the sought properties. 

(iii): If both P and P' are fine, so is Q (corollary 12.4.21) . and by construction, A gp is an 
isomorphism. Then the assertion follows from theorem (53371 □ 

Proposition 5.6.14. Let X := ((X, M), F, ip) be an object of J% nt . Let also <p : F' — > F be an 
integral partial subdivision, with F locally fine and F' integral. We have : 

(i) (X, M) is a fine log scheme. 

(ii) If F is saturated, (X, M) is afs log scheme. 

(iii) X_ admits an inverse image over ip (relative to the functor of (15.6.101) ). 

(iv) If ip is finite, then the cartesian morphism (/, (p) : pfX_ — > X_, is quasi-compact. 

(v) If F' is locally fine, the morphism (/, ip) is quasi-separated and etale. 

Proof, (i): This is just a restatement of lemma IBT6.1 II 

(ii): In light of (i), we only have to show that M x is a saturated monoid, for every x E X. 
Since by assumption M\ is saturated, the assertion follows from lemma |2T2.9r ii). 

Claim 5.6.15. In order to show (iii)-(v), we may assume that : 

(a) F = (Spec P)" for a fine monoid P, and X is an affine scheme. 

(b) The map of global sections P — > T(X, M}) determined by ip, comes from a morphism 
of pre-log structures : Px — > M which is a fine chart for M . 

Proof of the claim. To begin with, suppose that ((X', M'), F', ip') is the sought preimage of X; 
let U C X be any open subset, and V C F an open subset such that ipiJJ) C V. Then it is 
easily seen that the object 

<p*Xxx(U,V) := ((f-^Mtv-iul^V^f-w) 
is a preimage of ((U, Mi lT ), V,ip\u) over the restriction (p^V — > V of ip. Now, suppose that 
we have found an affine open covering X = Ui, and for every i G / an affine open subset 
Vi C F with 4>(Ui) C Vu such that the object := ((Ui, Mi [r ,), Vi,ip\u % ) admits a preimage 
over the restriction tpi : v 9 " 1 ^ ~^ V% of cp; then the foregoing implies that there are natural 
isomorphisms: 

<P*iU.i xu, (U,, Vij) A tfUj xu. (U i:i , Vij) 
for every i, j 6 J, where t/jj := U fl Z7j and V^j := ViDVj. Thus, we may glue all these inverse 
images along these isomorphisms, to obtain the sought inverse image of X_. 

Moreover, if ip is finite, the same will hold for the restrictions cpi, and if each cartesian mor- 
phism ip>*U_i — > U_i is quasi-compact, the same will hold also for (f,<p) ([25, Ch.I, §6.1]). 
Likewise, if each morphism v 2 *^ ~* U4 is etale and quasi- separated, then the same will hold 
for (/, ip) (J2H Ch.I, Prop.6.1.11] and proposition ESfaiii))- 

Therefore, we may replace X by any Ui, and F by the corresponding Vi, which reduces the 
proof of (iii)-(v) to the case where condition (a) is fulfilled. Lastly, in light of lemma |5.6.1 ll we 
may suppose that the open subsets Ui are small enough, so that also condition (b) is fulfilled. 

In view of claim [576. 151 we shall assume henceforth that conditions (a) and (b) are fulfilled. 
Let S_ := (Spec(Z, P), Tp, ipp) be the object of J% nt considered in example I5.6.5I T) (with 
R := Z); in this situation, (3 determines a morphism of schemes fp : X — > S, and in view of 
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lemma l5T2.14l we have I~Ix S S_ (notation of (15.6.41) ). Therefore, if we find an inverse image 
S! for S_ over p>, the object Ix s S' will provide the sought inverse image of X_. Thus, in order 
to show (iii)-(v), we may further reduce to the case where X_ = S_ ( ll2~5l Ch.I, Prop.6.1.5(iii), 
Prop.6.1.9(iii)] and proposition 15 .3 .241 11)) . 

Claim 5.6.16. In order to prove (iii)-(v), we may assume that F' is affine. 

Proof of the claim. Indeed, say that F' = [J ieI V% is an open covering, and let cp^ : Vi — > Tp be 
the restriction of cp; suppose that we have found, for each i 6 J, an inverse image <p>*S_ of S_ over 
ipi; again, it follows easily that an inverse image for S_ over ip can be constructed by gluing the 
objects ip*S_. This already implies that, in order to show (iii), we may assume that F 1 is affine. 

Now, suppose that p> is finite, so we may find an open covering as above, such that further- 
more each Vi is affine, and / is a finite set. Suppose that each of the corresponding morphisms 
ip*S_ — > S_ is quasi-compact; by the foregoing, the schemes underlying the objects cp*S_ give a 
finite open covering of the scheme underlying ip*S_, and then it is clear that (iv) holds. 

Next, suppose furthermore that each morphism (p*S_ — > S_ is etale. It follows that the 
morphism Lp*S_ — > S_ is also etale (proposition I5.3.24f ii)); then, since S is noetherian, the 
scheme underlying tp*S_ is locally noetherian ( Il2~5l Ch.I, Prop. 6. 2. 2]), and therefore the mor- 
phism ip*S_ — > S is quasi-separated ((251 Ch.I, Cor.6.1.13]). 

In view of claim [576. 1 6L we shall assume that F' = (SpecP')^ is affine as well, for a sharp 
and integral P', and that tp is given by a morphism A : P — > P' inducing a surjection on the as- 
sociated groups (details left to the reader). Then assertions (iii) and (iv) are now straightforward 
consequences of lemma \5. 6 . 1 2r i,ii) , and (v) follows from lemma \5.6 .12r iii), after one remarks 
that, when F' is fine, one may choose for P' a fine monoid. □ 

Remark 5.6.17. Keep the assumptions of propo sition 15.6. 14l and let t E F a point of F of 
height zero (see (|2.5.16l) ). Notice that the inclusion map j t : {£} — * F is an open immersion, 
hence the fibre X t := il)~ l (t) C X is open; indeed, it is clear from the definitions, that ^ _1 (F ) 
is precisely the trivial locus of X_. Moreover, let t' e 1 (t) since the group homomorphism 
&Ft ~ *■ ^fu' ls surjective, we see that t' is of height zero in F', and tp restricts to an isomor- 
phism of fans ({i'}, &F,t') — > ({t}, &F,t)- Set X_ t := j t *X (whose underlying scheme is X t ), and 
define likewise (p*Xj> :— (cpo jt')*X_ (whose underlying scheme is an open subset of the trivial 
locus of tp*X_). We deduce that : 

• The trivial locus of p>*X_ is the preimage of (X, M) tr . 

• For every if G Fq, the restriction of (/, cp) : <p*Xj> — > X_ t is an isomorphism. 

Corollary 5.6.18. In the situation of proposition 15A14J let ((X',M / ),F',ip') := (p*X_. The 
following holds : 

(i) ifF' = F sat , andip : F sat -> F is the counit of adjunction, then (X',M!) = (X } M) is , 
and f is the counit of adjunction. 

(ii) If ip is the blow up of a coherent ideal J? of Op, then f is the blow up of J?M, the 
unique ideal of M_ whose image in M} equals ?/> -1 ^. 

(iii) Suppose moreover, that (X, M) is regular, F' is saturated , and X_ = JtT(X, M) 
(notation of remark \5. 6. 9[ iii)). Then (X', M') is regular, and (p*X_ is isomorphic to 
Jf(X',M'). 

Proof. To start with, we remark that the assertions are local on X. Indeed, this is clear for (i), 
and for (iii) it follows easily from remark |5~. 6 . 9[ i „ii) ; concerning (ii), suppose that X = \J ieI Ui 
is an open covering, such that (p*(Ui, Mm.) is the blow up of the ideal /Mi^., for every % £ I. 
For every i,j e / set := Ui R U 3 •; by the universal property of the blow up, there are unique 
isomorphisms of (Ujj, Mm ) -schemes : 
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Then both ip*(X,M) and the blow up of J?M are necessarily obtained by gluing along these 
isomorphisms, so they are isomorphic. 

Thus, we may assume that F = (SpecP)" for some fine monoid P, and (X, M) = X x s 
(S, Pg° g ) for some morphism of schemes X — > S, where as usual (5, Pg° s , F, ipp) is defined 
as in example I5.6.5IT ). In this case, (i) follows from remarks I5.2.36r iii). I2.5.8r ii) and lemma 
l5XT2T iD. 

Likewise, remark l5~.4.62t ii) allows to reduce (ii) to the case where X_ = (S, Pg S , F, ipp), and 
y = J~ for some ideal I C P; in which case we conclude by inspecting the explicit description 
in example [5.4.73l 

(iii): From proposition[5J)j3Iii,v) and theorem 15 . 5 . 5 5 1 we already see that (X', M ') is regular. 
Next, we are easily reduced to the case where X is affine, say X = Spec A, and F' = (Spec Q)\ 
for some saturated monoid Q, and by lemma |5~.6. 12[ we may assume that ip is induced by a 
morphism of monoids A : P — > Q such that A gp is an isomorphism, and (X 1 , M' ) = <p*X_ = 
X x Si S', where & : = (Spec(Z, Q), F', ipq) is defined as in example [5.6.5r ii). Let q C Q be 
any prime ideal, and set p := q R P; in light of remark l5.6.9f i), it then suffices to show that 
Q/q®pA = Q/q<&p/ p A/pA is an integral domain. To this aim, let us remark : 

Claim 5.6.19. Let A : P — > Q be a morphism of fine monoids, such that A gp is an isomorphism, 
F C Q any face, and denote A^ : F n P — > P the inclusion map. Then : 

(i) The natural map Coker AfP -> P SP /(F n P) gp is injective. 

(ii) If moreover, P is saturated, then Coker AfP is a free abelian group of finite rank. 

Proof of the claim. The map of (i) is obtained via the snake lemma, applied to the ladder of 
abelian groups : 

o — (F n P) gp — >- p gp — P gp /(P n P) gp — ^ o 



F 



>■ F gp >■ Q SP g gp /F gp ^ o. 

taking into account that both Ker A gp and Coker A gp vanish. Then (i) is obvious, and (ii) comes 
down to checking that P gp / (F n P) gp is torsion-free, in case P is fine and saturated. But since 
F n P is a face of P, the latter assertion is an easy consequence of proposition [2A7] 

Now, set F := Q \ q; we come down to checking that B := F ®fop ^4/p^4 is an integral 
domain, and remark [5.6.9f i) tells us that A/pA is a domain. However, A/pA is (F n P)-flat 
(proposition [53]43] and lemma l5T5.18l) . hence the natural map 

B^C:= P gp ® (FnP)g p Frac(A/pA) 

is injective; on the other hand, claim l5T6.19r ii) implies that C = A [Coker AfP] is a free (poly- 
nomial) A-algebra, whence the contention. □ 

Example 5.6.20. In the situation of example [2.5.271 take T := SpecP for a fine monoid P, 
and define S_ as in example [5.6.5f i). The A;-Frobenius map kp (example 12.5.1 OH )) induces an 
endomorphism ^5 := (Spec(PL, kp), k T ) of S_ in Jt. By proposition 15.6.1 4r iii) and example 
12.5.271 there exists a unique morphism g fitting into a commutative diagram of J£f nt : 

f*S *S 

(5.6.21) 

V*S *S 

(where the horizontal arrows are the cartesian morphisms). Say that (p*S_ = ((Y, N_), F,ip); 
then we have g = (g, k F ) for a unique endomorphism g := (g, log g) of the log scheme (Y, TV). 
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Let U := SpecP' C F be any open affine subset ; since kp is the identity on the underlying 
topological spaces, g restricts to an endomorphism g^-^u °f i'^U x Y (Y, N_). In view of lemma 
15.6.121 the latter log scheme is of the form 5' as in example [5.6.5f ii). with Q : = P sp x p/ gP P'. 
Then gu-ijj is induced by an endomorphism v of Q, fitting into a commutative diagram : 




whose horizontal arrows are the natural injections. Since Q C P gp , it is clear that v = Uq. 
Especially, g : Y — > Y is a finite morphism of schemes. Furthermore, for every point y E Y, 
we have a commutative diagram of monoids : 



(5.6.22) 



log 9y 

iV 



log 9* 



'FMv)- 



5.6.23. Let (K, | • |) be a valued field, T and K + respectively the value group and the valuation 
ring of | • | ; denote by 1 G Y the neutral element, and by Y + C Y the submonoid consisting of 
all elements < 1. Set S := Speci^ + ; we consider the log scheme (S, 0$), where 6% C 0s is 
the subsheaf such that &g{U) := £?s{U)\{0} for every open subset U C S. To this log scheme 
we associate the object of J^ mt : 

f(ir,|-|):=((5,^),Specr + ^r) 
where tpr is the morphism of monoidal spaces arising from the isomorphism 



(K+\{0})/(K+y 



deduced from the valuation | • | . It is well known that ip r is a homeomorphism (see e.g. 
§6.1.26]). We shall use objects of this kind to state some separation and properness criteria 
for log schemes whose existence is established via proposition [5]6T4j To this aim, we need to 
digress a little, to prove the following auxiliary results, which are refinements of the standard 
valuative criteria for morphisms of schemes. 

5.6.24. Let / : X — > Y be a morphism of schemes, R an integral ring, and K the field of 
fractions of R. Let us denote by X(i?) max C X(R) the set of morphisms Spec R — >• X which 
map Spec K to a maximal point of X. There follows a commutative diagram of sets : 



(5.6.25) 



X{R\ 



Y(R) 



X{K\ 



Y(K). 



Proposition 5.6.26. Let f : X — ► Y be a morphism of schemes. The following conditions are 
equivalent : 

(a) / is separated. 

(b) / is quasi- separated, and for every valued field (K, \ ■ \), the map of sets : 
(5.6.27) X(K + ) max -> X(K) max x Y(K) X(K+) max 

deduced from diagram (15.6.251) (with R := K + , the valuation ring of \ ■ \), is injective. 
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Proof, (a) =^ (b) by the valuative criterion of separation (" 11251 Ch.I, Prop. 5. 5.4]). Conversely, we 
shall show that if (b) holds, then the assumptions of the criterion of loc.cit. are fulfilled. Indeed, 
let (L, | • \l) be any valued field, with valuation ring L + , and suppose we have two morphisms 
cxi, o"2 : Spec L + — > X whose restrictions to Spec L agree, and such that / o a\ = f o o 2 . 

Let s, r] E Spec L + be respectively the closed point and the generic point, set x := cri(^) = 
02(77) E X, and denote by : 6x ,x — > L the ring homomorphism corresponding to the restric- 
tion of <7i (and a 2 ); then x admits two specializations Xi := c^s) E X (for z = 1,2) such that if 
sends the image A4 C &x,x °f the specialization map &x, Xi &x,x, into L + , and the maximal 
ideal of A { into the maximal ideal of L + , for both i = 1,2. Moreover, y := f(xi) = f(x 2 ). 

Denote by B C &x.x the smallest subring containing A\ and A 2 , and set p := B PI y> -1 mL. 
Then ip(Bp) C L + as well, and B p dominates both A 1 and A 2 . Now, let i E X be a maximal 
point which specializes to x; by [|25l Ch.I, Prop. 5. 5. 2] we may find a valued field (E, \ ■ \e) 
with a local ring homomorphism — > E, such that the valuation ring E + of | • \e dominates 
the image of the specialization map @ x ,x &x,t- Let k(E) be the residue field of E + , and 
Bp C k{E) the image of B p . By the same token, we may find a valuation ring V C k(E) with 
fraction field k(E), and dominating _B P ; then it is easily seen that the preimage K + C E + of 
V is a valuation ring with field of fractions K = E, which dominates the image of B p in G x ,t 
(BUI Th.lO.l(iv)]). Hence, K + dominates the images of 6x, Xi , for both i = 1, 2, and therefore, 
also the image of &y, y \ in other words, in this way we obtain two elements in X(K + ) max whose 
images agree in Y(K + ), and whose restrictions Spec K — > X coincide. By assumption, these 
two i^ + -points must then coincide, especially x\ = x 2 , and therefore a\ = a 2 , as required. □ 

Proposition 5.6.28. Let f : X — > Y be a quasi-compact morphism of schemes. The following 
conditions are equivalent : 

(a) / is universally closed. 

(b) For every valued field (K, \ ■ |), the corresponding map (15.6.271) is surjective. 

Proof, (a) ^> (b) by the valuative criterion of [25, Ch.I, Prop. 5. 5. 8]. Conversely, we will show 
that (b) implies that the conditions of loc.cit. are fulfilled. Hence, let (L, | • |l) be any valued 
field, with valuation ring L + , and suppose that we have a morphism a : Spec L — > X, whose 
composition with / extends to a morphism Spec L + — > Y; we have to show that a extends 
to a morphism Spec L + — > X. Denote by rj, s E Spec L + respectively the generic and the 
closed point, let x E X be the image of t], and y E Y the image of s. Then a corresponds to 
a ring homomorphism : &x,x L, and L + dominates the image of the map ff Y , y &x,x 
determined by /. Moreover, factors through the residue field k(x) of &x,x- Then k(x) + : = 
k(x) fl L + is a valuation ring with fraction field k(x), and we are reduced to showing that there 
exists a specialization x' E X of x, such that f(x') = y, and such that k(x) + dominates the 
image of the specialization map G x ,x' @x,x- 

Let now t E X be a maximal point which specializes to x; by [|25l Ch.I, Prop. 5. 5. 8] we may 
find a valued field (E, \ • \e) with a local ring homomorphism &x,t — * E, whose valuation ring 
E + dominates the image of the specialization map x .x ~^ &x,t- Let k(E) be the residue field 
of E + ; the induced map &x. x factors through k(x), and by ||58l Th.10.2] we may 

find a valuation ring V C k(E) with field of fractions k(E), which dominates k(x) + . The 
preimage K + C E + of V is a valuation ring with field of fractions K = E ( Il58l Th.10.1]). 
By construction, K + dominates the image of &x, y , in which case assumption (b) says that there 
exists a specialization x' of x such that f(x') = y, and such that K + dominates the image of 
the specialization map &x,x> &x,t- A simple inspection then shows that k(x) + dominates the 
image of O x%x ' in &x,x, as required. □ 

Corollary 5.6.29. Let f : X — > Y be a morphism of schemes which is quasi- separated and of 
finite type. Then the following conditions are equivalent : 
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(a) / is proper. 

(b) For every valued field (K, \ ■ \), the corresponding diagram (15.6.251) (with R := K + the 
valuation ring of | • \) is cartesian. 

Proof. It is immediate from propositions 15.6.261 and 15.6.281 □ 

5.6.30. We are now ready to return to log schemes. Resume the situation of (15.6.231) . let 
X : = ((X, M), F, ip) be any object of J*T, and denote by a : M — > &x the structure map of M . 

Suppose we are given a morphism a : S — > X of schemes, and we ask whether there exists 
a morphism of log structures (3 : a*M_ — > such that the pair (er, 0) is a morphism of log 
schemes (S, — ► (X, M). By definition, this holds if and only if the composition 

factors through Moreover, in this case the factorization is unique, so that a determines (5 
uniquely. Let r] E S be the generic point; we claim that the stated condition is fulfilled, if and 
only if t := a(i]) lies in (X, M) tr (see definition 15 . 2 .7 IT ) ) . Indeed, if t lies in the trivial locus, 
M t = so certainly the image of (3 t : M t — > lies in ^| = K x . Now, if s e S is any 
other point, the composition 

factors through M f , hence its image lies in K x fl @s,s = @s s> whence the contention. Con- 
versely, if (3 factors through 0$, it follows especially that the image of the stalk of the structure 
map M_ t — > <ff x ,t lies in the preimage of = &g , and the latter is just &£ t , so t lies in the 
trivial locus. 

Next, let / : (S, fig) — > (X, M) be any morphism of log schemes. We claim that there 
exists a unique morphism of fans cp :— (cp, log <p) : Spec T + — > F, such that the pair (/, ip) is a 
morphism f (K, \ ■ |) — > X in J(f ' . Indeed, since ipr is a homeomorphism, there exists a unique 
continuous map cp on the underlying topological spaces, such that (p o ip r — ip o f, and for 
the same reason, the map log p : f*M/ G$ —> G$ / is of the form ^r(log ip) for a unique 
morphism of sheaves log p as sought. Then log cp will be a local morphism, since the same 
holds for log / (see (15.6.11) ). 

Summing up, we have shown that the natural map 

Hom,^(f(X, | ■ |),X) -> X(X + ) : (a,<p) h-> a 

is injective, and its image is the set of all the morphisms S — > X which map r] into (X, M) tr - 

Proposition 5.6.31. Let X := ((X, M), F, ip) be an object of J^ nt , and ip : F' ^ F an integral 
partial subdivision, with F and F' locally fine. We have : 

(i) If the induced map F'(N) F(N) is injective, the cartesian morphism p*X_ — > X is 
separated. 

(ii) If <p is a proper subdivision, the cartesian morphism p*X_ —* X is proper, and induces 
an isomorphism of schemes (<p*X) tI —> (X, M) tr . 

Proof. The assertions are local on X (cp. the proof of claim 15.6.151) . so we may assume - 
by lemma [576. Ill - that M admits a chart P x — > M, and F = (SpecP)". In this case, let 
S := SpecZ[P], and denote by S_ the object of J^ nt attached to P, as in example I5.6.5I T) 
(with R := Z); then (X,M) is isomorphic to X x s (S,Ps S ), and if f s : <p*S -» 5 is the 
cartesian morphism over y?, then the cartesian morphism / : p*X_ — > X is given by the pair 
(lx Ksfs, ip) (see the proof of proposition l5.6. 14r hT)). Thus, we may replace X by S ( Il25l Ch.I, 
Prop.5.3.1(iv)]), in which case lemma 1576. 121 shows that the log scheme (X',M') underlying 
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ip*S_ admits an open covering consisting of affine log schemes of the form Spec(Z, Q), for a 
fine monoid Q. Notice that, for such Q we have : 

Spec(Z, Q) tr = Z[Q gp ] 

which is a dense open subset of Spec Z[Q]. 

(i) : According to proposition ^ .6. 14t v), the morphism / is quasi-separated, so we may apply 
the criterion of proposition 15 .6.261 Indeed, let (K, \ ■ |) be any valued field, and suppose that 
(7j G X'(K + ) max (for % = 1,2) are two sections, whose images in X'(K) max Xs(k) S(K + ) 
coincide; we have to show that o\ = a 2 - However, we have just seen that the maximal points 
of X' lie in (X',M') tr , so the discussion of (15.6.301) shows that both <t, extend uniquely to 
morphisms o[ : f(K, \ ■ |) — > ip*S_ in J^, and it suffices to show that a[ = a' 2 . By definition, 
the datum of a[ is equivalent to the datum of a morphism of : f(K, \ ■ |) — > S_, and a morphism 
of fans Lp[ : Spec Y + — > F' . Again by (15.6.301) . the morphisms o'[ and a' 2 ' agree if and only if 
they induce the same morphisms of schemes; the latter holds by assumption, since a± and cr 2 
yield the same element of S(K + ). On the other hand, in view of (b) and proposition l2.5.24l the 
elements <p>i,<p>2 G F'(T + ) coincide if and only if their images in F(T + ) coincide; but again, this 
last condition holds since the images of both <Ji agree in S(K + ). 

(ii) : In view of (i) and proposition 15.6.1 4f iv) .(v) we know already that / is separated and 
of finite type, so we may apply the criterion of corollary 15.6.291 Hence, let a G S(K + ) be a 
section, and x G X'(K) max a .fT-rational point such that f(x) is the image of a in S(K); in view 
of (i), it suffices to show that a lifts to a section a G X'(K + ) raax , whose image in X'(K) is x. 
Since x G (X',M') tr , remark |5.6. 171 implies that f(x) G (S, P s ° s ) tI , and then the discussion 
in (15.6.301) says that o underlies a unique morphism (a', j3) : f(K, | • |) — > S_. By proposition 
12.5.261 the element G F{T+) lifts to an element p G F'(T+), and finally the pair ({a, (3), (3') 
determines a unique morphism f(K, \ ■ |) — > <p*S_, whose underlying morphism of schemes is 
the sought a. Lastly, notice that the map F'({1}) — > F({1}) induced by ip, is bijective by 
propositions 12.5 .241 and 12.5 J26l (where {1} is the monoid with one element), which means that 
ip restricts to a bijection on the points of height zero; then remark [5.6.171 implies the second 
assertion of (ii). □ 

Theorem 5.6.32. Let (X, M ) be a regular log scheme. Then there exists a smooth morphism of 
log schemes f : (X',AF) — > (X',M_), whose underlying morphism of schemes is proper and 
birational, and such that X' is a regular scheme. More precisely, f restricts to an isomorphism 
of schemes / _1 X I . eg — > X reg on the preimage of the open locus of regular points of X. 

Proof. We use the object X := ((X, M), F(X,M), ir x ) attached to (X,M) as in remark 
I5.6.9t ii). Indeed, it is clear that F(X, M) is locally fine and saturated, hence theorem [2.6.31 1 
yields an integral, proper, simplicial subdivision cp : F' — > F(X,M_) which restricts to an 
isomorphism ip~ 1 F(X, M_) sim A F(X, M) sim . Take (/, cp) : tp*X_ — > X_ to be the cartesian 
morphism over ip, and denote by (X', M') the log scheme underlying <p*X/, it follows already 
from proposition 15 .6.3 lt ii) that / is proper on the underlying schemes. Next, corollary 15.5.461 
shows that X reg is 7r _1 F(X, M) sim , so / restricts to an isomorphism / _1 X rcg ^ X TCg . Further- 
more, / is etale, by proposition 15.6.1 4\ v). hence the log scheme (X\ M') is regular (theorem 
15.5.551) . Finally, again by corollary 15 . 5 .391 we see that X' is regular. □ 

5.6.33. Let now (Y, N) be a regular log scheme, such that F(Y, N) is affine (notation of 
remark |5.6.9f ii)), say isomorphic to (SpecP)^, for some fine, sharp and saturated monoid P. 
Let I C P be an ideal generated by two elements a,b G P, and denote by / : (Y r , JV') — » (Y, N_) 
the saturated blow up of the ideal IN of N (see (15.4.791) ). Set U' := (Y', iV') tr , U := (Y, N) tr , 
and denote j : U — > Y, f :U'—*Y' the open immersions. In this situation we have : 

Lemma 5.6.34. (i) H\Y', iV' tep ) =0. 
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(ii) Suppose morever, that R 1 = 0- Then R 1 j* 6^ = 0. 
Proof, (i): Since jV'fep = ix* x &^ Y , N ,y claim |5.6.397 ii) and remark |5T6T97 iii) reduce to showing 

(5.6.35) H 1 (F(Y' , Tf), ^ Y , >m ) = 0. 

However, by corollary I5.6.18f iii). the fan F(Y',N^) is the saturated blow up of the ideal 

I&f(y,n) of &f(y,n_), hence it admits the affine covering 

F(Y',N!) = (Spec PfcT 1 ^) 8 U (Spec P[b~ x a] sat ) a . 

Notice now that every affine fan is a local topological space, hence the left hand-side of (|5.6.35l) 
can be computed as the Cech cohomology of &w Y , N ,\ relative to this covering ( lT3~9l n, 5.9.2]). 

However, the intersection of the two open subsets is (Spec P[a~ l b, b~ l a\)t>, and clearly the 
restriction map 

#°(Spec Pla-'b}^, ffffy,^) -> #°(Spec P^rH 0f {Y , m ) 

is surjective. The assertion is an immediate consequence. 

(ii): Let y E Y be any point; according to (15.4.801) . the morphism 

/ x Y Y{y) : (Y',N!) x Y Y{y) - (Y(y),N(y)) 

is the saturated blow up of the ideal IN_(y); on the other hand, let U(y) := U x Y Y(y), 
U'{y) := U' x Y Y(y) and denote by j y : U(y) -> K(y) and j£ : *7'(y) -> K' x y F(y) 
the open immersions; in light of proposition 19.3 . 1 5t ii), it suffices to show that R 1 j y *^u(y) — 0, 
and the assumption implies that R 1 jy^&u l {y) — 0. Summing up, we may replace Y be Y(y), 
and assume from start that Y is local, and y is its closed point. From the assumption we get : 

H\Y',ji0*) = H\U\ 0*) = PicC/'. 

On the other hand, recall that Tf igp = (proposition [5 i 5 i 63Jl; combining with (i), we 

deduce that the natural map 

Pic Y' -> Pic U' 

is surjective. Set F ' := f~ 1 {y) C Y', endow F ' with its reduced subscheme structure, and let 
i : Yq — > Y' be the closed immersion. If I is an invertible ideal of P, then / is an isomorphism, 
in which case the assertion is obvious. We may then assume that I is not invertible, in which 
case claim l5.4.86f ii) says that there exists a morphism of (Y, 7V)-schemes h : (Y', N' ) — > Fl Y N ^ 
inducing an isomorphism of n(y) -schemes 

(5.6.36) (hx Y Spec K(y)) ied : F ' A P^ (3/) . 
Let us remark : 

Claim 5.6.37. Let S be a noetherian local scheme, s the closed point of S, and / : X — ► 5 a 
proper morphism of schemes. Suppose that dimX(s) < 1, and H 1 (X(s), 0x( s )) = 0. Then 
the natural map 

PicX -> PicX(s) 

is injective. 

Proof of the claim. Say that 5 1 = Spec A for a local ring A, and denote by C A the maximal 
ideal. For every k G N, set 5^ := Spec A/m^ +1 , and let i n : X n :=Ix s S n ->Ibe the 
closed immersion. Let J2? be any invertible ^-module, and suppose that ZqJz? ~ Gx^\ we have 
to show that J*f ~ &x- We notice that, for every fceN, the natural map 



396 



OFER GABBER AND LORENZO RAMERO 



is surjective : indeed, its cokernel is an A-submodule of if 1 (X , m^Jzf /m^ +1 Jzf ), and since 
dimX < 1, the natural map 

(m k A /m k A +1 ) ® <s) H\X Q ,il&) A H\X , (m k A /m k A +1 ) ® re(s) J5f) - tf 1 ^, m^/m* +1 ^) 

is surjective; on the other hand, our assumptions imply that iJ 1 (X , igJzf ) = 0, whence the 
contention. Let A A be the m^-adic completion of A; taking into account [28, Ch.III, Th.4.1.5], 
we deduce that the natural map 

H°(X, Sf) ®a A A —>■ H := H°{X , 

is a continuous surjection, for the m^-adic topologies. Since H is a discrete space for this 
topology, and since the image of H°(X, Jzf) is dense in the m^-adic topology of H°(X, Jzf) ®a 
A A , we conclude that the restriction map H°(X, Jzf) — > H is surjective as well. Let s G H be 
a global section of ZqJz? whose image in i* Q ££ x is a generator of the latter v4 -module, for every 
x G X , and pick s G H°(X, Jzf) whose image in H equals s. It remains only to check that, for 
every x G X, the A-module Jzf x is generated by the image s x of s. However, since X is proper, 
every x G X specializes to a point of X , hence we may assume that x G X , in which case one 
concludes easily, by appealing to Nakayama's lemma (details left to the reader). 

Combining claim [576 .371 and ll56l Prop.ll.l(i)], we see that the induced map 

i* : Pic Y' -> Pic F ' 

is injective. Let now Jzf be any invertible (^/-module; we have to show that Jzf extends to an 
invertible i^y-module (which is then isomorphic to &y)- However, notice that / restricts to 
an isomorphism g : U' ^ U, hence <?*Jzf is an invertible ^//-module, and by the foregoing 
there exists an invertible ^-module Jzf' such that ££L> — 9*-^ ■ m light of the isomorphism 
(15.6.361) . there exists an invertible -module Jzf" such that i*Jzf' ~ i*/i*Jzf". Therefore 

JT ~ h*^". 

Now, on the one hand, claim 15.6.371 implies that Jzf" = (n) for some n G N; on the 
other hand, (15.4.471) implies that h restricts to a morphism of schemes h tr : U' — ► G m y, 

and =^G m , y = ^( n )|G m , y = ^G m , Y , so finally #*J^f = hence Jz^ = ^j, whence the 
contention. □ 

The following result complements proposition l5.5.63[ 

Theorem 5.6.38. Let (X, M) be any regular log scheme, set U :=: (X,M) tT and denote by 
j : U —>■ X the open immersion. Then we have : 

R 1 ^* =0. 
Proof. We begin with the following general : 

Claim 5.6.39. Let n : Ti — > T 2 be a continuous open and surjective map of topological spaces, 
such that 7r _1 (t) is an irreducible topological space (with the subspace topology) for every 
t G T 2 . Then, we have : 

(i) For every sheaf S on T 2 , the natural map S — > 7T* 71*5 is an isomorphism. 

(ii) For every abelian sheaf 5 on T 2 , the natural map S[0] — > Rtt^7t*S is an isomorphism 
in D(Z T2 -Mod). 

Proof of the claim, (i): Since 7r is open, Tr*^ is the sheaf associated to the presheaf : £7 i— > 
S(irU), for every open subset [/ of Ti. We show, more precisely, that this presheaf is already 
a sheaf; since n is surjective, the claim shall follow immediately. Now, let U C Ti be an open 
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subset, and (Z7» | i E I) a family of open subsets of X covering U ; for every i,j E I, set 
[/jj := Ui fl f/j. It suffices to show that S(rcU) is the equalizer of the two maps : 

Since S is a sheaf, the latter will hold, provided we know that rrUi fl nUj = nUij for every 
i,j E I. Hence, let i E 7r£/j n 7rC/j-; this means that 7r _1 (£) nf/ 8 7^ and 7r _1 (t) n Z7j 7^ 0. 
Since vr _1 (t) is irreducible, we deduce that 7r _1 (t) fl C/y 7^ 0, as required. 

(ii): The proof of (i) also shows that, for every flabby abelian sheaf J on T 2 , the abelian sheaf 
7r* J is flabby on T x . Hence, if S is any abelian sheaf on T 2 , we obtain a flabby resolution of 
Tr*^ of the form tx* J,, by taking a flabby resolution S — > J. of 5 on T 2 . According to lemma 
19.3.31 there is a natural isomorphism 

7r*7r* J — > R7r*7r*S 

in D(Z r2 -Mod). Then the assertion follows from (i). 

After these preliminaries, let us return to the log scheme (X, M), and its associated object 
X := ((X, M), F(X, M), 7Ty). The assertion to prove is local on X, hence we may assume 
that F(X, M) = (SpecP)", for some sharp, fine and saturated monoid P. Next, by theorem 
I5.6.32| (and its proof) there exists an integral proper simplicial subdivision cp : F' — > F(X, M), 
such that the log scheme (X', M ') underlying (p*X_ is regular, X' is regular, and the morphism 
X' — > X restricts to an isomorphism U' := (X', M') tr — > U. In this situation, we may 
find a further subdivision ip' : F" — >■ F' such that both y?' and ip o (p' are compositions of 
saturated blow up of ideals generated by at most two elements of P (example 12.6.15 \ m) ) . Say 
that ip o ip 1 = ip r o <y2 r _i • • • o ip x , where each ipi is a saturated blow up of the above type. By 
propo sition 15 . 6 . 1 4r iii) . we deduce a sequence of morphisms of log schemes 

(X x ,Mi) > {X r ^Mr-i) (X r ,M r ) (X r+1 ,M r+1 ) := (X,M) 

each of which is the blow up of a corresponding ideal, and by the same token, cp' induces a 
morphism g : (X\,Mj) — > (X',M') of (X, M) -schemes. For every i = 1, ■ ■ • , r + 1, set 
Ui := (Xj, Mj) tr , and let jj : t/j — > Xj be the open immersion; especially, U r+1 = U. We shall 
show, by induction on i, that 

(5.6.40) R l 3i*@Ui = for i = 1, . . . , r + 1. 

Notice first that the stated vanishing translates the following assertion. For every x E X { and 
every invertible ^-module Jzf, there exists an open neighborhood U x of x in Xj such that 
J£\u x nUi extends to an invertible ^/^-module. However, it follows immediately from proposi- 
tions |4A7] and |4AT4l that every invertible ^/-module extends to an invertible &x> -module. 
Since g restricts to an isomorphism U\ = g^U' U', we easily deduce that every invert- 
ible ^-module extends to an invertible Xl -module (namely : if «5f is such a module, extend 
<7|[/j*Jzf to an invertible ^/-module, and pull the extension back to X\, via g*). Summing up, 
we see that (15.6.401) holds for i = 1. 

Next, suppose that (|5.6.40l) has already been shown to hold for a given i < r; by lemma 
I5.6.34f ii). it follows that (|5.6.40l) holds for i + 1, so we are done. □ 

5.6.41. Let X be a scheme, M a fine log structure on the Zariski site of X, x a point of X, 
and notice that every fractional ideal of M x is finitely generated (lemma H.4.22f iv)). Say that 
X(x) = Spec A; in view of lemma l2A27r ii) there is a natural map of abelian groups 

Biv(M x ) -> Div(A). 

Composing with the map J 1— > J~ as in (14.4.111 ), we get, by virtue of loc.cit., a map 

(5.6.42) Div(M xc ) -> DivX(x). 
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Corollary 5.6.43. With the notation of (15.6.411) . suppose furthermore that (X, M) is regular at 
the point x. Then (15.6.421 ) induces an isomorphism 

Dlv(Mx) ^Div(X(V)). 

Proof. By virtue of proposition I2.4.37t ii) (and remark 14.4.1 OH )), the map under investigation 
is already known to be injective. To show surjectivity, let K be the field of fractions of A, and 
L C K any reflexive fractional ideal of A; we may then regard Jzf := L~ as a coherent ^x- 
submodule of i*@x , where i : X — > X is the inclusion map of the subscheme X := Spec If. 
By proposition l4.4.14[ the ^/-module Jz?j(y is invertible, hence it extends to an invertible &x{x)- 
module jSf' , by virtue of theorem f5. 6 .381 Since X(x) is local, ££' is a free &x{x) -module, and 
therefore Jzfju ~ Gy. Thus, pick a G ££{U) C X which generates J^; after replacing L by 
a -1 L, we may assume that Jzfjt/ = ^ as subsheaves of i*^x . Let £ be the set of points of 
height one of X(x) contained in X(x) \ U; for each y G S, the maximal ideal of &x(x),y is 
generated by a single element a y , and there exists k y G Z such that a/ generates the ffx(x),y- 
submodule J£ y of if. To ease notation, let P := M_ x , and denote ^ : ~^ SpecP the 

natural continuous map; also, let Vtyty) be the maximal ideal of the localization Pm v ) for every 
y G X{x), and set 

yes 

In light of lemma IX.4.22r i.ii) and proposition 12.4.321 it is easily seen that I / P x is a reflexive 
fractional ideal of the fine and saturated monoid P tt , so I is a reflexive fractional ideal of P. 
Then I A C K is a reflexive fractional ideal of A. Set ££" := {IA)~ C i*<^x ; then Jffc = 
Jz?\u and =2"' = =$f y for every j/ e S. It follows that, for every y G E, there exists an open 
neighborhood of y in X(x) such that = ^\u y - Let U' := U U U y es an( * denote by 
j' : [/' — > X(x) the open immersion. Notice that 5'(y, &x) > 2 for every y G X\U' (corollary 
15.5.401) . In light of proposition |4.4.7f ii) (and remark |4.4.10r i)), we deduce 

^ — 3*-&\u> = j*^\u' = ^" 
whence the contention. □ 

5.6.44. Let now M) be a quasi-coherent log scheme on the etale site of X. Pick a 
covering family (U x \ A G A) of X in X<s t , and for every A G A, a chart P\,u x M.\u x - 
The latter induce isomorphisms of log schemes (U\, Mm. ) u* (U x z ar , Pn g ) (see (15.2.21) ): 

I A ' A,Zcir 

in other words, every quasi-coherent log structure on X<s t descends, locally on X 6t , to a log 
structure on the Zariski site. However, (Xa-,, M) may fail to descend to a unique log structure 
on the whole of X Zar . Our present aim is to show that, at least under a few more assumptions 
on M, we may find a blow up (X' 6t ,M) — > (X 6t , M) such that (X'^,M') descends to a log 
structure on X Zar . To begin with, for every A G A let 

T\ : = (Spec P A ) tt and S x := Spec 1[P X }. 

Also, let 5a := (Spec(Z, Pa), Pa, ipp x ) be the object of J(f attached to P\, as in example 
I5.6.5I X). From the isomorphism 

(£A,Zar, u*M\ Ux ) ^U x x Sx Spec(Z,P A ) 

we deduce an object 

U x := U x x Sx S x = ((U XiZax ,u*M ]Ux ),T x ,il> x ). 

Suppose now that M is a fs log structure; then we may choose for each P x a fine and saturated 
monoid (lemma l5. 1 . 16r iu)). Next, suppose that X is quasi-compact; in this case we may assume 
that A is a finite set, hence y := {P x | A G A} is a finite set of monoids, and consequently 



FOUNDATIONS OF p-ADIC HODGE THEORY 399 

we may choose a finite sequence of integers c(J^) fulfilling the conditions of (|2.6.25l) relative 
to the category y-Fan. Then, for every A G A we have a well defined integral roof p x : 
2a (Q+) - >■ Q+> and we denote by fx : T(p\) — > Ta the corresponding subdivision. There 
follows a cartesian morphism 

whose underlying morphism of log schemes is a saturated blow up of the ideal y^ u^M^ 
(proposition 12 . 6 . 1 31 and corollary 15.6. 181) . Next, for A, /x 6 A, set ■= U\ x x and let 

— A/x : = ((^Am»«*M|0' Ta '^) 

where is the composition of and the projection — > C/\. Denote by (?7~, Ma) ( res P- 
(^.H^ the lo § scheme underlying f\U_\ (resp. ftU^. Also, for any A,//, 7 G A, let 
7i"A^7 : Xjf ?7-y — ► C^A/j be the natural projection. 

Lemma 5.6.45. /n f/ze situation of (|5.6.44l) . we /zave : 

(i) 77zere exists a unique isomorphism of log schemes gx^ : (U X ui Ma^) (UuXiM^x) 
fitting into a commutative diagram : 

{u^m^)^(u; Xi m; x ) 
u x , ^=^= u,x 

whose vertical arrows are the saturated blow up morphisms. 

(ii) TTiere exist natural isomorphisms of G\j ^-modules 

such that (tt* 7A ^ a ) (K^x^) = ^l^X-y far every A, fi, 7 G A. 
Proof, (i): By the universal property of the saturated blow up, it suffices to show that : 

(5.6.46) f p ft+M\u^ = S P fi*M$j^ on u ^ = u i*- 

The assertion is local on Ux^, hence let x G be any point; we get an isomorphism of 
w^Mj.-monoids : 

whence an isomorphism of fans U(ip X n{ x )) ^* U (ip^x)) (notation of (12.5.16b ). Therefore, the 
subset U (x) := ip^Ufyx^x)) fl ^~ x lj J ('ip p x{%)) is an open neighborhood of x in U^, and both 
i^Xfj, and ip^x factor through the same morphism of monoidal spaces : 

V>(x) : (U(x), (E.MV(*)) -> ^(x) := (Specu*M x .)« 

and open immersions F(x) — > T x and F(a;) — > 7) t . It then follows from (12.6.251) that the 
preimage of y px on F(a;) agrees with the preimage of y p , whence the contention. 

(ii): By inspecting the definitions, it is easily seen that the epimorphism (15.4.171) identifies 
naturally &u~ (1) to the ideal y px ^u~of &u x generated by the image of y px u*M ][Ux . Hence 
the assertion follows again from (15 .6 .461 ) . □ 
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5.6.47. Lemma 15 . 6 .451 implies that 

{(Ux, %(1)), (sa^v) I A,/i 6 A) 

is a descent datum - relative to the faithfully flat and quasi-compact morphism ]j AeA U\ — > 
X - for the fibred category of schemes endowed with an ample invertible sheaf. According 
to 11401 Exp. VIII, Prop.7.8], such a datum is effective, hence it yields a projective morphism 
tt : X~ — > X together with an ample invertible sheaf @x~(X) on with isomorphisms 
g x ■ X~ x x U\ ^ of [7 A -schemes and 7r A ^x~(l) — > 9\^u^(^) of invertible modules. 

Then the datum (w*M A , u* log | A, fi G A) likewise determines a unique sheaf of monoids 
M ~ on X^J, and the structure maps of the log structures M A glue to a well defined morphism 
of sheaves of monoids M~ — > <^x~, so that (X^,M~) is a log scheme, and the projection 7r 
extends to a morphism of log schemes (7r,log7r) : (X^,M~) — > (X«s t ,M). 

Proposition 5.6.48. /n ?/ze situation of (|5.6.47l) . ?/ze counit of adjunction 
is an isomorphism. 

Proof. (This is the counit of the adjoint pair of (15.1.61) , relating the categories of 

log structures on X% &v and X^.) Recall that there exist natural epimorphisms (Q+ d )T(p A ) — ► 
&t( Px ),q (see (12.6.271) ). which induce epimorphisms of L^ Zar -monoids 

^ ■ (Of )^ Zar "> (Ma)q for every A G A. 

The compatibility with open immersions expressed by (12.6.281) implies that the system of maps 
(u*"d\ | A G A) glues to a well defined epimorphism of X^-monoids : 

* ■ (Of )A5 - (M~)q- 
In view of lemma fL~7.94f ii), it follows that the counit of adjunction : 

«%(M~)i - (M~)q 

is an isomorphism. By applying again lemma |1.7.94t ii) to the monomorphism (M") 11 — >■ 
(M~)q, we deduce that also the counit 

is an isomorphism. Then the assertion follows from proposition l5.2.3r iii). □ 

Corollary 5.6.49. Let (X&., M) be a quasi-compact regular log scheme. Then there exists 
a smooth morphism of log schemes (X^ t , M') — > (X&t., M) whose underlying morphism of 
schemes is proper and birational, and such that X' is a regular scheme. More precisely, f 
restricts to an isomorphism (X' 6t , M') tr — > (X&, M) tr on the trivial loci. 

Proof. Given such (Xm., M), we construct first the morphism n : (Xg 1 , M~) — > (Xg t , M) 
as in (15.6.471) . Since 7r x x 1^ is proper for every A G A, if follows that n is proper ( PTl 
Ch.IV, Prop. 2. 7.1]). Likewise, notice that each morphism U£ — > £/ A induces an isomorphism 
(L^, M A ) tr (Z7a> w*Mic/ A )tr (remark [5.6. 171) . It follows easily that 7r restricts an isomor- 
phism on the trivial loci. Hence, we may replace (X&, M) by (Xff, Mg). Then, by corollary 
I5.3.27f ii) and proposition 15.6.481 we are further reduced to showing that there exists a proper 
morphism ix' : (X Zar , M') — > ^(Xg, M~) with X' regular, restricting to an isomorphism on 
the trivial loci. However, in light of lemma |5.5.48l (and again, proposition |5.6.48l ), the sought n' 
is provided by the more precise theorem |5.6.32[ □ 
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5.7. Local properties of the fibres of a smooth morphism. Resume the situation of example 
I5.6.5r ii), and to ease notation set cp := (Spec A)", and (/, log /) := Spec(P, A). Suppose now, 
that A : P — > Q is an integral, local and injective morphism of fine monoids. Then / : S' — > S 
is flat and finitely presented (theorem l2.2.3l) . Moreover : 

Lemma 5.7.1. In the situation of (15.71) . for every point s G S, the fibre is either empty, 

or else it is pure-dimensional, of dimension 

dim/ _1 (s) = dimQ — dimP = rk^ Coker X s9 . 

Proof. To begin with, notice that \^ 1 Q X = P x , whence the second stated identity, in view of 
corollary 12 . 4 . 1 Of i) . To prove the first stated identity, we easily reduce to the case where R is a 
field. Notice that the image of / is an open subset U C S ( OTl Ch.IV, Th.2.4.6]), especially U 
(resp. S') is pure-dimensional of dimension rk z P gp (resp. rk z Q gp ) by claim [53T6l ii). Hence, 
fix any closed point s G S, and set X := / -1 (s). From II3T1 Ch.IV, Cor.6.1.2] we deduce that, 
for every closed point s' G X, the Krull dimension of &x,s' equals r := rk z Coker A gp . More 
precisely, say that Z C X is any irreducible component; we may find a closed point s' G Z 
which does not lie on any other irreducible component of X, and then the foregoing implies 
that the dimension of Z equals r, as stated. 

Next, let s G U be any point, and denote K the residue field of 0u, s , and n : R[P) — > K 
the natural map. Let y G Spec if [P] be the /^-rational closed point such that a(y) = n(a) 
for every a G P; then the image of y in S equals s, and if we let fx '■= SpecK[X], we have 
an isomorphism of i^-schemes f^ l (y) —> The foregoing shows that f^ l (y) is pure- 

dimensional of dimension r, hence the same holds for □ 

Now, let us fix s G S, such that ^ 0, and suppose that ipp(s) = xrip is the closed 

point of T P . For every q G ^^(mp), the closure {q} of {q} in Tq is the image of the natural 
map Spec Q/q — > Tq. We deduce natural isomorphisms of schemes : 

So := ipp 1 {m p } A Spec R(P/mp) S'^ := ^{q} A Spec R(Q/q) 

under which, the restriction / q : S' — » S of / is identified with SpecP(A q ), where A q : 
P/mp — > Q/q is induced by A. The latter is an integral and injective morphism as well (corol- 
lary [2X47]). Explicitly, set F := Q\q, and let A^ : P x — > F be the restriction of A; then 
A q = (Xf)o, and lemma [5T7 . 1 1 yields the identity : 

(5.7.2) dim/ q -1 (s) = dim Q/q = dimQ - ht q. 

Also, notice that Tq is a finite set under the current assumptions (lemma [2. 1 . 19r iii)), and clearly 

r 1 ( s )= U 

qGMax(i / 9 _1 mp) 

where, for a topological space T, we denote by Max(T) the set of maximal points of T. There- 
fore, for every irreducible component Z of there must exist q G Max(<^ _1 mp) such that 
Z C / q _1 (s), and especially, 

(5.7.3) dim/- 1 (s) = dim/- 1 (s). 

Conversely, we claim that (15.7.31) holds for every q G Max(y9 _1 mp). Indeed, suppose that 
dim J" 1 (s) is strictly less than dim f~ l (s) for one such q, and let Z be an irreducible component 
of f~ 1 {s); let also Z' be an irreducible component of f~ l (s) containing Z. By the foregoing, 
there exists q' G Max(y9 -1 mp) with Z' C / q 7 1 (s). Set q" := q U q'; then clearly q" G ^'(mp), 
and 

{qn = Mn W- 
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Especially, Z C fZ^(s); however, it follows from (15.7.21) that dim fZ*(s) < dim/ q _1 (s) (since 
ht q < ht q"); but this is absurd, since dim Z = dim /q _1 (s) (lemma |5 .7 .11) . The same counting 
argument also shows that every maximal point of / -1 (s) gets mapped necessarily to a maximal 
point of (/? _1 (mp); in other words, we have shown that ipQ restricts to a surjective map : 

Max(/ _1 s) -> Max(v9 _1 m P ). 

More precisely, let s' G be a point such that iPq(s') = m<g, the closed point of Tq. Then 

clearly s' G / q " 1 (s) for every q G Max(<£> -1 m P ), and it follows that the foregoing surjection 
restricts further to a surjective map : 

(5.7.4) //(s) -> Max(^- 1 m P ). 

On the other hand, since log V>q is an isomorphism, we have 

(Q^)», = Tq A = Q« for every s' G ^ (q) 

(where s' denotes any r-point of S' localized at s 1 ); explicitly, if F = Q\q, then = Q/F; 
likewise, we get (Ps° s )^ = P/ip~ 1 F. Taking into account (15.7.21) . we deduce : 

dim/- 1 (/(s'))-dim/- 1 (/(s')) = rk z Coker (log /)§f for every s' G ^(q). 
Thus, for every n G N, let 

U n := {s 1 G S' | rk z Coker (log f)f = n}. 

The foregoing implies that for every s G S, the subset Uq PI / _1 (s) is open and dense in / _1 (s), 
and U n fl f~ l (s) is either empty, or else it is a subset of pure codimension n in / _1 (s). 

5.7.5. In the situation of (15.71) . suppose moreover that log / is saturated; notice that this condi- 
tion holds if and only if log cp is saturated, if and only if the same holds for A (lemma [2 .2 . 1 2r iii)) . 
Then, corollary I2.2.32( ii) says that Coker(log /")|P is torsion-free for every s' G S'; especially, 
Coker (log /")|, p vanishes for every s' G U . Then corollary |2.2.32( i) implies that log/|, is an 
isomorphism for every s' G U , in which case the same holds for log (lemma l5.1.4l) : in other 
words, Uq is the strict locus of / (see definition 15.2.7 h i) ) . 

Lemma 5.7.6. Let K be an algebraically closed field of characteristic p, and \ : P — > (K, ■) a 
local morphism of monoids. Let also A : P — > Q be as in (15 .7 .5b . We have : 

(i) The K -algebra Q ®p K is Cohen-Macaulay. 

(ii) Suppose moreover, that either p = 0, or else the order of the torsion subgroup of 
T := Coker A gp is not divisible by p. Then Q ®p K is reduced (i.e. its nilradical is 
trivial). 

Proof, (i): Since x is a local morphism, we have x _1 (0) = trip, and x ls determined by its 
restriction P x — > K x , which is a homomorphism of abelian groups. Notice that K x is divisible, 
hence it is injective in the category of abelian groups; since the unit of adjunction P — > P sat is 
local (lemma [2 . 2 . 9( iii)) . it follows that x extends to a local morphism x' '■ P sat K. Notice 
that Q <g) P K = Q sat ®p sa t K (lemma l2~XT27 iv)). hence we may replace P by P sat and Q by 
Q sat , which allows to assume from start that Q is saturated. In this case, by theorem \5 . 5 . 2 8( i) . 
both K[P] and K[Q] are Cohen-Macaulay; since K[X] is flat, theorem 0330] and [Ell Ch.IV, 
Cor.6.1.2] imply that Q ®p K is Cohen-Macaulay as well. 

(ii): Let Q = © 7gr Q 7 be the A-grading of Q (see remark l2.2.5f iii)). Under the current 
assumptions, A is exact (lemma [2 . 2 . 30r ii) ) . consequently Q = P (remark l2.2.5r v)). Moreover, 
Q 7 is a finitely generated P-module, for every 7 G T (corollary 12.4.31) . hence either Q 7 = 0, 
or else Q 7 is a free P-module of rank one, say generated by an element m 7 (remark l2.2.5f iv)). 
Furthermore, = for every integer k > and every 7 G T (proposition 12.2.3 fl) . Thus, 
whenever Q 7 7^ 0, the element m 7 ®1 is abasis of the ^-vector space Q^® P K, and (w 7 ®l) fc is 
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a basis of Q kl (g>p K, for every k > 0; especially, w 7 ® 1 is not nilpotent. In view of proposition 
|3.2.12r ii), the contention follows. □ 

5.7.7. Let / : (X, M) — > (Y, N_) be a smooth and log flat morphism of fine log schemes. For 
every n E N, let U (/, n) C X be the subset of all x E X such that rk^Coker (log /|) gp = n, 
for any r-point a 7 localized at x. By lemma |5T2.2ir iii), U (f, n) is a locally closed subset (resp. 
an open subset) of X, for every n > (resp. for n = 0). 

Theorem 5.7.8. In the situation of (15.7.71) . we have : 

(i) / is aflat morphism of schemes. 

(ii) Forally E Y, every connected component of f~ x {y), is pure dimensional, and f~ l {i/)P\ 
U n is either empty, or else it has pure codimension n in f~ x {y),for every n G N. 

(iii) Moreover, if f is saturated, we have : 

(a) The strict locus Str(/) off is open in X, and Str(/) fl f^ 1 (y) is a dense subset of 
f~ l {y),for every y G Y. 

(b) f~ x {y) is geometrically reduced and Cohen-Macaulay, for every y EY. 

(c) Coker (log /|) sp is a free abelian group of finite rank, for every r-point x of X. 

Proof. Let £ be any r-point of X; according to corollary 15. 1 .331 there exists a neighborhood V 
of £, and a fine chart Py — > N_\v, such that P gp is a free abelian group of finite rank, and the 
induced morphism of monoids P — > & Y £ is local. 

By lemma [5TT21 [31, Ch.IV, Th.2.4.6, Prop.2.5.1] and 03 Ch.IV, Prop.17.5.7], it suffices 
to prove the theorem for the morphism / x Y V : (X, M) x Y V — > (V, Ni v ). Hence we may 
assume from start that N_ admits a fine chart (3 : Py — > N_, such that P gp is torsion-free and the 
induced map P — ► is local. 

Next, by theorem|5337l remark EEIHi), [31, Ch.IV, Th.2.4.6] and [J33l Ch.IV, Prop.17.5.7] 
(and again lemma 15". 1.121) we may further assume that / admits a fine chart (/3,ujq : Q x — > 
M, A), such that A is injective, the torsion subgroup of Coker A gp is a finite group whose order 
is invertible in X , an d the induced morphism of schemes X — > Y x SpecZ [g] Spec Z[P] is etale. 
Moreover, by theorem r5.1.35r iii), we may assume - after replacing Q by a localization, and X 
by a neighborhood of £ in X r - that the morphism A : P — » Q is integral (resp. saturated, if / 
is saturated), and the morphism Q — > &x,e, induced by up^ is local, so A is local as well. 

In this case, the same sort of reduction as in the foregoing shows that, in order to prove (i) 
and (ii), it suffices to consider a morphism / as in (|5.7I) . for which these assertions have already 
been established. Likewise, in order to show (iii), it suffices to consider a morphism / as in 
(I5.7.5I ). For such a morphism, assertions (iii. a) and (iii.c) are already known, and (iii.b) is an 
immediate consequence of lemma [577] 61 □ 

Theorem l5.7.8r iii) admits the following partial converse : 

Proposition 5.7.9. Let f : (X, M ) — > (Y, N_) be a smooth and log flat morphism of fs log 
schemes, such that f~ l (y) is geometrically reduced, for every y EY. Then f is saturated. 

Proof. Fix a r-point £ of X; the assertion can be checked on stalks, hence we may assume that 
N admits a fine and saturated chart (3 : Py — > N_ (lemma [5.1.1 6f iii)). such that the induced 
morphism ot P : P — » &yj(£\ is local (claim [57l. 291 ). Then, by corollary 15.3.421 we may find 
an etale morphism g : U — > X and a r-point £' of U with #(£') = £, such that the induced 
morphism of log schemes fa : (U, g*M_) — > (Y, N_) admits a fine and saturated chart (/?, ojq : 
Qa — > g*M, A), where A is injective, and the induced ring homomorphism 

(5.7.10) Q ®p 0ym) -> 0V£ 

is etale. By [33, Ch.IV, Prop.17.5.7], the fibres of fa are still geometrically reduced, hence 
we are reduced to the case where U — X and £ = Furthermore, after replacing Q by a 
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localization, and X by a neighborhood of £, we may assume that the map cxq : Q — ■> 
induced by tug ^ is local and A is integral (theorem |5TTT35jiii) and lemma |2T2.9I X)). Lastly, let K 
be the residue field of &y, f {£)'■, our assumption on f~ l (y) means that the ring A := 0x,£®0y fii) K 
is reduced. 

We shall apply the criterion of proposition l2.2.31[ Thus, let Q = 7er Q 7 be the A-grading 
of Q and notice as well that A is a local morphism (since the same holds for ap and acq), 
therefore it is exact (lemma [2 .2 . 30r ii)) : consequently Q = P (remark l2.2.5r v)). Moreover, Q 7 
is a finitely generated P-module, for every 7 G Y (corollary 12.4.31) . hence either Q 1 = 0, or 
else Q 7 is a free P-module of rank one. 

We have to prove that Q 7 = Q kl for every integer k > and every 7 G P In case Q 7 = 0, 
this is the assertion that = as well. However, since Q is saturated, the same holds for 
p := (AP)- 1 Q/(AP) gp gemma fUMi ji)). so it suffices to remark that P C T is precisely the 
submonoid consisting of all those 7 G T such that Q 7 7^ 0. 

Therefore, fix a generator w 7 for every P-module Q 7 7^ 0, and by way of contradiction, 
suppose that there exist 7 G P and > such that does not generate the P-module Q^', 
this means that there exists a E trip such that = a ■ u^. Now, notice that the induced 
morphism of monoids (3 : P — > K is local, especially (3(a) = 0, therefore (w 7 ® l) fc = in the 
X-algebra Q ®p K. Denote by I C Q ®p K the annihilator of w 7 ® 1, and notice that, since 
(15.7.101 ) is flat, I A is the annihilator of the image vl of w 7 <8> 1 in A. 

On the other hand, it is easily seen that I is the graded ideal generated by [u^ (g) 1 | \i G T") 
where r" C r" is the subset of all /i such that w 7 • w M is not a generator of the P-module Q 7+Ai . 
Clearly Q x for every G T", therefore the image of w M ® 1 in A lies in the maximal ideal. 
Therefore /A 7^ A, i.e. v! is a non-zero nilpotent element, a contradiction. □ 

5.7. 1 1 . Let (X, M) be any log scheme, and x any geometric point, localized at a point x EX. 
Suppose that y G X is a generization of x, and y a geometric point localized at then, arguing 
as in (11.7.901 ), we may extend uniquely any strict specialization morphism X(y) — > X(x) to a 
morphism of log schemes (X(y),M_(y)) — > (X(x),M(a;)) fitting into a commutative diagram 

{X{y),M(y)) »(X(y),M(y)) 

" 

(X(x),M(x)) (X(x),M(x)) 

whose right vertical arrow is induced by the natural isomorphism 

(X(y),M{y)) ^ (X(x),M(x)) x x(x) X(y). 
A simple inspection shows that the induced morphism 

T(X(x),M(x)f - T{X{y),M{y)f 
is naturally identified with the morphism Mi — > M| obtained from the specialization map 

5.7.12. Let g : (X, M) — > (Y,N_) be a morphism of log schemes, x any geometric point of 
X, and set y := The log structures M — » &x and N_^> ff Y , an d the map log ^ induce a 
commutative diagram of continuous maps 



(5.7.13) 



X(x) Y(y) 
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(notation of ll .7.871) . and notice that tf% (resp. ijjy) maps the closed point of X(x) (resp. of Y{y)) 
to the closed point £ Spec (resp. t w £ Spec N_y). 

Proposition 5.7.14. In the situation of (15.7.121) . suppose that g is a smooth morphism of fine 
log schemes, and moreover : 

(a) either g is a saturated morphism 

(b) or (X, M) is afs log scheme. 

Then the following holds : 

(i) The map ■?/% restricts to a bijection : 

Max(^ 1 (y))^Max(^ 1 (%)). 

(ii) For every irreducible component Z of g^ l (lj), set 

(Z,M(Z)) ■= (X(x),M(x)) x xm Z. 

Then the K(y)-log scheme (Z, M(Z) red ) is geometrically pointed regular. (Notation of 
example 15 . 1 . 1 Of iv) and remark \5 .5 35\ ii). ) 

Proof. By corolrary |5. 1.331 there exists a neighborhood U ^Yoiy, and a fine chart (3 : Pu — > 
N_\u such that fly is a local morphism, and P SP is torsion-free. Now, let 

& := (felogtfe) : (X{x),M{x)) - (Y(y),N{v)) 

be the morphism of log schemes induced by g (notation of 15.7. 1 II) : by theorem [53371 we may 
find a fine chart for g w of the type (ii./3, lo, X : P — >• Q), where A is injective, and the order of 
the torsion subgroup of Coker A gp is invertible in &x,x- Moreover, set R := &Y(y),y\ men me 
induced map Xix) — > Spec Q <S>p R is ind-etale, and - after replacing Q by some localization 
- we may assume that u T ■ Q — > &x(x),x is local (claim [571.291) . hence the same holds for A. 
Furthermore, under assumption (a) (resp. (b)), we may also suppose that Q is saturated, by 
lemmata |2.2.9r ii) and |5.1.16U i) (resp. that A is saturated, by theorem [5. 1 .35 [ in) ) . 

Let us now define / : S' — > S as in (15.71) : notice that u% induces a closed immersion Y(y) — > 
S 1 , and we have a natural identification of -schemes : 

SpecQ® P R = Y(y) x s S'. 

Denote by s the image of y in S, and s' the image of x in Y(y) x s S' C 5"; there follows an 
isomorphism of F(|/)-schemes : 

X(x)^Y(y)x si s) S'(s') 
([33, Ch.IV, Prop. 18. 8. 10]). Moreover, our chart induces isomorphisms : 

Spec Mj; ^* Tq Spec N_y ^ T P 

which identify ip^ to the map cp : Tq — > T P of (I5.7I ). In view of these identifications, we see that 
(15.7.131 ) is the restriction to the closed subset X(x), of the analogous diagram : 

S'(s>) S(s) 



T Q ^^Tp. 



We are thus reduced to the case where X = S', Y = S and g = f. Moreover, let s (resp. s') 
be the support of s (resp. of s'); the morphism n : S'(s') — > S"(s') is flat, hence it restricts to a 
surjective map 

Max(/ S 7 1 s) -> Max(/ S 7 1 s). 
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In order to prove (i), it suffices then to show that the map Max(/^7 1 s) — > Max(</? _1 mp), defined 
as the composition of the foregoing map and the surjection (15.7.41) . is injective. This boils 
down to the assertion that, for every q G Max(y9 _1 mp) the point s' lies on a unique irreducible 
component of the fibre 7r _ " L (/7 s 1 /s). However, let f3 : P — > k(s) be the composition of the chart 
P — ► R and the projection R — > k(s); then /J^s) = SpecQ/q ®p k(s). Since 7r is ind-etale, 
the assertion will follow from 11331 Ch.IV, Prop. 17.5.7] and corollary 15 .5 .401 together with : 

Claim 5.7.15. The log scheme W q := Spec(Z, Q/q) x SpecZ [p] Specft(s) is geometrically 
pointed regular. 

Proof of the claim. To ease notation, set F := Q \ q; by assumption A _1 F = P x , so that 

Wq = (Wj)o where := Spec(Z, F) x Spcc(Zi p X) Spec «(s) 

(notation of (15.2.131) : notice that the log structures of Spec(Z, P x ) and Spec/t(s) are trivial). 
Moreover, let Ap : P x — > F be the restriction of A; then AfP is injective, and 

CokerAfP C Coker A SP 

(corollary 12.233( 1)), hence the order of the torsion subgroup of CokerAfP is invertible in @$,s- 
Moreover, if A is saturated, then the same holds for Ap (corollary I2.233f ii)). and it is easily 
seen that, if Q is saturated, the same holds for F. Consequently, the morphism Spec(Z, Ap) is 
smooth (proposition (53341). The same then holds for the morphism WL — > Spec k(s) obtained 
after base change of Spec(Z, Ap) along the morphism h : Spec(Z, P x ) — > Spec k(s) induced 
by (3 (propo sition 153. 24T ii) ) . 

Now we notice that under either of the assumptions (a) or (b), WL is a fs log scheme. Indeed, 
under assumption (b), this follows by remarking that Spec k(s) is trivially a fs log scheme, and 
Spec(Z, Ap) is saturated. Under assumption (a), Spec(Z, F) is a fs log scheme, and it suffices 
to observe that h is a strict morphism. Lastly, since the morphism W' — > Spec k(s) is obviously 
saturated, we apply corollary |5.5.56| to conclude. 

(ii): In light of the foregoing, we see that, for any irreducible component Z of g- 1 ^), there 
exists a unique C\(Z) E Max(y9 _1 mp) such that Z is isomorphic to the strict henselization of 
/q(2)( s )' at me geometric point s'. Notice now that the log structure of W^z) is reduced, by 
virtue of claim 15 .7 .151 and proposition l5.5.63[ then, a simple inspection of the definitions shows 
that (Z, M_(Z) ved ) is isomorphic to the strict henselization W^z)(s'). Invoking again claim 
15.7.151 we deduce the contention. □ 

5.7. 16. In the situation of (15.7.121) . suppose moreover that Y is a normal scheme, and (Y, N\ r 
is a dense subset of Y. Let fj be a geometric point of Y(y), localized at the generic point rj. Let 

(U q \qe SpecM^) 

be the logarithmic stratification of (X(x), M(£)) (see (15.5.601) ). Notice that ^(g" 1 ^)) lies in 
the preimage S C Spec of the maximal point of Spec N$; therefore, % 1 (r/) is the union 
of the subsets U q x Y \t)\, for all q G S. 

Proposition 5.7.17. In the situation of (15.7.161) . suppose that g is a smooth morphism of fine 
log schemes. Then the following holds : 

(i) X is a normal scheme. 

(ii) The scheme g^ 1 ^) is normal and irreducible. 

(iii) For every q G S, the K{rj)-scheme U q x Y \f]\ is non-empty, geometrically normal and 
geometrically irreducible, of pure dimension dim g^ 1 (77) — lit q. 

(iv) Especially, setW := (X(x)\U ) x Y \rj\; then ip T induces a bijection : 

Max(W) A {q G E | htq = 1}. 
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(v) For every w E Ma.x(W), the stalk & gZ 1 (rj),w 25 a discrete valuation ring. 

Proof. Set R := &Y(g\,y\ arguing as in the proof of proposition ^ .7.141 we may find : 

• a local, flat and saturated morphism A : P — > Q of fine monoids, such that the order of 
the torsion subgroup of Coker A gp is invertible in R; 

• local morphisms of monoids P — > R, Q — > &x{w),x which are charts for the log struc- 
tures deduced from N_ and respectively M, and such that the induced morphism of 
Y(y) -schemes X(x) — »■ Spec Q Cg>p R is ind-etale. 

By (331 Ch.IV, Prop. 17.5.7], we may then assume that (X,M) (resp. (Y, jV)) is the scheme 
Spec Q ®p R (resp. Spec R), endowed with the log structure deduced from the natural map 
Q — > Q ®p R (resp. the chart P — > and g is the natural projection. Suppose first that R 
is excellent, and let R! be the normalization of R in a finite extension .K 7 of Frac(-R); then R' 
is also strictly local and noetherian, and if y' denotes the closed point of Y' : = Spec R', then 
the residue field extension n(y) C n(y') is purely inseparable. Set (X 1 , M' ) := (X, M) x Y Y', 
(Y',If) := (Y,N) x y Y', and let g' : (X',M!) -> (Y',^') be the induced morphism of 
log schemes; it follows especially that the restriction g'~ l (y') — > g~ l {y) is a homeomorphism 
on the underlying topological spaces. Hence, there is a geometric point af of X', unique up 
to isomorphism, whose image in X agrees with x, and we easily deduce an isomorphism of 
Y-schemes ([33, Ch.IV, Prop.18.8.10]) 

(5.7.18) X'(x') A X(x) x y Y'. 

Let T}' be the generic point of Y'\ by assumption, TAT' is trivial in a Zariski neighborhood of r/, 
hence (X', iV') Xy/ |r/| is a fs log schemes (since g is saturated), and then the same log scheme 
is also regular (theorem [5335]), therefore (r/) is a normal scheme (corollary 15 .5 .401) . On the 
other hand, R' is a Krull domain (see remark [6. 1.271) . and g' is flat with reduced fibres (theorem 
|5.7.8r iii.b)), so X' is a noetherian normal scheme (claim [671.321) , and consequently the same 
holds for X'(x') ([33, Ch.IV, Prop. 18.8. 12(i)]); especially, the latter is irreducible, so the same 
holds for X'ix') x Y > \t}'\. In view of (15.7.181 ), it follows that X(x) x Y \r]'\ is also normal and 
irreducible. Since K' is arbitrary, this completes the proof of (i) and (ii), in this case. 

Next, if R is any normal ring, we may write R as the union of a filtered family | % e I) 
of excellent normal local subrings ( OTl Ch.IV, (7.8.3)(ii,vi)]). For each i E I, denote by y i 
the image of y in Spec Ri\ then the strict henselization Rf 1 of Ri at y i is also a subring of R, 
so we may replace Ri by Rf 1 , which allows to assume that each Ri is strictly local, normal 
and noetherian ( J33l Ch.IV, Prop.l8.8.8(iv), Prop. 18.8. 12(i)]). Up to replacing I by a cofinal 
subset, we may assume that the image of P lies in Ri, for every % 6 I. For each i & I, set 
Xi := Spec Q ®p Ri, Yi := Spec Ri, and endow X^ (resp. Yj) with the log structure Mj (resp. 
N_i) deduced from the natural map Q — > Q ®p Ri (resp. P — ► i?j). There follows a system 
of morphisms of log schemes ^ : (Xj, Mj) — > (Y^iVj) for every i E I, whose limit is the 
morphism g. Moreover, since (Y, N_) tr is dense in Y, the image of P lies in i?\{0}, hence it lies 
in Ri \ {0} for every i E I, and the latter means that (Yi, iVj) tr is dense in Yi, for every i E I. 
Let 7^ (resp. Xj) be the image of fj (resp. of af) in Yi (resp. in Xj); moreover, for each i E I, 
let Xi E Xi be the support of Xi. By the previous case, we know that g^.(rji) is normal and 
irreducible. However, X (resp. g~ 1 (fj)) is the limit of the system of schemes (X, | i E I) (resp. 
(g^XVi) I * e -0)> so ( x ) an( i (^) follow. (Notice that the colimit of a filtered system of integral 
(resp. normal) domains, is an integral (resp. normal) domain : exercise for the reader.) 

(iii): For every q E SpecQ = Spec M- , set X q := SpecQ/q Cg>p R; since the chart Q — > 
^(x),^ is local, it is clear that x E X q for every such q, and : 

X q (x) = |J U p . 

peSpecQ/q 
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If ip(q) = 0, the induced map P — > Q/q is still flat (corollary 12.1.471) . hence the projection 
X q (x) — > Y is a flat morphism of schemes, especially g^ l (r]) n X q (x) ^ 0. Furthermore, the 
subset X q (x) is pure-dimensional, of codimension ht q in g^iji), by (15.7.21) and OH Ch.IV, 
Cor.6.1.4]. It follows that U q is a dense open subset of X q (x). To conclude, it remains only 
to show that each X q (x) is geometrically normal and geometrically irreducible; however, let 
j q : X q — > X be the closed immersion; the induced morphism of log schemes g q : (X q , j*M) — > 
(y, N) is also smooth, hence the assertion follows from (ii). 

(iv) is a straightforward consequence of (iii). 

(v) : Notice that A : = w is ind-etale over the noetherian ring Q ®p nirj), hence its 
strict henselization is noetherian, and then A itself is noetherian ([33, Ch.IV, Prop.l8.8.8(iv)]). 
Since X is normal, and w is a point of height one in g^ x (jj), we conclude that A is a discrete 
valuation ring. □ 

6. ETALE COVERINGS OF SCHEMES AND LOG SCHEMES 

6.1. Acyclic morphisms of schemes. For any scheme X, we shall denote by : 

Cov(X) 

the category whose objects are the finite etale morphisms E — > X; the morphisms (E — > X) — > 
(E' — > X) are the X-morphisms of schemes E — > E'. By faithfully flat descent, Cov(X) is 
naturally equivalent to the subcategory of X^ t consisting of all locally constant constructible 
sheaves. If / : X — > Y is any morphism of schemes, and ip : E — > Y is an object Cov(F), 
then f*ip := x Y X : E x Y X — > Xisan object of Cov(X); more precisely, we have a 
fibration : 

(6.1.1) Cov^Sch 

over the category of schemes, whose fibre, over any scheme X, is the category Cov(X). 

Lemma 6.1.2. Let f be a morphism of schemes, and suppose that either one of the following 
conditions holds : 

(a) / is integral and surjective. 

(b) / is faithfully flat. 

(c) / is proper and surjective. 

Then f is of universal 2-descent for the fibred category (16.1.11 ). 

Proof. This is [4, Exp.VIII, Th.9.4]. □ 

Lemma 6.1.3. In the situation of definition 14.3.40] suppose that Lef (X, Y) holds. Let U C X 
be any open subset such that Y C U, and denote by j : Y — » U the closed immersion. Then the 
induced functor 

j* : Cav(U) -> Cov(F) 

is fully faithful. 

Proof. Let Cov(X) be the full subcategory of <^£-Alg lfft consisting of all finite etale 
algebras (notation of lemma |4".3.41f ii)); the category Cov(Z7) is a full subcategory of the cat- 
egory &u-Alg m , so lemma |4!3.4ir ii) already implies that the functor Cov(U) — > Cov(3t) is 
fully faithful, hence we are reduced to showing that the functor : 

Cov(X) -> Cov(F ) a/ ^ Spec at ® ffx G Y 

is fully faithful. To this aim, let C 6x be the ideal defining the closed immersion Y C X; 
consider the direct system of schemes 

(Y n := Spec @ X /J? n+1 | n 6 N) 
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and let Cov(Y.) be the category consisting of all direct systems (E n \ n E N) of schemes, 
such that E n is finite etale over Y n , and such that the transition maps E n — > E n+1 induce 
isomorphisms E n ^ E n+ \ Xy n+1 Y n for every n E N. The morphisms in Cov(Y.) are the 
morphisms of direct systems of schemes. We have a natural functor : 

Cov(X) -> Cov(F.) ${ i-> (Spec ,^/^ n+1 ,^ \ n E N) 

which is fully faithful, by (261 Ch.I, Cor. 10.6.10(h)]. Finally, the functor Cov(Y.) -> Cov(F) 
given by the rule (E n \ n E N) — > £? is an equivalence, by |[3~3l Ch.IV, Th.18.1.2]. The claim 
follows. □ 

6.1.4. Consider now a cofiltered family ,Y := (S\ | A E A) of affine schemes. Denote by 5* 
the limit of and suppose moreover that A admits a final element E A. Let f : X — > 
be a finitely presented morphism of schemes, and set : 

X x := X x So S x f x := f x So S x : X x -> S A for every A G A. 

Set as well X := X x So S 1 and / := f x So S : X -> 5. For every A G A, let p A : 5 -> S x 
(resp. p' A : X — > X A ) be the natural morphism. 

The functors p' A * : Cov(X A ) — > Cov(X) define a pseudo-cocone in the 2-category Cat, 
whence a functor : 

(6.1.5) 2-colimCov(X A ) -> Cov(X). 

AeA 

Lemma 6.1.6. /n situation of (16.1.41 ), the functor (16.1.51 ) w an equivalence. 

Proof It is a rephrasing of (321 Th.8.8.2, Th.8.10.5] and J33l Ch.IV, Prop. 17.7.8(h)]. □ 

Lemma 6.1.7. Let X be a scheme, j : U —>■ X an open immersion with dense image, and 
f : X' —>■ X an integral surjective and radicial morphism. The following holds : 

(i) The morphism f induces an equivalence of sites : f* : X' &t — ► X$. t , and the functor 
f* : Cov(X) — > Cov(X') is an equivalence. 

(ii) Suppose that X is separated. Then : 

(a) The functor j* : Cov(X) — > Cov(?7) is faithful. 

(b) If moreover, X is reduced and normal, and has finitely many maximal points, j* is 
fully faithful, and its essential image consists of all the objects <p ofCov(U) such 
that ip x x X(x) lies in the essential image of the pull-back functor : 

Cav(X(x)) -> Cov(X(x) x x U) 

for every geometric point x of X. (Notation of definition 11.7. 85T ii). ) 

(iii) Furthermore, if X is locally noetherian and regular, and X\U has codimension > 2 
in X, then j* is an equivalence. 

Proof, (i) follows from H Exp.VIII, Th.1.1]. 

(ii.a): Indeed, let (p : E — > X be any finite etale morphism; it is easily seen that E is a 
separated scheme, and since tp is flat and U is dense in X, we see that E x x U is a dense 
subscheme of E, so the claim is clear. 

(ii.b): Choose a covering X = \J ieI Vi consisting of affine open subsets, and let 

g:X' :=]Jv;-X 
iei 

be the induced morphism; set also j- := j x x V% for every i E I. By lemma |6.1.2[ g is 
of universal 2-descent for the fibred category Cov. On the other hand, X" := X' Xj( X' is 
separated, and the induced open immersion j" : U x x X" — > X" has dense image, hence 
the corresponding functor j"* is faithful, by (i). By corollary ll.4.34r ii). the full faithfulness 
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of j* follows from the full faithfulness of the pull-back functor f* corresponding to the open 
immersion j' := j x x X'. The latter holds if and only if the same holds for all the pull-back 
functors j'*. Hence, we may replace X by Vi, and assume from start that X is affine, say 
X = Spec A. Let r)i,...,r] s e X be the maximal points. Under the current assumptions, 
A is the product of s domains, and its total ring of fractions Frac A is the product of fields 
K (Vi) x • • • x K-(f]s)- Let E — > X and E' — > X be two objects of Cov(X), and h : E x x U — > 
E' x x U a morphism; we may write E = Spec B, E' = SpecB' for finite etale A-algebras 
B and B' , and the restrictions h Vi := h x v X{rji) : E{rji) — > E'fa) induce a map of Frac A- 
algebras 

s 

frj : = Y[ h\. : 5' ® A Frac A^ B® A Frac A. 

i=l 

On the other hand, by 11331 Ch.IV, Prop. 17.5.7], B (resp. B') is the normalization of A in 
B ®a Frac A (resp. in £?' ®^ Frac A). It follows that ftl restricts to a map 5' — > £>, and the 
corresponding morphism E — > is necessarily an extension of /i. This shows that j* is fully 
faithful. To proceed, we make the following general remark. 

Claim 6.1.8. Let Z be a scheme, Vo C Z an open subset, and : i£ — > Vq an object of 
Cov(Vo). Suppose that, for every open subset V C Z containing Vo, the pull-back functor 
Cov(V) — > Cov(Vq) is fully faithful. Let be the family consisting of all the data (V, ip, ot) 
where V C X is any open subset with V C V, ip : E v — > V is a finite etale morphism, and a : 
•0 -1 Vo ^ -E is an isomorphism of Vo-schemes. & is partially ordered by the relation such that 
(V, ip, a) > (V, ip', a') if and only if V C V and there is an isomorphism (3 : ip^V' ^> £V' 
of V'-schemes, such that a' o Pu-iyi = au-iy. Then admits a supremum. 

Proof of the claim. Using Zorn lemma, it is easily seen that & admits maximal elements, and it 
remains to show that any two maximal elements (V, ip, a) and (V, a', ip) are isomorphic; to see 
this, set V" := V D V : by assumption, the isomorphism a'^ 1 o a : ip^Vo ^' _1 Vo extends 
to an isomorphism of V"-schemes ip~~ x V" ^ ip'~ l V" , using which one can glue Ey and Eyi 
to obtain a datum (V U V, V 1 ", «") which is larger than both our maximal elements, hence it is 
isomorphic to both. 

Claim 6.1.9. In the situation of claim [6TTT81 suppose that Z is reduced and normal, and has 
finitely many maximal points. Let (U max , ip, a) be a supremum for & , and ~z a geometric point 
of Z, such that the morphism <p x z Z(z) extends to a finite etale covering of Z(z); then the 
support of z lies in Umax- 
Proof of the claim. By lemma \6. 1.61 there exists an etale neighborhood g : Y — ► Z of z, with 
Y affine, a finite etale morphism ip Y '■ E Y — > Y, and an isomorphism h : cp x v Y ~ (p Y x z U . 
We have a natural essentially commutative diagram : 

Cav(gY) Desc(Cov,#) Cov(F) 

Cov{U n gY) Desc(Cov, gx z U) Coy iY x z U) 

where a and (3 are equivalences, by lemma |6~. 1.21 Moreover, let Y' := Y x z Y and Y" : = 
Y' x z Y; by the foregoing, the functors 

Cov(y') -> Cov(F / x z Z7) and Cov(F") -> Cov(F" x z t/) 

are fully faithful, hence the right square subdiagram is 2-cartesian (corollary 1 1 .4.34r hT)). Thus, 
the datum (<px z gY, <p Y , h) determines an object ip' of Cov(gF), together with an isomorphism 
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if' x z U ~ <fiXz gY, which we may use to glue cp and cp' to a single object cp" of Cov(f7 U gY) . 
The claim follows. 

The foregoing shows that the assumptions of claim (67T8] are fulfilled, with Z := X , V := U 
and any object cp of Cov(Z7), hence there exists a largest open subset U m3iX C X over which cp 
extends. However, claim |6. lT9l shows that U max = X, so the proof of (ii.b) is complete. 

(iii): In view of (ii.b) and 11331 Ch.IV, Cor.18.8.13], we are reduced to the case where X is 
a regular local scheme, and it suffices to show that j* is essentially surjective. We argue by 
induction on the dimension n of X\U . If n = 0, then X\U is the closed point, in which case 
it suffices to invoke the Zariski-Nagata purity theorem ( 11421 Exp.X, Th.3.4(i)]). Suppose n > 
and that the assertion is already known for smaller dimensions. Let cp be a given finite etale 
covering of U, and x a maximal point of X\U; then X(x)\U = {x}, so <p\unx(x) extends 
to a finite etale morphism cp x over X(x). In turns, cp x extends to an affine open neighborhood 
V C X of X, and up to shrinking V, this extension cp' agrees with cp on U fl V, by lemma 
16.1.61 Hence we can glue cp and cp', and replace U by U U V. Repeating the procedure for every 
maximal point of X \ U, we reduce the dimension of X \ U; then we conclude by the inductive 
assumption. □ 

Definition 6.1.10. Let / : X — > S be a morphism of schemes, x a geometric point of X 
localized at x G X; and set s := f(x),s := fix). Let also n G Nbe any integer, and LcN 
any non-empty set of prime numbers. 

(i) We say that x is strict if k(x) is a separable closure of k(x). (Notation of (11.7.841) .) 

(ii) We associate to x a strict geometric point x 8 *, constructed as follows. Let n(x st ) : = 
n(x) s , the separable closure of k(x) inside k(x); then the inclusion /t(x st ) C n(x) 
defines a morphism of schemes : 

(6.1.11) |x| -> |x st | := SpecK(x st ) 

and x is the composition of (16.1.1 II) and a unique strict geometric point 

— St I —St I V" 

x : \x | — > X 

localized at x. 

(iii) Let / : X — > Y be a morphism of schemes; we call f(x) st the .stnct image of x in K. 
Notice that the natural identification |x| = induces a morphism of schemes : 

- |/(x) st |. 

(iv) Denote by fx ■ X(x) — > 5(s) the morphism of strictly local schemes induced by /. 
We say that / is locally (—l)-acyclic at the point x, if the scheme f^ 1 ^) is non-empty 
for every strict geometric point £ of S(s). 

(v) We say that / is locally 0-acyclic at the point x, if the scheme f^ 1 (£) is non-empty and 
connected for every strict geometric point £ of S(s). 

(vi) We say that a group G is a finite h-group if G is finite and all the primes dividing 
the order of G lie in L. We say that G is an h-group if it is a filtered union of finite 
L-groups. 

(vii) We say that / is locally 1-aspherical for L at the point x, if we have : 

H\f^(0et,G) = {l} 

for every strict geometric point £ of S(s), and every L-group G (where 1 denotes the 
trivial G-torsor). 

(viii) We say that / is locally {—l)-acyclic (resp. locally 0-acyclic, resp. locally 1-aspherical 
forh), if / is locally (—1) -acyclic (resp. locally 0-acyclic, resp. locally 1-aspherical 
for L) at every point of X. 
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(ix) We say that / is (— l)-acyclic (resp. 0-acyclic) if the unit of adjunction : & — > f*f*<^ 
is a monomorphism (resp. an isomorphism) for every sheaf & on 

See section [T31 for generalities about G-torsors for a group object G on a topos T. Here we 
shall be mainly concerned with the case where T is the etale topos X£ t of a scheme X, and G 
is representable by a group scheme, finite and etale over X. In this case, using faithfully flat 
descent one can show that any G-torsor is representable by a principal G -homogeneous space, 
i.e. a finite, surjective, etale morphism E — > X with a G-action G — > Autx(-E) such that the 
induced morphism of X-schemes 

G x E -> E x x E 

is an isomorphism. 

6.1.12. If Gx is the constant X^ -group arising from a finite group G and X is non-empty and 
connected, right Gx-torsors are also understood as G- valued characters of the etale fundamental 
group ofX. Indeed, let £ be a geometric point of X: recall ( Il40l Exp.V, §71) that n := 7ti(X 6t ,£) 
is defined as the automorphism group of the fibre functor 

F 6 : Cov(X) -> Set (E U X) i-> /-^. 

We endow 7r with its natural profinite topology, as in (19.1.71) , so that F% can be viewed as an 
equivalence of categories 

F c : Cov(X) -> vr-Set 

(see (19X71) ). 

Lemma 6.1.13. /n f/ie situation of (|6. 1.12b . ?/zere exists a natural bijection of pointed sets : 

H X {X^ G x ) -> H cont (-K, G) 

/rom ?/ze pointed set of right Gx-torsors, to the first non-abelian continuous cohomology group 
of P with coefficients in G (see (19.1.1b ). 

ZVoo/ Let / : i£ — > X be a right Gx-torsor, and fix a geometric point s G F^(E); given any 
ex G 7r, there exists a unique g S;CT G G such that 

s • g Sja = a E (s). 

Any g G G determines a X-automorphism gE '■ E ^ E, and by definition, the automorphism 
F$(9e) on F^(E) commutes with the left action of any element r G it; however F^e) is just 
the right action of g on F%(E), hence we may compute : 

S ■ g s ,r ■ g S ,a = (Tb(s)) • 9s,a = T E {s ' g a ,r) = T~E ' CT E (s) 

so the rule a i— »■ <7 S)(T defines a group homomorphism p s j : n — > G which is clearly continuous. 
We claim that the conjugacy class of p s j does not depend on the choice of s. Indeed, if s' G 
F%(E) is another choice, there exists a (unique) element h G G such that fo(s) = s'; arguing as 
in the foregoing we see that a E commutes with the right action of h on F^(E). In other words, 
a E {s) = h.- 1 o a E (s'), so that g 8 , %a = ho g sa o hr 1 . 

Therefore, denote by pj the conjugacy class of p s j; we claim that pj depends only on the 
isomorphism class of the Gx-torsor E. Indeed, any isomorphism t : E ^> E' of right Gx- 
torsors induces a bijection F^(t) : F%(E) A F^(E'), equivariant for the action of G, and for any 
a G 7r we have F^(t) o <je = <Je' ° F^(t), whence the assertion. 

Conversely, given a continuous group homomorphism p : n — > G, let us endow G with 
the induced left 7r-action, and right G-action. Then G is an object of 7r-Set, to which there 
corresponds a finite etale morphism E p — > X, with an isomorphism _E P Xx |£| — ► G of sets with 
left 7r-action. Since the right action of G is 7r-equivariant, we have a corresponding G-action 
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by X-automorphisms on E p , so E p is G-torsor, and its image under the map of the lemma is 
clearly the conjugacy class of p. 

Finally, in order to show that the map of the lemma is injective, it suffices to prove that, for 
any right G^-torsor (/ : E — > X,(p : E x G — > E) and any s G F${E), there exists an 
isomorphism of right Gx-torsors E Ps . ^ E. However, s and p s j determine an identification 
of sets with left ir- action : 

(6.1.14) G^F^E) 

whence an isomorphism t : E Ps . E in Cav(X). Moreover, (16.1.141) also identifies the 
right G-action on F^(E) to the natural right G-action on G; the latter is 7r-equivariant, hence it 
induces a right G-action (p' : E x G — ► E, such that t is G-equivariant. To conclude, it suffices 
to show that cp = <p'. In view of [33, Ch.IV, Cor. 17.4.8], the latter assertion can be checked on 
the stalks over the geometric point £, where it holds by construction. □ 

Remark 6.1.15. (i) In the situation of (16.1.121) . let E — > X be any right Gx-torsor, and 
p E : 7r — ► G the corresponding representation. Then the proof of lemma [6". 1.131 shows that 
the left 7r-action on F^(E) is isomorphic to the left 7r-action on G induced by p E \ especially, p E 
is surjective if and only if n acts transitively on F^(E), if and only if the scheme E is connected 
(since a decomposition of E into connected components corresponds to a decomposition of 
F^(E) into orbits for the 7r-action). 

(ii) Let (p : G' — > G be a homomorphism of finite groups, and 

HloA 7 *, <p) ■ Hl ont (7i, G') -> Hl ont (7f, G) 

the induced map. Denote by r (resp. I) the right (resp. left) translation action of G on itself. Let 
also E' — >• X be a principal G'-homogeneous space, given by a map p : G' — > Autx(E'), and 
denote by d e Hl ont (ir, G') the class of E' . Then the class c := H^ ont (n, <p) (c) can be described 
geometrically as follows. The scheme E' x G admits an obvious right G-action, induced by r. 
Moreover, it admits as well a right G'-action : namely, to any element g E G', we assign the 
X-automorphism p g x l v ( g -i) : E' x G ^ E' x G. Set E := (E x G)/G'; it is easily seen 
that E is a principal G-homogeneous space, and its class is precisely c (the detailed verification 
shall be left as an exercise for the reader). 

(iii) Consider a commutative diagram of schemes 

E' >■ E 




/'X / f 
X 

and suppose that / (resp. /') is a G-torsor (resp. a G'-torsor) for a given finite group G (resp. 
G'). Then it is easily seen that there exists a group homomorphism ip : G' — > G, well defined 
up to composition with an inner automorphism of G, such that g induces a G'-equivariant map 

F^(E') -> Res(<^)F e (£). 

Moreover, let c (resp. c') denote any representative of the equivalence class of E (resp. E 1 ) in 
H^ ont (ir, G) (resp. H^ ont (ir, G')); in view of (ii), it is easily seen that 

H 1 (7r, V )(c')=c. 

In other words, the induced diagram of continuous group homomorphisms 

Triple) 
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commutes, up to composition with an inner automorphism of G. (Details left to ther reader.) 

Lemma 6.1.16. Let f : X — ► Y be a morphism of schemes, *S two sheaves on Y&. Then : 

(i) If & is locally constant and constructible, the natural map : 

is an isomorphism. 

(ii) Iff is 0-acyclic, the functor 

f* : Cov(F) -> Cov(X) : (E ^ Y) ^ (E x Y X ^ X) 
is fully faithful. 

Proof, (i): Suppose we have a cartesian diagram of schemes : 

g' 

r f 

9 

Then, according to (11.7.21) . we have a natural isomorphism : 

(an invertible 2-cell, in the terminology of (11.2.2I )). Now, if g - and therefore g' - is a covering 
morphism, -d g and i? s / are isomorphisms, and g'*"df is an isomorphism if and only if the same 
holds for §f. Summing up, in this case is an isomorphism if and only if the same holds for 
•§ft. Thus, we may choose g such that g* is a constant sheaf, and after replacing / by /', we 
may assume that & = Sy is the constant sheaf associated to a finite set S. Since the functors 

Jfomy~(-Sl):(^)^^ and /* : Y£ -> X£ 

are left exact, we may further reduce to the case where S = {1} is the set with one element, 
in which case & — ly is the final object of Y£, and f*J? = lx is the final object of X£. 
Moreover, we have a natural identification : 

J?om Y , 7 (lY,<g) A ^ : a^a(l) 

and likewise for J^bmjf~(ly, f*&)- Using the foregoing characterization, it is easily checked 
that, under these identifications, is the identity map of /*3f , whence the claim. 

(ii): It has already been remarked that Cov(Y) is equivalent to the category of locally con- 
stant constructible sheaves on Y&, and likewise for Cov(X). Let E and F be two objects of 
Cov(F); we have natural bijections : 

Hom Cov(x) (/* J E;, f*F) A T(X, J?om x ~(rE, f*F)) 

A r(F, fJ*J4?om Y ~ (E, F)) by (i) 

A r(F, JTomy^ (£, F)) since / is 0-acyclic 

^Homcovfy)^,^) 

as stated. □ 

Lemma 6.1.17. Let f : X — ► S be a quasi-compact morphism of schemes, and suppose that : 

(a) / is locally (— 1) -acyclic. 

(b) For every strict geometric point £ of S, the induced morphism : / _1 (£) — > |£| w 
0-acyclic (i.e. / ^as non-empty geometrically connected fibres). 

Then f is 0-acyclic. 
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Proof. Let & be a sheaf on For every strict geometric point £ of S, we have a commutative 
diagram : 

— - — - (f*r^h 

(6.1.18) 

n\z\,c&)-^nf-Kt),fi°?*) 

where e : — > f*f*J? is the unit of adjunction. The map a is an isomorphism, and the 
same holds for /|, since fa is 0-acyclic. Hence is injective, which shows already that / 
is (— l)-acyclic. It remains to show that is surjective. Hence, let t G (f*f*^)( be any 
section. From (16.1.181) we see that there exists a section t' E such that the images of t and 
agree on r(/ _1 (£), /| o We may find an etale neighborhood # : [/ — ► 5 of £, 

such that i' (resp. £) extends to a section t' v E ^(£7) (resp. G T(X x 5 U,f*J?)). Let 
X{/ := X x s U, fu f Xs U : X;/ — > £7, and for every geometric point x of Xy, denote by 
/* : ^ fu (x) -> the natural isomorphism (11.7.891) . We set 

V:= {ie^|t tv = j;^ i/M )} 

where x is any geometric point of X localized at x, and % )S £ (resp. e ^fu(x)) 

denotes the image of % (resp. of t'^). Clearly V is an open subset of X v , and we have : 

Claim 6.1.19. (i) 7 = f^fuiV). 
(ii) fu(V) C £7 is an open subset. 

Proof of the claim, (i): Given a point u E U, choose a strict geometric point w localized at u, 
and set s := g(u) st ; by assumption, the morphism f-g : — * \s\ is 0-acyclic, hence the 
image of t v in r(/ _1 (s), /J o s*^") is of the form f£t", for some t" E It follows that 
V fl f^ l {u) is either the whole of fu l {u) or the empty set, according to whether t" agrees or 
not with the image of t' v in = g*^u- 

(ii): The subset X\V is closed, especially pro-constructible; since / is quasi-compact, we 
deduce that fu(X\V) is a pro-constructible subset of U ((30l Ch.IV, Prop.l.9.5(vii)]). It then 
follows from (i) that fu(V) is ind-constructible, hence we are reduced to showing that fu(V) 
is closed under generizations ( 11301 Ch.IV, Th. 1.10.1]). To this aim, since V is open, it suffices 
to show that fu is generizing, i.e. that the induced maps Xu(x) — > U(u) are surjective, for 
every u E U and every x E /^(u). However, choose a geometric point x localized at x, and 
let u := since the natural maps Xu(x) — > Xu(x) and U(u) — > U(u) are surjective, it 

suffices to show that the same holds for the map fu,x '■ Xu(x) — > U(u). The image of x (resp. 
U) in X (resp. in S) is a geometric point which we denote by the same name; since the natural 
maps Xu(x) — > X(x) and U(u) — > S(u) are isomorphisms, we are reduced to showing that 
fx '■ X(x) — > S*(m) is surjective, which holds, since / is locally (— l)-acyclic. 

Set := /t/(V); in view of claim [6TT. 191 W is an etale neighborhood of £, and the natural 
map ^(W) — > f*JP(U) sends the restriction t'^^ of ^ to the restriction t^y of whence 
the claim. □ 



6. 1 .20. Consider now a cartesian diagram of schemes 



(6.1.21) 



X'-^X 

/' / 



S'— -^s 
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where g is a local morphism of strictly local schemes, and denote by s (resp. by s') the closed 
point of S (resp. of S'). Let x' G be any point, x' a geometric point of X' localized at 

x' , and set x := g'(x'), x := g'(x'). Then g' induces a morphism of S"-schemes : 

(6.1.22) X'{x') -*X(x) x s S'. 

Lemma 6.1.23. In the situation of (|6. 1.201) . suppose that g is an integral morphism. Then : 

(i) The induced morphism f'^ 1 (s l ) — > f^ 1 {s) induces a homeomorphism on the underly- 
ing topological spaces. 

(ii) (|6. 1.221) ZS an isomorphism. 

Proof. If g is integral, k(s') is a purely inseparable algebraic extension of k(s), hence the mor- 
phism T' := SpecK(s') — > T := Spec/t(s) is radicial, and the same holds for the induced 
morphisms : 

r\s') ^ r \ s ) x-pT' -> f-\s) f-\s) x T T'^ f-\s) 

([26, Ch.I, Prop.3.5.7(ii)]). Especially (i) holds, and therefore the natural map X'(x') — > 
X( x) Xg S' is an isomorphism; we see as well that f x T' is a local scheme. Then 

the assertion follows from |f33l Ch.IV, Rem. 18.8.11]. □ 

Proposition 6.1.24. Let f : X — > S and g : S' — > S be morphisms of schemes, with g quasi- 
finite, and set X' := X x s S'. Suppose that f is locally (— 1) -acyclic (resp. locally 0-acyclic); 
then the same holds for f := f x s S' : X' — > S'. 

Proof. Let s 1 be any geometric point of 5", and set s := g(s'). Denote by s G S (resp. s' G S 1 ) 
the support of s (resp. s'); then / is locally (—1) -acyclic at the points of / _1 (s), if and only 
if fs '■= f x s S(s) : X x s S(s) — > S(s) enjoys the same property at the points of /^" 1 (s). 
Likewise, /' is locally (—1) -acyclic (resp. locally 0-acyclic) at the points of / /-1 (s'), if and 
only if fL, : X' x s > S'(s') — > S'(s') enjoys the same property at the points of f-f 1 (s). Hence, 
we may replace g by g-gi : S'(s') — > S(s), and / by the induced morphism X x s S(s) — > S(s), 
which allows to assume that g is finite ([33, Ch.IV, Th. 18.5.1 1]), hence integral. Let £' (resp. 
x') be any strict geometric point of 5" (resp. of / /_1 (s')), and let £ := g(£') st , (resp. let x be the 
image of x' in X); we have natural morphisms : 

&\e)^x(x)x s e^f^(t). 

However, a is an isomorphism, by lemma l6Tl.23r ii). and (3 is a radicial morphism, since the field 
extension C is purely inseparable ([26, Ch.I, Prop. 3.5.7(H)]). The claim follows. □ 

Lemma 6.1.25. Let S be a strictly local scheme, s G S the closed point, f : X — > S a morphism 
of schemes, x (resp. a strict geometric point of (rasp. o/S 1 ). Then we may find : 

(a) A cartesian diagram (16.1.211 ). w'z7z 5" strictly local, irreducible and normal. 

(b) A strict geometric point x' of f'^ 1 (s') with g'(x') st = x. 

(c) A strict geometric point £' of S' localized at the generic point of S', with g(£') st = 6 
an J 5«c^ that (16.1.221) induces an isomorphism : 

(6-1.26) /^(O - /^(O- 

Proof. Denote by Z C S the closure of the image of £, endow Z with its reduced subscheme 
structure, set Y := X x s Z C X, and let /% : Y(x) — > Z be the natural morphism. Then 
Z is a strictly local scheme ( [[331 Ch.IV, Prop.l8.5.6(i)]). Moreover, the closed immersion 
Y — ► X induces an isomorphism of Z-schemes : V(x) ^> X(x) x s Z (lemma l6.1.23r ii)). By 
construction, £ factors through a strict geometric point £' of Z, and we deduce an isomorphism : 
/%(£') f^iO of Z-schemes. Thus, we may replace (S, X, £) by (Z, Y, £'), and assume that 
5 is the spectrum of a strictly local domain, and £ is localized at the generic point of S. Say that 
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S = Spec A, and denote by A u the normalization of A in its field of fractions F. Then A u is the 
union of a filtered family (A x | A E A) of finite A-subalgebras of F; since A is henselian, each 
A\ is a product of henselian local rings, hence it is a local henselian ring, so the same holds for 
A v . Moreover, the residue field k(s') of A v is an algebraic extension of the residue field k(s) of 
A, which is separably closed, hence k(s') is separably closed, i.e. A u is strictly henselian, so we 
may fulfill condition (a) by taking 5" := Spec A 1 '. Condition (b) holds as well, due to lemma 
16.1 .2311 ). Finally, it is clear that £ lifts to a unique strict geometric point £' of S', and it follows 
from lemma l6T.23r ii) that (16.1.261 ) is an isomorphism, as required. □ 

Remark 6.1.27. In the situation of lemma l6T.25[ suppose furthermore that S is noetherian. A 
direct inspection reveals that the scheme S' exhibited in the proof of the lemma, is the spectrum 
of the normalization of a noetherian domain. Quite generally, the normalization of a noetherian 
domain is a Krull domain ( ll60l Th.33.10]). 

6.1.28. In the situation of (16.1.41 ), let x E X be any point, and s := f(x). Let also £ be a strict 
geometric point of S. We deduce a compatible system of points x x := p' x (x) E X x , whence a 
cofiltered system of local schemes 

X := (X x (x x ) | A E A). 

For every A E A, set £ A := p x (£,) st . This yields a compatible system of strict geometric points 
(£a I A E A), such that : 

£ ^ ! im &- 

AeA 

Choose a geometric point x of X localized at x, and set likewise x x := p' x (x); then the sys- 
tem lifts to a system «f2f sh := (X x (x x ) | A E A), whose limit is naturally isomorphic 
to X(x) ([33, Ch.IV, Prop. 18.8.18(h)]). Furthermore, Jf sh induces a natural isomorphism of 
K(£)-schemes : 

(6-1-29) /^(O-lim/^^) 

where, as usual, f Y ■ X(x) — > S 1 (resp. /a,x a : -^a(^a) — ► £a) is deduced from / (resp. from 
f x ). These remarks, together with the following lemma |6T .301 and the previous lemma l6T.25[ 
will allow in many cases, to reduce the study of the fibres of f%, to the case where the base S is 
strictly local, excellent and normal. 

Lemma 6.1.30. Let S be a strictly local normal scheme. Then there exists a cofiltered family 
y := (S x I A E A) consisting of strictly local normal excellent schemes, such that : 

(a) S is isomorphic to the limit of 5? . 

(b) The natural morphism S — ► S x is dominant for every A E A. 

Proof. Say that S = Spec A, and write A as the union of a filtered family srf := (A x \ A E A) 
of excellent noetherian local subrings, which we may assume to be normal, by OTl Ch.IV, 
(7.8.3)(ii),(vi)]. Proceeding as in (16.1.281 ), we choose a compatible family of geometric points 
sa localized at the closed points of Spec A x , for every A E A; using these geometric points, 
we lift to a filtered family (A s x \ A E A) of strict henselizations, whose colimit is natu- 
rally isomorphic to A. Moreover, each A s x is noetherian, normal and excellent ( ll33l Ch.IV, 
Prop.l8.8.8(iv), Prop.l8.8.12(i)] and proposition I3.5.35t ii)). Let i] be the generic point of S, 
h x : S — > S x := SpecA^ 11 the natural morphism, and := h x (rj) for every A E A. The 
cofiltered system (S x \ A E A) fulfills condition (a). Moreover, by construction, the image of 
r/f 1 in Spec A x is the generic point i] X ; then r] s x h is the generic point of S x , since the latter is the 
only point of S x lying over r) X . Hence (b) holds as well. □ 

Proposition 6.1.31. Let f : X —> S be aflat morphism of schemes. We have : 
(i) / is locally (—l)-acyclic. 
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(ii) Suppose moreover, that f has geometrically reduced fibres, and : 

(a) either f is locally finitely presented, 

(b) or else, S is locally noetherian. 
Then f is locally 0-acyclic. 

Proof. Let x E X be any point, set s := f(x), choose a geometric point x of X localized at x, 
set s := f(x), and let £ be any strict geometric point of S(s). 

(i) : If / is flat, the induced morphism f T : X(x) — > S(s) is faithfully flat; especially, f T is 
surjective ((581 Th.7.3(i)]). 

(ii) : We shall use the following : 

Claim 6.1.32. Let A be a Krull domain, F the field of fractions of A, B a flat A-algebra, and 
suppose that B a «(p) is reduced, for every prime ideal p 6 Spec A of height one. Then B is 
integrally closed in B ®a F. 

Proof of the claim. See [58, §12] for the basic generalities on Krull domains; especially, ||58l 
Th.12.6] asserts that, if A is a Krull domain, the natural sequence of A-modules : 

S : O^A^F^0 F/A p -> 

htp=l 

is short exact, where p 6 Spec A ranges over the prime ideals of height one. By flatness, $ ®aB 
is still exact, hence B = Hhtp=i B ®A ( wnere me intersection takes place in B ®^ F). We 
are therefore reduced to the case where A is a discrete valuation ring. Let t denote a chosen 
generator of the maximal ideal of A, and suppose that x E B ®a F is integral over B, so that 
x n + bix n ~ l H — • + b n = in B 0a F, for some b±, . . . , b n E B; let also r G Nbe the minimal 
integer such that we have x = t~ r b for some b E B. We have to show that r = 0; to this aim, 
notice that b n + t r b 1 b n ~ 1 + • • • + t rn b n = in B; if r > 0, it follows that the image b of b in 
B/tB satisfies the identity : b n = 0, therefore 6 = 0, since by assumption, B/tB is reduced. 
Thus b = tb' for some b' E B, and x = £ 1-r &', contradicting the minimality of r. 

Now, in the general situation of (ii), set X' := X x s S(s) . The natural morphism X(x) — > X 
factors uniquely through a morphism of S'(s) -schemes j : X(x) — > X', and if we denote by 
x' the image in X' of x, then j induces an isomorphism of S(s)- schemes : X(x) A X'(x'). 
Hence, / is locally 0-acyclic at the point x, if and only if the induced morphism X' — > S(s) 
is locally 0-acyclic at the support x' of x', so we may replace S by S(s), and assume that 5 is 
strictly local, when (a) holds, and even strictly local and noetherian, when (b) holds. 

We have to show that /^ 1 (£) is connected, and by lemma \6. 1.251 and remark [6.1. 27 [ we are 
further reduced to the case where S — S(s) — Spec A is strictly local and normal, £ is localized 
at the generic point of S, and moreover : 

(a') either / is finitely presented, 

(b') or else, A is a (not necessarily noetherian) Krull domain. 
Claim 6.1.33. In case (b') holds, (£) is connected. 

Proof of the claim. Indeed, let F be the field of fractions of A; the field is algebraic over 
F, hence it suffices to show that X(x) x s Spec K is connected for every finite field extension 
F C K ((321 Ch.IV, Prop. 8.4.1(h)]). Let A K be the normalization of A in K; then A K is 
again a Krull domain (Oil Ch.VII, §1, n.8, Prop. 12]), and B := ® A A K is a flat A K - 
algebra. Notice that the geometric fibres of the induced morphism f^ >K : Spec B Spec A K 
are cofiltered limits of schemes that are etale over the fibres of /; since the fibres of / are 
geometrically reduced, it follows that the same holds for the fibres of fx,K- Hence B is integrally 
closed in B ® a F (claim |6~1 .321) ; especially these two rings have the same idempotents, whence 
the contention. 
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Finally, suppose that (a') holds. By lemma [67l .301 the scheme S is the limit of a cofiltered 
family (S\ | A 6 A) of strictly local excellent and normal schemes, such that the natural maps 
S — > S\ are dominant. By ll32l Ch.IV, Th. 8. 8.2(h)], we may find A G A, a finitely presented 
morphism fx : X\ — > S\, and an isomorphism of S'-schemes : X X\ x Sx S. We set 
X M := X\ x Sx S(i, for every /i G A with /j > A; then, up to replacing A by a cofinal subset, 
we may assume that / M : — > 5^ is defined for every /i 6 A. By [32, Ch.IV, Cor.11.2.6.1], 
after replacing A by a cofinal system, we may assume that fx is flat for every A G A. For every 
/i G A, let C Sfj, be the subset consisting of all points s G such that the fibre /7 x (s) 
is not geometrically reduced; by ll32l Ch.rV, Th.9.7.7], is a constructible subset of S^. By 
assumption, we have 



n 



and it is clear that p^Z^ C 1 Z A whenever /j > A. Then, Z M = for some /i G A (" 11301 Ch.IV, 
Prop. 1.8. 2, Cor. 1.9. 8]), hence we may replace A by a still smaller cofinal subset, and achieve 
that all the fx have geometrically reduced fibres. For every A G A, let xx G Xx be the image 
of the point x. Arguing as in (16.1.281) , we obtain a compatible system of strict geometric points 
£a of Sx (resp. xx of X\), such that p\(£) factors through £a; whence an isomorphism (16.1.291) . 
Thus, /^(O is reduced if and only if (£a) is reduced for every sufficiently large A G A 
( ll32l Ch.IV, Prop. 8. 7. 2]). Furthermore, since px is dominant, £ A is localized at the generic point 
of Sx, for every A G A. Thus, we are reduced to the case where S = S(s) is the spectrum of 
a strictly local noetherian normal domain A, and £ is localized at the generic point of S; since 
such A is a Krull domain ( ll58l Th.l2.4(i)]), this is covered by claim !6. 1.331 □ 

Example 6.1.34. (i) Let A be an excellent local ring, and A A the completion of A. Then the 
natural morphism : 

/ : Spec A A -> Spec A 

is locally 0-acyclic. Indeed, this follows from proposition 16. 1 .3 1 t ii) (and from the excellence 
assumption, which includes the geometric regularity of the formal fibres of A). 

(ii) Suppose additionally, that A is strictly local. Then / is 0-acyclic. To see this, we apply 
the criterion of lemma l6. 1.171 : indeed, since / is flat, it is (—1) -acyclic (proposition 16.1.3 lT i)) : 
it remains to show that / has geometrically connected fibres, and since A A is strictly local ( Il33l 
Ch.IV, Prop. 18.5. 14]), this is the same as showing that / is locally 0-acyclic at the closed point 
of Spec A A , which has already been remarked in (i). 

(iii) More generally, / is 0-acyclic whenever A is excellent and henselian. Indeed, in this 
case the argument of (ii) again reduces to showing that / has geometrically connected fibres. 
However, consider the natural commutative diagram : 

Spec(A A ) sh -SpecA A 



(6.1.35) /* 



/ 



Spec A sh > Spec A. 

Since A is henselian, A sh is the colimit of a filtered family of finite etale and local A-algebras. 
Since A and A A have the same residue field, it follows easily that A A 0a A sh is the colimit of 
a filtered family of finite etale and local A A -algebras, hence it is strictly henselian, and there- 
fore (16.1.351) is cartesian, especially the geometric fibres of / are connected if and only if the 
same holds for the geometric fibres of / sh , and the latter are reduced (even regular), since A is 
excellent. Hence, we come down to showing that / sh is locally 0-acyclic at the closed point of 
Spec (A A ) sh , which holds again by proposition ^. 1 .3 lt ii). 

For future use, we point out the following 
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Proposition 6.1.36. Let g : X — > Y be aflat morphism of excellent noetherian schemes, with 
X strictly local, and Y normal. Let U C X be an open subset, and Z cY a closed subscheme. 
Suppose that : 

(i) g^(z) C U for every maximal point z of Z. 

(ii) U H g^(z) is a dense open subset of g~ 1 (z), for every z £ Z. 

(iii) The fibres g~ x {z) are reduced, for every z £ Z. 

Then the induced functor Cov(U) — > Cov(U Xy Z) is fully faithful. 

Proof. Indeed, say that X = SpecB, Y = Spec A, Z = V(I) for some ideal I C A, and 
denote by B A the rne-adic completion of the local ring B (where nog C B denotes the maximal 
ideal). Let also / : Spec B A — > Y be the induced morphism, and U A C Spec B A the preimage 
of U. In light of example [6. 1.34f ii) and Iemma l6ll.l6r ii). it suffices to show that the induced 
functor Cov(£/ A ) — > Cov(U A x Y Z) is fully faithful. In view of lemma l6.1.3l we are further 
reduced to checking that conditions (a)-(c) of proposition 14.3.441 hold for the induced ring 
homomorphism ip : A — > B A , the open subset U A , and the ideal /. However, by example 
14.3.391 we have Ass^(J, A) = Max(Z), hence (c) follows trivially from our assumption (i). 
Next, since B A is a faithfully flat £>-algebra, assumption (ii) implies that U A fl f^ 1 {z) is a dense 
open subset of f~ l (z), for every z E Z. Moreover, since B is excellent, the natural morphism 
Spec B A — > X is regular, so the same holds for the induced morphism f~ 1 {z) — > g~ x (z), and 
then our assumption (iii) implies - together with [58, Th.32.3(i)] - that f^{z) is reduced, for 
every z E Z, whence condition (b). Lastly, we check condition (a), i.e. we show that B A is 
J-adically complete. Indeed, let C be the J-adic completion of B A ; the natural map B A — > C is 
injective, and it admits a left inverse, constructed as follows. Let a := (a n \ n E N) be a given 
sequence of elements of B A , which is Cauchy for the J-adic topology; then a is also Cauchy for 
the m B -adic topology, and it is easily seen that the limit I of a in the m^-adic topology depends 
only on the class [a] of a in C, so we get a well defined ring homomorphism A : C — > B A by 
the rule : [a] i— > I, and clearly A is the sought left inverse. It remains to check that A is injective; 
thus, suppose that / = 0, and that [a] ^ 0; this means that there exists N EN such that a n I N , 
for every n E N. Now, the induced sequence (a n \ n £ N) of elements of B A /I N is stationary, 
and on the other hand, it converges ms-adically to 0; therefore a n = for every sufficiently 
large n E N, a contradiction. □ 

6.1.37. Let A be a noetherian normal ring, and endow the A-algebra A[[t}} with its t-adic 
topology. Let 

if : X := Spf A[[t]] -> X := SpecA[[t]] vr : X -> 5 := Spec A i:^^X 

be respectively the natural morphism of locally ringed spaces, the natural projection, and the 
closed immersion determined by the ring homomorphism A[[t]] — ► A given by the rule : f(t) i— ► 
/(0), for every /(t) £ ^4[[i]]- Let also f/ C Spec A be an open subset, U := h~ 1 Uq and 
it := Lp~ l U . Finally, denote by $ a locally free ^/-module of finite rank, and set § A := (fT^S 1 , 
which is a locally free ^-module of finite rank. 

Lemma 6.1.38. In the situation of (16.1.371) . suppose that S \ Uq has codimension > 2 in S. 



Then: 




r(ii, s A ) 



{E^U)^{Ex v U Q ^U Q ) 
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Proof, (i): To begin with, set Z := S\U ; since the morphism n is flat, hence generizing ( ll58l 
Th.9.5]), the closed subset X\U = ir~ x Z has codimension > 2 in X. Since A and A[[t]] are 
both normal, we deduce : 

(6.1.39) depth x \ v x > 2 depth z ^ 5 > 2 
(theorem gXTSii) and EE1 Th.23.8]); therefore (corollary \42lB ■ 

(6.1.40) T(U, e x ) = T(X, e x ) = A[[t}}. 
Next, the short exact sequences of &x -modules : 

-> i,^s -> -> <?x/t n &x -> for every nGN 

induce exact sequences 

(6.1.41) # J IK^ S -> R?r z 0x/1? +I 0x -> i? J r z ^ x /t n ^ x for every n, j G N. 
Then (16.1.391 ) and (16.1.411) yield inductively : 

depth z ^ x /t n ^ x > 2 for every n eN 
and again corollary 14 . 2 . 1 6 1 implies : 

(6.1.42) T(U, @xlt n @x) = A[t]/t n A[t] for every n G N. 

Since U is quasi-compact, we may find a left exact sequence P := (0 — > <f — > ^ m — >■ G® n ) 
of ^/-modules (corollary 19.2.171) . Since ip is a flat morphism of locally ringed spaces, the 
sequence ip*P is still left exact. Since the global section functors are left exact, we are then 
reduced to the case where $ = 6u- Then we may write : 

— &w = lim 0u/t n &u 

n<=N 

where, for each n G N, we regard 6ujt n &u as a sheaf of (pseudo-discrete) rings on it = 
V(t) C U . The functor — ) is a right adjoint, hence commutes with limits, and we deduce 
an isomorphism : 

r(ii,^ A ) ^ limrm G v it n Gu). 

(This is even a homeomorphism, provided we view the target as a limit of rings with the discrete 
topology.) Taking (16.1.421) into account, we obtain r(il, $ A ) = A[[t]} which, together with 
(16.1.401) . implies the contention. 

(ii): Notice first that (i) and lemma 14.3.421 imply that Lei(U, i(Uo)) holds (see definition 
14.3.401) . Since the pull-back functor -k* v : Cov(C/o) — > Cov(Z7) is a right quasi-inverse to ip , 
it is clear that the latter is essentially surjective. The full faithfulness is a special case of lemma 
16X31 ~ □ 

6.2. Local asphericity of smooth morphisms of schemes. Let S be a strictly local scheme, 
s G S the closed point, / : X — > S a smooth morphism, x any geometric point of / _1 (s), and 
denote by fx : X(x) — > S the induced morphism of strictly local schemes. For any open subset 
U C S we have a base change functor : 

(6.2.1) /* : Cov(C/) -> Cov^C/) (E ^> U) (E x v f^U). 

Theorem 6.2.2. In the situation of (|6.2I) . we /zave ; 

(i) The functor (16.2.11) is fully faithful. 

(ii) Suppose moreover that S is excellent and normal, and that S\U has codimension > 2 
in S. Then (|6.2.1I) ij an equivalence of categories. 
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Proof, (i): In view of lemma l6T.16r ii) it suffices to show that fx is 0-acyclic (since in that case, 
the same will obviously hold also for its restriction f^ l U — > U). To begin with, fx is locally 
(— l)-acyclic, by proposition ^. 1 .3 lf i). hence it remains only to show that / is locally 0-acyclic 
at the point x (lemma |6. 1.171) . The latter assertion follows from proposition |6j3]Iii) an d ll33l 
Ch.IV, Th. 17.5.1]. 

(ii): In light of (i), it suffices to show that (16.2.11) is essentially surjective, under the assump- 
tions of (ii). We argue by induction on the relative dimension n of /. Let x G X be the support 
of x. We may find an open neighborhood U C X of x, and an etale morphism of ^-schemes 
ip : U — ► Ag ( ll33l Ch.IV, Cor. 17.1 1.4]). Let a;' := cp(x); there follows an isomorphism of 
S'-schemes : X(x) ^ Ag(x'), hence we may assume from start that X = Ag, and / is the 
natural projection. Especially, the theorem holds for n — 0. Suppose then, that n > 0, and that 
the theorem is already known when the relative dimension is < n. Write / as the composition 
f — ho g, where 

g : X ~ A™" 1 x s A5 ^ Ag and h : -»• S 

are the natural projections; set x~i := g(x), and U\ := h^U, (where : Si := Ag(sEi) — > S is 
the morphism induced by h). We have Si\Ui = h^^(S\U), and since flat maps are generizing 
( ll58l Th.9.5]) we easily see that the codimension of Si \ Ui in Si equals the codimension of 
S\U in S. From our inductive assumption, we deduce that the base change functor Cov(£/i) — > 
Cov(/ 3 T 1 t/) is essentially surjective, and hence it suffices to show that the same holds for the 
functor Cav(U) — > Cov(Z7i). Thus, we are reduced to the case where X = A5. Suppose now, 
that E — > /- 1 U is a finite etale morphism; we can write f w as the limit of a cofiltered family 
of smooth morphisms (fx : Y x ^ S \ X E A), where each Y x is an affine etale A^-scheme. 
Then f^U is the limit of the family (Y x x 5 U | A G A). By J32l Ch.IV, Th.8. 8.2(h), Th.8.10.5] 
and (33] Ch.IV, Prop. 17.7.8], we may find a A G A, a finite etale morphism E x — > F A x s U 
and an isomorphism of f^ l U- schemes : E x x Yx A^(x) A i£. Denote by ?/ G Y"a the image 
of the closed point of A^(af), and by y the geometric point of Y x obtained as the image of x 
(the latter is viewed naturally as a geometric point of A^(af)); by construction, y lies in the 
closed fibre Y :=Y x x s Spec k(s), which is an etale A*^ -scheme, and we may therefore find 
a specialization z G Y of y, with z a closed point. Pick a geometric point z of Y localized at 
z, and a strict specialization map Y\(z) — > Fa (17) as in (11.7.901 ); there follows a commutative 
diagram : 

Ai(x)~F A (y) ^Y x (z) 

Y x (y) »Y x {z). 

The finite etale covering E x x Yx Y x (y) ^ Y x (y) x s U lies in the essential image of the functor 

Cov(Y A (z) x s U)^ Cov(r A (y) x s U) C^C x Yx(z) Y x (y). 

It follows that E — > f-^U lies in the essential image of the functor 

Cov(f^U) -> Cov(f^U) C^C xy W F(y) ~ C Xy W A*(x) 

and therefore it suffices to show that the pull-back functor Cov(Z7) — > Cov(f^ l U) is essen- 
tially surjective. In other words, we may replace x by z, and assume throughout that x is a 
closed point of A<j. 

Claim 6.2.3. Under the current assumptions, we may find a strictly local normal scheme T, with 
closed point t, a finite surjective morphism g : T — > 5, and a finite morphism of Spec 
schemes : 

Spec k(£) — > Specft(x). 
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Proof of the claim. Since k(x) is a finite extension of k(s), it is generated by finitely many 
algebraic elements %, . . . u n , and an easy induction allows to assume that n — 1. In this case, 
one constructs first a scheme X" by taking any lifting of the minimal polynomial of u\ : for 
the details, see e.g. Il28l Ch.O, (10.3.1.2.)], which shows that the resulting T is local, finite and 
flat over S, so T maps surjectively onto S. Next, we may replace X" by its maximal reduced 
subscheme, which is still strictly local and finite over S. Next, since S is excellent, the nor- 
malization (T'Y of V is finite over S (ED Ch.IV, Scholie 7.8.3(vi)]); let T be any irreducible 
component of {T'f; by (331 Ch.IV, Prop.18.8.10], T fulfills all the sought conditions. 

Choose g : T — > S as in claim l6\23l since the residue field extension k(s) — > is 
algebraic and purely inseparable, there exists a unique point x' E Ag(x) x 5 T lying over i, and 
we may find a unique strict geometric point x' of Ag(x) x $ T localized at x', and lying over x. 
In view of 11331 Ch.IV, Prop.18.8.10], there follows a natural isomorphism of T-schemes : 

As(x) x s T A A-(x'). 

Denote by /^/ := fx x s T : A-(af) — > T the natural projection, and set U T := g~ l U ; since 
the morphism g : T — > S 1 is generizing ( ||58l Th.9.4(ii)]), it is easily seen that T \ Ut has 
codimension > 2 in T. 

Let F : Cov — > Sch be the fibred category (16.1.11) . We have a natural essentially commuta- 
tive diagram of categories : 

Cov(E7) Desc(F, g x s U) 

(6.2.4) & 

Cov(f^U) Desc(F, g x s f~ l U) 

where, for any morphism of schemes h, we have denoted by Desc(F, h) the category of descent 
data for the fibred category F, relative to the morphism h. 

According to lemma |6~. 1.21 the morphism g is of universal 2-descent for the fibred category 
F, so the horizontal arrows in (16.2.41) are equivalences. Hence, the theorem will follow, once 
we know that 5 is essentially surjective. However, we have : 

Claim 6.2.5. (i) Set U' T := U T x s T and Uff :=U' T x s T. The pull-back functors : 

Cov{Ut) -> Cov(A^(x') x T U' T ) Cov{U!£) -> Cov(A^(x') x T U?) 

are fully faithful. 

(ii) Suppose that the pull-back functor 

Cav(U T ) -> Covif^Ur) 
is essentially surjective. Then the same holds for the functor 5. 

Proof of the claim, (i): Let z" be any geometric point of X" := A^ x s T x s T whose strict 
image in A^ is x', and let z' be the image of z" in X' := Aip x s T; by lemma l6~.1.23r ii). the 
natural morphisms : 

X'(z') -> A^(x') x s T X"{z") — > A 1 (x 7 ) x s T x s T 

are isomorphisms (notice that T x s T is also strictly local). Then the claim follows from 
assertion (i) of the theorem, applied to the projections X' — > T x $ T and X" — > T x s T x 5 T. 

(ii): Recall that an object of Desc(F, g x s f^, l U) consists of a finite etale morphism E' T — ► 
f^i Ut and a X'-isomorphism /3' : Xj. x 5 T ^> T X5 £7, fulfilling a cocycle condition on 
E x s T x s T . By assumption, E T descends to a finite etale morphism E T — ► then (i) 
implies that /?' descends to a [/^-isomorphism (3 : Et x 5 T A T x 5 £7 T , and the cocycle 
identity for (3' descends to a cocycle identity for (3. 
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In view of claim |6~231 we may replace (S, U, x) by (T, Ut, x'), and therefore assume that x 
is a k(s) -rational point of AL n. In this case, any choice of coordinate t on A^ yields a section 

<% ■ S — > Ag(x) of the natural projection, such that c%(s) = x. To conclude the proof of the 
theorem, it suffices to show that the pull-back functor : 

Cav^U) ^ Cov(U) 

is fully faithful. 

Say that S = Spec A; then the scheme Ag(ac) is the spectrum of A{t}, the henselization 
of A\t\ along the ideal m{t} generated by t and the maximal ideal m of A. Let A A (resp. 
A{t} A ) be the m-adic (resp. m{t}-adic) completion of A (resp. of A{£}), and notice the natural 
isomorphism: 

A{t} A /tA{t} A A A A 

(indeed, it is easy to check that A{t} A ~ A A [[£]]), whence a natural diagram of schemes : 

X A := SpecA{t} A -^U- Spec A{t} 

TO" /- 

S A := Spec A A Spec A 

(where n is the natural projection) whose horizontal arrows commute with both the downward 
arrows and the upward ones. Set U A := g^U ; by example [6. 1 .341 11) and lemma l6T.16t ii). the 
pull-back functors 

g* : Cov(U) -> Cov(£/ A ) g'* : Cov(/-^ 1 f/) -> Cov^ 1 ^) 

are fully faithful. Consequently, we are easily reduced to showing that the pull-back functor : 

Cov(7r _1 ?7 A ) — > Cov(£/ A ) is an equivalence. The latter holds by lemma l6T.38f ii). □ 

Example 6.2.6. As an application of theorem 16.2.21 suppose that K c E is an extension of 
separably closed fields, Vk a geometrically normal and strictly local A-scheme, U C Vk an 
open subset, and £ a geometric point of V E ■= V K x K E, whose image in V K is supported on 
the closed point. Then the induced functor 

Cov{U) - Cov{U x Vk Ve(0) 

is fully faithful, and it is an equivalence in case Vk\U has codimension > 2 in Vk- 

Indeed, let A a (resp. A a ) be an algebraic closure of K (resp. E), and choose a homomor- 
phism K a — > A a extending the inclusion of K into E. Then both V^-a := Vk x k A a and 
VE a (0 := x e A a are still normal and strictly local (lemma |6.1.23r ii)), and the induced 

functors 

Cov(*7) -> Cov(C/ x^ A a ) Cov(C7 x Vx Ve(0) -> Cov(C/ x yA . Vk,.(0) 

are equivalences (lemma I6.1.7IT )). It then suffices to show that the induced functor 

Cov(E7 x K A a ) -> Cov(C/ x Vk Ve*(£)) 

has the asserted properties. Hence, we may replace K by A a and by A a , and assume from 
start that K C is an extension of algebraically closed fields. In this case, £7 can be written 
as the colimit of a filtered family (R\ | A G A) of smooth A-algebras; correspondingly, Ve is 
the limit of a cofiltered system (V\ | A G A) of smooth V^-schemes, and - by lemma W. 1.61 - 
Cov(U x Vk Ve(0) i s tne 2-colimit of the system of categories 

Cov(Ux Vk V x (Cx)) (Ag A) 

(where, for each A G A, we denote by £\ the image of £ in V\). Now the contention follows 
directly from theorem [6T272J 
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Theorem 6.2.7. Let f : X — > S is a smooth morphism of schemes, L C N be a set of primes, 
and suppose that all the elements of L are invertible in Then f is 1-aspherical for L. 

Proof. Let x be any geometric point of X, s := f(x), and rj a strict geometric point of S(s). To 
ease notation, set T := X{x), let fx ■ T — > S be the natural map, and Tjj := f^ X (jj)', we have 
to show that H 1 ^^, G) = {1} for every L-group G. Arguing as in the proof of proposition 
16.1.311 we reduce to the case where S = S(s). Then, by lemma l6T.25[ we can further assume 
that S is normal and rj is localized at the generic point r\ of S. By lemma I6T.301 S is the limit 
of a cofiltered system (S\ | A 6 A) of strictly local, normal and excellent schemes, and as usual, 
after replacing A by a cofinal subset, we may assume that / (resp. rj) descends to a compatible 
system of morphisms (fx : X\ — > S\ | A G A), (resp. of strict geometric points fj x localized 
at the generic point of S\). By [33, Ch.IV, Prop.l7.7.8(ii)], there exists A G A such that / M 
is smooth for every fj, > A. Then, in view of flU Exp.VII, Rem. 5. 14] and the isomorphism 
(16.1.291 ), we may replace / by fx, and rj by rj x , and assume from start that S is strictly local, 
normal and excellent, and G is a finite L-group. 

Let (p : Ejf — > be a principal G-homogeneous space; we come down to showing that 
Er, admits a section Tjj -»■ E T] . By 03 Ch.IV, Prop. 17.7. 8(ii)] and (321 Ch.TV, Th.8.8.2(ii), 
Th.8.10.5], we may find a finite separable extension k[t\) C L, and a principal G-homogeneous 
space 

<p L :E L ^ T L := T x 5 SpecL p L : G -> Aut TL (£ L ) 

such that 

V? = (f L x Spec £ Spec k(t}) p = p L x Spec l Spec «(^) . 

Say that S = Spec A, denote by Al the normalization of A in L, and set Sl '■= Spec Then 
S 1 /, is again normal and excellent ( OTl Ch.IV, (7.8.3)(ii),(vi)]), and the residue field of Al is 
an algebraic extension of the residue field of A, hence it is separably closed, so Sl is strictly 
local as well. Thus, we may replace S by Sl, and assume that Efj descends to a principal 
G-homogeneous space E v — > T v := f^iv) on Next, we may write 77 as the limit of 
the filtered system of affine open subsets of S, so that - by the same arguments - we find an 
affine open subset U C S and a principal G-homogeneous space E v — > T v := f^ x U, with 
a G-equivariant isomorphism of T ;/ -schemes : Ejj x Tu T v E'j,. Denote by . . . , D n the 
irreducible components of S\ U which have codimension one in S, and for every i < n, set 
D[ := f^ l Di. Let also r/ T be the generic point of T. 

Claim 6.2.8. For given i < n, let y be the generic point of Di, and z a maximal point of D[. We 
have: 

(i) T and ^ are normal schemes, and T(y) is regular. 

(ii) D[ is a closed subset of pure codimension one in T. 

(iii) Let m y (resp. m z ) be the maximal ideal of <ff s , y (resp. of &t^\ then m,, • & T ,z — tti 2 - 

(iv) Let i e Abe any element such that t ■ &s,y — m y Then there exist an integer m > 
such that (m, char k(s)) = 1, a finite etale covering 

£ w - [t^ m ] := T(y) x s Spec A[T]/(T m - t) 

and an isomorphism of T(y) \t l l m ] x T Tf/-schemes : 

E y x T T u ^E u x T T{y)[t 1 ' m }. 

Proof of the claim, (i): Since S is normal by assumption, the assertion for T and Ejj follows 
from [33, Ch.IV, Prop.17.5.7, Prop.l8.8.12(i)]. Next, set W := X(y); since S)V is a discrete 
valuation ring, W is a regular scheme ([33, Ch.IV, Prop.l7.5.8(iii)]). For any w G T(y) C 
VK, the natural map ^rfc,),™ -> ^(w) sh is faithfully flat, and W{w) sh is regular (^3\ Ch.IV, 
Cor.18.8.13]), therefore & T { y ),w is regular, by fl30l Ch.O, Prop.l7.3.3(i)]. 
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(ii) : Say that p C A is the prime ideal of height one such that V(p) — Df, to ease notation, let 
also B := &^ x . Let {q 1; . . . , q fc } C Spec B be the set of maximal points of D[. Using the fact 
that flat morphisms are generizing ( ll58l Th.9.5]), one verifies easily that A R = p for every 
j < k. Fix j < k, and set q := q^. Since A is normal, A p is a discrete valuation ring, hence 
pA p is a principal ideal, say generated by t G A p ; therefore q_B q is the minimal prime ideal 
of B q containing t, so qB q has height at most one, by Krull's Hauptidealsatz (|[58l Th.13.5]). 
However, a second application of |[58l Th.9.5] shows that the height of q in B cannot be lower 
than one, hence q has height one, which is the contention. 

(iii) : From (i) and (ii) we see that ff s ,y an d &t,z are discrete valuation rings; then the assertion 
follows easily from [33, Ch.IV, Th.17.5.1]. 

(iv) : To begin with, since T(y) is regular, it decomposes as a disjoint union of connected 
components, in natural bijection with the set of maximal points of D[. Let Z C T(y) be 
the connected open subscheme containing z; it suffices to show that there exists a finite etale 
covering : 

E z ^Z\t l ' m ] :=Zx ny) T(y)[t^ m ] 

with an isomorphism of Z\b l ' m ~\ Xj- Tjj- schemes : E z x T T v ^ E v x T Z[t l/m }. By (iii) we 
have t ■ &t,z = rriz. Notice that T(z) x T T v = T(rj T ), and E VT := E v x T T(z) is a disjoint union 
of spectra of finite separable extensions L\, . . . , of k,(t] T ). Moreover, E^ is a principal G- 
homogeneous space over T(t] T ), i.e. every Lj is a Galois extension of k,(t] T ), with Galois group 
Gj := Gal(Lj / k(t]t)) C G. Since G is an L-group, the same holds for Gj, hence En Xy Z is 
tamely ramified along the divisor {z} (the topological closure of {z} C Z), and the assertion 
follows from Abhyankar's lemma ||40l Exp.XIII, Prop. 5. 2]. 

Claim 6.2.9. There exist : 

(a) a finite dominant morphism 5" — > S, such that both S' and T' := T x s S' are strictly 
local and normal; 

(b) an open subset U' C S', such that S'\U' has codimension > 2 in S"; 

(c) a finite etale morphism E' — > T{j, := T x s U' , with an isomorphism of T^,-schemes : 

E' x T T v ~E v x T T[j f . 

Proof of the claim. For every i < n, let yi be the maximal point of Di, and choose U E A whose 
image in &s,yi generates the maximal ideal. Choose also m, G N with (m i; char k(s)) = 1 
and such that there exists a finite etale covering E t — > T(yi) \t l J m '} extending the etale covering 

E v x T T( yi ) [t] /rni ] (claimEStii-d)). Let S' be the normalization of Spec A[t{ /mi , . . . , t\ /mn }. 
Then S' is finite over S, hence it is excellent ( OTl Ch.IV, (7.8.3)(ii,vi)]), and strictly local (cp. 
the proof of lemma [6X25]). S et E^ : = E n x s S', T' := T x s S'; since the geometric fibres of 
fx are connected (proposition ^. 1 .3 lT ii)). the same holds for the geometric fibres of the induced 
morphism T — > S', therefore T' is connected, and then it is also strictly local, by the usual 
arguments. Notice also that T is the limit of a cofiltered family of smooth S"-schemes, hence 
it is reduced and normal ((33] Ch.IV, Prop. 17.5.7]). Say that E' v = SpecC, T = SpecE, 
T' = Spec B', and let C' be the integral closure of B' in C. Notice that C ®_b k(t]t) is a finite 
product of finite separable extensions of the field B' ®b k (vt), and consequently the natural 
morphism cp' : E T > := Spec C' — > T' is finite ( [[581 §33, Lemma 1]). Define : 

U' := {yeS'\ if' x s , S\y) : E T ,(y) ^ T'(y) is etale}. 

Let now y G U' any point; then S'(y) is the limit of the cofiltered family (U\ \ A G A) of 
affine open neighborhoods of y in 5", and <p' x S i S'(y) the limit of the system of morphisms 
(if' x := ip' x s > U\ | A G A); we may then find A G A such that tp' x is etale ([|33l Ch.IV, 



FOUNDATIONS OF p-ADIC HODGE THEORY 



427 



Prop. 17.7. 8(ii)]), hence U\ C U' , which shows that U' is open. Furthermore, from ll33l Ch.IV, 
Prop. 17.5.7] it follows that E v x T T' is normal, whence an isomorphism of T'-schemes : 

Er> x s U ~E v x t T' 

(cp. the proof of lemma l6.1.7r ii.b)) especially, U x s S' C U' . Likewise, by construction we 
have natural morphisms : T'(yi) — > T(yi) [i* ], and using the fact that all the schemes in view 
are normal we deduce isomorphisms of T'(yi) -schemes : 

Er'(yi) —* Ei x T{m)[t y mi] T'( yi ). 

Thus, U' contains all the points of S' of codimension < 1, since the image in S of any such 
point lies in U U {yi, . . . ,y n }. The morphism E' := E T < x s < U' — > T{j, fulfills conditions 
(a)-(c). ' 

Now, choose S' — > S, U' C S', and E' — > T' v , as in claim 16.2.91 since the corresponding 
T' is local, there exists a unique point x' E X' := X x s S' lying over x; pick a geometric 
point x' of X' localized at x', and lying over x; it then follows from [33, Ch.IV, Prop. 18.8. 10] 
that the natural morphism X'(x') — > T' is an isomorphism. In such situation, theorem [6.2.21 
says that there exists a finite etale covering E — > U' with an isomorphism of T^,-schemes : 
E Xjji T' v , E', whence an isomorphism of T^-schemes : 

Ejj ~ E(fj) x SpecK(J)) Tjj. 

Since K,(rj) is separably closed, the etale morphism E(fj) — > Spec K,(rj) admits a section, hence 
the same holds for if, as claimed. □ 

6.2.10. Let / : X — > S be a morphism of schemes, and j : U clan open immersion such 
that U v := U PI 7^ for every 77 6 .S'max* where S max C S denotes the subset of all 

maximal points of S. We deduce a natural essentially commutative diagram of functors : 

Cov(X) Cov(U) 



®{S,f,u) : rv; 



IW Cov(/-^) M n, eSmax Cov(tg 

where : ^ - >■ f 1 ^) ls me restriction of j and ^ : f~ x {rj) — > X is the natural immersion. 
Let us say that U C X is fibrewise dense, if f~ l {s) nU is dense in / _1 (s), for every s 6 S. 
Then we have : 

Theorem 6.2.11. In the situation of (16.2.101) . suppose that f is smooth, and U is fibrewise 
dense. The following holds : 

(i) The restriction functor j* is fully faithful. 

(ii) The diagram ^(S, f, U) is 2-cartesian. 

(iii) If furthermore, / _1 S , max C U, then j* is an equivalence. 

Proof. Assertion (ii) means that the functors j* and 1* induce an equivalence (j, t,)* from 
Cov(X) to the category tf(X, U) of data 

(6.2.12) E := (cp, (ipr,,^ I T] E S max )) 

where ip (resp. ip v ) is an object of Cov(£7) (resp. of Cov(/ _1 ?7), for every 77 G 5 max ), and 
a v : ip x v Spec K,(rj) ip v X f-i v U v is an isomorphism of [/-schemes, for every r\ e S max (see 
(|1.2.16l) ). On the basis of this description, it is easily seen that (i),(ii)=Kiii). Furthermore, we 
remark : 



Claim 6.2.13. (i) If j* is fully faithful, then the same holds for (j, «,.)*. 
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(ii) For every open subset U' C X containing U, suppose that : 

(a) The pull-back functor Cav(U') -> Cov(U) is fully faithful. 

(b) If /~ 1 S' max C U', the pull-back functor Cov(X) — > Cov(U') is an equivalence. 
Then assertion (ii) holds. 

Proof of the claim, (i): Since f~ lr q is a normal (even regular) scheme ([33, Ch.IV, Prop. 17.5.7]), 
the pull-back functors i* are fully faithful (lemma |6. 1 .7r ii.b)): the assertion is an immediate 
consequence. 

(ii): In light of (i), it remains only to check that (j, <,.)* is essentially surjective. Thus, let 
Lp : E — > U be a finite etale morphism, such that i*cp extends to a finite etale morphism 
(p 1 : E' — > f~ l (?l), for every maximal point 77 6 5. By claim [67T781 there is a largest open 
subset U max containing [/, over which ip extends to a finite etale morphism Wax- To conclude, 
we have to show that U max = X. However, for any maximal point 77, let i v : — > X(r/) 
be the natural closed immersion. By lemma l6T.7I X). i* is an equivalence, hence we may find a 
finite etale morphism <p', ^ : E'(rj) — > X(?7) such that ^^(r?) — V 9 ^- By the same token, we also 
see that £"(77) Xxw £^(77) is Lf(?7)-isomorphic to E x v U(rj). 

Next, ^(t/) is the limit of the filtered system Y of all open subsets V C S with 77 e V, hence 
lemma [6X6] ensures that we may find Vef and an object cp' v : — ► /~ 1 V of Cov(/~ 1 y) 
such that ip' v Xy S^r/) ~ <p', y and after shrinking V, we may also assume (again by lemma 
16.1.61) that E' v Xx U is [/-isomorphic to X5 1/. Hence we may glue E' and _E along the 
common intersection, to deduce a finite etale morphism E' — > U' := U VJ f~ l V that extends 

It follows that / _1 (?7) C f^ 1 V C C/ max . Since 77 is arbitrary, (b) implies that the pull-back 
functor Cov(X) — > Cov(f/ max ) is an equivalence, especially (f lies in the essential image of 
j*, as claimed. 

C/a/m 6.2.14. (i) Suppose that 5 is noetherian and normal, and X is separated. Then (i) holds, 
(ii) If furthermore, S is also excellent, then (ii) holds as well. 

Proof of the claim, (i): Under the assumptions of the claim, X is normal and noetherian ( 11331 
Ch.IV, Prop. 17.5.7]), so (i) follows from lemma |6T.7r ii.b), which also says - more generally - 
that assumption (a) of claim [6T2.13f ii) holds in this case, hence in order to show (ii) it suffices 
to check that assumption (b) of claim |6\2.13r ii) holds whenever U U f~ l S max C U' C X, 
especially X\U' has codimension > 2 in X. Suppose first that S is regular; then the same holds 
for X ( |[33l Ch.IV, Prop. 17.5.8]), and the contention follows from lemma l6Tl.7f iii). 

In the general case, let S reg C S be the regular locus, which is open since S is excellent, 
and contains all the points of codimension < 1, by Serre's normality criterion ( OTl Ch.IV, 
Th.5.8.6]). Consider the restriction /~ 1 S , rcg — > S TCg of /, and the fibrewise dense open im- 
mersion j rcg : U' fl f^Srcg C / _1 5 , rcg ; by the foregoing, the functor j* is an equivalence, 
hence we are easily reduced to showing that the functor Cov(X) — > Cov(U' U f~ 1 S reg ) is an 
equivalence, i.e. we may assume that V := / _1 5' re g C U' . Moreover, since the full faithfulness 
of j* is already known, we only need to show that any finite etale morphism cp : E — >• U' 
extends to an object of Cov(X). To this aim, by lemma l6~.1.7t ii.b). it suffices to prove that 
(p Xfji (X(x) x x U') extends to an object of Cov(X(x)), for every geometric point x of X. 
Let s := f(x), and denote by s E S the support of s; by assumption, we may find a geomet- 
ric point £ of /~ 1 (s), whose support lies in U' fl / _1 (s), and a strict specialization morphism 
X(£) — > X(x). There follows an essentially commutative diagram : 



Cov{X(x)) 



p 



Cov(X(x) x x V) 



Q 



Cov(S(s) x s S reg ) 



5 



7 




Cov(X(0) 



T 



Cov(X(0 x x V) 
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where a and (5 are both equivalences, by theorem |6 .2 .2f ii); hence 7 is an equivalence as well. 
Moreover, both Cov(X(aJ)) and Cov(X(£)) are equivalent to the category of finite sets, and 5 
is obviously an equivalence. By construction, 7(^2 x Uf (X(£) x x V)) lies in the essential image 
of r, hence Xu' (X(£) x xV) lies in the essential image of p, so say it is isomorphic to p((f') 
for some object (p' of Cov(X(x)). Using (i) (and J33l Ch.IV, Prop. 18.8. 12]) one checks easily 
that tp' x x U' ~ (f X[// (X(£) Xx U'), whence the contention. 

Claim 6.2.15. Let m E N be any integer. Assertions (i) and (ii) hold if S and X are affine 
schemes of finite type over Spec Z, the fibres of / have pure dimension m, and furthermore : 

(6.2.16) dim/ _1 (s)\£7 < m for every s E S. 

Proof of the claim. Indeed, in this situation, S admits finitely many maximal points, hence the 
normalization morphism S u — > S is integral and surjective. Set : 

S 2 :=S u x s S u U 1 :=Ux s S u U 2 :=Ux s S 2 . 

Let : X 1 := X x s S v -> X, f x : Xi -> and j 2 : C/ 2 -> X 2 := X x 5 ff 2 be the 
induced morphisms; clearly / 1 ~ 1 (s / ) has pure dimension m for every s' E S v , and from (16.2.161 ) 
we deduce that dim /-f (s') \ U\ < m, especially, Ui is dense in every fibre of f\\ by the 
same token, U 2 is dense in X 2 . Then j 2 is faithful (lemma |6. 1 .7r ii.a)). and lemma \6. 1.21 and 
corollary II .4.34r ii) imply that j* is fully faithful, provided the same holds for the functor j* : 
Cov(Xi) — > Cov(C/i). In other words, in order to prove assertion (i), we may replace (/, U) 
by (fi,Ui), which allows to assume that S is an affine normal scheme, and then it suffices to 
invoke claim |6.2.14[ to conclude. 

Concerning assertion (ii) : by the foregoing, we already know that j* is fully faithful, hence 
the same holds for (j, t.)* (claim [672. 13 I T)). To show that (j, t,)* is essentially surjective, let 
E be an object as in (16.2.121) of the category ^(X, U); the normalization morphism induces a 
bijection ^ S mSLX : rf 1— ► r\, and clearly k(t] v ) = k(t}) for every rj E S m3iX , whence a 
datum 

El ■= (<Pi ■= V Ui,(^, a v I rf E S^J) 
of the analogous category ^(Xi, Z7i); by claim l6.2.T4T ii). we may find an object <~p' x of Cov(Xi) 
and an isomorphism a : ip[ x Xl U% </?i. Let U s := U 2 x v U\, and denote by j 3 : U s — > 
X 3 := X 2 Xx Xi the natural open immersion; by the foregoing, we know already that both j 2 
and j'3 are fully faithful; then corollary 11.4.3 4f iii) says that the natural essentially commutative 
diagram : 

Desc(Cov,/3) Desc(Cov, /3 x x U) 



Cov(Xx) Cov(C/i) 

is 2-cartesian. Thus, let p : Cov(f/) — > Desc(Cov, (3 x x U) be the functor defined in (|1.4.26l) ; 
it follows that the datum (ip[, p(ip), a) comes from a descent datum (ip[, to) in Desc(Cov, (3). 
By lemma W. 1.21 the latter descends to an object ip' of Cov(X), and by construction we have 
(j, L,)*(f' = E, as required. 
Next, we consider assertions (i) and (ii) in case where both X and S are affine. We may 
find an affine open covering X = Vq U • • • U V n such that the fibres of /i^ : Vi fVi are 
of pure dimension i, for every % = 0, . . . , n ([33, Ch.IV, Prop. 17. 10.2]). For i = 0, . . . , n, let 
j % : Vi fl U — > Vi be the induced open immersion; we have natural equivalences of categories : 

n n 

Cov(X) A Y[ Cov(Vi) Cov(C/) A JJ Cov(Vi n U) 

i=0 i=0 



430 



OFER GABBER AND LORENZO RAMERO 



which induce a natural identification : j* = j* x ■ ■ • x j*. It follows j* is fully faithful if 
and only if the same holds for every j*, and moreover @(S, f, U) decomposes as a product 
of n diagrams S>{S, f\y^U H V*). Hence we may replace / by f\y m , for any m < n, after 
which we may also assume that all the fibres / have the same pure dimension m. In that case, 
notice that the assumption on U is equivalent to (16.2.161) . Next, say that X = Spec A, and let 
/ C A be an ideal such that V(I) = X\U; we may write / as the union of the filtered family 
(1a | A 6 A) of its finitely generated subideals. Set U\ := X\V(I\) for every A G A; it follows 
that U = Uaga U\. For every A G A, set 

Z x ■= {s G S | dim/- 1 (s)\L^ A < m}. 

Claim 6.2 AT. (i) Z\ is a constructible subset of S, for every A G A. 
(ii) We have Z\ C whenever /i > A, and moreover S = Uaga 

Proof of the claim, (i): Let V\ :— {x G X \ dim x f~ 1 (f(x)) \ U\ — m}; according to ll32l 
Ch.IV, Prop.9.9.1], every V\ is a constructible subset of X, hence f(V\) is a constructible subset 
of 5 (flU Ch.IV, Th.1.8.4]), so the same holds for Z x = S\f(V x ). 

(ii): Let fj,, A G A, such that /i > A; then it is clear that f^ 1 (s)\Ux C / _1 (s)\f/ M for every 
s G 5; using (16.2.161) , the claim follows easily. 

Claim 162JJ] and (H Ch.IV, Cor. 1.9.9] imply that Z x = S for every sufficiently large A G A. 
Hence, after replacing A by a cofinal subset, we may assume that all the open subsets U\ are 
fibrewise dense. We have a natural essentially commutative diagram : 



Cov(U) 



rW Cov(C7, 



n 



r?G5 n 



2-lim CovCUx) 

AGA 



2-lim Cavif-^nUx) 

AGA 



whose horizontal arrows are equivalences (notation of definition 1 1 . 2 . 1 2[ i) ) ; it follows formally 
that j* is fully faithful, provided the same holds for all the pull-back functors Cov(X) — > 
Cov(U x ), and likewise, 3>[S, f, U) is 2-cartesian, provided the same holds for all the diagrams 
@(S, /, U\). Hence, we may replace U by U\, and assume that U is constructible, and (16.2.161) 
still holds. 

Next, we may write S as the limit of a cofiltered family (S x \ A G A) of affine schemes of 
finite type over SpecZ, and / as the limit of a cofiltered family /. := (f x : X x — > Sx G A) of 
affine finitely presented morphisms, such that : 

• The natural morphism g x : S — > 5a is dominant for every A G A. 

• / A is smooth for every A G A ([33, Ch.IV, Prop.l7.7.8(ii)]), and / M = fx x Sx ^ 
whenever /i > A. 

Furthermore, we may find A G A such that U = U x x 5a S ([[32l Ch.IV, Cor.8.2.11]), so that j is 
the limit of the cofiltered system of open immersions (j M : := Ux x 5a — > X x | /x > A), 
and after replacing A by a cofinal subset, we may assume that j M is defined for every ji G A. 
For every A G A and n G N, let A A n C X A be the open and closed subset consisting of all 
x E Xx such that dim^ = n; clearly /. restricts to a cofiltered family /. m := (fx\x x m '■ 

Xx,m — *• S x | A G A), whose limit is again /. Hence we may replace X x by Xx, m , and assume 
that the fibres of fx have pure dimension m, for every A G A. For every A G A, let : 

Z' x := {seSx \ dim f-\s)\Ux = m}. 
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and endow Z' x with its constructible topology S\\ since Z' x is a constructible subset of S\ ( lT32l 
Ch.IV, Prop.9.9.1]), (Z' x , ^7 X ) is a compact topological space, and due to (16.2.161 ), we have : 

lim Z[ = 0. 

Then [|20l Ch.I, §9, n.6, Prop. 8] implies that Z' x = for every sufficiently large A G A. Set : 
Cov(X.) := 2-colimCov(X M ) Cov(U.) : = 2-coHmCov(C/ At ). 

(See definition 11.2.1 2( ii) . ) There follows an essentially commutative diagram of categories: 

Cov(X) Cov(X.) 

(6.2.18) j\ j: 

Cov(U) Cav(U.) 

where j* is the 2-colimit of the system of pull-back functors j* : Cov(X /i ) — > Cov(C/ M ). In 
light of lemma [6.1 .61 the horizontal arrows of (|6.2.18l) are equivalences, so j* will be fully 
faithful, provided the same holds for the functors j* for every large enough \i G A. 

Hence, in order to prove assertion (i) when X and S are affine, we may assume that S is of 
finite type over Spec Z, the fibres of / have pure dimension m, and (16.2.161) holds, which is the 
case covered by claim !6.2.15[ 

Concerning assertion (ii), since the morphism is dominant, for every rf G (S' At ) max we may 
find T] G Smax such that g^(rf) = r( . Denote by : 

h : r\ - f-W and ^ : := U, PI /^r/ - /"V 

the natural morphisms. With this notation, we have the following : 
Claim 6.2.19. The induced essentially commutative diagram : 

Cov(/-V) — Cov((UM 

h* Kr 

Cov(/- 1 7 ? ) — ^ Cov{U v ) 

is 2-cartesian. 

Proof of the claim. The pair (h*,f*) induces a functor (/i, j')* from Cov(f~ l r)') to the category 
of data of the form (ip, ip', a), where ip' (resp ip) is a finite etale covering of (U^)^ (resp. of 
f~ l r]) and a : ip x —> ip' x ^ r/ is an isomorphism in Cov(fZ^), and the contention is that 

(hiffi)* i s an equivalence. The full faithfulness of the functors j'* and j* (lemma [6.1 .7f ii.b)) 
easily implies the full faithfulness of (h,f )*. To prove that (h,f )* is essentially surjective, 
amounts to showing that if ip' : E' — > (U^)^ is a finite etale morphism and 

ip" ■= ip' x v > i] : E" := E' x v > r] — > U v 

extends to a finite etale morphism ip : E — > / _1 r], then extends to a finite etale covering 
of f^ lr q'. Now, let L be the maximal purely inseparable extension of contained in k(t]). 
Since the induced morphism rj" := Spec L — > Spec is radicial, the base change functors 

Cov(/ M -V) - Cov((f-W) Xrf V") Cov((UM -> Cov((tf„V x„, r/') 

are equivalences (lemma 16.1.7( 1)). Thus, we may replace r) 1 by 77", and assume that the field 
extension «(?/) C k{t]) is separable, hence the induced morphism Spec k{j]) — > Spec 
is regular ( |[l4l Ch.VIII, §7, no. 3, Cor.l]), and then the same holds for the morphism h ( OTl 
Ch.IV, Prop.6.8.3(iii)]). Given <// as above, set srf := (J' o ip')*& E '', then ,2/ is a quasi-coherent 
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, -algebra, and we may define the quasi-coherent -algebra 8$ as the integral clo- 

sure of in ,c/. By j3H Ch.IV, Prop. 6. 14.1], /i*^ 1 is the integral closure of fy-i^ in 

/iV = j^* o hu(<pP0E») = 3 v *(^P*^e)- By (331 Ch.IV, Prop.17.5.7], it then follows that 
h*SS = <p*0 E , therefore BS is a finite etale ^-y -algebra (E3 Ch.IV, Prop. 17.7.3(H)] and OTL 
Ch.IV, Prop.2.7.1]). The claim follows. 
By the foregoing, we already know that j* is fully faithful, hence the same holds for (j, t.)* 
(claim 1672.130 )). To show that (j, t.)* is essentially surjective, consider any as in (|6.2.12l) : 
we may find \i G A, and a finite etale morphism y?' : — ► f/ M such that cp — cp' Xjj U, whence 
objects <p'/ := y?' in Cov((C/ (U ) r) /), for every rf G (5' M ) max . By construction, we have 

ip' v , x v > r) ~ ip n x /-i^ for every r/ G (S' A1 ) max and every 77 G Smax such that #^(77) = 77'. Then 
claim 1672.191 shows that, for every rf G (5' M ) max there exists an object ip' , of Cov(f~ 1 r]') with 
isomorphisms : 

^'tf x /m v ^ ^ - ^ : ^ x /pV ^ 

Therefore, the datum := (</?', (^',, a', | r/' G (5 , At ) max )) is an object of the 2-limit of the 
diagram of categories 

Cav(tg ^ Cov(X M ) ^ Cov^r/) 

G (iS'/j, )max 

(where : /J 1 // — > X M is the natural immersion, for every 7/ G (5 , A1 ) max ). By claim I672.151 
the datum 2£ comes from an object ip^ of Cov(X At ). Let tp" be the image of y?^ in Cov(X); 
by construction we have (j, L,)*<p" = E_, as required. 

This conclude the proof of (i) and (ii), in case X and S are affine. To deal with the general 
case, let X = [_} ieI Vi be a covering consisting of affine open subschemes, and for every % G I, 
let fVi = [JxeAi be an affine open covering of the open subscheme fVi C S; set also 
Vi\ := Vi n f" 1 Si\ for every i <E I and A G Aj. The restrictions f\v iX ■ Vi\ — > are smooth 
morphisms; moreover, the image of the open immersion 

ji\ ■= j\unv iX --UnVix^ V iX 
is dense in every fibre of f^. The induced morphism 

(6.2.20) : X' := ]l ]l V lX -> X 

tei AeA, 

is faithfully flat, hence of universal 2-descent for (16.1.11) : moreover, it is easily seen that X" : = 
X' x x X' is separated, and j" := j x x X" is a dense open immersion, hence j"* is faithful 
(lemma |6 . 1 . 7 F ii . a) ) . Then, by corollary II .4.341 11). j* is fully faithful, provided the pull-back 
functor Cov(X') — > Cov(X' x x U) is fully faithful, i.e. provided the same holds for the 
functors j* x : Cov(V iA ) -> Cov(V iX nU). However, each V iX is affine (l|26l Ch.I, Prop.5.5.101), 
hence assertion (i) is already known for the morphisms f\y iX and the open subsets U PI Vix', this 
concludes the proof of (i). 

To show (ii), we use the criterion of claim |6.2.13r ii) : indeed, assumption (a) is already 
known, hence we are reduced to showing that assertion (iii) holds. To this aim, we consider 
again the morphism (3 of (16.2.201) , and denote by /" : X" — > S the induced morphism. Clearly 
/" is smooth, and j" is an open immersion, such that f"" l (s) x^ U is dense in f"~ l (s), for 
every s G S; then assertion (i) implies that j"* is fully faithful. Moreover it is easily seen that 
X'" := X" x x X' is separated, and j x x X'" is a dense open immersion, so j'"* is faithful 
(lemma I6.1.7r ii.a)). and therefore corollary |1.4.34f ii) reduces to showing that the pull-back 
functor Cov(X') — > Cov(X' x x U) is an equivalence, or - what is the same - that this holds 
for the pull-back functors j* x , which is already known. □ 
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6.2.21. We consider now the local counterpart of theorem [6.2. Ill Namely, suppose that / : 
X — ► S is a smooth morphism, let x be any geometric point of X, set s := f(x), and let 
s G S be the support of s. Then / induces the morphism fx ■ X(x) — > S(s), and for every 
open immersion j : U — > X(x), we may then consider the diagram @(S(x), fw,U) as in 
(|6.2.10l) . Notice as well that, for every geometric point £ of S, the fibre f~ is normal, since 
it is a cofiltered limit of smooth |£|-schemes; on the other hand, f^ 1 ^) is also connected, by 
proposition ^. 1 .3 lT ii). hence fx has geometrically irreducible fibres. 

Theorem 6.2.22. In the situation of (16.2.211 ). suppose that U contains the generic point of 
fz\s).Then: 

(i) j* : Cov(X(x)) -> Cov(C7) is fully faithful. 

(ii) 77ze diagram @(S(x), fx,U) is 2-cartesian. 

Proof, (i): To begin with, since fx is generizing ([58, Th.9.5]), and S is local, every fibre of fx 
has a point that specializes to the generic point i] s of / 3 r 1 (s); since the fibres are irreducible, it 
follows that the generic point of every fibre specializes to i] s . Therefore U is fibrewise dense in 
X(x), and moreover it is connected. Now, the category Cov(X) is equivalent to the category 
of finite sets, hence every object in the essential image of j* is (isomorphic to) a finite disjoint 
union of copies of U; since U is connected, the morphisms of ^/-schemes between two such 
objects E and E' are in natural bijection with the set-theoretic mappings n (E) — > tcq(E') of 
their sets of connected components, whence the assertion. 

(ii): Let us write U as the union of a filtered family (U\ | A G A) of constructive open 
subsets of X(x); up to replacing A by a cofinal subset, we may assume that r) s G U\ for every 
A G A. Arguing as in the proof of theorem [6.2. Ill we see that @(S(x), fx, U) is the 2-limit of 
the system of diagrams @(S(x), fx, U\), hence it suffices to show the assertion with U = U\, 
for every A G A, which allows to assume that U is quasi-compact. Next, arguing as in the proof 
of proposition 16.1.311 we are reduced to the case where S = S(s). We may write X(x) as 
the limit of a cofiltered system (X\ \ A G A) of affine schemes, etale over X, and for A G A 
large enough, we may find an open subset U\ C X x such that U = U\ x Xx X(x) ( lT32l Ch.IV, 
Cor.8.2.11]). For every fj, > A, set := U\ x Xx X^, and denote by f ^ : X^ — > S the natural 
morphism. Suppose first that S is irreducible; then, from lemma 16.1.61 it is easily seen that 
@{S, fx, U) is the 2-colimit of the system of diagrams 2>{S, / M , U^), so the assertion follows 
from theorem 16.2.1 lf ii) (more generally, this argument works whenever 5 max is a finite set, 
since filtered 2-colimits of categories commute with finite products). 

In the general case, let if : E — > U be a finite etale morphism, and suppose that ip v : = 
V 9 x x{x) f^iv) extends to an object ip v of Cov(/ s r 1 ry), for every r\ G S mSLX . The assertion boils 
down to showing that (p extends to an object ip' of Cov(X(x)). To this aim, for every r] G S max , 
let Z n — > S be the closed immersion of the topological closure of r\ in S (which we endow with 
its reduced scheme structure); set also Y v := X x s Z v . Then Z v is a strictly local scheme ( ll33l 
Ch.IV, Prop.l8.5.6(i)]), and x factors through the closed immersion Y — >• X, which induces an 
isomorphism of Z-schemes : 

Y v (x) A X(x) x s Z v 

(lemma [6.1.23r ii)). By the foregoing case, <p x s Z v extends to an object ip of Cov(Y n (x)). 
However, Z v is the limit of the cofiltered system (Z Vji \ i G I(ff)) consisting of the constructible 
closed subschemes of S that contain Z v . By lemma |6T .61 it follows that we may find i G I{rj) 
and an object vp^^ of Cov(X(x) x s Z Vii ) whose image in Cov(Y v (x)) is isomorphic to ip n , 
and if i is large enough, vp^^ x X (x) U agrees with <p x s Z Vji in Cov(U x s Z Vii ). For each 
r], rj G S max , choose i G I{rj), i' G I(rj') with these properties, and to ease notation, set : 

X' T] := X x s Z v>i X m , := X' T] x s Z^y ip v := ip Vji 
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and denote by a v : ip' Xx(x) U ^ ip x s Z V)i the given isomorphism. As in the foregoing, we 
notice that x factors through X' and the closed immersion X' v — > X induces an isomorphism 

X'(x) X(x) x s Z v> i of Z^j-schemes. According to [J30l Ch.IV, Cor. 1.9.9], we may then find 
a finite subset T C S max such that the induced morphism : 

P : X x := J] Xffl -> X(3£) 

?7GT 

is surjective. Set X 2 := X x X^fe) -Xi an d X 3 := X 2 Xx(x) X\\ notice that X 2 is the disjoint 
union of schemes of the form X(x) Xg Z V;i x s Z^y, for 77,7/ G T, and again, the latter is 
naturally isomorphic to X'',(x), for a unique lifting of the geometric point x to a geometric 
point of X 1 ',. Similar considerations can be repeated for X 3 , and in light of (i), we deduce that 
the pull-back functors : 

Cov(X 4 x xm U) -> Cov(X l ) 1 = 1, 2, 3 

are fully faithful, in which case corollary II .4.341 111) says that the essentially commutative dia- 
gram of categories : 

Desc(Cov,/3) Desc(Cov, (3 x x(s) U) 

w 

n, eT Cov(X;(a;)) — U v er Cov(X' v (x) x xw 17) 

is 2-cartesian. Let p : Cov(Z7) — > Desc(Cov,/3 x^(x) f7) be the functor defined in (11.4.261) ; 
it follows that the datum ((ip'ct v \ rj G T),p(<p)) comes from a descent datum {f'x,oj) in 
Desc(Cov, (3). By lemma |6.1.2[ the latter descends to an object ip' of Cov(X(x)), and by 
construction we have j*cp' = cp, as required. □ 

6.3 . Etale coverings of log schemes. We resume the general notation of (15.2.11) . especially, we 
choose implicitly r to be either the Zariski or etale topology, and we shall omit further mention 
of this choice, unless the omission might be a source of ambiguities. 

6.3.1. LetF := ((Y, N),T, ib) be an object of the category (see (15.6.101) : especially r = 
Zar here), cp : T' — >• T an integral proper subdivision of the fan T (definition |2.5.22f ii),(iii)), 
and suppose that both T and T are locally fine and saturated. Set ((Y',N'),T',ip') := ip*Y 
(proposition I5.6.14r iii)). and let / : Y' — > Y be the morphism of schemes underlying the 
cartesian morphism (p*Y_ — > Y_. 

Proposition 6.3.2. In the situation of (16.3.11) . the following holds : 

(i) For every geometric point £ of Y, the fibre is non-empty and connected. 

(ii) If Y is connected, the functor f* : Cov(y) — > Cov(Y') is an equivalence. 

Proof, (i): The assertion is local on Y, hence we may assume that T = (SpecP)' for a fine, 
sharp and saturated monoid P. In this case, we may find a subdivision ip' : T" — > X" such that 
both ip' and ip o ip' are compositions of saturated blow up of ideals generated by at most two 
elements of P (example l2.6.15f iii)). We are reduced to showing the assertion for the morphisms 
ip' and ip o ip', after which, we may further assume that ip is the saturated blow up of an ideal 
generated by two elements of T(T, & T ), in which case the assertion follows from the more 
precise theorem l5.4.81[ 

(ii): First, we claim that the assertion is local on the Zariski topology of Y. Indeed, let 
Y = [J ieI Ui be a Zariski open covering, and set C/y := Z7» fl Uj for every i, j G 7; according to 
corollary 1 1.4.34r ii) and lemma [6X21 it suffices to prove the contention for the objects (Ui x y 
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(Y,N),T,i()\Ui) and (Uij x Y (Y, N_),T, if)\Uij)> an d the morphism ip. Hence, we may again 
suppose that T = Spec P, for a monoid P as in (i). 

Arguing as in the proof of (i), we may next reduce to the case where ip is the saturated blow 
up of an ideal generated by two elements of T(T, @t). We remark now that Y' is connected as 
well. Indeed, suppose that Y' is the disjoint union of two open and closed subsets Z\ and Z 2 ; it 
follows easily from (i) that f(Z x ) n f(Z 2 ) = 0, and clearly Y = f{Z x ) U f(Z 2 ). On the other 
hand, proposition l5.6.31f ii) implies that f[Z\) and f(Z 2 ) are closed in Y, which is impossible, 
since Y is connected. 

Pick a geometric point £ of Y'\ in this situation, assertion (ii) is equivalent to : 

Claim 6.3.3. The continuous group homomorphism : 

7riCy£,0-*iCW(0) 

induced by /, is an isomorphism of topological groups (see (16.1.121) ). 

Proof of the claim. In view of lemmata 16. 1 .131 and 19. 1 .IX it suffices to show that the induced 
map : 

(6.3.4) H\Y 6t ,G x ) -> H\Y! t ,G x ,) 

is a bijection for every finite group G. However, the morphism of schemes / induces a mor- 
phism of topoi — > Y£ which we denote again by /; let also g : Y£ — > Set be the unique 
morphism of topoi (given by the global section functor on Y£). With this notation, theorem 
11.7.771 specializes to the exact sequence of pointed sets : 

{1} - H l {Y 6t J*G Y ,) A H\Y! t ,G Y ,) - H^Y^R 1 f*G Y ,). 

On the other hand, assertion (i) and the proper base change theorem [[5J Exp.XII, Th.5.1(i)] im- 
ply that the unit of adjunction Gy — > f*f*Gy = f*Gy> is an isomorphism, hence u is naturally 
identified to (|6.3.4I) . and we are reduced to showing that the natural morphism Tf t G Y , '■ ly~ — > 
R 1 f*Gy is an isomorphism (notation of (11.7.711) ). The latter can be checked on the stalks, and 
in view of E Exp.XII, Cor.5.2(ii)] we are reduced to showing that H 1 ^/^ 1 ^)^, G) = {1} for 
every finite group G, and every geometric point £ of Y. However, according to theorem [5A8T1 
the reduced geometric fibre / _1 (£) rc d is either isomorphic to |£| (in which case the contention 
is trivial), or else it is isomorphic to the projective line in which case - in view of lemma 
I6.1.7IT ) - it suffices to show that every finite etale morphism E — > admits a section, which 
is well known. □ 

The class of etale morphisms of log schemes was introduced in section l53l : its definition and 
its main properties parallel those of the corresponding notion for schemes, found in [|30l Ch.IV, 
§17]. In the present section this theme is further advanced : we will consider the logarithmic 
analogue of the classical notion of etale covering of a scheme. To begin with, we make the 
following : 

Definition 6.3.5. (i) Let ip : T — > S be a morphism of fans. We say that ip is ofKummer type, 
if the map (log ip) t ■ &sMt) — * &T,t is of Kummer type, for every t 6 T (see definition l2.4.40l) . 
(ii) Let / : (Y, N_) — ► (X, M) be a morphism of log schemes. 

(a) We say that / is ofKummer type, if for every r-point £ of Y , the morphism of monoids 
(log f)^ : f*M^ — > N_£ is of Kummer type. 

(b) A Kummer chart for / is the datum of charts 

Up-.Py^N uq:Qx^M 

and a morphism of monoids ■& : Q — > P such that (ujp,ujq,'&) is a chart for / (see 
definition 15.1.1 5( iii)) , and d is of Kummer type. 
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Remark 6.3.6. (i) Let / : P — > Q be a morphism of monoids of Kummer type, with P integral 
and saturated. It follows easily from lemma |2.4.4ir iii,v), that the induced morphism of fans 
(Spec/)* : (SpecQ)» -> (Spec P) M is of K ummer type. 

(ii) In the situation of definition 16.3 .5r ii). it is easily seen that / is of Kummer type, if and 
only if the morphism of F-monoids /*M| — » deduced from log /, is of Kummer type for 
every r-point £ of Y. 

(iii) In the situation of definition |6.3.5r ii.b), suppose that the chart (up, uq, i?) is of Kummer 
type, and Q is integral and saturated. It then follows easily from (i), (ii) and example [5. 6 .5f ir). 
that / is of Kummer type. In the same vein, we have the following : 

Lemma 6.3.7. Let f : (Y, N_) — > (X, M ) be a morphism of log schemes with coherent log 
structures, £ a r-point of Y, and suppose that : 

(a) M/rg) is fine and saturated. 

(b) The morphism (log f)% : M/rg) ~" > M4 is of Kummer type. 

Then there exists a (Zariski) open neighborhood U of |£| in Y, such that the restriction f\ v : 
(U, Ni L t) — > (X, M) of f is of Kummer type. 

Proof. By corollary 15 .1.34IT ) and theorem f5. 1 .35r ii). we may find a neighborhood U' — > Y of 
£ in Y T , and a finite chart (top, uq, 1?) for the restriction /ij//, with Q fine and saturated. Set 

S P := u}p^N^ Sq := w Q,/(f)M/(g) -P' : = 'S'p 1 ^' Q' := »S'q 1 Q- 

According to claim |5.1.29r iii) we may find neighborhoods U" — > U' of £ in 3^., and V — >• X of 
/(£) in X T , such that the charts ujp\u" and ujq\ v extend to charts 

Wp' : P'tjh — > iV|[r» wq/ : Q y — > M[v 

Clearly $ extends as well to a unique morphism i?' : Q' — > P', and after shrinking £7" we 
may assume that the restriction /|[/« : (£/"", N\ ur ,) — >■ (X, M) factors through a morphism 
/' : (U",N_\u") ~^ (V, MnA in which case it is easily seen that the datum (upt,UQ>,'&') is a 
chart for /'. Notice as well that Q' is still fine and saturated (lemma I2.2.9I T)), and by claim 
|5.1.29f iv) the maps uj P i and ujqi induce isomorphisms : 

Our assumption (b) then implies that the map Q'$ — > P'^ deduced from 1?' is of Kummer type, 
and then the morphism of fans Spec <&' : Spec P' — > Spec Q' is of Kummer type as well (remark 
16.3.6^ )). However, let 

&p> ■ {U\N\ WI ) -> (SpecP')" wq- ■ (V,M$ V ) -> (Specg') tt 
be the morphisms of monoidal spaces deduced from ujpi and u;q'; we obtain a morphism 

(/',Spec0') : (U", N {u „, (Spec P'f, up,) ^ (V,M| y , (Spec Q'f,UQ,) 

in the category ^ of (|5.6.2I) . which - in view of remark |6. 3 .6r ii) - shows that /' is of Kummer 
type. This already concludes the proof in case r = Zar, and for r = et it suffices to remark that 
the image of U" in Y is a Zariski open neighborhood U of £, such that the restriction f\u is of 
Kummer type. □ 

We shall use the following criterion : 

Proposition 6.3.8. Let k be a field, f : P — ► Q an injective morphism of fine monoids, with 
P sharp. Suppose that the scheme Spec k(Q/mpQ) admits an irreducible component of Krull 
dimension 0. We have : 

(i) / is of Kummer type, and k{Q/vcipQ) is a finite k-algebra. 
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(ii) If moreover, Q x is a torsion-free abelian group, then Q is sharp, and k(Q/mpQ) is a 
local k-algebra with k as residue field. 

Proof. Notice that the assumption means especially that Q/mpQ ^ {1}, so / is a local mor- 
phism. Set I := rad(mp<5) (notation of definition 12. 1 .8r ii)). and let pi, . . . ,p n C Q be the 
minimal prime ideals containing /; then I = pi fl ■ • • fl p n , by lemma 12.1.141 Clearly the 
natural closed immersion Spec k(Q/I) — > Spec k{Q/mpQ) is a homeomorphism; on the other 
hand, say that q C k{Q) is a prime ideal containing /; then q PI Q is a prime ideal of Q 
containing /, hence p, C q for some i < n, i.e. Spec k(Q/I) is the union of its closed sub- 
sets Spec k{Q/piQ), for i = 1, . . . , n. The Krull dimension of each irreducible component of 
Spec k(Q /pi) = Spec k [Q\ pi) equals 

rk z (Q\p) x + dim<3\p = rk%Q x + d- ht(pj) where d : = dimQ 

(claim |531jU i) and corollary |2.4.10r i,ii)). Our assumption then implies that Q x is a finite group, 
and ht(pj) = d, i.e. pi = xtlq, for at least an index i < n, and therefore / = rriQ. Furthermore, 
since tuq is finitely generated, we have rrig C m P Q for a sufficiently large integer n > 0, and 
then it follows easily that k(Q/mpQ) is a finite A;-algebra. If Q x is torsion-free, then we also 
deduce that Q is sharp, and moreover the maximal ideal of k(Q/mpQ) generated by rriQ is 
nilpotent, hence the latter /c-algebra is local. 

Let now q C Q be any prime ideal, and pick x G rriQ\q; the foregoing implies that there 
exists an integer r > such that x r = f{p^q for some p q G m P and q G Q, hence f(p q ) £ q, 
and f(p q ) is not invertible in Q, since / is local. If now q has height d — 1, it follows that f(p q ) 
is a generator of (Q\c\)m., which is an extremal ray of the polyhedral cone Q K , and every such 
extremal ray is of this form (proposition |2.4.7| ); furthermore, the latter cone is strongly convex, 
since Q x is finite. Hence the set S := (/(p q ) | ht(q) = d — 1) is a system of generators of 
the polyhedral cone Qr (see (|2.3.15l) ). Let Q' C Q be the submonoid generated by S; then 
Sq = Sr fl Qq = Qq (proposition l2.3.22f iii)). i.e. f is of Kummer type. □ 

6.3.9. Let / : (lz ar , N_) — > (Xz ar , M) be a morphism of log schemes with Zariski log struc- 
tures; it follows easily from the isomorphism (|5.1.8I) and remark [6.3 .6f ii) that / is of Kummer 
type if and only if u*f : u*M_) — > u*N_) is a morphism of Kummer type between 
schemes with etale log structures (notation of (15.2.21) ). Suppose now that M is an integral and 
saturated log structure on Xz ar , and denote by s.Kum(Xz ar ,ikD ( res P- s.Kum(Xg t , u*M)) 
the full subcategory of sat. log/ (Xz ar , M) (resp. of sat. log/ (X&, u*M_) whose objects are all 
the morphisms of Kummer type. In view of the foregoing (and of lemma |5Tl.l6l r)), we see that 
u* restricts to a functor : 

(6.3.10) s.Kum(X Zar ,M) -> s.Kum(X a ,5*l). 

Lemma 6.3.11. The functor (|6.3.10l) is an equivalence. 

Proof. By virtue of proposition I5.2.3r ii) we know already that (16.3.101) is fully faithful, hence 
we only need to show its essential surjectivity. Thus, let / : (Y&,jV) — > (X&.,, u*M) be a 
morphism of Kummer type. By remark [6.3.6r ii). we know that log / induces an isomorphism 

(notation of (12.3.201) ). Since N_ is integral and saturated, the natural map N} — > is a 
monomorphism, so that the counit of adjunction u*u*N} N} is an isomorphism (lemma 
ll.7.94f ii)). and then the same holds for the counit of adjunction u*u*(Y, N_) — > (Y, N_) (propo- 
sitionEStiii)). □ 

Proposition 6.3.12. Let f : (Y, N_) — > (X, M) be a morphism offs log schemes. The following 
conditions are equivalent: 
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(a) Every geometric point of X admits an etale neighborhood U — > X such that Yjj : = 
U x x Y decomposes as a disjoint union Y v = UILi ^ of open and closed subschemes 
(for some n G N), and we have : 

(i) Each restriction Y{ Xy (Y, N) — > U Xx (X, M) of f Xx lu admits a fine, satu- 
rated Kummer chart (uup i , ujQ i , such that Pi and Qi are sharp, and the order of 
Coker $f p is invertible in &u- 

(ii) The induced morphism of U -schemes Yj, — > U x SpocZ [p.] Spec Z[Q;] is an isomor- 
phism, for every i = 1, . . . , n. 

(b) / is etale, and the morphism of schemes underlying f is finite. 

Proof, (a) =>• (b): Indeed, it is easily seen that the morphism Spec Z[i?j] is finite, hence the same 
holds for the restriction 1^ — > U of /, in view of (a.ii), and then the same holds for / x x If/, 
so finally / is finite on the underlying schemes ([31 , Ch.IV, Prop. 2.7.1]), and it is etale by the 
criterion of theorem 153371 

(b) =>- (a): Arguing as in the proof of theorem [5.3.371 we may reduce to the case where 
r = et. Suppose first that both X and Y are strictly local. In this case, M admits a fine and 
saturated chart cup : Px —> M, sharp at the closed point (corollary 15. 1 .340 )). Moreover, / 
admits a chart (u>p,Uq : Qy — > N_, § : P — > Q), for some fine monoid Q such that Q x is 
torsion-free; also ■§ is injective, the induced morphism of X-schemes 

g ■ y -> X' := X x Sp ccZ[P] SpecZ[Q] 

is etale, and the order of Coker i? gp is invertible in 6 X (corollary I5.3.42I ). Since / is finite, g 
is also closed ( ||27l Ch.II, Prop. 6. 1.10]), hence its image Z is an open and closed local sub- 
scheme, finite over X. Let k be the residue field of the closed point of X; it follows that 
X' Xx Spec k ~ Spec k(Q /vnpQ) admits an irreducible component of Krull dimension zero 
(namely, the intersection of Z with the fibre of X' over the closed point of X), in which case 
the criterion of proposition [633tii) ensures that $ is of Kummer type and Q is sharp, hence X' 
is finite over X, and moreover X' x x Spec k is a local scheme with k as residue field. Since X 
is strictly henselian, it follows that X' itself is strictly local, and therefore g is an isomorphism, 
so the proposition is proved in this case. 

Let now X be a general scheme, and £ a geometric point of X; denote by X(£) the strict 
henselization of X at the point £, and set Y(£) := X(£) x x Y . Since / is finite, Y(£) 
decomposes as the disjoint union of finitely many open and closed strictly local subschemes 
Yi(£), . . . , Y n (£). Then we may find an etale neighborhood U — > X of £, and open and closed 
subschemes Y±, . . . , Y n of Y Xx U, with isomorphisms of X(£) -schemes Yi(^) ^ Yi XuX(£), 
for every i = 1, . . . ,n ( |T32[ Ch.IV, Cor.8.3.12]). We may then replace X by U, and we reduce to 
proving the proposition for each of the restrictions Yi — > U of / x x lu', hence we may assume 
that K(£) is strictly local. By the foregoing case, we may find a chart 

(6.3.13) P*(0-M(O Qy(o^M0 $:P^Q 

°f / x x lxm, with $ of Kummer type, such that P and Q are sharp, the order d of Coker $ gp 
is invertible in &x(£), and the induced morphism of X(£) -schemes Y(£) — > X(£) x SpecZ [p] 
Spec Z[Q] is an isomorphism. By corollary 15.2.341 we may find an etale neighborhood U — > X 
of £ such that (16.3.131 ) extends to a chart for / x x lu- After shrinking U, we may assume 
that d is invertible in @u- Lastly, after further shrinking of U, we may ensure that the induced 
morphism of [/-schemes U x x Y U x SpccZ [p] SpecZ[Q] is an isomorphism (|[32l Ch.IV, 
Cor.8. 8.2.4]). □ 

Definition 6.3.14. Let / : (Y,N_) — > (X, M) be a morphism of fs log schemes. We say that / 
is an etale covering of (X, M), if / fulfills the equivalent conditions (a) and (b) of proposition 
16.3.121 We denote by 

Cov(X,M) 
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the full subcategory of the category of (X, M) -schemes, whose objects are the etale coverings 
of(X,M). 

Remark 6.3.15. (i) Notice that all morphisms in Cov(X, M) are etale coverings, in light of 
corollary |5.3.25r ii) . 

(ii) Moreover, Cov(X, M) is a Galois category (see [|40l Exp.V, Def.5.1]), and if £ is any 
geometric point of (X, M) tr , we obtain a fibre functor for this category, by the rule : / i— > 
/ _1 (£), for every etale covering / of (X, M). (Details left to the reader.) We shall denote by 

7ri((X,M) ft ,0 

the corresponding fundamental group. 

Example 6.3.16. Let (/, log/) : (Y, N) — > (X, M) be an etale covering of a regular log 
scheme (X, M), and suppose that X is strictly local of dimension 1 and Y is connected (hence 
strictly local as well). Let x E X (resp. y E Y) be the closed point; it follows that &x,x 
is a strictly henselian discrete valuation ring (corollary 15.5.401 ). The same holds for ffy tV in 
view of theorem [5.5.551 and 11331 Ch.IV, Prop. 18.5. 10]. In case dim M x = 0, the log structures 
M and N are trivial, so / : Y — > X is an etale morphism of schemes. Otherwise we have 
dimM x = 1 = dimN y (lemma [2A4lT i)). and then M| ~ N ~ N} y (theorem HAToT ii)); also, 
the choice of a chart for / as in proposition l6.3.12[ induces an isomorphism 

where the map M\ — > N} y is the iV-Frobenius map of N, where N > is an integer invertible 
in &x,x- Moreover, notice that the image of the maximal ideal of generates the maximal 
ideal of &x,x ( an d likewise for the image of N_ y in &y, v ), so the structure map of M induces an 
isomorphism M\ ^ T + , onto the submonoid of the value group (T, <) of &x,x consisting of 
all elements < 1 (and likewise for N} ). In other words, <ff Y , y is obtained from &x,x by adding 
the iV-th root of a uniformizer. It then follows that the ring homomorphism ff x ,x &Y,y is an 
algebraic tamely ramified extension of discrete valuation rings (see e.g. 11361 Cor.6.2.14]). 

Definition 6.3.17. Let X be a normal scheme, and 2^Ia closed immersion such that : 

(a) Z is a union of irreducible closed subsets of codimension one in X. 

(b) For every maximal point z E Z, the stalk ff x ,z is a discrete valuation ring. 

Set U := X\Z, let / : U' — > U be an etale covering, and g : X' — » X the normalization of X 
in U' . Notice that g~ l Z is a union of irreducible closed subsets of codimension one in X' (by 
the going down theorem [58, Th. 9.4(H)]). 

(i) We say that / is tamely ramified along Z if, for every geometric point £ E X' localized 
at a maximal point of g^Z, the induced finite extension 

of strictly henselian discrete valuation rings ([33, Ch.IV, Cor.18.8.13]), is tamely rami- 
fied. Recall that the latter condition means the following : let T g ^ — > be the map of 
valuation groups induced by the above extension; then the ramification index 

-(/) ■= ft : T m ) 

is invertible in the residue field «(£), and g induces an isomorphism «(/(£)) — > «(£)• 

(ii) Suppose that / is tamely ramified along Z, and that the set of maximal points of Z is 
finite. Then the ramification index of f along Z is the least common multiple ez(f) 
of the ramification indices (/), where £ ranges over the set of all geometric points of 
X' supported at a maximal point of g~ l Z. 

(iii) We denote by Tame(X, U) the full subcategory of Cov(£7) whose objects are the 
etale coverings of U that are tamely ramified along Z. 
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Lemma 6.3.18. Let if : X' — > X be a dominant morphism of normal schemes, Z C X a closed 
subset, and set Z' := </? _1 Z. Suppose that : 

(a) The closed immersions Z — > X anJ Z' — > X' satisfy conditions (a) anJ (b) of definition 
[6317] 

(b) </? restricts to a map Max Z' — > Max Z on f/ze subsets of maximal points of Z and Z' . 
We have : 

(i) f* : Cov(Z7) — > Cov(U') restricts to a functor 

Tame(X, U) -> Tame(X', [/'). 

(ii) Suppose that Max Z an J Max Z' are finite sets. Then, for any object f : V — > U of 
Tame(X, U), the index ez'{(p*f) divides ez(f)- 

(iii) Suppose that X is regular, and let j : U — > X oe nie open immersion. Then the 
essential image of the pull-back functor j* : Cov(X) — > Tame(X, [/) consists of the 
objects f : V — > U such that ez(f) = 1. 

Proof, (i): Let V — >• Z7 be an object of Tame(X, [/), and denote by g : PF — > X (resp. 
o' : W — > X') the normalization of X in V (resp. ofX' inK Xf/ [/')• Let w' be a geometric 
point of W localized at a maximal point of o /_1 Z', and denote by w (resp. x', resp. x) the 
image of w' in W (resp. in X', resp. in X); In view of (331 Ch.IV, Prop.17.5.7], we may replace 
X' by X'(x'), X by X(x), W by W(it>), and assume from start that X, X' and W are strictly 
local. In this case, ffx',x' ®ff x x &w,w is a direct product of finite and local ^/yalgebras, and 
the induced diagram of fields of fractions 

Frac ff x ,x ^ Frac &w,w 

(6.3.19) 

Frac C?x',x' ^ F rac &w',w' 

is cocartesian (in the category of fields). Since V is tamely ramified along Z, the top horizontal 
arrow of (16.3.191 ) is a finite (abelian) extension whose degree e w is invertible in k(x) ( ||36l 
Cor.6.2.14]); it follows that the bottom horizontal arrows is a Galois extension as well, and its 
degree divides e w From this, both assertions (i) and (ii) follow easily. 

(iii): Let / : V — > U be an object of Tame(X, U). By claim [6TTT81 there exists a largest 
open subset U mgcK C X containing U, and such that / is the restriction of an etale covering 
/max : V —> U mscK ; now, if ez(f) = 1, every point of codimension one of X\U lies in U max , 
by claim |6.1^9l Hence X\U has codimension > 2 in X, in which case lemma l6\1.7r iii) implies 
that X = U max , as required. □ 

Remark 6.3.20. The assumptions (a) and (b) of lemma |6.3.18| are fulfilled, notably, when / is 
finite and dominant, or when / is flat ( ||58l Th.9.4(ii), Th.9.5]). 

6.3.21. Let now X := (X, | i 6 I) be a cofiltered system of normal schemes, such that, for 
every morphism cp : i — > j in the indexing category /, the corresponding transition morphism 
ftp : Xj — > Xj is dominant and affine. Suppose also, that for every i E I, there exists a closed 
immersion Z, — > Xj, fulfilling conditions (a) and (b) of definition l6.3.17l such that MaxZ, is a 
finite set, and for every morphism cp:i—>jofI,we have : 
. Z t = f~ l Z r 

• The corresponding morphism f v restricts to a map Max Zj — > Max Zj. 

Let also X be the limit of X, and Z the limit of the system (Zj | i £ /), and suppose furthermore 
that the closed immersion Z — > X fulfills as well conditions (a) and (b) of definition |6.3.171 

Proposition 6.3.22. /n situation of (16.3.211) . we nave : 
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(i) The induced morphism 7Tj : X — > Xj restricts to a map 

Max Z — > Max Zi for every % G I. 

(ii) The morphisms iTi induce an equivalence of categories : 

2-colimTame(Xj,Xj\Zj) -> Tame(X,X\Z). 

Proof, (i): More precisely, we shall prove that there is a natural homeomorphism : 

MaxZ A limMaxZj. 

(Notice the each Max Zi is a discrete finite set, hence this will show that Max Z is a profinite 
topological space.) Indeed, suppose that z := (z^ \ i G I) is a maximal point of Z. For every 
i G /, let Tj C Max Zi be the subset of maximal generizations of Zi in Zj. It is easily seen that 
/^Tj C Tj for every morphism : i — > j in /. Clearly Tj is a finite non-empty set for every 
i E I, hence the limit T of the cofiltered system (T | i G 7) is non-empty. However, any point 
of T is a generization of z in Z, hence it must coincide with z. The assertion follows easily. 

(ii): To begin with, lemma l6~.3.18f i) shows that, for every morphism cp : % — > j in I, the 
transition morphism induces a pull-back functor Tame(X,-, Xj\Zj) — > Tame(Xj, Xj\Zj), 
so the 2-colimit in (ii) is well-defined, and combining (i) with lemma l63.18r i) we obtain indeed 
a well-defined functor from this 2-colimit to Tame(X, X\Z). 

The full faithfulness of the functor of (ii) follows from lemma |6T .61 Next, let g : V — > X\Z 
be an object of Tame(X, X\Z); invoking again lemma |6T.6[ we may descend g to an etale 
covering gj : Vj — > Xj\Zj, for some j E I; after replacing / by I /j, we may assume that j is 
the final object of / and we may define $ := f^(gj) for every ip : i — > j in /. To conclude the 
proof, it suffices to show that there exists i E I such that gi is tamely ramified along Z, L . 

Now, let g { : Vj — > Xj be the normalization of Xj in V x Xj -Xi, for every i E I, and 
<7 : V — > X the normalization of X in V. Given a geometric point v localized at a maximal 
point of g~ 1 Z, let Uj (resp. Zi) be the image of v in Vj (resp. in Zi), for every i E I. Let also 2 
be the image of v in Z. Then 

<V = colim 0£ h T = colim ^ _ . 

( 11331 Ch.IV, Prop. 1 8.8. 18(ii)]), and it follows easily that there exists i E I such that the finite 
extension &x ^. — > - is already tamely ramified. Since only finitely many points of Vj lie 
over the support of Zi, and since / is cofiltered, it follows that there exists i E I such that the 
induced morphism Vj x Xi Xi(~z~i) — > Xj(zj) is already tamely ramified. However, notice that 
7Tj~ (^j) is open in MaxZ, for every i E I, and every ^ G Max Z; t . Therefore, we may find a 
finite subset J C /, and for every z E I a subset Tj C Max Z h such that : 

. MaxZ = [j ieIo n7\T l ). 

• For every geometric point Zi localized in Tj, the morphism Vj x Xt Xj(^j) — * Xj(zj) is 
tamely ramified. 

Since I is cofiltered, we may find k E I with morphisms ^ : k — > z for every i e Jo; 
after replacing Tj by /"/(T) for every z G I > w ^ m ay then assume that J = {&}, so that 
Max Z = 7r fc 1 (T fc ). It follows that Max Zj = f~ l T k for some i G / and some 99 : i — > fc. Then 
it is clear that #j is tamely ramified along Z, as required. □ 

6.3.23. Let X be a scheme, U C X a connected open subset, £ any geometric point of £7, 
and X > an integer which is invertible in then the X-Frobenius map JV of ^ gives a 
Kummer exact sequence of abelian sheaves on X& : 

-> /z^ - ^ ^ ^ x - 
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(where fJ, N U is the iV-torsion subsheaf of 6£ : see jH Exp.IX, §3.2]). Suppose now that n N y 
is a constant sheaf on U 6t ; this means especially that fj, N := (fi NU )^ is a cyclic group of order 
N. Indeed, n N certainly contains such a subgroup (since N is invertible in so denote by ( 
one of its generators; then every u G n N satisfies the identity = u N — 1 = riili( u ~~ 0)> an d 
each factor of this decomposition vanishes on a closed subset Ui of U(£) ; clearly t/j HUj = 
for i 7^ j, so we get a decomposition of £/(£) as a disjoint union of open and closed subsets 
£/(£) = tA U ■ ■ • U Ujsr such that u = £ l on U, for every i < N; since £/(£) is connected, it 
follows that U (£) = Z7j for some i, i.e. ( generates ii N . There follows a natural map : 

d N : T(U 6t , ) Hl ( U 6t, /%,[/) -* Hom cont (7ri(f/ 6t ,^),^ Ar ) 

(lemma [6. 1.131) . Recall the geometric interpretation of On '■ a given k G &^{JJ) is viewed as 
a morphism of schemes u : C/ — > G m , where G m := SpecZ[Z] is the standard multiplicative 
group scheme; we let [/' be the fibre product in the cartesian diagram of schemes : 



U' 

(6.3.24) <pu 

U 



SpecZ[iV z 



Then ip u is a torsor under the L^t-group and to such torsor, lemma |6~. 1 . 1 3 1 as sociates a 

well defined continuous group homomorphism as required. 

If M > is any integer dividing N, a simple inspection yields a commutative diagram : 



T(U 6t , 0$) Hom cont (7r 1 (f/ 6t , 0, Mtv) 



(6.3.25) 



9m 

Hom cont (7Ti (C/ 6t , , /x M ) 



where ttjv,m is induced by the map n N — > fj, M given by the rule : x h- > x N ^ M for every x G /j, n . 

6.3.26. Let now X be a strictly local scheme, x the closed point of X, and denote by p the 
characteristic exponent of the residue field k(x) (so p is either 1 or a positive prime integer). 
Let also (3 : M — » Gx be a log structure on X<s t , take £/ := (X, M) tr , suppose that U ^ 0, and 
fix a geometric point £ of [/; for every integer N > with (X, p) = 1, we get a morphism of 
monoids : 

(6.3.27) r(^ t , ^ x x ) Hom cont (vr 1 (f/, t ,0, /-%) 

whose kernel contains M^, the image of the iV-Frobenius endomorphism of M x . Notice that 
the X-Frobenius map of is surjective : indeed, since the residue field k(x) is separably 
closed, and (N,p) = 1, all polynomials in n(x)[T] of the form T N — u (for u ^ 0) split as a 
product of distinct monic polynomials of degree 1; since &x,x is henselian, the same holds for 
all polynomials in 6xJF\ of the form T N - u, with u G x . It follows that (16.3.271) factors 
through a natural map: 

M«P _> Hom cont (7r 1 (f/ 6t , 0, 
which is the same as a group homomorphism : 

(6.3.28) Mi gP x^i(^t,0^/^v- 

In view of the commutative diagram (16.3.251) . it is easily seen that the pairings (16.3.281) . for N 
ranging over all the positive integers with (X, p) = 1, assemble into a single pairing : 

Kf X7r 1 ((X,M) tr ,, t ,0^n Z ^ 1 ) 
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(where £ ranges over the prime numbers different from p, and ZAl) := lim /x £ „). The latter is 

neN 

the same as a group homomorphism : 

(6.3.29) ^((^M)^) ^Mf v ® z ^ Z *( 1 )■ 

^P 

6.3.30. Let / : (X, M) — > (Y, N_) be a morphism of log schemes, such that both X and Y are 
strictly local, and / maps the closed point x of X to the closed point y of Y. Then / restricts 
to a morphism of schemes f tI : (X, M) tr — ► (y, iV) tr (remark [5.2.8r i)). Fix again a geometric 
point £ of (X, M) tr ; we get a diagram of group homomorphisms : 



mi pv ®z rL^z^i) 



whose vertical arrows (resp. bottom horizontal arrow) are the maps (16.3.291 ) (resp. is induced by 
(log f x ) gpV ), and by inspecting the constructions, it is easily seen that this diagram commutes. 



6.3.31. Suppose now that (X, M) as in (16.3.261) is a fs log scheme, so that P := M| is fine 
and saturated; in this case, we wish to give a second construction of the pairing (16.3.281 ). 

• Namely, for every integer N > set Sp := SpecZ[P] and consider the finite morphism 
of schemes '■ Sp — ► Sp induced by the iV-Frobenius endomorphism of P. Notice that Sp 
contains the dense open subset Up := Spec Z[l/N, P gp ] , and it is easily seen that the restriction 
9n\u p '■ Up — > Up of gN is an etale morphism. Let r e Up be any geometric point; then r 
corresponds to a ring homomorphism Z[l/N, P gp l — > n := k(t), which is the same a character 



pgp 



K' 



: . Likewise, any r' E 5 , iV 1 (' r ) ^ s determined by a character Xt 1 '■ P gp 



extending Xt, i-e- such that Xr' {pc N ) = Xt{ x ) f° r every x G P gp . Notice that every character Xt 
as above admits at least one such extension % r /, since k is separably closed, and N is invertible 
in k. Let be the cokernel of the A^-Frobenius endomorphism of P gp ; there follows a short 
exact sequence of finite abelian groups : 



-> Hom z (C 7V , «: x ) -> Hom z (P gp , K > 



N 



Hom z (P gp ,/t > 



0. 



Especially, we see that the fibre g^{r) is naturally a torsor under the group Hom z (CV, k x ) = 
Hom z (P gp , h n (k)), where ^ n (k) C k x is the iV-torsion subgroup. Hence gN\u P is an etale 
Galois covering of Up, whose Galois group is naturally isomorphic to Hom z (P gp , h n (k)); 
therefore, gN\u P is classified by a well defined continuous representation : 



(6.3.32) 



MUp, 



Hom z (P gp ,/x JV (« ; )) 



(lemma 16XT31) . 

• Moreover, if A : Q 
a commutative diagram 



P is any morphism of fine and saturated monoids, clearly we have 



SpccZ[A]|j7 



u 



Q 



9n\u p 



u, 



SpecZ[A]ijj 



9n\u c 



Ur 



whence, by remark [6.1.15r iii). a well defined group homomorphism 
(6.3.33) Hom z (P gp , fi N ) -> Hom z (Q gp , fi N ) 
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that makes commute the induced diagram : 



Hom z (PSP, n N ) Hom z (QsP, fj, N ) 

whose vertical arrows are the maps (16.3.321) . By inspecting the constructions, it is easily seen 
that (16.3.331) is just the map Hom z (A gp , /jt N ). 

• Next, by corollary |5 .1.341 4) the projection Mj. — > P admits a splitting 

a: P -> M x 

(which defines a sharp chart for M); if N is invertible in Ox, this splitting induces a morphism 
of schemes X — ► Sp, which restricts to a morphism U — > [/p. If we let r be the image of £, we 
deduce a continuous group homomorphism 7Ti([4 t , £) — ► 7Ti(E/p&, t) ( Il4"0"l Exp.V, §7]), whose 
composition with (16.3.321) yields a continuous map : 

(6.3.34) 7n(C/ 6t ,0 -> Hom z (P^, Mjv («)). 

We claim that the pairing P gp x 7Ti £) — > Ix n {k) arising from (|6.3.34l) agrees with (16.3.281) . 
under the natural identification fJ> N (K) ^ N . Indeed, for given s G P, let j s : Z — > P gp be the 
map such that j s (n) := s n for every n G Z; by composing (16.3.341 ) with Hom z (j s , /j, n (k)), we 
obtain a map 7Ti([4 t , ^) — > Hom z (Z, /j, n (k)) ^> /j, n (k); in view of the foregoing, it is easily 
seen that the corresponding /x iV (fi;)-torsor is precisely (p a ( s ), in the notation of (16.3.241) . whence 
the contention. 

Proposition 6.3.35. In the situation of (16.3.261) , suppose that (X, M) is a regular log scheme. 
Then (16.3.291 ) is a surjection. 

Proof. From the discussion of (16.3.311) . we are reduced to showing that the morphism (|6.3.34l) 
is surjective, for every N > such that (N,p) = 1. The latter comes down to showing that 
the corresponding torsor gN\u P x u P U : U' — > U is connected (remark [6. 1.15I T)). However, 
the map a : P — > M x . induces a morphism of log schemes ip : (X, M) — > Spec(Z, P) (see 
(15.2.131 )); we remark the following : 

Claim 6.3.36. Slightly more generally, for any Kummer morphism v : P — > Q of monoids, 
with Q fine, sharp and saturated, define (X„, M„ ) as the fibre product in the cartesian diagram: 

(X V ,M*) -Spec(Z, Q) 



(6.3.37) /„ 



Spec(Z,i^) 



(X,M) ^ L -Spec(Z,P) 
Then (X u , M„ ) is regular, and X v is strictly local. 

Proof of the claim. By lemma |5~.5 .511 (X„, M„ ) is regular at every point of the closed fibre 
X u x x Spec k(x), and since f u is a finite morphism, every point of X u specializes to a point 
of the closed fibre, therefore (X„, M„) is regular (theorem l5.5.57l) . Moreover, X u is connected, 
provided the same holds for the closed fibre; in turn, this follows immediately from proposition 
|63^ii). Then X„ is strictly local, by If33l Ch.IV. Prop.18.5.101. 

From claim [63.361 we see that X v is normal (corollary 15.5.401) for every such v, especially 
this holds for the iV-Frobenius endomorphism of P, in which case U' is an open subset of X u ; 
since the latter is connected, the same then holds for U' . □ 
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Example 6.3.38. (i) In the situation of example 15.6.201 let X — > S be any moronism of 
schemes, set X := X x s S_, denote by (X,M_) the log scheme underlying X_, and define 
(X(k), Mlk)) as the fibre product in the cartesian diagram of log schemes : 

(X (fc)j M w )^ts P ec(P,P) 

Spec(i?,fcp) 

(I,M) — — Spec(P, P) 

where n is the natural projection. Set as well := ((X(k), M^.)), T P ,ip P o 7rjL), which 
is an object of J% nt ; by proposition 15.6.1 4t iii) . diagram (12.5.281) (with T := T P ) underlies a 
commutative diagram in J% nt : 



9x 



(k x ,k Tp ) 



ip*X >x 

whose horizontal arrows are cartesian. Clearly this diagram is isomorphic toXx s (15.6.211) ; we 
deduce that the morphism g x of log schemes underlying g x is finite, and of Kummer type; by 
proposition l6.3.12[ g x is even an etale covering, if k is invertible in G x . 

(ii) Suppose furthermore, that (X, M) is regular; by claim l6.3.36l it follows that (Xgy M^.)) 
is regular as well, and then the same holds for the log schemes (X v , M ip ) and (Y, N_) underlying 
respectively y?*X and (p*2£_(k) (proposition 15 . 6 . 1 41 v) and theorem [5 .5 .551) . Let now y G Y be a 
point of height one in Y, lying in the closed subset Y\(Y, N_) tT , and set x := gx(y)', arguing 
as in example [6.3.16l we see that N} y and Mf x are both isomorphic to N, and the induced map 
^x v ,x &Y, y is an extension of discrete valuation rings, whose corresponding extension of 
valued fields is finite. Denote by T x — > T y the associated extension of valuation groups; in view 
of (|5.6.22l) we see that the ramification index (T y : T x ) equals k. 

6.3.39. Resume the situation of (16.3.311) . Every (finite) discrete quotient map 

P-Kfv ® z JJZ*(1)->G 

corresponds, via composition with (16.3.291 ), to a G[/-torsor, which can be explicitly constructed 
as follows. Set P : = M|, choose an integer N > large enough, so that (N,p) = 1, and p 
factors through a group homomorphism p : Hom z (P gp , /ijv(«)) — » G, and set H := Kerp. 
There follows an exact sequence: 

-> Hom z (G, k x ) -> P gp ® z Z/iVZ -> Hom z (P, k x ) -> 0. 

Define Q gp C P gp as the kernel of the induced map P gp — > Hom z (if, k x ), and set Q : = 
Qgp p| p By construction, the iV-Frobenius endomorphism of P factors through an injective 
map v : P — > Q, so g N factors as a composition : 

Q Q & Q 

Op — > Dq — > Dp. 

Let r and % r : P gp — > k x be as in (16.3.311) ; the fibre /i _1 (t) corresponds to the set of all 
characters Xt' '■ Q gp ~^ K>< whose restriction to P gp agrees with Xt- Then, a direct inspection 
of the construction yields a natural bijection G h~ l (r). 

Then, with the notation of (|6.3.37l) . it is easily seen that the restriction (f u )ti '■ {X v , M,,)t,r — > 
[/ is the sought G;y-torsor. Notice as well that /„ is an etale covering of (X, M). 
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6.3.40. Our chief supply of tamely ramified coverings comes from the following source. Let 
/ : (X> N) ~ > {X, M) be an etale morphism of log schemes, whose underlying morphism of 
schemes is finite, and suppose that (X, M) is regular. Then ( Y, N_) is regular, and both X and 
Y are normal schemes (theorem [5335] and corollary 15.5.401) . Moreover, lemma 1X4.411 11) and 
proposition 16.3.121 imply that (Y, N_) tr = / _1 (X, M) tr , hence the restriction of / 

/ tr :(Y,X) tr ^(X,M) tr 

is a finite etale morphism of schemes (corollary 15.3 .27I T)). Furthermore, it follows easily from 
corollary 15 . 5 . 47 1 that the closed subset X\(X, M) tr is a union of irreducible closed subsets of 
codimension 1 in X (and the union is locally finite on the Zariski topology of X); the same holds 
also for Y\(Y,AQ tr , especially Y is the normalization of (Y, AQ tr over X. Finally, example 
|6.3.16| implies that / tr is tamely ramified along X\(X, M) tr . It is then clear that the rule / i— > f tI 
defines a functor : 

F (XM ) ■■ Cov(X, M) -> Tame(X, (X,M) tr ). 
It follows easily from remark 15.5.651 that F(x,m) is fully faithful; therefore, any choice of a 
geometric point £ of (X, M) tr determines a surjective group homomorphism : 

(6.3.41) 7ri((X,M) tr , 6t ,0 - 7Ti((X, M) 6t , £) 

fl|40l Exp.V, Prop.6.9]). 

Proposition 6.3.42. In the situation of (|6.3.26l) . suppose that (X, M) is a regular log scheme. 
Then the map (16.3.291) factors through (16.3.411 ), and induces an isomorphism : 

(6.3.43) m((X,Mht,0 ^M| pV ® z n Z ^ X )- 

Proo/ The discussion of (16.3.391 ) shows that (16.3.291 ) factors through (16.3.411) . and proposition 
16.3.351 implies that (16.3.431) is surjective. Next, let / : ( Y, N) — >■ (X, M) be an etale cover- 
ing; according to proposition (63T21 / admits a Kummer chart (up, ujq, i?) with Q fine, sharp 
and saturated, such that the order k of Coker^ gp is invertible in &y Moreover, the induced 
morphism of X-schemes Y — > X x Spcc x[p] SpecZ[Q] is an isomorphism. With this notation, 
denote by G the cokernel of the induced group homomorphism Hom z ($ gp , k psP ); there follows 
a map p : P gp ® z Yle^p ^(1) > ^» an d by inspecting the construction, one may check that the 
corresponding G(/-torsor, constructed as in (16.3.39k is isomorphic to / x x lj/ (details left to the 
reader). This shows the injectivity of (16.3.431) . and completes the proof of the proposition. □ 

The following result is the logarithmic version of the classical Abhyankar's lemma. 

Theorem 6.3.44. The functor F( X ,m_) is an equivalence. 

Proof. First we show how to reduce to the case where r = et. 

Claim 6.3.45. Let (X Zar , M) be a regular log structure on the Zariski site of X, and suppose 
that the theorem holds for M*(Xz ar , M)- Then the theorem holds for (Xz ar , M.) as well. 

Proof of the claim. Let g : V — > (Xz ar , M)tr be an etale covering whose normalization over 
X is tamely ramified along X\ (Xz ar ,M) tr . By assumption, there exists an etale covering 
/ : (Yet, N_) — > w*(X Zar , M) such that / tr = g; by lemma [673.1 11 we may then find a morphism 
of log schemes of Kummer type / Z ar : u*(Y et ,N_) — > (X Zar , M) such that u* fz w = f, therefore 
/zar is an etale covering of (X Zar , M) (corollary |5.3.27r iii)), and clearly (/z ar )tr — fi 1 ' so the 
functor Prxzar.M) is essentially surjective. Full faithfulness for the same functor is derived 
formally from the full faithfulness of the functor i 71 «*(x Zar ,M)> and that of the functor (16.3.101 ) : 
details left to the reader. 

Henceforth we assume that r = et. 
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Claim 6.3.46. Let g : V -> (X, M) tr be an object of Tame(l, (X, M) tr ). Then 5- lies in the 
essential image of F(x,m) if (and only if) there exists an etale covering (U\ — > X | A G A) of X, 
such that, for every A G A, the etale covering g x x U\ lies in the essential image of F(u Xt M lLr )• 

Proof of the claim. We have to exhibit a finite etale covering / : (F, X) — > (X, M) such 
that f tr = g- However, given such /, theorem [5.5.551 and corollary 15.5.401 imply that F is 
the normalization of V over X, and proposition 15.5.631 says that N_ = j*&y fl Gy, where 
j : V — > Y is the open immersion; then log / : f*M — > N_ is completely determined by /, 
hence by g. Thus, we come down to showing that : 

(i) N_ :— j*Gy fl ffy is a regular log structure on the normalization Y of V over X. 

(ii) The unique morphism / : (Y, X) — > (X, M) is an etale covering. 

However, ll58l §33, Lemma 1] implies that Y is finite over X. To show (ii), it then suffices to 
prove that each restriction f x := / x x lu x is etale (propo sition 15 . 3 . 247 iii) ) . Likewise, (i) holds, 
provided the restriction N_\y x is a regular log structure onY\ := Y x x U\, for every A G A. Let 
jx ■ V\ :=Vx x U\ — ► Y\ be the induced open immersion. It is clear that N_^ Yx = 3\*@v x n &Y\> 
and Y\ is the normalization of V\ over U\ (J33l Ch.IV, Prop. 17.5.7]); moreover, (Ux,M.\u x ) * s 
again regular, so our assumption implies that (Yx,N_\ Y> ) is the unique regular log structure on 
Y\ whose trivial locus is V\, and that f\ is indeed etale. 

Claim 6.3.47. If F(x($),m(j0) ^ s essentially surjective for every geometric point ^ of X, the same 
holds for F( X ,M)- 

Proof of the claim. Indeed, let g : V — > (X, M) tr be an object of Tame(X, (X, M) tr ), and £ 
any geometric point of X. By claim l6.3.46l it suffices to find an etale neighborhood U — >• X of £, 
such that x x 1(7 lies in the essential image of F(u t M_ y Denote by Y the normalization of X in 
V, which is a finite X-scheme ( ll58l §33, Lemma 1]). The scheme Y(£) := Y x x X(£) decom- 
poses as a finite disjoint union of strictly local open and closed subschemes Y\ (£),... , Y n (^), 
and we may find an etale neighborhood U — > X of £, and a decomposition of F x x ?7 by open 
and closed subschemes Y t , . . . , Y n , with isomorphisms of X(£)-schemes F(£) ^ Y { x x X(£) 
for every i = 1, . . . , n ( ll32l Ch.IV, Cor.8.3.12]). We are then reduced to showing that all the 
restrictions Kj — > U lie in the essential image of F^ujm y Thus, we may replace X by U, and 
F by any Fj, after which we may assume that F(£) is strictly local. Proposition 15.5.431 and 
theorem [5.5.571 imply that (X(£), M(£)) is a regular log scheme. Clearly g^ := g x x is 
an object of Tame(X(£), (X(£), M(£)) tr ), so by assumption there exists a finite etale covering 
/i : (^,X) -> (X(£),M(£)) such that /i tr = ^- By theorem [5335] and corollary |533Ql we 
know that Z is a normal scheme, and we deduce that Z = F(£) ([33, Ch.IV, Prop. 17.5.7]). 

According to proposition l6.3.12[ the morphism h admits a fine and saturated Kummer chart 
(up,u)Q,'d : P — > Q), such that the order d of Coker?9 gp is invertible in and such that 
the induced map F(£) — > X(£) Xs pec p SpecQ is an isomorphism. By proposition 15.2.281 
there exists an etale neighborhood U — > X of £, and a coherent log structure N_' on F' : = 
Y x x U with an isomorphism Y(£) x Y , (F', X') A (F(£),X). Moreover, let ti : Y' -> U 
be the projection; after shrinking [/, the map log /i descends to a morphism of log structures 
h'*M\u ~* whence a morphism (/i', log ti) : (F', X') (U, Mm) of log schemes, such 
that hi Xjj lx(n — ^- After further shrinking [/, we may also assume that h' admits a Kummer 
chart (u'p, cu'q, 1?) (corollary 15.2.341) . that d is invertible in Gu, and that the induced morphism 
Y' — > U x SpecP SpecQ is an isomorphism ( ll32l Ch.IV, Cor.8.8.24]). Then h! is an etale 
covering, by proposition l6.3.12[ and by construction, F(u t M lir )(h') = g x x l Uf as desired. 

Claim 6.3.48. Assume that X is strictly local, denote by x the closed point of X, set U : = 
(X,M) tr , and P := M\ , Let h : V — > U be any connected etale covering, tamely ramified 
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along X\U; then h lies in the essential image of F(x,m), provided there exists a fine, sharp and 
saturated monoid Q, and a morphism v : P — ► Q of Kummer type, such that 



h 



V 



h x x X v : V x x X v -> U x x X v 



admits a section (notation of (16.3.371) ). 

Proof of the claim. Suppose first that the order of Coker z/ gp is invertible in G x \ in this case, 
f v is an etale covering of log schemes (proposition 16.3.121) . hence (f u )tt is an etale covering 
of the scheme U. Then, by composing a section of h v with the projection V x x X v — > V we 
deduce a morphism U x x X u — > V of etale coverings of U . Such morphism shall be open and 
closed, hence surjective, since V is connected; hence the iti(U, £)-set will be a quotient 

of f^ 1 ^), on which 7Ti(C/, £) acts through (16.3.291) , as required. Next, for a general morphism v 
of Kummer type, let L C Q gp be the largest subgroup such that z/ gp (P gp ) c L, and (L : P gp ) is 
invertible in ff x . Set Q' := LnQ, and notice that Q' gp = L. Indeed, every element of L can be 
written in the form x = 6 -1 a, for some a,b E Q; then choose n > such that 6 n G uP, write 
x = ■ (6 n_1 a) and remark that b~ n , b n ' 1 a E Q'. The morphism v factors as the composition 
of v' : P —> Q' and ip '■ Q' —> Q, an d therefore f u factors through a morphism : X v — > X v i. 
In view of the previous case, we are reduced to showing that the morphism h v i already admits 
a section, hence we may replace (X, M) by [X v i , M,A (which is still regular and strictly local, 
by claim [63 .3 61) . h by h u i, and v by ip, after which we may assume that the order of Coker z/ gp 
is p m for some integer m > 0, where p is the characteristic of the residue field k(x), and then 
we need to show that h already admits a section. 

Next, using again claim 16.3.361 and an easy induction, we may likewise reduce to the case 
where m = 1. Say that X = Spec A, and suppose first that A is a F p -algebra (where F p is the 
finite field with p elements), so that X u = Spec A <8>f p [p] F p [Q]; it is easily seen that the ring 
homomorphism F p [i/] : F P [P] — > ¥ P [Q] is invertible up to $, in the sense of [36, Def.3.5.8(i)]. 
Especially, SpecF p [z/] is integral, surjective and radicial, hence the same holds for f v , and 
therefore the morphism of sites : 



is an equivalence of categories (lemma [6.1.7f i)). It follows that in this case, h admits a section 
if and only if the same holds for h u . 

Next, suppose that the field of fractions K of A has characteristic zero; we may write X v x x 
Spec K = Spec K v and V x x Spec K = Spec E for two field extensions K v and E of K, such 
that \K V : K) — p, and the section of h v yields a map E — ► K v of i^-algebras. Therefore we 
have either E = K (in which case V — U, and then we are done), or else E = K v , in which 
case V = (X v , M„ ) tr , since both these schemes are normal and finite over U. 

Hence, let us assume that V = (X v , M„ ), and pick any point i] E X of codimension one, 
whose residue field k(t)) has characteristic p. Then X u x x X(rj) = SpecP, where B : = 
@x, r , ®i[P\ Z IQ]> and B ■= B® A K(rj) =_k(v) ®f p [p] F P [Q]. Since the map F p [P] -> ¥ P [Q] is 
invertible up to $, we easily deduce that B is local, and its residue field is a purely inseparable 
extension of k(t]), say of degree d. Therefore f~ x ri consists of a single point r/', and &x v ,t}' — B 
is a normal and finite ^x^-algebra, hence it is a discrete valuation ring. Let e denote the 
ramification index of the extension @ x ^ — > Xv ,n'\ tnen ed = p ( lfT4l Ch.VI, §8, n.5, Cor.l]). 
Suppose that e = p; in view of Il36l Lemma 6.2.5], the ramification index of the induced 
extension of strict henselizations — > / is still equal to p, which is impossible, since h 
is tamely ramified along X\U. In case e = 1, we must have d = p, and since the residue field 
k(t]) s of & x h is a separable closure of k(t]), it follows easily that the residue field of ff x h , must 
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Claim 6.3.49. If (X, M) = (X, M) 2 , then F(x m) is essentially surjective (notation of definition 

EZTTi)). 

Proof of the claim. By claim [63.471 we may assume that X is strictly henselian. In this case, 
let U, P and h : V — > Z7 be as in claim [673 .481 By assumption d := dimP < 2, and we have 
to show that h x x X u admits a section, for a suitable Kummer morphism v : P — > Q (notation 
of (16.3.371) ). If d = 0, then P = {1}, in which case U = X is strictly local, so its fundamental 
group is trivial, and there is nothing to prove. In case d = I, then P ~ N (theorem 12.4.1 6r ii)). 
in which case X is a regular scheme (corollary 15.5.461) . and X\U is a regular divisor (remark 
15.5.421) and then the assertion follows from the classical Abhyankar's lemma ( [|40l Exp.XIII, 
Prop. 5. 2]). For d = 2, we may find e 1; e 2 G P, and an integer N > such that 

Nei © Ne 2 c P C P' := © 

(see example [2 . 4 . 1 7 f i) ) . Especially, the inclusion v : P — > P' is a morphism of Kummer type. 
Since a composition of morphisms of Kummer type is obviously of Kummer type, claims [673 .481 
and 16 .3 .361 imply that we may replace (X, M) by (X v , M„ ) and h by h u (notation of (16.3.371) ). 
after which we may assume that P is isomorphic to N® 2 . In this case, X is again regular and 
X\U is a strictly normal crossing divisor, so the assertion follows again from [|40l Exp.XIII, 
Prop.5.2]. - - ^ 

Claim 6.3.50. In the situation of (|6.3.1I) . suppose that (Y, X) is regular. Then the functor / t * : 
Cov(Y, X) tr — > Cov(Y', X') tr restricts to an equivalence : 

(6.3.51) Tame(Y, (Y,X) tr ) A Tame(Y', (Y',X')tr)- 

Proof of the claim. Arguing as in the proof of proposition 16.3.21 we may reduce to the case 
where ip : T" — > T is the saturated blow up of an ideal generated by two elements of T(T, @t\ 

Notice that (/, log /) is an etale morphism (proposition 15.6. l4T v)). and it restricts to an iso- 
morphism f tT : (Y',N% A (Y,N) tT (remark Especially, (Y',N!) is regular, and /* 
is trivially an equivalence from the etale coverings of (Y, N_) tr to those of (Y', iV') tr . 

Let g : V -> (Y, iV) tr be an object of Tame(F, (F, iV) tr ). By claim [673749] and lemma[575748l 
the functor Pu*(y,jv) 2 is essentially surjective, and then the same holds for F(y,n) 2 > m y i ew of 
claim 16.37431 hence we may find an etale covering (W : Q) — > (Y,N_) 2 , and an isomorphism 

V ^ (y, N_)ti x Y W of (Y, iV) tr -schemes. On the other hand, example [2.5 .56r ii) shows that ip 
restricts to a morphism T[ — >■ T 2 (notation of (12.5.161) ). consequently / restricts to a morphism 
(Y 7 , iV')i — > (Y, iV) 2 . There follows a well defined etale covering : 

(y',n!)i x M2 (w,g) -> (y'^Oi x y , (y',iv'). 

whose image under P(y > Ar / ) is f* r {g)- However, (Y', iV')i contains all the points of height one 
of y'\(y / ,iV / )tr (corollary [5757471) . hence /*(#) is tamely ramified along Y'\(Y',N!) tI (see 
(|6.3.40l) ). This shows that (16.3.511) is well defined, and clearly this functor is fully faithful, since 
the same holds for f* r . 

Suppose again that (X, M) is strictly henselian, define P, U and h : V — > U as in claim 
I6.3.48L and set Tp := (SpecP)^; it is easily seen that the counit of adjunction m*u*(X, M) — ► 
(X, M) is an isomorphism (cp. (15.6.441) ). hence u*(X, M) is regular (lemma [5.5.48l) . Let 

X:=(u*(X,M),Tp,tt x ) 

be the object of arising from ujX, M), as in (15.6.71) ; by theorem 15 .6.321 (and its proof), 
we may find an integral proper simplicial subdivision ip : F —> Tp, such that the morphism 
of schemes underlying (/, <p) : tp*X_ — > X_ is a resolution of singularities for X. Let k be the 
ramification index of the covering h; we define (X(fc), M(fc))» (X^, M y ), (Y, X), ^ and fcx as 
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in example [6 .3 .3 81 : this makes sense, since, in the current situation, X is isomorphic to X x s S_ 
(where S_ is defined as in example 15.6.50 )). Moreover, by the same token, the morphism of 
schemes Y — > X( k ) is a resolution of singularities. 

Set as well U v := (X< p , M p ) tr and U( k ) : = (X( fc ), M_(k))tr'> by claim 1637501 and lemma 
I6.3.18f i). we have an essentially commutative diagram of functors : 

Tame(X, U) ^— >■ Tame(X^, U v ) 

kjC 9*x 

Tame(X (fe) , U {k) ) Tame(F, (Y, X) tr ) 

whose horizontal arrows are equivalences. In light of claim [673.48L we are reduced to showing 
that k* x (h) admits a section. Set h v := / t *(/i); then it suffices to show that g x {h v ) admits a 
section, and notice that the ramification index of h v along X^U^ divides k (lemma l6.3.18r ii)). 

Let V — > X^ be the normalization of h v over X v , and w a geometric point of V x Xtp Y whose 
support has height one; denote by y (resp. v, resp. x) the image of w in Y (resp. in V, resp. 
in X v ), and suppose that the support of x lies in U v . Denote by K sh (x) the field of fractions 
of the strict henselization & x \ of 0x,x-> an d define likewise K sh (w), K sh (y) and K sh (v ). There 
follow inclusions of valued fields : 

K sh (x) K sh (y) 



K s \ v ) ^K sh (w) 

such that K sh (w) is the compositum of K sh (y) and K sh (v) (cp. the proof of lemma I63.18IT )). 
By the foregoing, the ramification index of &y over 6 Xip ^ x divides k; on the other hand, ex- 
ample [6]3]38tii) shows that the ramification index of 0y,y over @x ,x equals k. It then follows 
(e.g. from (361 Claim 6.2.15]) that K sh (v) C K sh (y), and therefore K sh (w) = K sh (y); this 
shows that the ramification index of g x (h v ) along Y\{Y, N_) tv equals 1, therefore g^ih^) is 
the restriction of an etale covering h of Y (lemma [6.3.1 8r iii)) . By proposition l6.3.2r ii). h is the 
pull-back of an etale covering of Xr k \. Since Xr k \ is strictly local (claim [673.361) , it follows that 
h admits a section, hence the same holds for g x (h v ), as required. □ 

6.3.52. As an application of theorem 16.3.441 we shall determine the fundamental group of 
the "punctured" scheme obtained by removing the closed point from a strictly local regular log 
scheme (X, M) of dimension > 2. Indeed, let x G X be the closed point, and set r := dim M x . 
Also, let y be any geometric point of X, localized at a point y E U := X\{x}, and £ a geometric 
point of X localized at the maximal point. Let p (resp. p') denote the characteristic exponent of 
k(x) (resp. of K(y)). Pick any lifting of £ to a geometric point £ y of X(y); since (X(y), M(y)) 
is regular (theorem 15 .5 .571) . the discussion of (|6.3.23l) easily yields a commutative diagram of 
group homomorphisms : 

7r 1 ((X(y),M(y)) 6t ,^)^^7r 1 ((X,M), t ,£) 

mi pv ® z n w z ^) — - ®z iL/, 

whose vertical arrows are the isomorphisms (16.3.431) . and whose top (resp. bottom) horizontal 
arrow is induced by the natural morphism X(y) — > X (resp. by the specialization map M_ x — > 
My). Now, by corollary 15.5.401 the scheme U is connected and normal, hence the restriction 
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functor Cav(U) -> Tame(X , (X,M) tr ) is fully faithful (lemma EETtii.b)); by fl40l Exp.V, 
Prop. 6. 9] and theorem f6. 3 .441 it follows that the induced group homomorphism 

(6.3.53) 7ri((X, M)&,£) -> 7n(t^,0 

is surjective (see (|6.3.40l) ). Clearly, the image of lies in the kernel of (16.3.531) . Especially : 

{u,M i u)r¥:0=>n{U6 b ,O = {i} 

since, for any geometric point y of (X, M) r , the specialization map M_ x — > M y is an isomor- 
phism (notation of definition I5.2.7I T)). Thus, suppose that (X,M) r = {x}, set P := M|, and 
denote by ip : X — >■ Spec P the natural continuous map; we have M| = P^( y ), and if we let 
F y := P\ip(y),we get a short exact sequence of free abelian groups of finite rank : 

(6.3.54) -> F gp -> MfP -> Mff p -> 0. 

It is easily seen that ij) is surjective; hence, for any p e Spec P of height r — 1, pick y E t/> _1 (P)- 
With this choice, we have F gp = Z; considering (I6.3.54l) v . we deduce that 7Ti(L/&,£) is a 

quotient of Z'(l) := ^(1)- More precisely, let (Spec P) r _i be the set of prime ideals of 
P of height r — 1; then we have : 

Theorem 6.3.55. If (X,M_) r = {x}, we have a natural identification : 
(6.3.56) = — — © z Z'(l) A 7Ti(E/ ft ,0 

2^pG(SpecP) r _i p 

and ^/zese abelian groups are cyclic of finite order prime to p. 

Proof. The foregoing discussion already yields a natural surjective map as stated; it remains 
only to check the injectivity, and to verify that the source is a cyclic finite group. 

However, since d > 2, and (X, M) r = {x}, corollary 15.5.471 implies that r > 2, in which 
case (Spec P) r -i must contain at least two distinct elements, say p and q. Let F := P \ p; the 
image H of (P q )^ gpV in P gpV is clearly a non-trivial subgroup, hence P gpV /P is a cyclic finite 
group, and then the same holds for the source of (16.3.561) . 

Next, it follows easily from lemma l6T.7r ii.b) that (16.3.531) identifies 7ri(E/&, £) with the quo- 
tient of tti ((X, M)t±, £) by the sum of the images of the maps ip y , for y ranging over all the 
points of U . However, it is clear that the same sum is already spanned by the sum of the images 
of the <p y such that y 6 (X, M) r -i; whence the theorem. □ 

Example 6.3.57. Let P C N® 2 be the submonoid of all pairs (a, b) such that a+b G 2N. Clearly 
P is fine and saturated of dimension 2. Let K be any field; the F-scheme X := Spec K[P] is 
the singular quadric in cut by the equation XY — Z 2 = 0. It is easily seen that Spec(F, P) 2 
consists of a single point a; (the vertex of the cone); let x be a geometric point of X localized 
at x, and [/ C the complement of the closed point. Then U is a normal F-scheme of 

dimension 1, and we have a natural isomorphism 

7Ti([/,0 ^ Z/2Z. 

Indeed, a simple inspection shows that P admits exactly two prime ideals of height one, namely 
p := P \ (2N © {0}) and q := P \ ({0} © 2N). Then, P p = {(a,b) e Z ®N \ a + b e 2N}, 
and similarly P q is a submonoid of N © Z. The quotients Pp and Pjj are both isomorphic to 

N, and are both generated by the class of (1, 1). Let <p : Pp — > Z be a map of monoids; then 
the image of <£> in P§ pV is the unique map of monoids P — > Z given by the rule : (2, 0) i— > 0, 
(1, 1) i— > </?(l, 1), (0, 2) i — ^ 299(1, 1). Likewise, a map ^ : P§ — > Z gets sent to the morphism 
P -> Z such that (2, 0) i-> 2^(1, 1), (1, 1) ^ ^(1, 1), and (0, 2) ^ 0. We see therefore that 
(P P Y gpV + (P q ) ttgpV is a subgroup of index two in ps pV , and the contention follows from theorem 
[63351 
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6.4. Local acyclicity of smooth morphisms of log schemes. In this section we consider a 
smooth and saturated moronism / : (X, M) — ► (Y, N) of fine log schemes. We fix a geometric 
point x of X, localized at a point x, and let y := f(x). We shall suppose as well that Y is 
strictly local and normal, that (Y, N_) tT is a dense open subset of Y, and that y is localized at the 
closed point y of Y. Let rj be a strict geometric point of Y, localized at the generic point 77; to 
ease notation, set : 

U := fg\ V ) U tT := (X(x),M(x)) tI nU U:=Ux lv{ \fj\ U tI := U tT x w \fj\ 

and notice that U tr is a dense open subset of U, by virtue of proposition 15 .7. 17t ii,iv). Choose 
a geometric point £ of t/" tr , and let £' be the image of £ in ?7 tr . There follows a short exact 
sequence of topological groups : 

1 -> 7Ti(f/ t r,et,0 ~> 7Ti (P t r,ct, £') TTl ( [V \ 6t , rj) ~^ 1 - 

On the other hand, let p be the characteristic exponent of k := n(y); for every integer e such 
that (e, p) = 1, the discussion of (16.3.261) yields a commutative diagram : 



Ky k(t]) x ^ Hom cont (tti ( 1 77 1 & , 77) , /jt e (k) ) 



(6.4.1) iog/s 



Hom cont (a, /Ll e ) 



Mx r(f/ tr , tf*) Hom cont ( 7 r 1 (t/ tr ,et, O) /*e(«)) 

such that the composition of the two top (rep. bottom) horizontal arrows factors through iVl 
(resp. M~). There follows a system of natural group homomorphisms : 

(6.4.2) Coker (log/)| p -> Hom cont (vr 1 (l7 tri6t , £), /^(k)) where (e,p) = 1 
which assemble into a group homomorphism : 

(6.4.3) m(Utr,6t,0 -> Coker (log/J p ) v <g) 2 J]Z £ (1). 



6.4.4. We wish to give a second description of the map (16.4.31) . analogous to the discussion 
in (|6.3.31l) . To this aim, let R be a ring; for any monoid P, and any integer e > 0, denote 
by ep : P — ► P the e-Frobenius map of P. Let A : P — ► Q be a local morphism of finitely 
generated monoids. For any integer e > 0, we get a commutative diagram of monoids : 



(6.4.5) 




whose square subdiagram is cocartesian, and such that eq\ P o f/f — cq. The latter induces a 
commutative diagram of log schemes : 

Spec(P, Q) 9QlP > Spec(P, Q') — Spec(P, Q) 




Spec(P, P) Spec(P, P) 
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whose square subdiagram is cartesian, and such that gq := g' o g Q \ P is the moronism induced 
by e Q . Also, by example [5 .6 .5 [ we have a commutative diagram of monoidal spaces : 



Spec(.R, Q) 



9Q\P 



T, 



Q 



Spec(P, Q') 



9c 



Spec(P, P) 
T P 



(where ip := (Spec eq\pf) which determines morphisms in the category Jff : 

(Spec(P, Q),T q ,iI)q) (Spec(R } Q') } T Q ,,ip Q ,) (Spec(P, P), T P} ip P ). 



6.4.6. Now, suppose that the closed point rag of Tq lies in the strict locus of (Spec A)" (which 
just means that A" is an isomorphism). Notice that the functor M i— > commutes with 
colimits (since it is a left adjoint); taking into account lemma lXl.l 1[ we deduce that the square 
subdiagram of (16.4.51) ^ is still cocartesian, and therefore e^p is an isomorphism, so the same 
holds for ip. 

More generally, let q e Spec Q be any prime ideal in the strict locus of (Spec A) tt ; set p : = 
A _1 q, r := (f(q), and recall that T Qq := Spec Q q is naturally an open subset of Tq (see (12.5.161) ). 
A simple inspection shows that the restriction Tq^ — > Tq/ of cp is naturally identified with the 
morphism of affine fans (Spec eQ q \p p )K Since q is the closed point of Tg q , the foregoing shows 
that Tq q lies in the strict locus of <p; in other words, Str(yj) is an open subset of Tq, and we 
have : 

(6.4.7) Str((SpecA) fl ) C Str(^). 

Moreover, recall that Spec eg : Tq — ► Tq is the identity on the underlying topological space 
(see example [2 . 5 . 1 OH ) ) . and by construction it factors through ip, so the latter is injective on the 
underlying topological spaces. Especially, Str(y>) = y9~V(Str(</>)), and therefore 

(6.4.8) Str(s Q |p) = Vg'CStr^)) = ^ P (^V(Str(^))). 
Hence, set g := Spec(i?, A); from (16.4.71 ) and (15.6.31 ) we obtain : 

Str(#) C Sti(g QlP ) 

and together with (16.4.81) we deduce that : 

• Str(<7Q|p) is an open subset of Spec R[Q]. 

• *JjQ}(p($tr((p)) is a locally closed subscheme of Spec R[Q']. 

• The restriction Str(p) — > i(}q, :ip(Str(ip)) of gQ\p is a finite morphism. 

Lastly, suppose that e is invertible in R; in this case, the morphisms gp and qq are etale (propo- 
sition [5T3T34]), so the same holds for gq\ P (corollary |5.3.25r iii)). From corollary |5.3.27r i) we 
deduce that the restriction Str(g) — > ipQ}ip(Str(ip)) of gQ\p is a (finite) etale covering. 



6.4.9. In the situation of (16.4.41 ), suppose additionally, that R is a Z[l/e, /x e ]-algebra (where 
/x e is the e-torsion subgroup of C x ), P and Q are fine monoids, and A is integral, so that Q' is 
also fine. Set 



G P := Hom z (peP, Me ) Gq := Hom z (g«P, fi e ) G Q \ P := Hom z (Coker A gp , n e ). 
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Notice that the trivial locus Spec(P, P) tr is the open subset Spec P[P gp ], and likewise for 
Spec(P, Q) tv and Spec(P, Q')t r ', therefore, (I6.4.5l ) gp induces a cartesian diagram of schemes 

Spec(P, Q') tT — » Spec(P, Q) tT 



9e,ti 



Spec(P, P) tr Spec(P, P) tr . 

Fix a geometric point t' q of Spec(P, Q%, and let r Q := g'(r^), r P := g(r Q ), r' P := g e (r^). It 
was shown in (16.3.311) that gp l {r P ) is a C7p-torsor, so g P>tT is a Galois etale covering, correspond- 
ing to a continuous representation (16.3.321) into the same group. Hence <7 /_1 (tq) is a Gp-torsor, 
and g' tT is a Galois etale covering, whose corresponding representation of n 1 (Spec(P, Q)t r ,etj r o) 
is obtained by composing (16.3.321) with the natural continuous group homomorphism 

7Ti(#tr,TQ) : 7ri(Spec(i2,Q) tr ,ft,rQ) -> 7Ti(Spec(P, P) tr ,et, rp). 

By the same token, gn {tq) is a GQ-torsor, so also gg itr is a Galois etale covering, and a simple 
inspection shows that the surjection 

9q\tq) ^ 9 '-\t q ) 

induced by gq\ P is Gq -equivariant, for the GQ-action on the target obtained from the map 

Eomz(\^,fi e ) :G Q ^G P . 
The situation is summarized by the commutative diagram of continuous group homomorphisms 

7Ti(Spec(P, Q')tr,et, t'q) ^ 7Ti(Spec(P, Q)tr,et, Tq) Gq 



7T1 [g e ,tt ,t' q ) 



Hom z (AgP,/x e ) 



Tl(fltr,rg) 

7Ti(Spec(P, P) tr ,ct, Tp) 7Ti(Spec(P, P) tr ,et, Tp) ^ G P 

whose horizontal right-most arrows are the maps (16.3.321) . Consequently, 9q} p {tq) is a Gq\ p - 
torsor, and gQ|p tr is a Galois etale covering, classified by a continuous group homomorphism 

(6.4.10) Ker7Tx(g ettI ,T' Q ) -> Ker 7Ti(# tr , r Q ) -> G Q | P . 

6.4.11. Let us return to the situation of (16.41) . and assume additionally, that both (X, M) 
and (Y,N_) are fs log schemes. Take R := in (16.4.41) ; by corollary 15.3.421 and theorem 
I5.1.35f m). we may assume that there exist 

• a local and saturated morphism A : P — > Q of fine and saturated monoids, such that 
P is sharp, Q x is a free abelian group of finite type, say of rank r, and Ass^ Coker A gp 
does not contain the characteristic exponent of n(y); 

• a morphism of schemes n : Y — > SpecP[P], which is a section of the projection 
Spec R[P] -> F, such that 

(y, jv) = y x 

s P eci?[P] Spec(P, P) (X, M) = Y x Spec p[p] Spec(P, Q) 

and / is obtained by base change from the morphism g := Spec(P, A). Moreover, the 
induced chart Q x — > M shall be local at the geometric point x. 

By claim [571.371 we may further assume that the projection Q — > admits a section a : 
— > Q, such that A(P) lies in the image of a. In this case, g factors through the morphism 
Spec(P, P) — > Spec(P, Q") induced by A tt , and a induces an isomorphism of log schemes : 

Spec(P,Q) = G® r y x y Spec(P,Q a ) 
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(where denotes the standard torus of rank r over Y). In this situation, X is smooth over 
Y x Spec_R[P] Spec and more precisely 

(6.4.12) (X,M) = G^ Y x S p C c«[p] Spec(f2,Q»). 

Summing up, after replacing Q by Q\ we may assume that Q is also sharp, and (|6.4.12l) holds 
with Spec(i?, Q) instead of Spec(i?, Q"). Moreover, the image of x in Tq is the closed point 

Let e > be an integer which is invertible in R; by inspecting the definition, it is easily seen 
that there exists a finite separable extension K e of n(rj) = Frac(_R), such that the normalization 
Y e of Y in Spec K e fits into a commutative diagram of schemes : 

Y e 

Spec R[P] Spec fl[P] 

(whose top horizontal arrow is the obvious morphism); namely, n is defined by some morphism 
of monoids (3 : P — > P, and one takes for P" e any subfield of k(T]) containing k(t]) and the 
e-th roots of the elements of (3(P). Set (Y e ,N e ) := Y e 

x Spcci?[P] Spec(P, P), and define log 
schemes (X e , M e ), (Xg, M' e ) so that the two square subdiagrams of the diagram of log schemes 

(x>,M> e ) —5^ (x e ,M e ) — - &Zy *y 

Spec(P, Q) Spec(P, Q') — Spec(P, P) 

are cartesian (here ir' e is the composition of ir e and the projection G® r y x Y Y e — > K e ), whence a 
commutative diagram : 

(^,M^) — (X e ,M e ) 

(6.4.13) "\ fe 

(n,iv e ). 

Notice that both f e and f e are smooth and saturated morphisms of fine log schemes. Also, by 
construction Y e is strictly local, and (Y e ,N_ e ) tr is a dense subset of Y e . In other words, f e and 
f' e are still of the type considered in (I6.4I ). Moreover, /i e is etale, since the same holds for gQ\p, 
and the discussion in (16.4.61) shows that the restriction 

Str(£) - X e 

is an etale morphism of schemes. Furthermore, the discussion in (16.4.91) shows that 

h e , tv :(X' e ,Me) tI ^(X e ,Meh 

is a Galois etale covering. 

6.4.14. More precisely, notice that A" = log /i; combining with (|6.4.10l) . we deduce a contin- 
uous group homomorphism : 

(6.4.15) Ker7ri(/e lte ,£) ^ Hom z (Coker (log /)f p , /x e ( K )) 

where £' e is the image in X e of the geometric point £. The geometric point y lifts uniquely to a 
geometric point y e of Y e , localized at the closed point y e , and the pair (x, y e ) determines a unique 
geometric point x e such that f e (x e ) = y e . Also, since the field extension n(y) — > K,(y e ) is purely 
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inseparable, it is easily seen that the induced map f~ l (y e ) — > f~ l (y) is a homeomorphism; there 
follows an isomorphism of X(x)-schemes ( lT3~3l Ch.IV, Prop. 18.8. 10]) : 

X e (x e )^X(x) x Y Y e . 

Let r] e be the generic point of Y e ; by construction, rj lifts to a geometric point rj e of Y e , localized 
at r] e , and we have continuous group homomorphisms : 

(6.4.16) 7n(lT tr ,e) ^ KerfaiUe^Q - tt^, \fj e \)) - Ker 7n(/ e ,tr, Q. 
The composition of (16.4.151) and (16.4.161) is a continuous group homomorphism 

(6.4.17) 7n(l7 tr ,0 - Hom z (Coker(log/)f )Me (/c)) 
whence, finally, a pairing 

Coker (log/)§ p x mQU^Z) - 

We claim that this pairing agrees with the one deduced from (16.4.21 ). Indeed, by tracing back 
through the constructions, we see that (16.4.171) is the homomorphism arising from the Galois 
covering of U tr , which is obtained from Qq\p, after base change along the composition 

U tr ^X e ^ Spec R[Q'}. 

On the other hand, the discussion of (16.3.311) shows that the homomorphism 7Ti(£/tr,et, £') — » Gq 
arising from the bottom row of (16.4.11 ), classifies the Galois covering C — > U tI obtained from 
qq, by base change along the same map. By the same token, the top row of (16.4.11) corresponds 
to the C7p-Galois covering C — > \t)\ obtained by base change of gp along the composition 
\r]\ — > Y — > Sp. The map log fx induces a morphism of schemes C — > C x C/ tr , and (16.4.21 ) 
corresponds to the C7Q|p-torsor obtained from a fibre of this morphism. Evidently, this torsor is 
isomorphic to 9q^p(tq), whence the contention. 

6.4.18. In the situation of (|6.4I) . recall that there is a natural bijection between the set of max- 
imal points of f~ (y), and the set S of maximal points of the closed fibre of the induced map 

(6.4.19) SpecM F -> Specif 

(proposition l5.7.14"l) . For every q G S, denote by r/ q the corresponding maximal point of /^T 1 (y), 
choose a geometric point r/ q localized at and let X(rj.) be the strict henselization of X(x) at 
77-. Also, set 

U q := Z7 x X (x) X(jj q ) Z7 q := C/ q x H |fj| 

and notice that ?7 q is an irreducible normal scheme. Notice as well that / induces a strict 
morphism (X (!]„), M(r} n )) — > (Y,N_) (theorem |5 . 7 . 8 f iii . a) ) . and therefore the log structure of 
U q x x(??q) (X(^ q ),M^ q ))js trivial. 

Recall that Z := U \ U tT is a finite union of irreducible closed subsets of codimension 
one in U, and Gjj z is a discrete valuation ring, for each maximal point z E Z (proposition 

I5.7.17r iv.v)): especially, the category Tame(£7, U tr ) is well defined (definition 16 . 3 . 1 7 t iri) ) . We 
denote 

Tame(/, x) 

the full subcategory of Tame((/, U tr ) consisting of all the coverings C — > U tT such that, for 
every q e S, the induced covering 

is trivial (i.e. C Xjj^ U q is a disjoint union of copies of U q ). It is easily seen that Tame(/, x) 
is a Galois category (see ||40 , Exp.V, Def.5.1]), and we obtain a fibre functor for this category, 
by restriction of the usual fibre functor ip i— > v 9 X (0 defined on all etale coverings cp of U tr ; 



FOUNDATIONS OF p-ADIC HODGE THEORY 



457 



we denote by 7r 1 (t/" tr /l^ t , £) the corresponding fundamental group. According to [|40l Exp.V, 
Prop. 6. 9], the fully faithful inclusion Tame(/, x) — > Cov(U tr ) induces a continuous surjective 
group homomorphism 

(6.4.20) MUtr,cuO -> 7n(c7 tr /nt,e)- 

Proposition 6.4.21. 77ze map (16.4.31 ) factors through (16.4.201) , and induced group homo- 
morphism : 

(6.4.22) ^(LTtr/^O - Coker (log/J p ) v ® z J]Z,(1). 
is surjective. 

Proof. Let ay : F — > F qfs be the natural morphism of schemes exhibited in remark l5.2.36r iv). 
and set 

(y, jv') := y x yqfs (yiv)^ (x,m') : = (y, jv') x M (x,m). 

Since / is saturated, both (X, M') and (Y,N?) are fs log schemes (see remark |5 . 2 . 3 6IT )) : also, 
the morphism of schemes underlying the induced morphism of log schemes /' : (X, M') — > 
(y, iV'), agrees with that underlying /. Moreover, by construction we have N§ = (A[i) sat 
for every geometric point z of Y, especially (Y, N'\ T = (Y,N_) tr . Likewise, M ' J = (M|) sat 
(lemma|2232tiii,iv)), therefore Str(f) = Str(/), and especially, (X, M')tr = (X,M)tv Fur- 
thermore, notice that the the natural map 

(6.4.23) Coker (log f)f -> Coker (log /')§ P 

is surjective, and its kernel is a quotient of (M| at ) x /M^, especially it is a torsion subgroup. 
However, the cokernel of (log/)!? equals the cokernel of (log/J-) gp , hence it is torsion-free 
(corollary |2.2.32r ii)), so (16.4.231) is an isomorphism. Thus, we may replace N_ (resp. M) by N' 
(resp. M'), and assume from start that / is a smooth, saturated morphism of fs log schemes. 

In this case, in light of the discussion of (16.4.141) . it suffices to prove that (16.4.171) is a surjec- 
tion, and that it factors through i^x{U tr /Y^^). To prove the surjectivity comes down to showing 
that U tT ><Xe X' e is a connected scheme. However, let x e be the support of x e , and notice that 
ip P o TT e (y e ) = nip, the closed point of T P . Since x maps to the closed point of Tq, we deduce 
easily that the image of x e in Tq> is the closed point xxiqi, i.e. x e lies in the closed subscheme 
X e x s > Q Spec n(Q'/m,Q>). Notice as well that eg|p is of Kummer type (see definition 12.4.401) ; 
by proposition l6.3.8r ii). it follows that there exists a unique geometric point x' e of X' e lying over 
x e , whence an isomorphism of X e (x e ) -schemes ( |f33l Ch.IV, Prop. 18.8. 10]) 

X' e (x' e )^X' e x Xe X e (x e ). 

Hence U tl x Xe X' e is an open subset of \rj e \ x Ye X' e (x e ), and the latter is an irreducible scheme, 
by proposition |577T7£ii). We also deduce that the induced morphism 

h e ^ : {X' e {x' e ),ML(X)) -> (X e (x e ),Me(x e )) 
is a finite etale covering of log schemes. From the discussion in (16.4.1 II) . we see that the 
restriction of h e ^ 

Str(/i e3 ) -> X e (x e ) 

is an etale morphism, and Str(/i e S ) contains the strict locus of the induced morphism 

/^:(X:«),M' e (x'J)^(y e ,iV e ). 

Since the field extension n(y) — > K(y e ) is purely inseparable, fj„ lifts uniquely to a geometric 
point 77e 3 q E X e (x e ), and as usual we deduce that the strict henselization X e (rj^) of X e (x e ) 
at 77 q is isomorphic, as an X e (x e ) -scheme, to X e (x e ) x X (x) ^{Vq)- Moreover, if rj eA is the 
support of rj e v a simple inspection shows that the fibre h~\{r\ e iq ) consists of maximal points 



458 OFER GABBER AND LORENZO RAMERO 

of f'~^{y e )- By theorem 15 . 7 . 8 F iii . a) . every point of h~l(f] eA ) lies in Str(/g 5 ), therefore the 
induced morphism X' e x Xe X e {rj q ) — > X e (jj q ) is finite and etale. Taking into account (16.3.401) . 
we conclude that the etale covering X' e x Xe U tI — > U tv is an object of Tame(/,x), whence the 
proposition. □ 

6.4.24. Say that Y = SpecR; for every algebraic field extension K of K(rj) = Frac(-R), let 
Rk be the normalization of R in K, set \t}k\ '■= Spec if and 

Y K :=SpecR K (Y K , N K ) := Y K x Y (Y } N) (X k ,M_k) := Y K x Y (X,M_). 

Moreover, let f K : {X K , M K ) — > (Yk, N_k) be the induced morphism, and y K any geomet- 
ric point localized at the closed point yx of the strictly local scheme Yk\ since the extension 
n(y) — > n(y K ) is purely inseparable, there exists a unique geometric point xk of Xk lifting x, 
and we have an isomorphism of (X(x), M_(x)) -schemes : 

(X k (x k ),Mk(x k )) ^ X K x x (X(x),M(x)) = Y K x Y (X(x),M(x)). 

Clearly the morphism fx is again of the type considered in (16.4.181) : especially, the maximal 
points of fx\i (i}k) are m natural bijection with the elements of E, and it is natural to denote 

U K := U x y \r] K \ U K;tl := U tr x Y \r) K \ U Ka := U Kjtl x X (w) X(rJ q ) 

for every q G E. Then, let rj K c . be the unique geometric point of ficx K (yK) ly m g over Vq> an ^ 
r\K A the support of rj K ■ as usual, we have 

(6.4.25) X K (rj Ktq )=X{rj q )x Y Y K 

hence the above notation is consistent with the one introduced for the original morphism /. 
Furthermore, if z is any maximal point of U\U tT , the image z K of z in U K is a maximal point of 
Uk\Uk,u, and since the induced map @\j K%ZK — > z is faithfully flat, proposition l5.7.17r iv.v) 
easily implies that ^u K ,z K is a discrete valuation ring. We may then denote 

Tame(/,f, K) 

the full subcategory of Tame(L r ^, Uk,%t), consisting of those objects C — > C/«: jtr , such that the 
induced covering C ><u KtI Ux,q —> Uk a is trivial, for every q G E. We have a natural functor 

(6.4.26) 2-colim Tame(/, x, K) -> Tame(/, x) 

where the 2-colimit ranges over the filtered family of all finite separable extensions K of n,{rf). 
Lemma 6.4.27. The functor (|6.4.26l) is an equivalence. 

Proof. Let h : C Ut T be an object of the category Tame(/,x). According to 11331 Ch.IV, 
Prop.l7.7.8(ii)] and ll32l Ch.IV, Prop. 8. 10.5], we may find a finite extension K of such 
that h descends to a finite etale morphism 

hx '■ Ck — > Ux,tr- 

Let (resp. C) denote the normalization of Ck (resp. of C) over Uk (resp. over f/). Since 
the morphism \r}\ — > is ind-etale, we have C = X| w | |r^| ([33, Ch.IV, Prop. 17.5.7]), 
and it follows easily that C K is tamely ramified along the divisor U K \U K ,ti- From (16.4.251) we 
get a natural isomorphism : 

Uq ^ U K ,q X\ VK \ \V\- 

Thus, after replacing K by a larger finite separable extension of k(t]), we may assume that the 
induced morphism Ck x u K tr Uk a — ► Uk a is a trivial etale covering, for every q G E. 

This shows that (16.4.261) is essentially surjective; likewise one shows the full faithfulness : 
the details shall be left to the reader. □ 
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6.4.28. In the situation of (16.4.241) . let K be an algebraic extension of k(t]), and 

h : C — > Uic,tT 

any object of Tame([/ K , Ux,tv), and denote by C the normalization of X^-(af^) in C. We 
claim that there exists a largest non-empty open subset 

E{h) C 

such that the restriction h^E^h) — > of ft, is etale. Indeed, in any case, /i restricts to an 
etale morphism on a dense open subset containing Ux,tr, and there exists a largest open subset 
E' C C" such that h\ E i is etale (claim [67TT81 and lemma [6! 1 Jf ii.b)). Then it is easily seen that 
E(h) := X K (x K )\h{C'\E') will do. 

Lemma 6.4.29. With the notation of ( 16.4.281 ), the category Tame(/, x, K) is the full subcate- 
gory ofTame^Ux, Uk, tr) consisting of those objects h : C — » C/^.tr swc/z ?/za£ contains 
the maximal points of Xk^Xr) x y k \Dk\- 

Proof. In view of claim [6X91 this characterization is a rephrasing of the definition of the cate- 
gory Tame(/, x, K). □ 

6.4.30. Keep the notation of (16.4.281) . and suppose that h is an object of Tame(/, x, K). Fix 
q G S; then lemma [6A29] says that 77^ q e E{h). Thus, we obtain a functor 

Tame(/,x, K) -> Cov(|^ iq |) : C i-> C" X XK(5]f) |^ >q |. 

However, the natural morphism \r]K,q\ — > |?7q| is radicial, hence it induces an equivalence 

Cov(fo q |) ^ Cov(| W , q |) 

(lemma l6.1.7r i)). Combining these two functors in the special special case where K := k(j}), 
we get a functor 

(6.4.31) Tame(/,x)^Cov(|?7 q |) : (C - U tl ) » (C\ Vcl - |^|). 

Now, the rule y> 1— > y> -1 (77 q ) yields a fibre functor for the Galois category Cov(|r/ q |); by com- 
position with (|6.4.31l) . we deduce a fibre functor for Tame(/,i), whose group of automor- 
phisms we denote TTi(Ut T /Y&, rj^). Also, set F(q) : = M_x\q, and notice that the structure map 
M_x — > &x(w),x induces a group homomorphism 

(6.4.32) F(q) gp -«W X . 

Lemma 6.4.33. With the notation of (16.4.301) . we have : 

(i) The natural map Coker (log fx) —>■ F(q) induces a commutative diagram of groups 

7Tl(hq|et,^ q ) > ^l(U tr /Y^ Tj q ) ^ 7Ti(I7 tr /Y^ £) 

^(q) SpV ®z n^^(l) 1 Coker (log /IT ®z Ue^M 1 ) 

where (5 is (16.4.221) . and a is deduced from (16.4.321) . as in the discussion of (16.3.261) . 

(ii) a is surjective, and 7 is an isomorphism. 

Proof, (i): The proof amounts to unwinding the definitions, and shall be left as an exercice 
for the reader. Notice that the second arrow on the top row is only well-defined up to inner 
automorphisms, but since the groups on the bottom row are abelian, the ambiguity does not 
affect the statement. 

(ii): Notice that log fx restricts to a map of monoids ffyy ~^ F(q), which induces an iso- 
morphism Coker(log/) t) F(q)$; we deduce that 7 is an isomorphism. Next, let Z be the 
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topological closure of rj q in X(x), and endow Z with its reduced subscheme structure; set also 
(Z, M(Z)) := Z x X (x) (X, M). The map a factors as a composition 

7Ti(k.k,»7 q ) - 7ri((Z,M(Z)) tr ,, t ,^) -> F(q)^ v ® z J] z <(!) 

where the first map is surjective, by lemma |6~. 1.71 Lastly, notice that M(Z) re d,x = F(q) ; by 
propositions 16.3.421 and 1577.140 1). it follows that the second map is surjective as well, so the 
proof of (ii) is complete. □ 

6.4.34. In the situation of (15.3.441) , suppose that is a strictly local normal scheme for every 
% E I, and the transition morphisms Yj — > Yi are local and dominant, for every morphism 
i — ► j in /. Let a; be a geometric point of X, and denote by Xi the image of x in Xu for every 
i E I. Suppose that the image y of x in Y is localized at the closed point. Also, let rj be a strict 
geometric point of Y, localized at the generic point rji, and denote by r\ i (resp. y t ) the strict 
image of fj (resp. y) in 3^ (see definition 16.1.1 Of m)) . 

Lemma 6.4.35. In the situation of (16.4.341 ), suppose that (g,logg) : (X, M) — > (Y,iV) w a 
smooth and saturated morphism of fine log schemes. Then there exists i E I, and a smooth and 
saturated morphism {g^loggj) : (Xi, Mi) — > (Y^Nj) of fine log schemes, such that log g = 
it* log g h 

Proof. By corollary 15 .3 .451 we can descend (g, log g) to a smooth morphism (t/j, \oggi) of fine 
log schemes, and after replacing I by I/i, we may assume that i — 0. Then the contention 
follow s from corollary I5.2.34r ii) . □ 

6.4.36. Keep the situation of (16.4.341 ), and suppose that (g , \ogg ) ■ (X , M ) — > (Y , N_ ) is 
a smooth and saturated morphism of fine log schemes; set 

(Xi,Mi) ■= X xx (X ,Ko) (Y^Ni) := Y x Yo (Y ,Y ) 

and denote (gi, log gi) : (Xj, M,;) — > (K:, iVi) the induced morphism of log schemes, for ev- 
ery i E I. Also, let (g, log g) : (X, M) — > (K, iV) be the limit of the system of morphisms 
((^i, log pi) | z G J). These are morphisms of the type considered in (16.41) . so we may define 
Ui := g~^.{rii), and introduce likewise the schemes U ittI , U{ and U^ tI as in (|6.4I) . Moreover, set 
Zi := Ui\U i;tr for every i E T, clearly Zi = Zj Xx-(x-) Xi(xi) for every morphism i — > j in J. 
Also, each is a finite union of irreducible subsets of codimension one, and for every % — > j 
in /, the transition morphisms Xi Xj restrict to maps 

MaxZj — > M&xZj MaxXi(xi) Xy. |p"j| — > Max Xj(Wj) Xy. |y -| 

Combining proposition l6.3.22t ii) and lemma [6T4.29l we deduce a fully faithful functor 

(6.4.37) 2-colim Tame(pi, Xi) — > Tame((yf, x). 

iei 

Lemma 6.4.38. T/ze functor (|6.4.37l) w an equivalence. 

Proof. It remains only to show the essential surjectivity. Hence, let be a given object of 
Tame(g,x); by proposition 16.3 .22f ii). we know that there exists j E I such that ft, descends 
to an etale covering hj : Vj — > Uj >tI , tamely ramified along Zj, and after replacing I by I/i, 
we may assume that j is the final object of /, and define hi := U i >tr x u ] tr hj for every i — > j 
in /. Now, let E' C E{h) be a constructible open subset containing the maximal points of 
X(x) Xy \y\. For every i E I, let Y i be the normalization of Y { in Spec K>(rji), and set Xi := 
Xi(xi) Xy. Fj; according to [32, Ch.IV, Th.8.3.11], there exists i E I such that E' descends to 
a constructible open subset E{ C Xj, and then necessarily E[ contains all the maximal points 
of Xi(x~i) Xy l^j. As usual, we may assume that i is the final object, so E[ is defined for every 
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i E I. Lastly, since h extends to an etale covering on E', we see that hi extends to an etale 
covering of E' k , for some k E I ATM Ch.IV, Prop.l7.7.8(i)]). In view of lemma [6A291 the 
contention follows. □ 

Theorem 6.4.39. The map (16.4.221) is an isomorphism. 

Proof. Arguing as in the proof of proposition 16.4.211 we may assume that both (X, M) and 
(Y, N_) are fs log schemes, and in view of proposition 16.4.211 we need only show that (16.4.221) 
is injective. This comes down to the following assertion. For every object h : C — > U tT of the 
category Tame(/,i), the induced action of 7ri([/ tr , £) on hr 1 ^) factors through the quotient 

Cote (log /# T®z IL #pZ/(l). 

• By lemma |6".4.27[ there exists a finite separable extension K of k(t]), and an object h : 
Ck — > UK,tr of Tame(/, x, K), with an isomorphism C K x Uku U tr A C of [7 tr -schemes. 
Since log fx = log /k,x k , the theorem will hold for the morphism / and the point x, if and only 
if it holds for f K and the point xk- 

Claim 6.4.40. The theorem holds, if Y is noetherian of dimension one. 

Proof of the claim. In this case, Y is the spectrum of a strictly henselian discrete valuation 
ring R, and the same then holds for Yk- Hence, we may replace throughout / by fx, and 
assume from start that there exists an object h : C — > U tI of Tame(/,s, ^(77)), with an iso- 
morphism C ^ C x Uti Utr of [/tr-schemes. Endow Y with the fine log structure X' such 
that r(Y,X') = R \{0}; since (Y, iV)t,r is dense in Y, we have a well defined morphism of 
log schemes it : (Y,N^) — > (Y, iV), which is the identity on the underlying schemes. Set 
(X, M') := (Y, JV') x (X, M). Then ( Y, AT') is a regular log scheme, and consequently the 
same holds for (X, M'), by theorem f5 .5. 55 [ 

Furthermore, n trivially restricts to a strict morphism on the open subset hence the in- 
duced morphism (X, M') x Y \r}\ — > (X, M) x Y \r)\ is an isomorphism, especially U tr is the 
trivial locus of (X(x), M'(x)) x Y \tj\. However, it is easily seen that (X(x), M'(a;)) tr does not 
intersect the closed fibre (y), so finally U tr = (X(x), M'(x)) tr . 

From theorem |6.3.441 we deduce that h extends to an etale covering of (X(x), M'(x)). Then, 
arguing as in (|6.4I) we get a commutative diagram of groups : 

*i(V*#,£) ^ Coker ( l0 S/l P ) V ®% Ue^U 1 ) 



whose top horizontal arrow is (16.4.31) . and whose right vertical arrow is deduced from the pro- 
jection M| p — > Coker (log /| p ). Lastly, proposition 16.3.421 shows that the natural action of 
7Ti(£Ar,et, CO 011 factors through a, so the claim follows. 

• Next, suppose that Y is an arbitrary normal, strictly local scheme. Ths discussion in 
(16.4.141) implies that, in order to prove the theorem, it suffices to find an integer e > 0, a 
(X, M) -scheme (X' e , M' e ) as in (16.4.1 II) . and a geometric point x' e of X' e lying over x, such 
that h x X (x) X' e (x' e ) is a trival covering. To this aim, we write Y as the limit of a cofiltered 
system (Yj | % G I) of strictly local excellent and normal schemes (lemma [6.1.301 ), and we 
denote by r/j the generic point of Y, for every i G I. By lemma I6A351 we may then descend 
(/, log/) to a smooth and saturated morphism (/i,log/j) : (X;,, M,;) — >■ (Y,Xj), for some 
i E I, and as usual, we may assume that i is the final object of I. Let 5Fj be the image of x in 
Xjj by lemmata 16.4.381 and 16.4.271 the object h of Tame(/, x, k(t))) descends to an object hi 
of Tame(/j, Xj, X), for some i E I, and some finite separable extension K of /«(?7i). It suffices 
therefore to find e > 0, a (Xj, M 7 )-scheme (X- e , M- J, and a geometric point x- e of X- e lying 
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over Xi, such that hi ><x l (x l ) X' ie ^x' ie ) is a trivial covering. In other words, we may replace 
throughout Y by Y iK , and assume from start that Y is excellent, and h descends to an object 
h : C — > U tI of Tame(/,s, k(tj)). 

• By [|27l Ch.II, Prop.7.1.7] we may find a discrete valuation ring V and a local injective 
morphism R — > V inducing an isomorphism on the respective fields of fractions. Let V sh be the 
strict henselization of V (at a geometric point whose support is the closed point), and set 

Y:=SpecV sh (Y, N) := Y x Y (Y,N) (X, M) := Y x Y (X,M_). 

Also, let f : (X, M) — > (Y, J\F) be the induced morphism. Denote by y a geometric point localized 
at the closed point y of Y; also, pick any geometric point x of X, whose image in X is x; the 
induced morphism 

(6.4.41) (X(x),M(x)) - (X(x),M(x)) 

restricts to a flat morphism f^^y) — > f^iy) and from proposition l5.7.14[ we see that the latter 
induces a bijection between the sets of maximal points of the two fibres. On the other hand, let 
fjy denote a geometric point localized at the generic point r)y of Y; then (|6.4.41l) restricts to an 
ind-etale morphism f^" 1 (r/v) — ► f^iv)- Hence, set 

U te := (X(x),M(x))tr x Y |wl- 

From lemma 16.4.291 it follows easily that the covering C x Uti U tr — > U tr is an object of 
Tame(f,x, k(t]v)). 

For any integer e > invertible in R, pick a (Y, AQ-scheme (Y e , N_ e ) as in (16.4.1 II) . so that 
we may define the etale morphism (X' e , M' e ) — > (X K , M P ) of (Y e ,N_ e )- schemes as in (16.4.131) . 
Notice that the morphism (X' e ,M^) — > (Fe,iV e ) is again of the type considered in (16.41 ), and 
there exists, up to isomorphism, a unique geometric point x' e of X' e lifting x; moreover, for any 
geometric point y e supported at y e , the induced map 

SpecM^-^SpeciV^ 

is naturally identified with (16.4.191) . Likewise, pick a (Y, NJ-scheme (Y e , H e ) in the same fash- 
ion, and denote by r) e (resp. ryv, e ) the generic point of Y e (resp. of Y e ), and by y e G Y e (resp. 
y e G Y) the closed point. We may choose Y e so that n(r)v,e) contains n(r) e ), in which case we 
have a strict morphism 

(Y e ,N e )-,(F e ,iV e ) 

of log schemes, and we may set (X' e , M' e ) := Y e x Ye (X' e , M' e ). Again, there exists, up to 
isomorphism, a unique geometric point x' e of X' e lifting x, and by claim [64.401 we may assume 
that both e and /t(^v, e ) have been chosen large enough, so that the base change 

h Xx® K(K) 

shall be a trivial etale covering. Hence, we may replace Y by Y e , Y by Y e , X by X' e , and h by 
h Xj(j) X' e (x' e ), and assume from start that C x Uti U tr is a trivial covering of U tr - The theorem 
will follow, once we show that - in this case - h is a trivial etale covering. 

Let C (resp. C) be the normalization of X(x) in C (resp. of X(x) in C x Uti U tr ), and define 
E(h) as in (16.4.281) . Then C is a trivial etale covering of X(x), and since X(x) is excellent, the 
induced morphism h' : C —> X(x) is finite. 

Claim 6.4.42. For every maximal point r/ q of f^ijj), the induced covering — > |r] q | is trivial 
(notation of (16.4.3 IIP ). 

Proof of the claim. Let Z q denote the topological closure of {^ q } in X(x), and endow Z q with 
its reduced subscheme structure; then E q := E(h) n Z q is non-empty (lemma [6.4.291) . and 
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geometrically normal (proposition 15.7.1 4t ii) and corollary 15.5.401) . Also, (16.4.411) induces an 
isomorphism of ^(y) -schemes 

E q X X (w) X(x) A E q x K(y) /t(y). 

Moreover, Z q is strictly local, and Z q x X (x) X(x) is the strict henselization of Z q x. K ( y ) «(y) 
at the point x. Furthermore, the morphism ft" := ft,' x X (x) E q is an etale covering of E q , and 
ft" x k(j/) K (y) is naturally identified with the restriction of C to the subscheme i? q Xxfe) X(x) 
( 11331 Ch.IV, Prop. 17.5.7]), hence it is a trivial covering. By example [6 .2 .61 it follows that ft" is 
trivial as well. Since Cu is the restriction of ft" to \r) q \, the claim follows. 
Clearly (16.4.411 ) maps each stratum U q of the logarithmic stratification of X(x), to the cor- 
responding stratum U q of the logarithmic stratification of X(x) (see (15.5.60I )). More pre- 
cisely, since (16.4.411) x Y \r)\ is ind-etale, proposition 15 .7.1 7r iii) implies that the generic point of 
U q x Y 1 77V | gets mapped to the generic point ofU q x y \r)\. We conclude that E(h) contains the 
generic point of every stratum U q x Y \rj\. 

Claim 6AA3. X(x) x Y \rj\ C E(h). 

Proof of the claim. Notice first that (X, M) x Y \r)\ is a regular log scheme (corollary 15.5.561) . 

For any geometric point £ of X(x), denote by (X(£), M(£)) the strict henselization of 
(X(x), M(x)) at £, and set C"(£) := C Xx(w) X(£). Now, suppose that the support of £ 
lies in the stratum U q x Y \r)\, and let £ q be a geometric point localized at the generic point 
of U q . By assumption, C"(£) is a finite X(£)-scheme, tamely ramified along the non-trivial 
locus of pf (£), M(£)). Likewise, C"(£ q ) is tamely ramified along the non-trivial locus of 
{X{Q, M(Q). Pick any strict specialization map (X(Q,M{Q) -> (*(£), MO) (see 
(|5.7.1 11) ); it induces a functor 

(6.4.44) Cov(X(0,M(0) - Cov(X(Q,M(Q) 

which maps C"(£) to C"(£ q ). By theorem T6.3.44[ for any geometric point £ of Xy \r]\, the 
category Cov(X (£), M(£)) is equivalent to the category of finite sets with a continuous action 
of (M^) gpV ®i Yle^ P ^(1)- O n me omer hand, clearly M(x)^ restricts to a constant sheaf of 
monoids on (U q ) T . We deduce that (16.4.441) is an equivalence; lastly, we have seen that the 
induced morphism C"(£ q ) — > X(£ q ) is etale, i.e. is a trivial covering, therefore the same holds 
for the morphism C"(£) — > and consequently the support of £ lies in E(h) (claim [67TT9b . 

Since £ is arbitrary, the assertion follows. 

Claim 6.4.45. There exists a non-empty open subset U Y C Y such that X(x) x Y U Y C £7(ft). 

Proof of the claim. Since is a noetherian scheme, -E(ft) is a constructible open subset, 

hence Z := X(x)\E(h) is a constructible closed subset of X(x). The subset /^(Z) is pro- 
constructible ( [|30l Ch.IV, Prop.l.9.5(vii)]) and does not contain r] (by claim I6A43I) . hence 
neither does its topological closure W ([30> Ch.IV, Th. 1.10.1]). It is easily seen that U Y : = 
K\Wwffldo. 

Claim 6.4.46. Let U Y be as in claim 16.4.451 We have : 

(i) There exists an irreducible closed subset Z of Y of dimension one, such that Z n 

(Y,N) tT nu Y ^0. 

(ii) For any Z as in (i), the induced functor Cov(E(h)) — > Cov(Z x y E(h)) is fully 
faithful. 

Proof of the claim, (i): More generally, let A be any local noetherian domain of Krull dimension 
cf > 1, and C Spec A a proper closed subset. Then we show that there exists an irreducible 
closed subset Z C Spec A of dimension one, not contained in W. We may assume that d > 1 
and W 7^ 0, and arguing by induction on d, we are reduced to showing that there exists an 



464 



OFER GABBER AND LORENZO RAMERO 



irreducible closed subset Z' C Spec A with dim Z' < d, which is not contained in W . This is 
an easy exercise that we leave to the reader. 

(ii): It suffices to check that conditions (i)-(iii) of proposition 16. 1 .361 hold for Z and the 
open subset E(h). However, condition (i) is immediate, since the generic point r/z of Z lies 
in XJ Y . Likewise, condition (ii) holds trivially for the fibre over the point r] Z , so it suffices to 
consider the fibre over the closed point y of Z, in which case the assertion is just lemma l64.29l 
Lastly, condition (iii) follows directly from theorem [5.7.8r iii.b) and [33, Ch.IV, Prop. 18.8. 10, 
18.8.12(i)]. 

Let Z be as in claim 164.460 ). and endow Z with its reduced subscheme structure. Let also 
Z' be the normalization of Z; then both Z and Z' are strictly local, and the morphism Z' — > Z 
is radicial and surjective, hence the induced functor 

Cov(Z x y E(h)) -> Cov(Z' Xy E(h)) 

is an equivalence (lemma |6.1 .70 )). Taking into account claim 164461 we are thus reduced to 
showing that the morphism 

(Z 1 x Y E(h)) x x{w) C -> Z' x y E(h) 
is a trivial etale covering. However, let t]z' be the generic point of Z', and set 

(Z',N!) := Z' Xy (Y,N) (X',M!) := Z' x Y (X,M). 

The open subset (Z' 7 /V') tr is dense in Z', by virtue of claim 16446( 1). so the induced mor- 
phism /' : (X\ M') — > (Z',N?) is still of the type considered in (|6.4I) . the geometric point 
x lifts uniquely (up to isomorphism) to a geometric point x' of X', and h Xy Z' is an ob- 
ject of Tame(f k(vz')) (lemma 16.3.18( 1)). Hence, we may replace from start (X, M) by 
(X', M'), (Y, N_) by (Z', iV'), h by h Xy Z' , after which, we may assume that Y is noetherian 
and of dimension one. Moreover, taking into account claim 16.4.421 we may assume that the 
induced covering C\ Vq — ► \r) q \ is trivial, for every maximal point r^ q of f% (y), and it remains to 
show that h is trivial under these assumptions. 

To this aim, we look at the corresponding commutative diagram of groups, provided by 
lemma 164.33( 1) : with the notation of loc.cit., we see that in the current situation, (3 is an 
isomorphism as well, by claim l644Q[ therefore lemma l64.33( ii) says that the group homomor- 
phism 7ri(|?7 q | ( 5t,^ q ) — > iri(U tv /Y 6t ,£) is surjective, for any maximal point r] q of f- 1 ^). From 
this, we deduce that h is a trivial covering, and therefore there exists an etale covering Cy 
with an isomorphism C ^ Cy x ui U tI ( HOl Exp.IX, Th.6.1]). Denote by C Y the normalization 
of Y in Cy. Also, set E' := E(h) C Str(/ S ). In light of theorem llTMiii. a) and lemma I6A291 
it is easily seen that the restriction E' — > Y of is surjective; the latter is also a smooth mor- 
phism of schemes (corollary 15.3 .27( i)). It follows that C Y Xy E' is the normalization of E' in 
C ( ll33l Ch.IV, Prop. 17.5.7]), especially, it is an etale covering of E'. We then deduce that Cy 
is already a (trivial) etale covering of Y ([33, Ch.IV, Prop.l7.7.1(ii)]), and then clearly h must 
be a trivial covering as well. □ 

Remark 6.4.47. Theorem |64.39| is the local acyclicity result that gives the name to this section. 
However, the title is admittedly not self-explanatory, and its full justification would require the 
introduction of a more advanced theory of the log-etale site, that lies beyond the bounds of this 
treatise. In rough terms, we can try to describe the situation as follows. In lieu of the standard 
strict henselization, one should consider a suitable notion of strict log henselization for points 
of the log-etale topoi associated to log schemes. Then, for / : X — > Y as in (1641) with saturated 
log structures on both X and Y, and log-etale points x of X with image y in Y, one should 
look, not at our f T , but rather at the induced morphism fa of strict log henselizations (of X at 
x and of Y at y). The (suitably defined) log geometric fibres of fx will be the log Milnor fibres 
of / at the log-etale point x, and one can state for such fibres an acyclicity result : namely, 
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the prime-to-p quotients of their (again, suitably defined) log fundamental groups vanish. The 
proof proceeds by reduction to our theorem |6.4.39[ which, with hindsight, is seen to provide the 
essential geometric information encoded in the more sophisticated log-etale language. 

7. The almost purity toolbox 

The sections of this rather eterogeneous chapter are each devoted to a different subject, and 
are linked to each other only very loosely, if they are at all. They have been lumped here 
together, because they each contribute a distinct self-contained little theory, that will find appli- 
cation in chapter[8l in one step or other of the proof of the almost purity theorem. The exception 
is section [7761 : it studies a class of rings more general than the measurable algebras introduced 
in section 17721 the results of section 17761 will not be used elsewhere in this treatise, but they may 
be interesting for other purposes. 

Section 17711 develops the yoga of almost pure pairs (see definition 17. 1 .220 )); the relevance 
to the almost purity theorem is clear, since the latter establishes the almost purity of certain 
pairs (X, Z) consisting of a scheme X and a closed subscheme Z C X. This section provides 
the means to perform various kinds of reductions in the proof of the almost purity theorem, 
allowing to replace the given pair (X, Z) by more tractable ones. 

Section lTTH introduces measurable (and more generally, ind-measurable) i^ + -algebras, where 
K + is a fixed valuation ring of rank one : see definitions I7.2.3r ii) and 17.2.511 For modules 
over a measurable algebra, one can define a well-behaved real- valued normalized length. This 
length function is non-negative, and additive for short exact sequences of modules. Moreover, 
the length of an almost zero module vanishes (for the standard almost structure associated to 
K + ). Conversely, under some suitable assumptions, a module of normalized length zero will be 
almost zero. In the proof of the almost purity theorem we shall encounter certain cohomology 
modules whose normalized length vanishes, and the results of section lTTH will enable us to prove 
that these modules are almost zero. 

Section 17731 discusses a category of topologically locally ringed spaces that contains the for- 
mal schemes of [26]. We call cu-admissible our generalized formal schemes, and they are 
obtained by gluing formal spectra of suitable cu-admissible topological rings (see definition 
17.3.181) . It turns out that the so-called Fontaine rings reviewed in section 13.31 carry a natu- 
ral cu-admissible linear topology; hence the theory of section 17731 attaches to such rings an in- 
admissible formal scheme, endowed with a natural Frobenius automorphism. This construction 
- detailed in section 17741 - lies at the heart of Faltings' proof of the almost purity theorem. 

Lastly, section 17.51 studies some questions concerning the formation of quotients of affine 
almost schemes under a finite group action. These results will be used in the proof of theorem 
18.4.321 the last conspicuous stepping stone on the path to almost purity. 

7.1. Almost pure pairs. Throughout this section, we fix a basic setup (V, m) (see 11361 §2.1.1]) 
such that m := m Cgy m is a flat ^/-module, and we set S : = Spec V; for every S-scheme X we 
may consider the sheaf &^ °f almost algebras on X, and we refer to 11361 §5.5] for the definition 
of quasi-coherent ^-modules and algebras. We begin with a few complements on sheaves of 
almost algebras. 

Definition 7.1.1. Let X be an ^-scheme, srf a quasi-coherent ^-algebra, and & an stf -module 
which is quasi-coherent as an (^-module. 

(i) & is said to be an srf -module of almost finite type (resp. of almost finite presentation) 
if, for every affine open subset U C X, the s$(U) -module J?(U) is almost finitely 
generated (resp. almost finitely presented) . 
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(ii) We say that & is an ^-module of almost finite rank (resp. of finite rank) if, for ev- 
ery affine open subset U C X, the srf(U) -module J?([/) is almost finitely generated 
projective of almost finite (resp. of finite) rank. 

(iii) & is said to be an almost coherent srf -module if it is an srf -module of almost finite 
type, and for every open subset U C X, every quasi-coherent ^[/-submodule of 

of almost finite type, is almost finitely presented. 

(iv) We say that & is a torsion-free ^-module if we have Ker b ■ l&im = 0, for every 
affine open subset U C X and every regular element b E &x{U). 

Remark 7.1.2. In the situation of definition |7.1.1| : 

(i) We denote by Snd^{^) the (^-module of $rf -linear endomorphisms of & ', defined by 
the rule: U i— > End^([/) (#"([/)) for every open subset U C X. It is easily seen that Snd^{^) a 
is an srf -module. 

(ii) Suppose that & is a flat and almost finitely presented srf -module. Then there exists a 
trace morphism 

tr^/a? : gnd^i^) — > srf 

that, on every affine open subset U C X, induces the trace morphism trjrmwrm of the almost 
finitely generated projective (£/)-module &(U) (details left to the reader : see 11361 §4.1]). 

Lemma 7.1.3. Let f : Y —>■ X a faithfully flat and quasi-compact morphism of S -schemes, 
a quasi-coherent €?£-algebra, & a quasi- coherent srf -module. Then : 

(i) The -module & is of almost finite type {resp. of almost finite presentation, resp. of 
almost finite rank, resp. of finite rank) if and only if the same holds for the f*srf -module 

(ii) If the f*&/ -module f*& is almost coherent, then the same holds for the stf -module 

(iii) Suppose that X is integral, and & is aflat &x-module of almost finite type. Then & is 
an &x -module of finite rank. 

Proof, (i): One reduces easily to the case where X and Y are affine, in which case the assertion 
follows from [36, Rem. 3. 2.26(h)]. (For the conditions of almost finite rank or of finite rank, 
one remarks that exterior powers commute with any base changes : the details shall be left to 
the reader.) 

(ii) follows easily from (i). 

(iii) : Let rj be the generic point of X; notice that is a free K,(r]) a -module of finite rank, and 
let r be this rank. From ll36l Prop. 2.4. 19], it follows easily that & is almost finitely presented. 
Moreover, the exterior powers of & are still flat ^-modules; then the r-th exterior power 
vanishes, since it vanishes at the generic point of X. □ 

Lemma 7.1.4. Let X be any S-scheme. 

(i) The full subcategory ^-Mod aco h of ^-Mod qco h consisting of all almost coher- 
ent modules is abelian and closed under extensions. (More precisely, the embedding 
^-Modacoi, — > ^-Modq CO h is an exact functor.) 

(ii) If X is a coherent scheme, then every quasi-coherent -module of almost finite pre- 
sentation is almost coherent. 

Proof. Both assertions are local on X, hence we may assume that X is affine, say X = Spec R. 

(i): Let / : M — > N be a morphism of almost coherent i? a -modules. It is clear that Coker / 
is again almost coherent. Moreover, f(M) C iV is almost finitely generated, hence almost 
finitely presented; then by 11361 Lemma 2.3.18], Ker / is almost finitely generated, and so it is 
almost coherent as well. Similarly, using 061 Lemma 2.3.18] one sees that ^-Mod aco h is 
closed under extensions. 
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(ii): We sketch the argument and leave the details to the reader. Let M be an almost finitely 
presented i? a -module; according to 11361 Cor.2.3.13], M can be approximated arbitrarily closely 
by a module of the form iV a , where N is a finitely presented i?-module. Likewise, any given 
almost finitely generated submodule M' C M can be approximated by a finitely generated 
submodule N' C N. Then N 1 is finitely presented, hence M' is almost finitely presented, as 
claimed. □ 

Definition 7.1.5. Let X be an ^-scheme, and ip : s$ — » 38 a morphism of quasi-coherent 
^-algebras. 

(i) 38 is said to be an almost finite (resp. flat, resp. weakly unramified, resp. weakly 
etale, resp. unramified, resp. etale) ^/-algebra if, for every affine open subset U C X, 
38(U) is an almost finite (resp. flat, resp. weakly unramified, resp. weakly etale, resp. 
unramified, resp. etale) stf (U) -algebra. 

(ii) We define the ^-algebra g/u by the short exact sequence : 

m ® v X — ► G x © M —> Mi — ► 

analogous to |[36l §2.2.25]. This agrees with the definition of ll36l §3.3.2], correspond- 
ing to the basic setup (<ffx-,w@x) relative to the Zariski topos of X; in general, this 
is not the same as forming the algebra stf\\ relative to the basic setup (V, m). The rea- 
son why we prefer the foregoing version of is explained by the following lemma 
I7XT4IX ). 

(iii) For any monomorphism 3$ C 5? of quasi-coherent (^-algebras, let i.c.(^, denote 
the integral closure of 3$ in 5? , which is a quasi-coherent ^-subalgebra of 5? . 

Suppose that ip is a monomorphism. The integral closure of srf in 38, is the - 
algebra i.c.(^/, 38) := \.c.(srf\\, 38\\) a (see also [|36l Lemma 8.2.28]). In view of lemma 
I7.1.14r i). this is a well defined quasi-coherent ^-algebra. It is characterized as the 
unique s$ -subalgebra of 38 such that : 

\.c.(sf,BS)(U) :=\.c.{s>?{U),38{U)) 

for every affine open subset U C X (notation of ||36l Def.8.2.27]). We say that srf is 
integrally closed in 38, if srf = \.c.{srf 38). We say that 38 is an integral stf -algebra if 
i.c.(^, 38) =38. 

Remark 7.1.6. Let X be an ^-scheme, srf — > 38 be a morphism of quasi-coherent ^-algebras. 

(i) 38 is an unramified srf -algebra if and only if, for every affine open subset U C X, there 
exists an idempotent element e&m)/*f(U) £ ®^ 38) (U)*, uniquely characterized by the 
following conditions : 

(a) iimi^{^m(\j)i^{u)) = L where n&/tf : 38 (gv 38 — > 38 is the multiplication morphism 
of the srf -algebra 38. 

(b) e<%(p)/tf(y) ■ Ker/^gy^([/) = 

((361 Lemma 3.1.4]). It is easily seen that, on U' C U, the element e@aj)/ar(U) restricts to 
£@{U')/tf(W)\ hence, the system {e@(u)/^{u) I U C X), for U ranging over all the affine open 
subsets of X, determines a global section 

e*/*- E Y{X,38®^ 38), 

which we call the diagonal idempotent of the srf -algebra 38 (see lf3~6l §5.5.4]). 

(ii) If 38 is a flat and almost finitely presented stf -algebra, there exists a trace form 

tmi* ■ ® ®* 38 -> st 

that, on each open affine subset U C X, induces the trace form tggim/^m) of 11361 §4.1.12] 
(details left to the reader). 
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(iii) Suppose that SB is a flat, unramified and almost finitely presented ^-algebra. Then the 
diagonal idempotent and the trace form of SB are related by the identity 

t®is4{z®lsi ■ (1 ® b)) = b = ^/^{egg/rf ■ (b ® 1)) 

for every affine open subset U C X and every b G SB(U)* (" 11361 Rem.4.1.17]). 

(iv) Suppose that SB is an integral ^-algebra, and let also S% — > y be a morphism of 
quasi-coherent ^-algebra, such that ,Y is an integral ^-algebra. Then : 

(a) ,5^" is an integral ^"-algebra. Indeed, we may assume that X is affine, in which case 
the assertion follows from ll36l Lemma 8.2.28]. 

(b) SB» is an integral ^-algebra. Indeed, by assumption we have SB = Lc.(«<#h, SB\\) a , 
whence by adjunction, a morphism of ^-algebras 3B\\ — > i.c.(^i, 3B\\), which must be 
the identity map. 

Thus, SB is an integral srf -algebra if and only if SB\\ is an integral ^i-algebra. 

Proposition 7.1.7. Let X be a quasi-compact S -scheme, stf a quasi-coherent G^-algebra, and 
SB a flat srf -algebra that is almost finitely presented as an srf -module. Then SB{X) is an integral 
srf {X) -algebra. 

Proof. For every b G SBiX)* and every i 6 N, set : 

Cj(6) := tr A ^^(A^(61^)) G si{X) 
(see remark |T7TT2][ii)). In view of 11361 Lemma 8.2.28], it suffices to show 

Claim 7.1.8. For every b G SB(X)* and a G m, there exists n G N such that : 

(i) Ci(ab) = for every i > n. 

(ii) Eto( ab Y +1 ■ c n^b) = 0. 

Proof of the claim. Since X admits a finite affine covering, and since the trace morphism 
commutes with arbitrary base changes, we are easily reduced to the case where X is affine. In 
this case, set A :— s$ {X) and B : = SB{X)\ then B is an almost finitely generated projective 
A-algebra, and there exists n G N such that al B factors through A-linear maps u : B — ► A® n 
and v : A® n — > B ( Il36l Lemma 2.4.15]). Thus, abl B — v a (u o bl B ), and we get : 

Ci(ab) = tr A ^ yl en/ J 4(A^(M o bl B o v)) for every i G N 

( [[361 Lemma 4.1.2(i)]), from which (i) already follows. By the same token, we also obtain : 

n 

X ■= ^2(u o bl B o vf ■ a(ab) = 

i=0 

( 11361 Prop.4.4.30]). However, the left-hand side of the identity of (ii) is none else than v o \ ° 
(uotlg); whence the claim. □ 

The following lemma generalizes |j36l Cor. 4.4.31]. 

Lemma 7.1.9. Let Abe a V a -algebra, B C A a V a -subalgebra, P an almost finitely generated 
projective A-module, and ip an A-linear endomorphism of P. Suppose that : 

(a) B is integrally closed in A. 

(b) ip is integral over B*. 

Then det(l P + Tip) G BJ[T]]. 

Proof. For the meaning of condition (b), see the proof of ll36l Cor. 4.4.31]. Recall also that 
det(lp + Tip) is the power series in the variable T, whose coefficient in degree i is the trace of 
X\<p on A\P: see |® §4.3.1, §4.3.3]. 
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Claim 7.1.10. Let Q be another almost finitely generated projective A-module, ip be an endo- 
morphism of P that is also integral over P*. Then the endomorphism cp (g> A ip of P ®a Q is 
integral over P*. 

Proof of the claim. The tensor product defines a map of unitary associative P*-algebras 

End A (P) ® B . End A (Q) -> End A (P ® A Q). 

By assumption, the subalgebra P*[y?] C End A (P) is finite over P„, and similarly for P*[?/>] C 
End A (Q). Hence, the same holds for the image of B*[tp] ®b, Bjpp] in End A (P ®a Q), whence 
the claim. 

It follows easily from claim I7.1.101 that the endomorphism K A ip of JV A P is integral over 
P*. Hence, we may replace P by A l A P, and reduce to showing that the trace of tp lies in 
P*. However, for every e G m we may find a free A-module L of finite rank, and A-linear 
morphisms u : P — > L, v : L — > P such that i> o w = el P ( 11361 Lemma 2.4.15]). It follows that 

tr L/A (u o (p o v) = tr P / A (v? o v o it) = e ■ tr P / A (<£>) 

( ||36l Lemma 4.1.2]). On the other hand, say that the polynomial T n + bjT j G P*[T] 

annihilates </?; it is easily seen that T n + ^"Iq bje n - j Ti annihilates u o ip o v, so the latter is 
integral over P* as well, and therefore its trace lies in P* ( ll36l Cor.4.4.31 and Rem.8.2.30(i)]). 
Summing up, we have shown that e-trp/^^) G P* for every e G m, whence the contention. □ 

Proposition 7.1.11. Le? X Z?e an S-scheme, j : U — > X a quasi-compact open immersion, 
stf — > ^ a morphism of quasi-coherent G^-algebras, and suppose that : 

(a) 77ze wm'to of adjunction srf — > j*]*^ and SS — > are monomorphisms. 

(b) m integrally closed in and SS is an integral stf -algebra. 

(c) j*^ w an eto/e -algebra and an almost finitely presented j* -module. 

(d) 77ie diagonal idempotent ej*@/j*^ is a global section of the subalgebra 

lm(B8 8w ^ -> 8v #)). 

77?en ^ w an eto/e -algebra and an almost finitely presented -module. 

Proof. We may assume that X is affine. Under our assumptions, the restriction map srf (X)* — > 
srf (U)* is injective, and its image is integrally closed in srf ill)* ([36, Rem.8.2.30]); moreover, 
is an integral ^(X)n-algebra (remark ITXfJiv)). In view of lemma !7.1.9[ we deduce a 
commutative diagram 

SB <8w SB sf 

3*3*{^ <8W 9S) W V 

whose vertical arrows are the units of adjunctions, and where t is a uniquely determined srf - 
bilinear form. Now the proof proceeds by a familiar argument (see e.g. the proof of 11361 Claim 
3.5.33]). Namely, for a given e G m, we can write 

m 

£ ■ egg/st = (g> 6j where dj, bj G =5^(X)* for every j = 1, . . . , m. 

3=1 

In light of remark rT.1.6r iii), we deduce 

m 

e ■ a = t(a (g> a,j) ■ bj for every a G £§(X)*. 
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Indeed, the identity holds after restriction to U, and assumption (a) implies that the restriction 

map =5^(Jf )* — ► 3§(U)* is injective. We may then define -linear maps : 36 ^ £^® m ^ 33 by 
the rules : 

m 

<p(a) := (t(a ® ax), . . . , t(a ® a rn )) ip(s u . . . , s m ) := s,-fy 

i=i 

for every open subset U <Z X, every a G 3B{U\, and every si, . . . , s m G (£/%. Thus we have 
ip o cp — slag, and since e is arbitrary, this already shows that 33 is an almost finitely generated 
^/-module. To conclude, it remains only to invoke 11361 Lemma 2.4.15 and Prop.2.4.18(i)]. □ 

Corollary 7.1.12. Let X be an S-scheme, j : U X a quasi-compact open immersion, 
stf — > 33 a morphism of quasi-coherent -algebras, and suppose that : 

(a) 33 is an etale .s^ -algebra and an almost finitely presented -module. 

(b) The diagonal idempotent e^g/^ is a global section of the subalgebra 

lm((j,33) (j,33) -> j,(33 ®^ 33)). 
Then j\33 is an etale -algebra and an almost finitely presented -module. 

Proof. Set £/ x '■= 3*^ and 33 x ■— j*33; proposition |7.1.7| easily implies that 33 x is an integral 
srf x -algebra. Hence, the induced morphism srf x — > 33 x fulfills conditions (a)-(d) of proposition 
17.1.111 and the corollary follows. □ 

Using lemma l7T.9l we can also relax one assumption in ll36l Prop.8.2.31(i)]; namely, we have 
the following : 

Proposition 7.1.13. Let A C B be a pair of V a -algebras, such that A = i.e. (A, B). Then, for 
every etale almost finite projective A-algebra A\ we have A\ = i.e. (Ax, Ax <S>a B). 

Proof. Set Bi :— A\ ®a B, and suppose that x G B u is integral over Ax*. Let e G (Ax ®a Ax)* 
be the diagonal idempotent of the unramified A-algebra Ax', for given e G m we write e ■ e = 
Y^ k j=i c i ® di for some q, dj G A u . According to remark ITTLBT iii) and (361 Prop. 4. 1.8(h)], we 
have Y^ k j=i c i ' r ^ T B 1 /B(xd i ) = e ■ x. On the other hand, e ■ x and e ■ d t are integral over A* ( 11361 
Lemma 5.1.130)]); then lemma [7Tl .9| implies that Ti Bl / B (e 2 ■ xdj) G A* for every i — 1, . . . , k. 
Hence e 3 ■ x G A u , and since e is arbitrary, the assertion follows. □ 

Lemma 7.1.14. Let f : Y — > X a faithfully flat and quasi-compact morphism of S -schemes, 
&/ a quasi-coherent G^-algebra. Then : 

(i) $$\\ is a quasi-coherent G x -algebra, and if is almost finite, then srf\\ is an integral 
O x -algebra (see definition 17 . 1 .5r i.ii) ). 

(ii) s$ is an etale (resp. weakly etale, resp. weakly unramified) G^-algebra if and only if 
f*srf is an etale {resp. weakly etale, resp. weakly unramified) ^y-algebra. 

(iii) Suppose that X is integral and stf is a weakly etale &x-algebra. Let r] G X be the 
generic point; then stf is an etale G^-algebra if and only if £^ r] is an etale G x ^-algebra. 

(iv) Suppose that X is normal and irreducible, and is integral, torsion-free and unrami- 
fied over & x . Then srf is etale over & x , and almost finitely presented as an <ffx-module. 

Proof, (i): First of all, s/\ is a quasi-coherent (^-module ( lT3~6l §5.5.4]), hence the same holds 
for It remains to show that sZ\\{U) = stf(U)\\ is an integral & X (U) -algebra for every affine 
open subset U C X. Since &/(U)\\ = & X {U) + m^/(U)n, we need only show that every 
element of true/ (U)u is integral over ff x (U). However, by adjunction we deduce a map : 

s/(U)u -> A v := 0$(U)* + xn^{U), 
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whose kernel is annihilated by m, and according to ll36l Lemma 5.1.13(i)], Au is integral 
over &x (£/)*. Let a G mg/(U)\\ be any element, and a its image in m^/ we can then 
find b ,...,b n G @x{U)* such that a n+1 + £" =0 he? = in A v . It follows that {ea) n+1 + 
E"=o £ n+1 ~%(£aY = in ^(C/)u, for every e G m. Since e^ 1- *^ lies in the image of X (U) 
for every i < n, the claim follows easily. 

(ii) : One reduces easily to the case where X and Y are affine, in which case the assertion 
follows from [36, §3.4.1]. 

(iii) : Let U C X be any affine open subset; by assumption stf (U) is flat over the almost ring 
B :— $rf (U) ®ff£(u) ^ (U), and srf (U) ®^(u) n{ri) a is almost projective over B ®^(u) K(r)) a - 
Then the assertion follows from ll36l Prop.2.4.19]. 

(iv) : Let i] G X be the generic point. We begin with the following : 

Claim 7.1.15. Suppose that V = m (the "classical limit" case of 11361 Ex.2.1.2(ii)]), and let 
/ : A — > B be a local homomorphism of local rings. Then : 

(i) f a is weakly etale if and only if / extends to an isomorphism of strict henselizations 
A sh -> B sh . 

(ii) Especially, if A is a field and f a is weakly etale, then B is a separable algebraic exten- 
sion of A. 

Proof of the claim, (i): In the classical limit case, a weakly etale morphism is the same as an 
"absolutely flat" map as defined in 11631 : then the assertion is none else than [63, Th.5.2]. 

(ii): If A is a field, A sh is a separable closure of A; hence (i) implies that B is a subring of 
A sh , hence it is a subfield of A sh . 

Claim 7.1.16. Suppose that V = m. Let A be a field and / : A -> Ba ring homomorphism 
such that f a is weakly etale. Then : 

(i) Every finitely generated A-subalgebra of B is finite etale over A (that is, in the 
usual sense of ll3~3l §17]). 

(ii) f a is etale if and only if / is etale (in the usual sense of ll33lD . 

Proof of the claim, (i): It follows from claim |7TT.15r ii) that B is reduced of Krull dimension 0, 
and all its residue fields are separable algebraic extensions of A. We consider first the case of a 
monogenic extension C := A[b] C B. For every prime ideal p C B, let b p be the image of b in 
B p ; then for every such p we may find an irreducible separable monic polynomial P P (T) G A[T] 
with Pp(bp) = 0. This identity persists in an open neighborhood U p C Spec B of p, and finitely 
many such U p suffice to cover Spec B. Thus, we find finitely many P Pl (T), . . . , Pp k (T) such 
that Yli=i Ppiify — holds in B, and up to omitting repetitions, we may assume that all these 
polynomials are distinct. Since C is a quotient of the separable A-algebra ^■PVdl^i -fpiCO)> 
the claim follows in this case. In the general case, we may write C = A[bi, . . . , b n ] for certain 
b n G B. Then Spec C is a reduced closed subscheme of Spec A\b{\ x Spec A ■ ■ ■ x SpecA 
Spec A[b n ]; by the foregoing, the latter is etale over Spec A, hence the same holds for Spec C. 

(ii): We may assume that f a is etale, and we have to show that / is etale, i.e. that B is 
a finitely generated A-module. Hence, let bb/a £ B ®a B be the diagonal idempotent (see 
remark l7.1.6f i)): we choose a finitely generated A-subalgebra C C B such that 6b/a is the 
image of an element e' G C ®a C. Notice that 1 — e' lies in the kernel of the multiplication map 
lie I A '■ C ®a C — » C. By (i), the morphism A — > C is etale, hence it admits as well a diagonal 
idempotent G C 0a C; on the other hand, 1(361 Lemma 3.1.2(v)] says that B a is etale over 
C a , especially B is a flat C-algebra, hence the natural map C 0a C —> B ® a B is injective. 
Since 1 — ec/A lies in the kernel of the multiplication map hb/a '■ B ®a B — >• i?, we have : 

e/3/A(l - e c /A) = = e c/A (l - e') = e c/A (l - &b/a) 
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from which it follows easily that es/A = ^CIA- Moreover, the induced morphism Speci? — > 
Spec C has dense image, so it must be surjective, since Spec C is a discrete finite set; therefore 
B is even a faithfully flat C-algebra. Let J : = Ker(£> 0a B — > B ®c B); then J is the ideal 
generated by all elements of the form 1 <g) c — c ® 1, where c G C; clearly this is the same as 
the extension of the ideal I c /a '■= Ker /j, c /a- However, I c /a is generated by the idempotent 
1 — £c/A (lEU Cor.3.1.9]), and consequently J is generated by 1 — e B / A , i.e. J = Ker Hb/a- 
So finally, the multiplication map Hb/c '■ B ®c B — > B is an isomorphism, with inverse given 
by the map B — > £> ®c £> : fc i— > b ® 1. The latter is of the form j ® c 1b» where j : C B 
is the natural inclusion map. By faithfully flat descent we conclude that C = B, whence the 
claim. 

Next, we remark that gf v is a finitely presented X -module. Indeed, since K := &x,t) is a 
field, we have either mA = 0, in which case the category of /('"-modules is trivial and there is 
nothing to show, or else mA = A. So we may assume that we are in the "classical limit" case, 
and then the assertion follows from claim 17X161 11). 

Now, set 38 := srf (g>#» =2/, and let j : X(rj) — > X be the natural morphism; since X is 
normal and srf is torsion-free, the units of adjunction X ~^ j*j*^x(ri) and &f — > j*j*sf are 
monomorphisms. Since is unramified over G x , the diagonal idempotent of j*srf lies in the 
image of the restriction map 38 {X)* — > 38 m . In view of these observations, an easy inspection 
shows that the proof of proposition 17.1.1 II carries over verbatim to the current situation, and 
yields assertion (iv). □ 

Proposition 7.1.17. Let X be a quasi-compact and quasi-separated S -scheme, U C X a quasi- 
compact open subset, and si a quasi- coherent @ x -algebra, almost finitely presented as an G x - 
module. Then for every finitely generated subideal m C m, there exists a quasi-coherent & x - 
algebra 38, finitely presented as an ff x - m odule, and a morphism 38? v — > of G x -algebras, 
whose kernel and cokernel are annihilated by trio. 

Proof. Set := \.c.{G x , then is a quasi-coherent ^ -algebra, and = &/,by 

lemma IT 1.14r i). According to propo sition 19.2.191 we may write as the colimit of a filtered 
family | i G I) of finitely presented quasi-coherent (^-modules. Pick a finitely generated 
subideal mi C m such that m C m^; for every affine open subset U' C U, we may find a finitely 
generated ^x(f7')-submodule M w C M\(U') such that mi • Ml{U') C M v >. Clearly M v > C 
lm(^i(U') — > M\(U')) for i G I large enough, and since U is quasi-compact, finitely many 
such open subsets cover U; hence, we may find i E I such that mi • srf\\ C Im(^ — > M\)\u"> we 
setJF := J£i, and let : := Sym^> — > %\ be the induced morphism of quasi-coherent &x~ 
algebras. Notice that Sf is finitely presented as an ^-algebra. Using again proposition 19.2. 191 
(or ||26l Ch.I, Cor.9.4.9]) we may write Ker (p as the colimit of a filtered family | A G A) of 
quasi-coherent ^x-submodules of finite type. For any affine open subset U' C X, let fx, . . . , f n 
be a finite set of generators of &{U'); we may find monic polynomials -Pi(T), . . . , P n {T) with 
coefficients in &x{U') such that P i (ip(f i )) = in ^(U')n, for every i < n. Let A G A be 
chosen large enough, so that Pi(f) G Jf\(U') for every i < n, and for every U' in a finite affine 
open covering of X. Let also <W X C £f be the ideal generated by J^x; then £f' := is 
an integral ^x-algebra of finite presentation, hence it is finitely presented as an ^-module, in 
view of claim 14 .5^81 Clearly <p descends to a map 99' : £f' — > ^1, whose cokernel is annihilated 
by mi, and by lT3~6l Claim 2.3.12 and the proof of Cor.2.3.13] we may find, for every affine open 
subset U' C U, a finitely generated submodule AV C Ker : &'(U') — > srf(U')\\) such 
that • Ker C A^/. Another invocation of proposition 19.2. 191 ensures the existence of a 
quasi-coherent ^x-submodule of finite type J? C Ker <£> such that K V i C J^iU') for all the [/' 
of a finite covering of [/ ; the (^-algebra ^ := ^ ■ fulfills the required conditions. □ 
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7.1.18. Let (Xi | i G I) be a filtered system of quasi-compact and quasi-separated ^-schemes, 
with affine transition morphisms : Xj — > Xi, for every morphism (p : j ; — > i in I. Let also 
Ui C Xi be a quasi-compact open subset, for every i E I, such that C/j = h~ l Ui for every 
<y? : j — > i in 7. Set 

X:=limXi f/^limt/;. 
and denote by hi :U —> Xi the natural morphism, for every i G I. 

Corollary 7.1.19. In the situation of (17.1.181 ), suppose that m is a filtered union of principal 
ideals ofV. Let srf he any fiat almost finitely presented G^-algebra. Then, for every b G m 
there exists i G I, a quasi-coherent Gxi-cdgebra M, finitely presented as a ffx^module, and a 
map of ^-algebras f : h*8? a — ► stf such that : 

(i) Ker / and Coker / are annihilated by b. 

(ii) For every x G Ui, the map b ■ lgg >x : 8? x — > 8? x factors through a free &u iX -module. 

Proof. From ||32l Ch.IV, Th.8.3.11] it is easily seen that X is a quasi-compact and quasi- 
separated S-scheme, and U is a quasi-compact open subset of X. Then, take c G m such 
that b G c 4 V; according to proposition 17.1.171 we may find a quasi-coherent (^--algebra 
finitely presented as an (^-module, and a morphism g : — > stf of ^-algebras whose ker- 
nel and cokernel are annihilated by c. By standard arguments we deduce that, for every x G U, 
the map c 2 • 1^ x : ^ — >■ ^™ factors through =sz4. On the other hand, ll36l Lemma 2.4.15] says 
that c ■ ljrf )X factors through a free <^ x -module F, and therefore c 3 ■ 1^ x factors through F as 
well. Finally, this implies that b- l ^ factors through for some m G N. Since 83 is finitely 
presented, such factorization extends to some affine open neighborhood V of x in U, and since 
£/ is quasi-compact, finitely many such open subsets suffice to cover U . It follows easily (see 
11321 Ch.IV, Th.8.5.2]) that, for i G I large enough, 83 descends to a quasi-coherent ^-algebra 
finitely presented as an -module, and such that (ii) holds. □ 

Lemma 7.1.20. Let j : U ^ X be an open quasi-compact immersion of S -schemes, and srf a 
quasi- coherent ^-algebra. The following holds : 

(i) If srf is an etale G^j-algebra and is aflat G^-algebra, then is an etale 
algebra. 

(ii) If X is normal and irreducible with j*ffu = $x> and stf is an integral and torsion-free 
&{j-algebra, then is an integral <ff x -algebra. 

Proof, (i): It suffices to show that j\srf admits a diagonal idempotent as in remark IT. 1.60 ). To 
this aim, set 83 := srf ®@a srf ; since j is quasi-compact and is flat, the natural morphism : 

3*^ -> 3*@ 

is an isomorphism (corollary 19.3. 171 ). Especially, the diagonal idempotent of srf extends to a 
global section of j*stf and the assertion follows. 

(ii): Let 8? C M\ be the maximal torsion ^/-subsheaf, and set 83 := 87 ' . Then 8$ is an 
integral, torsion-free ^-algebra, by remark |7.1.6r iv), and 83 a ~ srf, hence (j*83) a ~ In 
light of remark |7.1.6r iv), it then suffices to show : 

Claim 7. 1 .21. Under the assumptions of (ii), let 8$ be an integral quasi-coherent and torsion-free 
^-algebra. Then is an integral ^-algebra. 

Proof of the claim. Let us write M v as the filtered union of the family (R\ | A G A) of its finite 
^x,r;-subalgebras, and for every A G A, let 8?\ C ffl be the quasi-coherent ^/-subalgebra such 
that 8£\(V) = R\ fl 8£(V) for every non-empty open subset V C U. Then ^ is the filtered 
colimit of the family (8?\ | A G A), and clearly it suffices to show the claim for every 8?\. We 
may thus assume from start that 8i\ is a finite ^^-algebra. Let 8$ v be the integral closure 



474 



OFER GABBER AND LORENZO RAMERO 



of ffl, i.e. the quasi-coherent ^/-algebra such that M v (y) is the integral closure of M(V) in 
3S V , for every non empty affine open subset V C U. Clearly it suffices to show that j*3$ v is 
integral, hence we may replace by g% v and assume from start that M is integrally closed. In 
this case, for every non-empty open subset V C U the restriction map M(V) — > M v induces a 
bijection between the idempotents of &(V) and those of M n . Especially, &(U) admits finitely 
many idempotents, and moreover we have a natural decomposition & = &\ x • ■ • x &8 k , as a 
product of ^/-algebras, such that is a field for every % < k. It then suffices to show the 
claim for every and then we may assume throughout that M v is a field. Up to replacing & 
by its normalization in a finite extension of we may even assume that M v is a finite normal 
extension of &x,r)- Hence, let V C X be any non-empty affine open subset, and a e M(U fl V) 
any element. Let P(T) be the minimal polynomial of a over the field &x,ri\ we have to show 
that the coefficients of P(T) lie in &x(V) = &u{U H V), and since X is normal, it suffices to 
prove that these coefficients are integral over &u(W), for every non-empty affine open subset 
W C U H V. However, since M n is normal over &x^, such coefficients can be written as some 
elementary symmetric polynomials of the conjugates of a in M v . Hence, we come down to 
showing that the conjugates of a are still integral over &u{W). The latter assertion is clear: 
indeed, if Q(T) e (%j(W) [T] is a monic polynomial with Q(a) = 0, then we have also Q(a') = 
for every conjugate a' of a. □ 

Definition 7.1.22. Let X be an S'-scheme, Z C X a closed subscheme such that U := X\Z is 
a dense subset of X, and denote by j : U — > X the open immersion. 

(i) We say that the pair (X, Z) is almost pure if the restriction functor 
(7.1.23) 0$-Et fr -> ^-Et fr : sf ^ ^ v 

from the category of etale ^-algebras of finite rank, to the category of etale 
algebras of finite rank, is an equivalence. 

(ii) We say that the pair (X, Z) is normal if Z is a constructible subset of X, and the natural 
map X — > is a monomorphism, whose image is integrally closed in 

Remark 7.1.24. Let (X, Z) be a pair as in definition 17 .1.221 where Z is a constructible subset 
ofX, and set £/ :=X\Z. 

(i) Consider the following conditions: 

(a) 6x,z is a normal domain, for every z E Z. 

(b) the natural map G x — > j*<^/ is a monomorphism, and <ff x = i-C-(&x,j*&u)- 

(c) The pair (X, Z) is normal. 

Then (a)=Kb), since (j*&u)z = @x(z){U H X(V)) for every z e Z. Also, (b)=Kc), by virtue of 
1551 Lemma 8.2.281. 

(ii) Let srf be a quasi-coherent (^-algebra. Then j*^! is a quasi-coherent ^-algebra ( 11261 
Ch.I, Prop. 9.4. 2(i)] and lemma IT. 1.140 )), hence the integral closure srf v of the image of X 
in j*srf is a well defined quasi-coherent ^-algebra ( ||36l Lemma 8.2.28]). We call srf v the 
normalization of =c/ over X. 

Lemma 7.1.25. Let (X, Z) be a normal pair as in definition al .22t ii). and set U := X\Z. Let 
stf be an etale ^-algebra and an almost finitely presented ^-module ( resp. and an G^j-module 
of finite rank). The following conditions are equivalent : 

(a) The normalization stf v of s$ over X (see remark 17 .1 .24r ii)) is a weakly unramified 
G x -algebra. 

(b) srf v is an etale G x -algebra, and an almost finitely presented G x -module (resp. and an 
ff x -module of finite rank). 
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Proof. Obviously (b)=Ka), hence suppose that (a) holds, and let SB := srf v s/ h '. We may 
assume that X is affine, and we set 

A'.= sf v {X) B\=38{X). 

By assumption, the multiplication morphism p, : SS — > srf v is flat, especially A is a flat B- 
module. Let also B' be the image of B in 3§{U); clearly n{X) : B — > A factors through an 
epimorphism /i' : B' — > A, therefore A = A®b B', so A is also a flat £>'-module. Pick a finite 
covering U — U± U • • • U V~k consisting of affine open subsets of U. The induced morphism 

B' -> #(E7i) x • • • x ^(C/fc) 

is a monomorphism. On the other hand, notice that A <S>b' 3B(Ui) = £^{Ui) is an almost 
finitely presented 38(Ui) -module. It follows that A is an almost finitely generated projective 
£>'-module ([36, Prop. 2.4.18 and 2.4.19]), and therefore the kernel of ji' is generated by an 
idempotent e G B^ ([36, Rem. 3.1.8]). A simple inspection shows that e is necessarily the 
diagonal idempotent of the unramified ^-algebra srf . Then all the assumptions of proposition 
17.1.1 H are fulfilled, so srf v is an etale ^-algebra, and an almost finitely presented ^-module. 

Lastly, suppose that stf is an ^-module of finite rank, and pick r e N such that, for every 
i — 1, . . . , k, the r-th exterior power of the ff{j(Ui) -module (U) = Afg^pq &u{Ui) vanishes. 
Since the induced morphism 0^ — > &{j{Ui) x • • • x &§(Ui) is a monomorphism, and A is a 
flat ^-module, we deduce that the r-th exterior power of A vanishes as well. Especially, srf v 
is an ^-module of finite rank. □ 

Proposition 7.1.26. Let (X,Z) be a normal pair, and set U := X\Z. Then the following 
conditions are equivalent : 

(a) The pair (X, Z) is almost pure. 

(b) For every etale ^-algebra stf of finite rank, the normalization srf v of over X is an 
etale 0^-algebra of finite rank (see definition 17 . 1 .5r iii) and remark U. 1 .24r ii) ). 

(c) For every etale G^j-algebra srf of finite rank, srf v is a weakly unramified G^-algebra. 

(d) Every etale Gy-algebra srf of finite rank extends to an etale almost finite ^-a/gefrra. 

Proof. Let srf be any etale (^-algebra of finite rank, and suppose that srf extends to an etale 
almost finite ^-algebra S3. Then the natural map SB — > j*srf factors through a morphism 
(p : SS — > srf v of ^-algebras (lemma |7.1.14r i) and remark |7.1.6r iv)). Fix z E Z, and set 
R ■= 0« R' ■= (J*&$) x . It follows that the stalk B§ z is an etale i?-algebra. Notice that 
{j*£^)z — R' ®R 3$z-> therefore cp is a monomorphism. Moreover, if SB is also an almost finitely 
presented (^-module, we have 

m z = i.c.(3B z , R! (g) R 0B Z ) sf z = i.e. (A, R' ® R & z ) 

(proposition 17 . 1 . 1 3"T ) . On the other hand, 3B Z is an integral i?-algebra, therefore SB Z = $rf z , and 
since z is arbitrary, we conclude that cp is an isomorphism. This already shows that (a)=Kb). 
Conversely, suppose that (b) holds; then the restriction functor (17.1.231 ) is essentially surjective. 
Also, it is clear that every morphism if : srf\ — > of ^-algebras extends uniquely to a 
morphism ip u : srf{ — > srf% °f ^f-algebras, so (17.1.231) is also fully faithful, whence (a). 

Next, clearly (b)=Kc). Conversely, suppose that (c) holds, and let srf be any etale (^-algebra 
of finite rank, so srf v is a weakly unramified ^-algebra. Then srf v is actually an etale ff^- 
algebra, and an almost finitely presented ^-module (lemma |7.1.25l ). Fix any affine open subset 
V C X, and pick a finite covering of U fl V consisting of affine open subsets V\, . . . , of U. 
Let r 6 N be an integer such that the r-th exterior power of the ^(l^-modules (V$) vanish. 
The induced map 

B := <%{V) -> B' := ff^{V x ) x • • • x 0«{V k ) 
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is a monomorphism, since (X, Z) is a normal pair. Moreover, the r-th exterior power of the 
B'-module st/ u (V) 0b B' vanishes; since &/ v (V) is a fiat £>-module, we conclude that the r-th 
exterior power of £f u (V) vanishes as well. Especially, srf v is of finite rank, so (b) holds. 

Lastly, since (b)=Kd), we suppose that (d) holds, and deduce that (c) holds as well. Indeed, 
let SS be an almost finite etale (^-algebra extending s$ '. In the foregoing, we have already 
remarked that SS C srf v \ especially, the diagonal idempotent of srf lies in the image of the 
restriction map srf v ®@a s^ v {X\ — > ®&a srf ([/")*. Then proposition 17. 1 . 1 1 1 implies that srf v 
is an etale almost finite ^-algebra, as sought. □ 

Corollary 7.1.27. Let (X, Z) be a normal pair, and suppose that : 

(a) The scheme Z{z) is finite dimensional, for every z E Z. 

(b) The pair (X(z), {z}) is almost pure, for every z E Z. 

Then the pair (X, Z) is almost pure. 

Proof. Let srf be any etale (^-algebra of finite rank, and sd v the normalization of srf over X. 
In light of proposition 17. 1.261 it suffices to show that stf^ is a weakly unramified 2 -algebra, 
for every z E Z. Suppose, by way of contradiction, that the latter assertion fails; in view of 
condition (a), we may then find a point z E Z, such that gf" is not weakly unramified over 
&x z> but for every proper generization w E Z of z, the ^-algebra stf^ is weakly unramified. 

Now, set U(z) := U n X(z), V(z) := X(z)\{z}, and let j : V(z) -»• U be the induced 
morphism. Notice that (V(z), Z(z)) is a normal pair, and our assumption implies that j*srf v 
is a weakly unramified @yt z \ -algebra. By lemma IT. 1 .251 it follows that j*£/ u is actually an 
etale @yi z \ -algebra of finite rank. Since by assumption, (X(z), {z}) is almost pure, proposition 
17. 1.261 says that stf" ls an etale 2 -module of finite rank, a contradiction. □ 

7.1.28. Let / : X' — > X be a morphism of schemes, £' a geometric point of X' localized at 
x' E X', and set £ := /(£'). We shall say that / is pro-smooth at the point x' if the induced map 
of strictly henselian local rings 

is ind-smooth (i.e. a filtered colimit of smooth ring homomorphisms). 

Lemma 7.1.29. Let f : X' — > X be a morphism of schemes, £' a geometric point of X', 
& C y a monomorphism of quasi-coherent &x-algebras, and suppose that f is pro-smooth at 
the support of We have : 

(i) / is flat at the support of 

(ii) Denote also 

v. n. c .(<%,y)-.i.c.(r<%,ry) 

the induced morphism. Then (pg is an isomorphism. 

Proof, (i): Let x' be the support of £' and set x := /(V)> £ := /(£')• We have a commutative 
diagram of local S-schemes 

— *(0 



X'(x') f -^^X(x) 

whose vertical arrows are ind-etale morphisms, and whose top horizontal arrow is ind-smooth 
by assumption. Especially, since ip' is faithfully flat, the same holds for fr x '), i.e. f is flat. 

(ii): We easily reduce to the case where X is affine, say X = Spec A for some ring A. Let 
g : X'(£') — » X' be the natural morphism. It suffices to show that g*<p is an isomorphism. 
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However, g*i.c.(f*M, f*3?) = i.c.(g*f*&, g*f*y) by ED Ch.IV, Prop.6.14.4], and g*(p is the 
induced morphism 

(/ o gyic.(M, y) -> i.C.((/ o g)*&, (/ o g)*3>). 

Notice that / o g is induced by an ind-smooth ring homomorphism A — > 6x',£>> so we may 
invoke again OTl Ch.IV, Prop.6.14.4] to conclude. □ 

Proposition 7.1.30. Le? (X, Z) £e a normal pair, and f : X' — > X a morphism of S -schemes, 
such that : 

(a) f(f~ x Z) = Z and f is pro-smooth at every point of f~ x Z, 

(b) The pair (X', f~ l Z) is almost pure. 

Then the pair (X, Z) is almost pure. 

Proof. Set Z' := f~ x Z, U := X\Z, U' := X'\Z', and let f\ V : U' -> U be the restriction of 
/. Notice that the open immersion f : U' — > X' is quasi-compact ( 11261 Ch.I, Prop. 6. 6.4]), and 
since / is flat at every point of Z' (lemma |7.1.29r i)), U' is dense in X'. Moreover : 

Claiml '.1.31. (i) The pair (X', Z') is normal. 

(ii) More generally, let srf be any quasi-coherent ^-algebra. Then the natural morphism 

n* v ) - (/,t,*r 

is an isomorphism (notation of remark IT. 1 .24r ii)). 

Proof of the claim. Notice first that, since / is flat at every point of Z (lemma f?. 1.29( 1)), and the 
unit of adjunction ff^ — > is a monomorphism, the induced morphism ff^ — > f*j*&u = 
jl&y, is a monomorphism as well (corollary 19.3. 191 ). Also, (&{}) u = & x , since (X,Z) is a 
normal pair; therefore, (i) follows from (ii). 

(ii): Denote stf^ the integral closure in of the image of of &x\ by corollary 19.3. 19[ the 

natural map 

is an isomorphism of (^'-algebras. On the other hand, lemma |7Tl.29( ii) implies that the integral 
closure of the image of &x> m f*j*(M0 equals f*(s^u). The assertion follows. 

Suppose now that srf is an etale (^-algebra of finite rank. Since, by assumption, (X', Z') 
is almost pure, proposition 17. 1.261 says that {f* v ^) u is an etale ^,-algebra of finite rank. By 
claim |7.1 3T1 and lemmata [7 . 1 .29r ii), 17 .1.1 4r ii), we deduce that srf v is a weakly etale (^-algebra. 
To conclude the proof, it suffices now to invoke proposition 17. 1.261 □ 

Lemma 7.1.32. Let (Ai \ i E N) be a system of V a -algebras, and set A := Ylien ^i- Let also 
P be an A-module, B an A-algebra, and suppose that 

(a) lim^oo Amiya(Aj) = V a for the uniform structure of 11361 Def.2.3.11. 

(b) For every i EN, the Ai-modules Pi := P <S>a Aj, Bi := B <g> a Ai are almost projective 
of finite constant rank equal to i, and Bi is an etale Ai-algebra. 

Then P is an almost projective A-module of almost finite rank, and B is an etale A-algebra. 

Proof. For every j E N, the finite product P<j : = [Tj=i ls an almost projective A-module of 
finite rank, and clearly the induced morphism itj : P — > P<j is an epimorphism. On the other 
hand, the (j + l)-th exterior power of P equals the (j + l)-th exterior power of Kemj, and 
from condition (i) we see that linij-_ +00 Annya (Ker 7Tj) = 0, whence the assertion for P. 

It follows already that B is an almost projective A-module. It remains to show that B is an 
unramified A-algebra, to which aim, we may apply the criterion of [|36l Prop.3.1.4]. 
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Claim 7.1.33. Under the assumptions of the lemma, the natural morphism 

tp : B ® A B -> C := \\ B % ® Ai B t 

is an isomorphism of A-algebras. 

Proof of the claim. For every j G N, let 7tj : C — > rL<j ^ ®^ A be the natural morphism. 
Then 

lim AnnyaKer(7Tj o (p) = V a = lim Anm/aKer 7Tj. 

The first identity implies that ip is a monomorphism. Next, since 7Tj o is an epimorphism, the 
natural morphism Ker itj — > Coker (/? is an epimorphism; then the second identity implies that 
<p is also an epimorphism. 

Now, by ll36l Prop. 3. 1.4], for every i G N there exists an idempotent G (£>j (g)^ -Bj)* 
uniquely characterized by the conditions (i)-(iii) of loc.cit. In view of claim l7.133l the sequence 
(ej | i G N) defines an idempotent in (5 ®^ which clearly fulfills the same conditions, 
whence the contention, again by 11361 Prop. 3. 1.4]. □ 

Proposition 7.1.34. Let (X, Z) be a normal pair, and set U := X\Z. The following conditions 
are equivalent : 

(a) (X, Z) is an almost pure pair. 

(b) The restriction functor 

/rom ?/ze category of etale €?£-algebras of almost finite rank, to the category of etale 
G^j-algebras of almost finite rank, is an equivalence. 

Proof. (b)=Ka): Indeed, suppose that s$ is an etale ^-algebra of finite rank. By (b), srf extends 
to an etale ^-algebra of almost finite rank. Then proposition ^. 1 .26| implies that (a) holds. 

Now, suppose that (a) holds; let srf be an etale (^-algebra of almost finite rank, V C U 
an affine open subset, and set A := 0£{V), B := */(V). According to (351 Th.4.3.28], 
there exists a decomposition of A as an infinite product of a system of ^"-algebras (A* \ i G 
N) fulfilling condition (a) of lemma 17.1.321 Such a decomposition determines a system of 
idempotent elements ey,i G A*, for every i G N, such that ey,i • ev,j — whenever i ^ j, and 
characterized by the identities ey^A = Ai for every i e N. Since &x* is a sheaf ( 11361 §5.5.4]), 
condition (ii) ensures that, for any fixed i G N, and V ranging over the affine open subsets of 
U, the idempotents ey,i glue to a global section G ^([/)*, which will still be an idempotent; 
moreover, the direct factor ^ of =e/ is an etale ^-algebra of finite rank, and the projection 
^ — > g/j is a morphism of ^-algebras. Especially, A and B fulfill as well condition (b) of 
lemma TT. 1.321 By (a) and proposition 17 . 1 . 261 we deduce that the normalization stf" of ^ over 
X is an etale ^-algebra of finite rank, for every i G N. On the other hand, notice that the 
natural morphism 

3r.-*(^.) = 0.^). 
is a monomorphism, and its image is integrally closed in j*^* ( ll36l Rem.8.2.30(i)]). It follows 
easily that e» G hence 

e^" = for every z G N 

and the latter is the integral closure of ei&x m j Consequently, srf v = Ylim^ 1 ' (lES 
Rem. 8. 2.30(h)]). By lemma IT 1.321 it follows that stf v is an etale ^-algebra of almost finite 
rank. Arguing as in the proof of proposition 17.1.261 we see that srf v is (up to unique isomor- 
phism) the only etale almost finite (^-algebra extending srf , and (b) follows easily. □ 

Lemma 7.1.35. Let (A, I) be a tight henselian pair (see [36, Def.5.1.9]). Then we have : 
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(i) The base change functor 

Cov(SpecA) -> Cov(SpecA/7) 

is an equivalence (notation of ll36l §8. 2. 22] J. 

(ii) More generally, the base change functor A-Et — > A/I-Et restricts to an equivalence 

A-Etafr ^ A/J-Etafr 

on respective full subcategories ofetale algebras of almost finite rank. 
Proof. In view of ll36l Th.5.5.7(iii)], it suffices to show : 

Claim 7.1.36. Let P be an almost finitely generated projective A-module, such that P/IP is an 
A/J-module of finite rank (resp. of almost finite rank). Then P is an A-module of finite rank 
(resp. of almost finite rank). 

Proof of the claim. Suppose first that Pj IP is of finite rank, so there exists i E N such that 
A^ /7 (P/PP) = 0. Hence (A* A P) ® A P/IP = 0, and then (36l Lemma 5.1.7] yields A A P = 0, 
as sought. In the more general case where Pj IP has almost finite rank, pick n E N and a finitely 
generated subideal m C m, such that I n C m . Let also mi C m be any finitely generated 
subideal such that mo C m™ +1 ; by assumption, there exists i E N such that rriiAVj (P/IP) = 0, 
i.e. miA^P c IA^P. Therefore 

m A^P C m r l +l K A P c I n+l \ A P C m Q IK A P 

whence m A A P = 0, by (36] Lemma 5.1.7], and finally, m™ +1 A^P = 0. Since mi is arbitrary, 
we deduce that P has almost finite rank, as claimed. □ 

7. 1 .37. Let R be a V^-algebra, I C P a principal ideal generated by a regular element, P A the 
J-adic completion of P. Set 

X := Spec P X A := Spec P A Z := Spec R/I Z A := Spec R A /IR A . 

Proposition 7.1.38. In the situation of (17.1.371 ), suppose furthermore that : 

(i) There exists n E N an J a finitely generated subideal m C m smc/i J™ C m . 

(ii) Trte pair (P, /) henselian. 

Then the pair (X, Z) is almost pure if and only if the same holds for the pair (X A , Z A ). 

Proof. Under the current assumptions, the pair (R a , I a ) is tight henselian ( ll36l §5.1 .12]). Hence 
the assertion is a straightforward consequence of [36, Prop. 5. 4. 53] and lemrna l7T.35f i) (details 
left to the reader). □ 

7.1 .39. Let p E Z be a prime integer with pV C m, and such that p is a regular element of V. 
Let A and B be two flat V-algebras, and for every n E N set V n := V/p n+1 V, A n := A/p n+1 A, 
B n := B/p n+1 B. Let also 

(7.1.40) A ^B 

be a given isomorphism of Vo-algebras, and suppose that the Frobenius endomorphisms of Vq 
and Aq induce isomorphisms 

(7.1.41) V/p 1/p V^V A/p 1/p A^A . 
Set X := Spec A, X := Spec A , Y := Spec B and Y := Spec B . 

Corollary 7.1.42. In the situation of (17.1.391 ), suppose moreover that the pairs (A,pA) and 
(B,pB) are henselian. Then the pair (X, Xq) is almost pure if and only if the same holds for 
the pair (Y, Y ). 
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Proof. In view of proposition 17. 1 .381 it suffices to show that (|7. 1.401) lifts to an isomorphism 
A A B A between the p-adic completions of A and B. In turns, this reduces to exhibiting a 
system of isomorphisms ((p n : A n ^> B n \ n G N) such that ®y n V^ a = <£> n _i for every 
n > 0. To this aim, it suffices to show that 

h An/Vn =0 in D(s.v4-Mod) for every n G N 

([36, Prop. 3. 2. 16]). However, in view of 11361 Th.2.5.36], for every n G N, the short ex- 
act sequence — ► p n+1 V/p n+2 V — » V n+ i — > V n — > induces a distinguished triangle in 
D(s.A-Mod) 

Hence, an easy induction further reduces to checking that L^ /y = in D(s.v4-Mod). Ac- 
cording to [[361 Lemma 6.5.13], this will follow, once we have shown that the natural map 

L 

Vb,($) ®v A — > A 0) ($) 

is an isomorphism in D(Vo-Mod) (notation of loc.cit.). Taking into account the isomorphisms 
(17.1.411 ), this holds if and only if the natural map 

V/p 1/p V kv A -> A/p l ' p 
is an isomorphism in D(Vo-Mod). The latter assertion is clear, since A is a fiat ^/-algebra. □ 

7.2. Normalized lengths. Let (V, | • |) be any valuation ring, with value group Y v \ according 
to our general conventions, the composition law of Y v is denoted multiplicatively; however, 
sometimes it is convenient to switch to an additive notation. Hence, we adopt the notation : 

(iogrv,<) 

to denote the ordered group IV with additive composition law and whose ordering is the reverse 
of the original ordering of Iy. The unit of log Yy shall be naturally denoted by 0, and we shall 
extend the ordering of logTy by adding a largest element +oo, as customary. Also, we set : 
logl^ := {7 G log IV I 7 > 0} andlog|0| := +00. 

7.2.1. In this section, (K, \ ■ |) denotes a valued field of rank one, with value group Y. We let 
K be the residue field of K + . As usual, we set S := Specif, and denote by s (resp. 77) the 
closed (resp. generic) point of S. Let ro^ C K + be the maximal ideal, and set m := in 
case T is not discrete, or else m := K + , in case T ~ Z; in the following, whenever we refer to 
almost rings or almost modules, we shall assume - unless otherwise stated - that the underlying 
almost ring theory is the one defined by the standard setup (K + , m) (see [I36l §6.1.15]). 

Let A be any i^ +a -algebra, and c a cardinal number; following [|36l §2.3], we denote by 
^ C (A) the set of isomorphism classes of fC +a -modules which admit a set of generators of 
cardinality < c. The set ^# C (A) carries a natural uniform structure (see ll36l Def.2.3.1]), which 
admits the fundamental system of entourages 

(£ 7 | 7 eio g r + \{o}) 

defined as follows. For any b G m\ {0}, we let E\u be the set of all pairs (M, M') of elements of 
^# C (A) such that there exist a third A-module N and A-linear morphisms N — > M, N — > M' 
whose kernel and cokernel are annihilated by b. 
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7.2.2. The aim of this section is to define and study a well-behaved notion of normalized 
length for torsion modules M over i^ + -algebras of a fairly general type. This shall be achieved 
in several steps. Let us first introduce the categories of algebras with which we will be working. 

Definition 7.2.3. Let V be any valuation ring, with maximal ideal my. 

(i) We let V-m. Alg be the subcategory of V- Alg whose objects are the local and essentially 
finitely presented V-algebras A whose maximal ideal rru contains my A. The morphisms ip : 
A — > B in 7^ + -m.Alg are the local maps. Notice that every morphism in V-m.Alg is an 
essentially finitely presented ring homomorphism ( II301 Ch.IV, Prop.l.4.3(v)]). 

Recall as well, that every object of V^-m. Alg is a coherent ring (see (14.51) ). More generally, 
if A := (Ai | i G I) is any filtered system of essentially finitely presented V-algebras with flat 
transition morphisms, then the colimit of A is still a coherent ring (lemma[4A6]ji.a)). 

(ii) We say that a local ^-algebra A is measurable if it admits an ind-etale local map of 
^-algebras A — > A, from some object A of V^-m.AlgQ. The measurable ^-algebras form a 
category V-m. Alg, whose morphisms are the local maps of ^-algebras. As noted above, every 
measurable V-algebra is a coherent ring. 

Lemma 7.2.4. In the situation of definition 17.2.3] let (A,t&a) be any measurable V -algebra. 
Then the following holds : 

(i) A/my A is a noetherian ring. 

(ii) If the valuation ofV has finite rank, every vciA-primary ideal of A contains a finitely 
generated vc\.A-primary subideal. 

(iii) For every A-module M of finite type supported at the closed point of Spec A, the A- 
module Mjv&yM has finite length. 

(iv) For every finitely generated ideal I C A, the V -algebra A/ 1 is measurable. 

Proof, (i): Let A sh be the strict henselization of A at a geometric point localized at the closed 
point; then A sh /m v A sh is a strict henselization of A/m v A ( Il33l Ch.IV, Prop. 18.8. 10]), and it 
is therefore also a strict henselization of a V/my -algebra of finite type. Hence A sh /mvA sh is 
noetherian, and then the same holds for A/my A ( 11331 Ch.IV, Prop.l8.8.8(iv)]). 

(iii) follows easily from (i) : the details shall be left to the reader. 

(ii): If the valuation of V has finite rank, there exists an element to G my that generates a 
my-primary ideal. Let J C A be a -primary ideal; then t$ G I, for some integer N > 0; 
moreover, the image I of I in A/ my A is finitely generated, by (i). Pick elements ti, . . . ,t n G I 
whose images in A/m v A form a system of generators of I; it follows that t^, h, . . . , t n form a 
m^-primary ideal contained in I. 

(iv) : We may find an ind-etale local morphism A — > A from an object A of F-m.AlgQ, 
and a finitely generated ideal J C A such that / = I A. Then A/I is an object of V^-m.AlgQ 
as well, and the induced map Aq/Iq — > A/ 1 is ind-etale. □ 

7.2.5. Now, suppose that V is both a valuation ring and a flat, measurable /^-algebra, and 
denote my (resp. re(V), resp. | • |y) the maximal ideal (resp. the residue field, resp. the 
valuation) of V. We claim that V has rank one, and the ramification index (T v : T) is finite. 
Indeed, let us write V as the colimit of a filtered system (V* | i G I) of objects of K + -m. Alg 
with essentially etale transition maps; it follows that each V$ is a valuation ring of rank one 
(claim [43T91 ). Also, the transition maps induce isomorphisms on the value groups : indeed, this 
is clear if K + is a discrete valuation ring, since in that case the same holds for the Vi, and the 
transition maps are unramified by assumption; in the case where T is not discrete, the assertion 
follows from corollary 14.5.251 Therefore, we are reduced to the case where V is an object of 
i^ + -m.Alg , to which corollary 14 . 5 .25 1 applies . 

Suppose first that M is a finitely generated V-module; in this case the Fitting ideal F (M) C 
V is well defined, and it is shown in |f36l Lemma 6.3.1 and Rem. 6. 3. 5] that the map M i— > 
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Fq(M) is additive on the set of isomorphism classes of finitely generated V-modules, i.e. for 
every short exact sequence — > Mi — ► M 2 — > M 3 — > of such modules, one has : 

(7.2.6) F (M 2 ) = F (M 1 )-F (M 3 ). 

Next, the almost module F (M) a is an element of the group of fractional ideals Div(V a ) defined 
in [l36l §6.1.16], and there is a natural isomorphism 

(7.2.7) Div(V a ) ~logL^ 

where Ty is the completion of Iy for the uniform structure deduced from the ordering : see ll36l 
Lemma 6.1.19]. Hence we may define : 

X V (M) := (Iy : T) • |F (M) a | G logr y A . 

In view of (17.2.61) . we see that : 

(7.2.8) Ay(M') < X V (M) whenever M'cMare finitely generated. 
More generally, if M is any torsion V-module, we let : 

(7.2.9) Ay(M) := sup {Ay(M') \ M' C M, M' finitely generated} e log L/ U {+00} 
which, in view of (17.2.81) . agrees with the previous definition, in case M is finitely generated. 

7.2.10. Suppose now that the ^"-module M a is uniformly almost finitely generated. Then 
according to [36, Prop. 2. 3. 23] one has a well defined Fitting ideal F (M a ) C V a , which agrees 
with F (M) a in case M is finitely generated. 

Lemma 7.2.11. In the situation of (17.2.101) . we have : 

(i) Ay(M) = (Iy :T)-\F (M a )\. 

(ii) If — > iVi — > iV2 — >• -^3 — ?5 a/ry ^/zor? exac? sequence of uniformly almost finitely 
generated V a -modules, then 

\F Q (N 2 )\ = \F (N x )\ + \F Q {Nz)\. 

Proof, (ii): It is a translation of ll36l Lemma 6.3.1 and Rem.6.3.5(ii)]. 

(i): Let A; be a uniform bound for M a , and denote by y k (M) the set of all submodules of M 
generated by at most k elements. Sete := (T v : T);ifiV e J^ fc (M), then X V (N) < e-|F (M a )|, 
due to (ii). By inspecting the definitions, it then follows that 

e- |F (M a )| = sup{X v {N) \ N e M M )} < Ay(M). 

Now, suppose M' C M is any submodule generated by, say r elements; for every e E m we 
can find N e y k (M) such that eM c N, hence eM' c N, therefore X v {eM') < X V {N) < 
e ■ |F (M a )|. However, Ay(M') - X v {eM') = X v {M'/eM') < X v {K + ® r / eK + ® r ) = r ■ 
X V (K + /eK + ). We deduce easily that Ay(M') < e • |F (M a ) |, whence the claim. □ 

Proposition 7.2.12. (i) Let — ► Mi — ► M 2 — > M 3 — > be a short exact sequence of torsion 
V -modules. Then : 

Ay(M 2 ) = Ay (Mi) + Ay(M 3 ). 

(ii) Ay(M) = if and only if M a = 0. 

(iii) Let M be any torsion V -module. Then : 

(a) If M is finitely presented, Xy(N) > Ofor every non-zero submodule N C M. 

(b) If (Mi I % £ I) is a filtered system of submodules of M, then : 

Ay(colimMi) = limAy(Mj). 
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Proof, (ii): By lemma IT. 2. 11 IT ) it is clear that Ay(M) = whenever M a = 0. Conversely, 

suppose that A V (M) = 0, and let to G M be any element; then necessarily \ v (Vm) = 0, and 

then it follows easily that m C Anny(ro), so M a = 0. 

(iii.a): It suffices to show that M does not contain non-zero elements that are annihilated by 

m, which follows straightforwardly from [36, Lemma 6.1.14]. 

(iii.b): Set M := colimMj. By inspecting the definitions we see easily that Ay(M) > 
iei 

sup{Ay(Mj) I i G I}. To show the converse inequality, let N C M be any finitely generated 
submodule; we may find i G I such that N C Mi, hence \y{N) < Ay (Mi), and the assertion 
follows. 

(i): Set e := (T v : V). We shall use the following : 

Claim 7.2.13. Every submodule of a uniformly almost finitely generated V^-module is uni- 
formly almost finitely generated. 

Proof of the claim. Let N' C N, with N uniformly almost finitely generated, and let k be a 

uniform bound for N; for every e G m we can find N" C N such that N" is generated by at 

most k almost elements and eN C N" . Clearly, it suffices to show that N' PI N" is uniformly 

almost finitely generated and admits A; as a uniform bound, so we may replace N by N" and N' 

by N' fl N", and assume from start that N is finitely generated. Let us pick an epimorphism 

cp : (y a )® k — > N; it suffices to show that (/?~ 1 (A r/ ) is uniformly almost finitely generated 

with A; as a uniform bound, so we are further reduced to the case where A^ is free of rank k. 

Then we can write N' = L a for some submodule L C V® k ; notice that [V® k /L) a is almost 

finitely presented, since it is finitely generated (" 11361 Prop.6.3.6(i)]), hence N' is almost finitely 

generated (" 11361 Lemma 2.3.18(iii)]). Furthermore, L is the colimit of the family (Lj | % G I) of 

its finitely generated submodules, and each Li is a free V-module (" lfl4l Ch.VI, §3, n.6, Lemma 

1]). Necessarily the rank of Li is < k for every i G /, hence A y +1 L ~ colim A y +1 Lj = 0, and 

iei 

then the claim follows from [36, Prop.6.3.6(ii)]. 

Now, let A^ C M 2 be any finitely generated submodule, A^ C M 3 the image of A^; by claim 
17.2.131 Mi H A^ is uniformly almost finitely generated, hence lemma |7T2.1 U i ji) shows that : 

A y (AO = e ■ \F (N a )\ = e ■ \F (M? n A^ a )| + e ■ |F (iV a )| = X V (M 1 n N) + X V (N). 

Taking the supremum over the family (iV, | z G /) of all finitely generated submodules of M 2 
yields the identity : 

Ay(M 2 ) = Ay(M 3 ) + SUp{Ay(M! fl Ni) I i G /}. 

By definition, Ay (Mi fl Ni) < Ay(Mi) for every i G /; conversely, every finitely generated 
submodule of Mi is of the form N for some i G I, whence the contention. □ 

Remark 7.2.14. Suppose that T ~ Z, and let 70 G logT" 1 " be the positive generator. Then by a 
direct inspection of the definition one finds the identity : 

A(M) = (r y :r)-lengtlv(M)- 7o 

for every torsion V-module M. The verification shall be left to the reader. 

7.2.15. Let M be a torsion ^-module, such that M a is almost finitely generated; we wish 
now to explain that Ay(M) can also be computed in terms of a suitable sequence of elementary 
divisors for M a . Indeed, suppose first that A^ is a finitely presented torsion V-module; then we 
have a decomposition 

(7.2.16) N = (V/a V)®---®(V/a n V) where n := dim K( y) N/m v N - 1 

for certain a , . . . ,a n G my ( 061 Lemma 6.1.14]). Clearly 7« := log |aj|y > for every 
% = 0, . . . , n, and after reordering we may assume that 7 > • • • > j n ; then we may set 
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7i := for every i > n, and the resulting sequence (7, | z G M) of elementary divisors of N 
is independent of the chosen decomposition (I7.2.16I ). Moreover, a simple inspection yields the 
identity 

(7.2.17) Ay(M) = (IV : T) • ( 7o + • • • + 7 „). 

We regard the sequence \ i G N) as an element of the logl^-normed space ^(Ty) of 
bounded sequences of elements of logTy + , i.e. the set of all sequences 5 := (5i \ i G N) with 

||5|| := sup(5i I i G N) < +00. 

Lemma 7.2.18. Let ip : N ^ N 1 be a map of finitely presented torsion V -modules, and denote 
by (jilie N) (resp. (7^ | z G N)J f/ze sequence of elementary divisors of N (resp. N'). Then : 

(i) If ip is injective, we have 7» < 7- for every i G N. 

(ii) //"y? w surjective, we have 7$ > 7- /or every i £ N. 

Proof. Denote by Ky the field of fractions of V"; notice first that N and Homy(iV, Ky/V) are 
isomorphic V-modules, hence their sequences of elementary divisors coincide. Now, if ip is 
injective, Honiy(<y2, Ky/V) is surjective (lemma |4.6.9f i)); hence (ii)=Ki), and it remains only 
to show that (ii) holds. 

By way of contradiction, suppose that ip is a surjection such that (ii) fails, and let i Q G N 
be the smallest integer such that 7 io < 7^; pick b E V with |6|y = 7- , set M := N/bN, 
M' := N'/bN', and let (5j | z G N) (resp. (5^ \ i G N)) be the sequence of elementary divisors 
of M (resp. of M'). Clearly 5i = 7- for every i < z , and 8 io = 7 io . On the other hand, 
we have 5[ = 7^ for every z < z'o; especially, M' admits a direct summand L which is a free 
V y&V-module of rank z'o + 1. Now, <£> induces a surjection M — > M', and therefore M also 
surjects onto L; hence L is a direct summand of M, which is absurd, since 5 io < 7- Q . □ 

7.2.19. We fix now a large cardinal number u, and write just ^(V a ) instead of ^ u (y a ). 
Also, for any 7 G \ogYy, set [—7,7] := {5 G logTy | — 7 < 5 < 7}. Suppose that N and 
N' are two finitely presented V-modules such that (N a , N' a ) G Eg for some 5 G logTy \ {0}. 
Say that 5 = log |6|y for some b G my; by standard arguments, we obtain maps ip : N — > iV 
and ip' : N' ^ N such that o = 6 4 • ljy and <p' o ip = 6 4 • 1^/. Let now (7$ | i G N) (resp. 
(7- I i G N)) be the sequence of elementary divisors for N (resp. for N'). Then the sequence 
of elementary divisors for b 4 N is (max(0, 7« — 45) | z G N), and likewise for b^N' . In view of 
lemma [7T2.18[ we deduce easily that 

7i - 7- G [-45, 45] for every z G N. 

Consider now an almost finitely generated V a -module M, and recall that M is almost finitely 
presented ( ll36l Prop.6.3.6(i)]); we then may attach to M a net of elements of L 1 (logTy ), as 
follows. For every 5 G log Ty \ {0}, pick a finitely presented V-module N$ such that (M, iVJ 1 ) G 
Eg, and denote by 7^ the sequence of elementary divisors of N$. The foregoing easily implies 
that the system (7^ | 5 G log Ty \ {0}) is a net for the uniform structure of L 1 (log Ty) induced 
by the norm || • ||. However, (L 1 (logTy), || ■ ||) is a complete normed space, hence this net 
converges to a well defined sequence 7 := (7$ | z G N) G L 1 (logTy). It is easily seen that 
7 M is independent of the chosen net, and defines an invariant which we call the sequence of 
elementary divisors of M. A simple inspection of the construction shows that the sequence 7^ 
is monotonically decreasing, and 

lim 7j = 0. 

i— >+oo 

Lastly, taking into account (17.2.171) , we arrive at the identity 

X V (M) = (T V :T)-J2^- 
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For future refernce, let us also point out the following : 

Proposition 7.2.20. Let b G my be any non-zero element, M an almost finitely presented 
V a /bV a -module, and (7* \ i G N) the sequence of elementary divisors of M. The following 
conditions are equivalent : 

(a) M is aflat V a /bV a -module. 

(b) There exists n G N such that 7, = log \b\y for every i < n, and 7^ = Ofor every i > n. 

Proof. (a)=Kb): Suppose that (a) holds, let n G N be the smallest integer such that 7„ < log 
and suppose that (ii) fails, so 7„ > 0. For every non-zero c G m pick a finitely presented V/bV- 
module M c and Vy&V-linear maps M" — > M and M — > M™ whose kernel and cokernel are 
annihilated by c, in which case a standard argument shows that 

(7.2.21) c ■ Tbrf 76V (M c , iV) = for every V/feV-module JV. 

Let 5 G logT^ be small enough, so that 25 < 7„ < log |6|y — 25. Let (7^ | i G N) denote 
the sequence of elementary divisors of M c ; if log |c| is sufficiently close to G log IV, we have 
7c,n — 7n G [—5, 5] (notation of (17.2.191 )), whence 

(7.2.22) min(7 Cjn , log \b\ v - j CjH ) > 5. 
On the other hand, a direct computation shows that 

Torl ,W {V/eV, V/eV) ~ V/(eV + e'W) for every eeV such that log \e\ v < log 

Especially, if we take log \ e\v = 7c,n, we see that Tor^ bV (M c , M c ) contains a direct summand 
isomorphic to V/ (eV + e~ 1 bV), and (17.2.221) means that the latter module is not annihilated by 
any x G K + with log |x| < 5. If log |c| is small enough, this contradicts (|7.2.21l) . 

(b)^>(a): Suppose that (b) holds; then, for every non-zero c G m we may find a finitely 
presented V-module M c , with sequence of elementary divisors (7^ | i G N), and a ^"-linear 
morphism if : — > M whose kernel and cokernel are annihilated by c and such that, more- 
over, 7j — 7 C)i G [— log |c|, log |c|] for every i e N. Especially, 7 Cji < log |c| for every i > n, 
and 7 C j > log |c _1 6| for i < n. Hence, we may replace M c by cM c , (/? by its restriction to 
cM c , and c by c 2 , after which we may assume that M c = (V/b' V) © • • • © (V/b' n V), where 
log G [log |c _1 6|, log for every i G N. A simple computation shows that (17.2.211) holds 
in this case, and then a standard argument yields 

c 3 • Torr 7 ^" (M, iV) = for every y a /6V a -module iV 
whence (a). □ 

7.2.23. In order to deal with general measurable i^ + -algebras, we introduce hereafter some 
further notation which shall be standing throughout this section. 

• To begin with, any ring homomorphism ip : A — > B induces functors 

(7.2.24) (p* : B-Mod -> A-Mod and <p* : A-Mod -> fi-Mod. 

Namely, yj* assigns to any i?-module M the A-module obtained by restriction of scalars, 
andy?*(M) ■= B® A M. 

• For any local ring (A,xcia), we let k(A) := A/vcka, an d we denote by s(A) the closed 
point of Spec A. If A is also a coherent ring, we denote by v4-Mod cohj { s } the full subcategory 
of A-Mod consisting of all the finitely presented A-modules M such that Supp M C {s(A)}. 
Notice that the coherence of A implies that A-Mod co h,{s} is an abelian category. 

• Lastly, let srf be any small abelian category; recall that K^{sf) is the abelian group de- 
fined by generators and relations as follows. The generators are the isomorphism classes [T] of 
objects T of =2/, and the relations are generated by the elements of the form [Ti] — [T 2 ] + [T 3 ], 
for every short exact sequence — > T x — > T 2 — > T 3 — > of objects of =2/. One denotes by 
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Kq(&?) C Kq(s#) the submonoid generated by the classes [T] of all objects of srf . We shall 
use the following well known devissage lemma : 

Lemma 7.2.25. Let i : 8$ C srf be an additive exact and fully faithful inclusion of abelian 
categories, and suppose that : 

(a) If T is an object of and T' is a subquotient of l{T), then T' is in the essential image 
of i. 

(b) Every object T of stf admits a finite filtration Fil'T such that the associated graded 
object gr'T is in the essential image of l. 

Then i induces an isomorphism : 

K Q {&) ^ K Q {sf). 

Proof. Left to the reader. □ 

Proposition 7.2.26. Let (p : A — > B be a morphism of measurable K + -algebras. We have : 

(i) If if induces a finite field extension k(A) — > n(B), then the functor (p„ of (17.2.241 ) 
restricts to a functor 

y?* : S-Mod coh){s} -> A-Mod cohi{s} 
which induces a group homomorphism of the respective K -groups : 
: K (B -Mod coh:{s} ) -> ir (^-Mod cohi{s} ). 

(ii) If<p induces an integral morphism k(A) — > B/vc\,aB, then lengthy (B/xtiaB) is finite, 
and the functor <p* of (17.2.241) restricts to a functor 

if* : A-Mod cohi{s } -> 5-Mod cohi{s} 

and if if is also aflat morphism, ip* induces a group homomorphism : 

<f* : ^ (A-Mod coMs} ) -> K Q (B -Mod cohM ). 

Proof. Write A (resp. B) as the colimit of a filtered system A := (A; | % G I) (resp. B_ : = 
(Bj | j G J)) of objects of i^ + -m.Alg , with local and essentially etale transition maps. After 
replacing J (resp. I) by a cofinal subsets, we may assume that the indexing set admits an initial 
element G J (resp. 6 /). Furthermore, we may assume that the induced map A — > B 
factors through a morphism A — > B in i^ + -m.Alg . 

(i): Let M be any object of £>-Mod coh r s i. We need to show that ip^M is finitely presented. 
We may find j G J and a finitely presented 5.,-module Mj, with an isomorphism M A Mj <g> # . 
5 of 5-modules. After replacing J by J/j, we may assume that j = is the initial index. 
Since the natural map B — > £> is local and ind-etale, it is easily seen that M is an object of 
So-Modcoh/g}. Especially, there exists a finitely generated vxb -primary ideal J C Anns M . 
We may then replace the system B_ by (Bj/IBj \ j G J) and assume that each has Krull 
dimension zero. 

Claim 7.2.27. Let </? : A — > B be a morphism of measurable i^ + -algebras inducing a finite 
residue field extension k(A) — > n(B), and such that B has dimension zero. Let also M be any 
finitely presented 5-module. Then we may find : 

(a) a cocartesian diagram of local maps of K + -algebras 



A-^B 

whose vertical arrows are ind-etale, and where <pi is a morphism in K + -m. Alg 
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(b) and an object Mi of Cj-Mod co h,{ s }, with an isomorphism Mi <2>Ci B — > M. 

Proof of the claim. Define A and B_ as in the foregoing. Notice that - under the current assump- 
tions - Bj is a henselian ring, for every j G J. Moreover, we may find j G J such that k(B) 
is generated by the image of k{A) ® k (b q ) K {Bj); after replacing again J by J/j, we may then 
also assume that k(B) = k(A) ■ k(B q ). 

For every i G I, set 1^' := Aj <8u So; the natural map B — > 5 factors through a map 
£>• — > B, and we let p» c 5- be the preimage of noe- Set also Ci := -B^t,., so we deduce a 
filtered system of local maps (Cj — »• B | z E I), whose limit is a local map if) : C — > B of 
local ind-etale £> -algebras, which - by construction - induces an isomorphism k(C) k(-B) 
on residue fields. It follows easily that if> is itself ind-etale, so say that if> is the colimit of a 
filtered system (if)\ : C — > -Da | A G A) of etale C-algebras. Notice that C is a henselian local 
ring; in light of 11331 Ch.IV, Th. 18. 5.1 1] we may then assume that D\ is a local ring and ip\ is a 
finite etale map, for every A G A. Clearly the induced residue field extension k(C) — > k(D\) is 
an isomorphism; in view of lT3~3l Ch.IV, Prop. 18. 5. 15] it follows that ip\ is an isomorphism, for 
every A G A, so the same holds for ip. 

Notice that the sequence of residue degrees di := : is non-increasing, hence 

there exists / G / such that di = d := di for every index i > I. Notice as well that, for i > I, 
the local algebra Cj is also a localization of C[ := Ai ®A t Ci, and the latter is an essentially 
finitely presented i^ + -algebras of Krull dimension zero, hence its spectrum is finite and discrete 
(lemma 14.5.31) . Moreover, since the image of the map Spec Ci Spec Ai is the closed point, 
it is clear that the same holds for the image of the induced map Spec C[ — > Spec Ai. Since the 
extension k(Ai) — > n(Ai) is finite and separable, we conclude that 

(7.2.28) K(Ai) k(Ci) = H K(C' ijP ). 

peSpec C[ 

However, clearly the left-hand side of (17.2.281) is a K(Aj)-algebra of degree d, whereas one of 
factors of the right-hand side - namely n(Ci) - is already of degree d over k( Ai). Hence Spec G[ 
contains a single element, i.e. C[ = Ci is a local ring, and C = A Ci. Summing up, we 
have obtained the sought cocartesian diagram, and the claim holds with M\ := M ® Bo C\. 

Let Mi and ipi be as in claim 17.2.271 then ip*M is isomorphic to A (g>^ ; <^;*M;, so may replace 
from start <p by ipi, and assume that ip is a morphism in K + -m. Alg , with B of Krull dimension 
zero. In such situation, one sees easily that ip is integral, hence B/I is a finitely presented A- 
module, by proposition I4.5.7f i). therefore cp*M is a finitely presented A-module, as required. 
Lastly, since the functor ip* is exact, it is clear that it induces a map on fTo-groups as stated. 

(ii): Under the current assumptions, the induced map k(A ) — > B /m,A B Q is integral and 
essentially finitely presented, hence it is finite, so B /mA B is a £> -module of finite length; 
but this is also the length of the B-module B/xuaB, whence the first assertion. Next, let M 
be an object of v4-Mod coh { s }; then ip*M is a finitely presented 5-module; moreover, we may 
find a m^-primary ideal I C A such that M is a Aj I -module, hence ip*M is a B /IB-module. 
Notice that the induced map Spec B/xtiaB — > Spec B / IB is bijective, and its target is a local 
scheme of dimension zero (since B /vcvaB is integral over a field). It follows easily that IB is 
a nog-primary ideal, so ip*M is an object of £>-Mod co h,{ s }. The last assertion is then a trivial 
consequence of the exactness of the functor (p*, when ip is flat. □ 

Lemma 7.2.29. Let A be any measurable K + -algebra. Then there exists a morphism 

v^Ua/i 

of measurable K + -algebras, where : 

(a) I C A is a finitely generated vciA-primary ideal. 
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(b) V is a valuation ring, (p is a finitely presented surjection and the natural map K + — > V 
induces an isomorphism of value groups Y — > T v . 

Proof. Suppose first that A is an object of K + -m. Alg . In this case, choose an affine finitely 
presented S-scheme X and a point x E X such that A = &x,x\ next, take a finitely presented 
closed immersion h : X — > F := A^-+ of S-schemes; set F := A" C F, pick elements 
fi-, ■ ■ ■ i fd ^ B := &Y,h{x) whose images in the regular local ring &y,h(x) f orm a regular system 
of parameters {i.e. a regular sequence that generates the maximal ideal), and let J C B be 
the ideal generated by the fa, i = 1, . . . , d. Let I C Abe any finitely generated -primary 
ideal containing the image of J. We deduce a surjection ip : V := B/J — ► A//, and by 
construction y/m^V is a field; moreover, the induced map — > V is flat by virtue of ll32l 
Ch.IV, Th. 1 1 .3.8] . It follows that V is a valuation ring with the sought properties, by proposition 
|4.5.7r ii). Also, cp is finitely presented, by proposition |4377]j). 

Next, let A be a general measurable i^ + -algebra, and write A as the colimit of a filtered 
system (Aj \ j E J) of objects of i^ + -m.Alg . We may assume that E J is an initial index, 
and the foregoing case yields an n\4 -primary ideal I C A , and a surjective finitely presented 
morphism ip : Vq — > A /I in i^ + -m.Alg from a valuation ring Vq, such that Iy = I\ Notice 
that A/Iq is a henselian ring, hence cpo extends to a ring homomorphism </?{} : V^ h — > Aq/Iq 
from the henselization of Vo; more precisely, <^ induces an isomorphism of V^-algebras : 

so <^q is still finitely presented. On the one hand, </?{} induces an identification 

= <A ). 

On the other hand, we have the filtered system of separable field extensions (n(Aj) \ j E J), 
whose colimit is k(A). There follows a corresponding filtered system (Vj 1 \ j E J) of finite etale 
V^-algebras, whose colimit we denote V fll33l Ch.IV, Prop. 18.5. 15]). Then V is a valuation 
ring, and the map Vq — > V induces an isomorphism on value groups. Moreover, the induced 
isomorphisms ft(V^ h ) ^ K>(Aj) lift uniquely to morphisms of v4 -algebras cp^ : — ► Aj/I Aj, 
for every j E J ( 11331 Ch.IV, Cor.18.5.121). Due to the uniqueness of cpj, we see that the resulting 
system (cpj \ j E J) is filtered, and its colimit is a morphism cp : V — > A/I A. Moreover, ^ 
induces an isomorphism V* 1 ® V h A /IA ^ Aj/I Aj, especially (p]- is surjective for every 
j E J, so the same holds for ip. More precisely, <^{j induces an isomorphism V ® V h (A /I Q ) 
A/IqA, hence (p is still finitely presented. □ 

Theorem 7.2.30. With the notation of (17.2.231 ), the following holds : 

(i) For every measurable K + -algebra A there is a natural group isomorphism : 

\ A : K (A-Mod coh<{s} ) ^ logT 

which induces an isomorphism Kq (A-Modco^}) — > \ogT + . 

(ii) The family of isomorphisms \a (for A ranging over the measurable K + -algebras) is 
characterized uniquely by the following two properties. 

(a) If V is a valuation ring and aflat measurable K + -algebra, then 

X V ([M)) = Ay(M) for every object M of V-Mod cohj{s} 

where \y(M) is defined as in (17.2.21) . 

(b) Let ip : A — > B be a morphism of measurable K + -algebras inducing a finite 
residue field extension k(A) — > k(B). Then 

X A (MM}) = [k(B) : k(A)] ■ X B ([M]) for every [M] E K (B-Mod cohj{8} ). 

(iii) For every a E K + \{0} and any object M o/A-Mod co h,{ s } we have : 
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(a) [M] = in ir (^-Mod coh>{s} ) if and only if M = 0. 

(b) IfM is flat over K + /aK + ] then : 

(7.2.31) A A ([M]) = \a\ ■ length A (M ® K+ «). 

(iv) Let ijj : A —>■ B be aflat morphism of measurable K + -algebras inducing an integral 
map k(A) — > B/vcvaB. Then : 

\ B {r[M}) = lengthy (fi/m^) • A A ([M]) for every [M] E K (A-Mod colh{s} ) . 

Proof. We start out with the following : 

Claim 7.2.32. Let (K, \ ■ |) — > (E, | • |) be an extension of valued fields of rank one inducing an 
isomorphism of value groups, a E K + \ {0} any element, M an E + /aE + module. Then : 

(i) M is a flat E + / aE + -module, if and only if it is a flat K + /aK + -module. 

(ii) M ® K + k = M (g> E + k(E). 

Proof of the claim. According to [58, Th.7.8], in order to show (i) it suffices to prove that 

Tovf +/aE+ (E+/bE + ,M) = Tor? +/aK+ (K + /bK + ,M) 

for every b E K + such that |fe| > |o| . The latter assertion is an easy consequence of the faithful 
flatness of the extension K + — > E + . (ii) follows from the identity : m E = m K E + , which holds 
since T E = T. 

Claim 7.2.33. Let / : K + — > V be a morphism of measurable fT + -algebras, where V is a 
valuation ring and / induces an isomorphism on value groups. Then X v (defined by (ii.a)) is an 
isomorphism and assertion (iii) holds for A = V. 

Proof of the claim. According to (ii.a), Ay([M]) = Ay(M) for every finitely presented tor- 
sion ^/-module. However, every such module M admits a decomposition of the form M ~ 
(V/aiV) © ■ • ■ © (V/a k V), with at,...,a k E m K (OS Lemma 6.1.14]). Then by claim 
I7.2.32I D. M is flat over K + /aK + if and only if M is flat over V/aV, if and only if \a\ = 1 0*1 for 
every i < k. In this case, an explicit calculation shows that Ay (M) = \a\ ■ length(M ©y k(V)), 
which is equivalent to (17.2.311) , in view of claim |7T2.32r ii). Next, we consider the map : 

/x : logT + -> fs:o(^-Mod cohi{s} ) : \a\ i-> [V/aV] for every a E K + \ {0}. 

We leave to the reader the verification that /j, extends to a group homomorphism well-defined 
on the whole of T, that provides an inverse to Ay. Finally, it is clear that Ay(M) = if and 
only if M = 0, so also (iii. a) holds. 

Claim 7.2.34. Let A be any measurable A" + -algebra. For every object iV of v4-Mod coh { s } there 
exists a finite filtration = N C • ■ ■ C N k = N by finitely presented A-submodules, and 
elements ai, . . . , a k E m such that iV i /./V i _ 1 is a flat fT + /a i i ; r + -module for every 1 < i < k. 

Proof of the claim. Let us find I C A and <p : V — > Aj I as in lemma IT.2.291 It suffices 
to show the claim for the finitely presented A-modules I n N/ I n+1 N (for every n E N), hence 
we may assume that N is an A/J-module. Then ip^N is a finitely presented V-module, hence 
of the form (V/a{V) © • ■ ■ © (V/a k V) for some a* E m; we may order the summands so 
that \a,i\ > \<H+i\ for all i < k. We argue by induction on d(N) := dim K (A^ ©y k(V)). If 
d(N) = 0, then = by Nakayama's lemma. Suppose d > 0; we remark that N/aiN is a flat 
VyaxV-module, hence a flat K + /a 1 K + -module (claim I7T2.32I ), and d(aiN) < d(N); the claim 
follows. 
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Claim 7.2.35. Let A be any measurable i^ + -algebra, / C A a finitely generated m^-primary 
ideal, and 77 : A — > A/ 1 the natural projection. Then the map : 

77* : iTo(^//-Mod coh ) -> K Q (A-Mod cohi{s} ) 

is an isomorphism. 

Proof of the claim. On the one hand we have : 

A-Mod coMs} = |J A//"-Mod coh 

and on the other hand, in view of lemma IT2.251 we see that the projections A/I n+1 — > A/I n 
induce isomorphisms _K" (^4/^ n -Mod co h) — > i^o(^V-f n+1 -Mod co h) for every n > 0, whence 
the claim. 

Let A, I and <p : V — > A/ 1 be as in lemma 1772.291 and 717 : A — > A/I the natural surjection; 
taking into account claim 17 .2 .351 we may let : 

(7.2.36) A^ := Ay o o 77^ 

where Ay is given by the rule of (ii.a). In view of claim 17 .2 .331 we see that A j4 ([M]) = if and 
only if M = 0, so (iii.a) follows already. 

Claim 7.2.37. The isomorphism A^ is independent of the choice of /, V and cp. 

Proof of the claim. Indeed, suppose that J C A is another ideal and ip : W — > A/ J is 
another surjection from a valuation ring W, fulfilling the foregoing conditions. We consider the 
commutative diagram 




We compute : o irj} = cp* o 717* o Wjl o WJ^ = cp'^ o nj+j^, and a similar calculation shows 
that ip* o 7r = ^ o ttJ^j * . We are thus reduced to showing that Ay o ( [N] ) = Aiy o ^ ( [N] ) 
for every A/(I + J)-module N. In view of claim 1772.341 we may assume that N is flat over 
K + /aK + , for some a E m, in which case the assertion follows from claim 17.2.331 

Claims 17.2.331 and 17.2.371 show already that (i) holds. Next, let ip : A — ► B be as in (ii.b). 
Choose an ideal I C A and a surjection (p : V — > A// as in lemma lT2.29l Let also J C B be a 
finitely generated -primary ideal containing ^(7), and ijj : A/ 1 —> B / J the induced map. 

By inspecting the definitions we see that (ii.b) amounts to the identity : Ay((^> o tp)^[M}) = 
[k(B) : k(A)] ■ \b/j([M]) for every finitely presented 5/J-module M. Furthermore, up to 
enlarging J, we may assume that there is a finitely presented surjection £ : W — > B / J of 
K + -algebras, where is a valuation ring with value group T, and then we come down to 
showing: 

\ v {@o<p),[M\) = [k{B) : k(A)].\ w (&[M\). 

In view of claim l7.2.34l we may also assume that M is a flat K + /aK + -module for some a e m, 
in which case the identity becomes : 

|a| ■ length y (M <g>^+ «) = : k(A)) ■ \a\ ■ \ength w (M ® K + k) 
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thanks to claim IT2.33I However, the latter is an easy consequence of the identities : k(A) = 
k(V) and k(B) = k(W). Next, we show that (iii.b) holds for a general measurable i^ + -algebra 
A. Indeed, let M be any object of A-Mod co h,{ s }; as usual, we may find a local ind-etale map 
Aq — > A from some object A of K + -m.Alg , and an object M of A -Mod coh { s } with an 
isomorphism of A-modules A ®a Mq M (cp. the proof of proposition I7.2.26t i)). Since 
(ii.b) is already proved, we have 

X A ([M]) = X Ao ([M )) and length A (M (g) K+ «) = lengthy (M ® K+ k). 

Therefore, we may replace A by A , and assume that A is an object of K + -m. Alg . In this case, 
by lemma 033] we may find morphisms / : K + — > V and g : V — ► A in 1-f + -m.Alg such 
that V is a valuation ring with value group T and (7 induces a finite extension of residue fields 
k(V) — > Let iV be an A-module supported at s(A) and flat over K + /aK + ; we may find a 

finitely generated m^-primary ideal I C A such that 7 C Ann^(A^), and since (ii.b) is already 
known in general, we reduce to showing that (iii.b) holds for the A/J-module N. However, 
the induced map g : V — > A/ 1 is finite and finitely presented (propo sition 14 . 5 . 7 I T) ) . so another 
application of (ii.b) reduces to showing that (17.2.311) holds for A := V and M := ~g*N, in which 
case the assertion is already known by claim 17.2.331 

(ii.a): Suppose that A is a valuation ring, and let M be any object of A-Mod co w s }. The 
sought assertion is obvious when L^ = T, since in that case we can choose A = V and cp = 717 
in (17.2.361) . However, we know already that the rank of A equals one, and e := (La : L) is finite 
(see (17.2.51) ): we can then assume that e > 1, in which case corollary I4.5.25r ii) implies that 
r ~ Z. Then it suffices to check (ii.a) for M = k(A), which is a (flat) /t-module, so that - by 
assertion (iii) - one has A^([M]) = e • 70, where 70 G log is the positive generator. In view 
of remark IT. 2. 141 we see that this value agrees with \ V (M), as stated. 

(iv): In view of claim I7T2.341 we may assume that M is a flat K + / aK + -module, for some 
a E m, and then the same holds for ?p*M, since ip is flat. In view of (iii.b), it then suffices to 
show that : 

length s ( J B <g> A M) = length^(M) ■ lengthy (B/xn A B) 

for any A-module M of finite length. In turn, this is easily reduced to the case where M = k(A), 
for which the identity is obvious. □ 

7.2.38. Let A be a measurable J\~ + -algebra. The next step consists in extending the definition 
of Xa to the category A-Mod^} of arbitrary A-modules M supported at s(A). First of all, 
suppose that M is finitely generated. Let ^ M be the set of isomorphism classes of objects M' 
of v4-Mod coh { s } that admit a surjection M' — > M. Then we set : 

X* A (M) := mf{X A ([M']) I M' G tf M } G lo g r A . 

Notice that - by the positivity property of theorem |7.2.30r i) - we have X* A (M) = Xa([M]) 
whenever M is finitely presented. Next, for a general object of A-Mod{ s } we let : 

(7.2.39) X A {M) := sup {X* A (M') (M'cM and M' is finitely generated} G logT A U{+oo}. 
Lemma 7.2.40. If M is finitely generated, then X* A (M) = Xa{M). 

Proof. Let M'cMbea finitely generated submodule; we have to show that X*(M') < X*(M). 
To this aim, let / : iV — > M and g : N' — > M' be two surjections of A-modules with N G 
and N' G ?m'! by filtering the kernel of / by the system of its finitely generated submodules, 
we obtain a filtered system (iV* | i G I) of finitely presented quotients of N, with surjective 
transition maps, such that colim iVj = M. By 11361 Prop. 2. 3. 16(h)] the induced map N' — > M 

i€l 

lifts to a map h : N' ^ Ni for some i G J. Since A is coherent, h(N') is a finitely presented A- 
module with a surjection /i(JV') -> M', hence A^(M') < A j4 ([/i(A^')]) < A A ([^]) < A A (iV). 
Since iV is arbitrary, the claim follows. □ 
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Proposition 7.2.41. (i) If A is a valuation ring, (17.2.391) agrees with (17.2.91) . 

(ii) If {Mi | i G I) is a filtered system of objects of A-M_od{ s } with injective (resp. surjec- 
tive) transition maps, then : 

AA(colimMi) = \im\ A (MA 

iei iei 

(resp. provided there exists i G I such that A^(Mj) < +oo). 

(iii) If ip : A — > B is a morphism of measurable K + -algebras inducing a finite extension 
k(A) — > k(B) of residue fields, then : 

A ^ M ) = r ^m^ M L f° r ever y ob J ect M ofB-Wlo& {3} . 

(iv) Let — > Mi — > M 2 — > M 3 — > Z?e a short exact sequence in A-Mod{ s }. Then : 

X A (M 2 ) = X A (M 1 )+X A (M 3 ). 

(v) Let ip be aflat morphism of measurable K + -algebras inducing an integral map k( A) — > 
B/xtiaB. Then : 

X B (ip*M) = lengthy (B/m A B) ■ X A (M) for every object M ofA-Mod {s} . 

Proof, (i): Set e := (Iy : T). It suffices to check the assertion for a finitely generated A-module 
M, in which case one has to show the identity : 

e-\F (M) a \ = X A (M). 

By proposition |72D2i) we have |F (M') a | > \F (M) a \ for every M' e tf M , hence X* A (M) > 
e ■ |F (M) a |. On the other hand, let us fix a surjection V® n — > M, and let us write its kernel in 
the form K = [J ieI Ki, for a filtered system (JQ | % G /) of a finitely generated V-submodules; 
it follows that : 

F (M) = |jFo(y e 7^). 

iei 

In view of proposition L72l2T iii.b) we deduce : e-|F (M) a | = lime- |F (K® n /^) a | > X* A (M). 

i€l 

The proof of (ii) in the case where the transition maps are injective, is the same as that of 
proposition 17 . 2 . 1 27 iii.b) . 

(iii): Let us write M = |J igJ Mj for a filtered family (Mj | i G /) of finitely generated B- 
submodules. By the case already known of (ii) we have : Ab(M) = HmAB(Mj), and likewise 

for Xa(iP*M), hence we may assume from start that M is a finitely generated £> -module, in 
which case the annihilator of M contains a finitely generated m^-primary ideal J' C -B. Choose 
a finitely generated -primary ideal J C A contained in the kernel of the induced map A — > 
5/ J'. 

C/a/m 7.2.42. A B (M) = A B/ j/(M) and A A (^*M) = A A /j(^,M). 

Proof of the claim. Directly on the definition (and by applying theorem I7.2.30f ii.b) to the 
surjection B — > Bj J') we see that A # (M) < Ab/j' (M) . On the other hand, any surjection of B- 
modules M' — > M with M' finitely presented, factors through the natural map M' — > M'/ J'M', 
and by theorem |723Sti,ii.b) we have Ab(M') - X B /j>{M' / J'M') = \ B (J'M') > 0, whence 
the first stated identity. The proof of the second identity is analogous. 

In view of claim [772.421 we are reduced to proving the assertion for the morphism tp and the 
B I J'-module M, hence we may replace ip by ip, and assume from start that A and B have Krull 
dimension zero. 
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Claim 7.2.43. Let A be a measurable if + -algebra of Krull dimension zero. Then there exists a 
morphism cp : V — > A of measurable fT + -algebras, with V a valuation ring flat over K + , such 
that the residue field extension k(V) — > k(A) is finite, and the induced map of value groups 
r — > IV is an isomorphism. 

Proof of the claim. Let A — > A be a local ind-etale map, from an object A of K + -m.Alg . 
By lemma 14.5.51 we may find a f^-flat valuation ring V in K + -m. Alg and a local map 
Lfo : V — > v4 , inducing a finite residue field extension n(V ) — > «(A ) and an isomorphism on 
value groups T ^> IV. Then A has also Krull dimension zero; especially, it is henselian, hence 
Lfo factors through a morphism </?q : K) h — * Ac from the henselization V h of Vo- Let E C 
be the largest separable subextension of n(Vo) = n{V h ) contained in k(A); there exists a unique 
(up to unique isomorphism) finite etale morphism V h — > V with an isomorphism k(V') E of 
/t(Vo)-algebras, and <^q factors through a morphism V' — > A . Notice that V is still a henselian 
valuation ring and a measurable 7^ + -algebra, hence we may replace V by V, and assume that 
V is henselian, and the residue field extension lp : k(V ) — > k(A ) is purely inseparable. Since 
A is henselian, we may write A as the colimit of a filtered system (A4 \ i E I) of finite etale 
A -algebras. Now, on the one hand, Tp induces an equivalence from the category of finite etale 
k(Vq)- algebras, to the category of finite etale k(A )- algebras (lemma [6.1.7r i)). On the other 
hand, the category of finite etale Vo-algebras is equivalent to the category of finite etale k(Vq)- 
algebras, and likewise for A . Therefore, for every i E I we may find a finite etale morphism 
Vq — ► Vi, unique up to unique isomorphism, inducing an isomorphism of ft(74 )-algebras : 

(7.2.44) K(Vi) ® K(Vo ) k(A ) A K (Ai) 

and the transition maps of residue fields k(A») — ► n(Aj) induce unique maps Vi — > Vj of Vo- 
algebras, compatible with the isomorphisms (17.2.441) . Hence, the resulting system (Vi \ i E I) is 
filtered, and its colimit is a valuation ring V, which is still a measurable _fT + -algebra. Moreover, 
the field extensions n(Vi) — > deduced from (17.2.441) lift uniquely to maps of Vo-algebras 

Vi — ► Ai ([33, Ch.IV, Cor.18.5.12]); taking colimits, we get finally amap V — > A as sought. 

Let (/9 be as in claim 17.2.431 clearly it suffices to prove the sought identity for the two mor- 
phisms ip o Lp and (p, so we may replace A by V, and assume from start that A is a valuation 
ring. Let us set d := [k(B) : we deduce : 

A B (M) = inf {d^ 1 • A^(^M') I M' e tf M } > d- 1 ■ X A {^*M) 

by theorem r7.2.30r ii.b). Furthermore, let us choose a surjection B® k — > M, whose kernel we 
write in the form if := [J ig/ ifj where (ifj | z E I) is a filtered family of finitely generated 
£?-submodules of K. Next, by applying (i), proposition l7.2.12r i.iii.b). and theorem r7.2.30r ii.b) 
we derive : 

X B (M) < mi{X B (B® k /Ki) \iel} = inf {d' 1 ■ \ A (iJ, m (B® k / lb)) \iEl} 
= d~ l ■ (\ A (^B® k ) - sup {X A {AKi) \iel}) 
= d- l -(X A {^B® k )-X A (^K)) 
= d- l -X A {^M) 
whence the claim. 

(iv): Let (iVj \ i E I) be the filtered system of finitely generated submodules of M 2 . For 
every i E I we have short exact sequences : — ► M\ fl Ni — * Ni — > Ni — > 0, where iVj is 
the image of iVj in M 3 . In view of the case of (ii) already known, we may then replace M 2 
by Ni, and thus assume from start that M 2 is finitely generated, so that we may find a finitely 
generated mA-primary ideal J C A that annihilates M 2 . By (iii) we have X A (M 2 ) = X A /j(M 2 ), 
and likewise for Mi and M 3 , hence we may replace A by A/ J. By claim I7T2 .431 we may then 
find a morphism V — » A of measurable if + -algebras with V a valuation ring, inducing a finite 
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residue field extension k(V) — > n(A); then again (iii) reduces to the case where A = V, to 
which one may apply (i) and proposition 17 .2. 1 2f i) to conclude the proof. 

Next we consider assertion (ii) for the case where the transition maps are surjective. We may 
assume that / admits a smallest element i ; for every % 6 I let Ki denote the kernel of the 
transition map M io — > Mj. We deduce a short exact sequence : 

-> (J Ki -> M io -> colimMi -> 

and we may then compute using (iv) and the previous case of (ii) : 

A A (colimM0 = X A (M io ) - A A (M^) = lim(A A (M i0 ) - X A (K)) = \im\ A (M io /K) 

16/ 

whence the claim. 

(v): Since -0* is an exact functor which commutes with colimits, we may use (ii) to reduce 
to the case where M is finitely presented, for which the assertion is already known, in view of 
theorem l7T230f iv). □ 

Remark 7.2.45. Suppose that the valuation of K is discrete; then one sees easily that theorem 
I7.2.30f i.iii) still holds (with simpler proof) when A is replaced by any local noetherian K + - 
algebra, and by inspecting the definition, the resulting map X A is none else than the standard 
length function for modules supported on {s(A)}. 

Lemma 7.2.46. Let Abe a measurable K + -algebra, and M an A-module supported at s(A) 
with X A (M) < oo. Then 

{a e K + | log \a\ > X A (M)} C Ann^+M. 

Proof. Using proposition I7.2.4ir ii). we easily reduce, first, to the case where M is finitely 
generated, and second, to the case where M is finitely presented. Pick an ideal I C A and a 
valuation ring V mapping onto A/ 1, as in lemma |T.2.29t by considering the J-adic filtration 
of M, the additivity properties of \ A allow to further reduce to the case where M is an A/I- 
module. Next, by theorem r7.2.30r ii.b) we may replace A by V, and therefore assume that A is 
a valuation ring whose valuation group equals T. In this case, X A is computed by Fitting ideals, 
so the assertion follows easily from [|36l Prop.6.3.6(iii)]. □ 

7.2.47. Let us consider a fC + -algebra that is the colimit of an inductive system 
(7.2.48) R -> i?i -> R 2 -> • ■ ■ 

of morphisms of measurable K + -algebras inducing integral ring homomorphisms k{RA — > 
Ri+i/m^Ri for every i E N. The final step consists in generalizing the definition of normalized 
length to the category i?oo-Mod{ s } of Roo -modules supported at the closed point s(R 00 ) of 
Spec Roo. To this purpose, we shall axiomatize the general situation in which we can solve this 
problem. Later we shall see that our axioms are satisfied in many interesting cases. 

7.2.49. Hence, let R^ be as in (17.2.471) . After fixing an order-preserving isomorphism 
(7.2.50) (Q® z lo g r) A ^M 

we may regard the mappings \ A (for any measurable K + -algebra A) as real-valued functions 
on ^4-modules. To ease notation, for every i? n -module N supported on {s(R n )} we shall write 
X n (N) instead of Xf tm (N). Notice that, for every such N, and every m > n, the i? m -module 
R m ®ij n N is supported at {s(R m )}, since by assumption the map R n — > R m /mR n R m is 
integral. 

Definition 7.2.51. In the situation of ( 17.2.491 ), we say that R^ is an ind-measurable A^ + -algebra, 
if there exists a sequence of real normalizing factors (d n > | n G N) such that : 
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(a) For every nGN and every object N of i2 n -Mod coh) {s}, the sequence : 

d~] ■ \ m {R m ® Rn N) 

converges to an element A oo (i? 0O ® Rn N) E M. 

(b) For every m EN, every finitely generated m^ -primary ideal I C Ro, and every e > 
there exists <5(m, e,I) > such that the following holds. For every n E N and every 
surjection N — > N' of finitely presented _R n /J_R n -modules generated by m elements, 
such that 

m-X^R^ ®B„iV')l <S(m,e,I) 

we have : 

d- 1 - \X n (N) - X n (N')\ <e. 

7.2.52. Assume now that i?^ is ind-measurable, and let A^ be a finitely presented i? n -module 
supported on {s(R n }}. The first observation is that X 00 (R 00 ® Rn N) only depends on the Roo- 
module i?oo ® Rn N. Indeed, suppose that i?^ <S)R m M ~ Roo ® Rn N for some m EN and some 
finitely presented i?. m -module M ; then there exists p > m,n such that R p 0R m M ~ R p ®R n N, 
and then the assertion is clear. 

The second observation - contained in the following lemma 17.2.531 - will show that the 
conditions of definition 17.2.511 impose some non-trivial restrictions on the inductive system 
(Rn | n E N). 

Lemma 7.2.53. Let (R n ; d n \ n E N) be the datum of an inductive system of measurable K + - 
algebras and a sequence of positive reals, fulfilling conditions (a) and (b) of definition 17.2.5 ll 
Then: 

(i) The natural map 

M — > R m ® Rn M 

is injective for every n,m EN with m > n and every R n -module M. 

(ii) Especially, the transition maps R n —> R n+ i are injective for every n E N. 

(iii) Suppose that (d' n \ n E N) is another sequence of positive reals such that conditions 
(a) and (b) hold for the datum (R n ; d' n \ n E N). Then the sequence (d n /d' n \ n E N) 
converges to a non-zero real number. 

Proof, (i): We reduce easily to the case where M is finitely presented over R n . Let N C 
Ker (M — > R m ® Rn M) be a finitely generated i? n -module; since R n is coherent, N is a finitely 
presented R n -module. We suppose first that M is in i? n -Mod coh { s }. 

Claim 7.2.54. The natural map R m ® Rn M — > R m (M/N) is an isomorphism. 

Proof of the claim. On the one hand, the i? m -module R m ® Rn M represents the functor 

i? m -Mod -> Set : Q ^ Rom Rn (M, Q). 

On the other hand, the assumption on N implies that ~Rom Rn (M, Q) = Hom Rn (M / N , Q) for 
every i? m -module Q, so the claim follows easily. 

From claim 1772.541 we deduce that the natural map R^ <& Rn M — > R^ ® Rn (M/N) is an 
isomorphism, and then condition (b) says that X n (M) = X n (M/N), hence X n (N) = and 
finally = 0, as stated. Next, suppose M is any finitely presented i? n -module, and pick a 
finitely generated m Rn -primary ideal I C Rn. 

Claim 7.2.55. There exists cEN such that N n I k+C M = I k (N n I C M) for every k > 0. 
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Proof of the claim. We may find a local ind-etale map A — > R n of i^ + -algebras, where A is an 
object of K + -m.A\g , and such that I, M and N descend respectively to a finitely generated 
ideal Iq C A, a finitely presented A-module M , and a finitely generated submodule iVo C M . 
Then theorem gJL29] ensures the existence of c G N such that N n Iq +c M = I k (N H 7 C M ) 
for every > 0. Since i?„ is a faithfully flat A-algebra, the claim follows. 

Pick c G N as in claim \Z2S5i then iV/(iV n I k+C M) is in the kernel of the natural map 
M/I k+C M -> i^®^ (M/I k+C M), hence TV = NnI k+c M by the foregoing, so that TV C J fc iV 
for every > 0, and finally N = by Nakayama's lemma. 

(ii) is a special case of (i). To show (iii), let us denote by A^(M) the normalized length of 
any object M of i^-ModcoWs}* defined using the sequence (d! n \ n G N). From (b) it is clear 
that Aoo(M), A^(M) 7^ whenever M 7^ 0. Then, for any such non-zero M, the quotient 
A' oo (M)/A 0O (M) is the limit of the sequence (d n /d^ | n G N). □ 

Remark 7.2.56. (i) There is another situation of interest which leads to a well-behaved no- 
tion of normalized length. Namely, suppose that (R n n 6 N) is an inductive system of 
local homomorphisms of local noetherian rings, such that the fibres of the induced morphisms 
Spec R n+ i — > Spec R n have dimension zero. Then for every m,n G N with m > n, and ev- 
ery i? n -module M of finite length, the i? m -module R m ®R n M has again finite length, so the 
analogues of conditions (a) and (b) of (17.2.491) can be formulated (cp. remark 17.2 .45 1) . In such 
situation, lemma IT2.53I - as well as the forthcoming theorem r7.2.62l - still hold, with simpler 
proofs : we leave the details to the reader. 

(ii) In spite of the uniqueness properties expressed by lemma IT.2.531 we do not know to 
which extent the normalized length of an ind-measurable if + -algebra depends on the chosen 
tower of measurable algebras. Namely, suppose that (R n \ n G N) and (R' n \ n G N) are two 
such towers, with isomorphic colimit R^, and suppose that we have found normalizing factors 
(d n I n G N) (resp. (d' n \ n G N)) for the first (resp. second) tower, whence a normalized length 
Aoo (resp. A^) for R^ -modules. Then we do not know whether the ratio of Aoo and A'^ is a 
constant. 

Next, for a given finitely generated Rqo -module M supported on {s(-Roo)}, we shall proceed 
as in (17.2.381) : we denote by the set of isomorphism classes of finitely presented R^- 
modules supported on {s(R oc )} that admit a surjection M' — > M, and we set 

A^(M) := inf {A QO (M / ) I M' G tf M } G R. 

Directly on the definitions, one checks that A^ C (M) = A QO (M) if M is finitely presented. 

Lemma 7.2.57. Let M be a finitely generated R^-module, E C M any finite set of generators, 

(Ni I i G J) any filtered system, of objects of-Roo-Mod^}, with surjective transition maps, such 

that colim TV,- ~ M. Then : 
iei 

(i) A^(M) = \im d^-XniZRn). 

n— >oo 

(ii) If every Ni is finitely generated, we have : 

mi{\UNi)\ieI} = \UM). 

Proof. To start out, we show assertion (ii) in the special case where all the modules Ni are 
finitely presented. Indeed, let us pick any surjection ip : M' M with M' G ^m- We may find 
i G I such that ip lifts to a map ipi : M' — > Ni ( ll36l Prop.2.3.16(ii)]), and up to replacing I by a 
cofinal subset, we may assume that (fi is defined for every i G I. Moreover 

colim Coker <a = Coker oj = 

iei 

hence there exists i G I such that ip t is surjective. It follows easily that Aoo(A^j) < A oc (M / ), 
whence (ii) in this case. 



FOUNDATIONS OF p-ADIC HODGE THEORY 



497 



(i) : Let k be the cardinality of S, e > any real number, Q C AmiR £ a finitely generated 
m Ro -primary ideal, S 1 := R^/ QRoo an d /3 : S® k — > M a surjection that sends the standard basis 
onto S. By filtering Ker /? by the system (Kj \ j £ J) of its finitely generated submodules, we 
obtain a filtered system (Nj := S® k /Kj \ j E J) of finitely presented .Roo -modules supported 
on {s(-Roo)}, with surjective transition maps and colimit isomorphic to M. Let tpj : Nj — > M 
be the natural map; by the foregoing, we may find j G J such that 

(7.2.58) < Xoo(N J0 ) - A^(M) < min(8(k,e,Q),e) 

(notation of definition 17 .2 . 5 1 T b)) . We can then find jigN and a finitely presented _R„-module 
M' n supported on {s(R n )} and generated by at most k elements, such that Nj = Roo ®R n M' n ; 
we set M' m := R m ® Rn M n for every m > n and let M m be the image of M' m in M. Up to 
replacing n by a larger integer, we may assume that M m = Si? m for every m > n. Choose 
m E N so that : 

(7.2.59) |Aoo(Ay - rf" 1 • A W (M^)| < e. 

Let {M m ,% | « G /) be a filtered system of finitely presented i? m -modules supported at {s(R m )}, 
with surjective transition maps, such that colimM m i = M m . Arguing as in the foregoing, 

i€l 

we show that there exists i £ I such that the natural map ip : M' m — >■ M m factors through a 
surjection : M' m M m >if and up to replacing / by a cofinal subset, we may assume that such 
a surjection ipi exists for every % G I. We obtain therefore a compatible system of surjections of 
-Roo-modules : 

N j0 ~ ® fim -> .Roo ® flm M mji -> M 
and combining with (17.2.581 ) we find : 

|Aoo(Aj ) - A 00 (/? 00 ® Km M mA )\ < 5(k,e,Q) for every % G J. 
In such situation, condition (b) of definition 17.2.5 1 l ensures that : 

• \X m {M' m ) - \ m (M m ,i)\ < e for every i G /. 

Therefore : d" 1 • \X m (M' m ) - A m (M m ) | < e, by proposition l7724lT ii). Combining with (17.2.59ft 
and again (17.2.581 ) we obtain : 

|A 00 (M)-rf" 1 -A m (M m )| <3 £ 

which implies (i). 

(ii) : With no loss of generality, we may assume that / admits a smallest element i . Let 
us fix a surjection F := — > iVj , and for every i E I, let Cj denote the kernel of the 
induced surjection F Ni. We consider the filtered system | j G J) consisting of all 
finitely generated submodules Dj C F such that Z)j C C{ for some i G /. It is clear that 
co\imF/Dj ~ M, hence A^(M) = inf {X^F/Dj) \ j E J}, by (i). On the other, by 

construction, for every j E J we may find i G I such that A 00 (A r i ) < X^F/ Dj); since clearly 
A 00 (A i ) > A 00 (M) for every i El, the assertion follows. □ 

7.2.60. Let now M be an arbitrary object of the category .Roc-Mod.^}. We let : 

Aoo(M) := sup {A 00 (M') M'cM and M' is finitely generated} gRU {+oo}. 
Lemma 7.2.61. If M is finitely generated, then X^M) = A co (M). 

Proof. Let A C M be any finitely generated submodule. We choose finite sets of generators 
EciVandE'cM with S C £'. In view of proposition I7.2.4ir iv) we have X n {ER n ) < 
X n (H'R n ) for every n E N, hence A co (A r ) < A oc (M), by lemma 1772371 1). The contention 
follows easily. □ 
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Theorem 7.2.62. (i) Let (Mi \ i E I) be a filtered system of objects of i?oo-Mod{ s }, and 
suppose that either : 

(a) all the transition maps of the system are injections, or 

(b) all the transition maps are surjections and Aoo(Mj) < +00 for every i E I. 

Then : 

A 00 (colimM i ) = \imX oc (M i ). 

i£l i€l 

(ii) Let — > M' — > M — > M" — > be a short exact sequence in R OQ -~bAod{ s }. Then : 

Aoo(M) = A 00 (M') + A 00 (M"). 

(iii) Let M be a finitely presented R^-module, N C M a submodule supported at s(R 00 ). 
Then Xoo(N) = if and only if N = 0. 

Proof. The proof of (i) in case (a) is the same as that of proposition 17 .2.4 1 f iii.b) . 
(ii): We proceed in several steps : 

• Suppose first that M and M" are finitely presented, hence M' is finitely generated ( li36l 
Lemma 2.3. 18(ii)]). We may then find an integer n E N and finitely presented i? n -modules 
M n and M% such that M ~ R^ ® Rn M n and M" ~ i?^ ® Rn M%, For every m>nwe set 
M m := R m ®R n M n and likewise we define M' r ' n . Up to replacing n by a larger integer, we 
may assume that the given map (p : M — * M" descends to a surjection cp n : M n — > M", and 
then cp is the colimit of the induced maps tp m := l Rm ® Rn Lp n , for every m > n. Moreover, 
M' ~ colimKer<y9 m , and by the right exactness of the tensor product, the image of KeiLp m 

m>n 

generates M' for every m > n. Furthermore, since the natural maps M m — > M p are injective 
for every p > m > n (lemma 17.2.531) . the same holds for the induced maps Ker cp m — > Ker (p p . 
The latter factors as a composition : 

a /3 

Ker Lfm — > R p ® Rm Ker (p m — > Ker (p p 

where a is injective (lemma 17.2.531) and (3 is surjective. In other words, R p ■ Ker cp m = Ker ip p 
for every p > m > n. In such situation, lemma 17^2.57( 1) ensures that : 

A 00 (M / ) = lim ■ A m (Kery? m ) 

m>n 

and likewise : 

Aoo(M) = lim c?" 1 • A m (M m ) Xoo(M") = lim rf" 1 • A m (M^). 

m>n m>n 

To conclude the proof of (ii) in this case, it suffices then to apply proposition |7.2.41f iv). 

• Suppose next that M, M' (and hence M") are finitely generated. We choose a filtered 
system (M, | % e /) of finitely presented Roo -modules, with surjective transition maps, such that 
M ~ colimMj. After replacing / by a cofinal subset, we may assume that M' is generated by 

i€l 

a finitely generated submodule M[ of Mj, for every i E I, and that [M[ \ i E I) forms a filtered 
system with surjective transition maps, whose colimit is necessarily M'\ set also M" := M. i jM' i 
for every i E I, so that the colimit of the filtered system [M" \ % E I) is M" . In view of lemmata 
I7.2.57f ii) and !7.2.6Tl we are then reduced to showing the identity : 

inf {A^(M,) I « E 1} = inf {A^(M^) | i E 1} + inf {A^(Mf) | i E 1} 

which follows easily from the previous case. 

• Suppose now that M is finitely generated 
finitely generated submodules of M'. Then : 

M' ~ colim M' and 



We let (Mi I i E I) be the filtered family of 



M" ~ colim M/Mi. 
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Hence : 

A oc (M / ) = \imX 00 {M' i ) (resp. A oc (M") = lim X^M/Mfi) 

by (i.a) (resp. by lemmata I7.2.57r ii) and 17.2.611) . However, the foregoing case shows that 
Aoo(M) = A 00 (M J / ) + Aoo (M/M-) for every i G 7, so assertion (ii) holds also in this case. 

• Finally we deal with the general case. Let (Mj | i G I) be the filtered system of finitely 
generated submodules of M; we denote by M" the image of Mj in M", and set M- := M' n Mj 
for every « G /. By (i.a) we have : 

A oc (M) = lim Aoo (Mj) 
iei 

and likewise for M' and M". Since we already know that Aoo(Mj) = A oc (M^) + A tX3 (M/ / ) for 
every i E I, we are done. 

(iii): Let / G iV be any element; in view of (ii) we see that A 00 (/-R 00 ) = 0, and it suffices to 
show that / = 0. However, we may find n G N and a finitely presented i? n -module M n such 
that M ~ i?oo ® Rn M n ; notice that the natural map M n — * M is injective, by lemma |7^2.53r i). 
We may also assume that / is in the image of M n . Let / C him Rn (f) be a finitely generated 
m,R n -primary ideal; after replacing M by M/IM, we may assume that M n is supported at 
s(R n ). In light of (ii), we see that A oc (M ) = A 00 (M// J R 00 ), hence A n (M n ) = X n {M /fR n ), 
due to condition (b) of definition 17.2.5 1[ Hence X n (fR n ) = by proposition 17.2.4 If fy), and 
finally / = by theorem \l . 2 .30f i.iii .a) . 

To conclude, we consider assertion (i) in case (b) : set M := colim Mj; it is clear that 

iei 

Aoo(M) < A 00 (M i ) < A 00 (M ? ) whenever i > j, hence 

limA 00 (M) = inf {A 00 (M i ) | i G /} > A 00 (M). 
iei 

For the converse inequality, fix e > 0; without loss of generality, we may assume that / admits 
a smallest element io, and we can find a finitely generated submodule A^ C M io such that 
Aoo(M io ) - Xoo(N io ) < e. For every i G I, let A^j C M be the image of A^ , and let N C M 
be the colimit of the filtered system (Ni \ i G I); then Mi/Ni is a quotient of M io /N io , and 
the additivity assertion (ii) implies that Aoo(Mj) — Aoo(A^) < e for every iei. According to 
lemma |7T237fii) (and lemma r7T2.61l) we have : 

Aoo(M) > Aoo(iV) = inf {A co (iV i ) | % e 1} > inf {A co (M i ) \iel}-e 

whence the claim. □ 

7.2.63. We wish now to show that the definition of normalized length descends to almost 
modules (see (17.21) ). Namely, we have the following : 

Proposition 7.2.64. Let M, N be two objects of Roo-Mod^y such that M a ~ A^ a . Then 
Aoo(M) = A oc (iV). 

Proof. Using additivity (theorem I7.2.62f ii)). we easily reduce to the case where M a = 0, in 
which case we need to show that Aoo(M) = 0. Using theorem l7.2.62r i) we may further assume 
that M is finitely generated. Then, in view of lemma |T2.57r i), we are reduced to showing the 
following : 

Claim 7.2.65. Let A be any measurable i^ + -algebra, and M any object of A-Mod{ s } such that 
M a = 0. Then X A (M) = 0. 

Proof of the claim. Arguing as in the foregoing we reduce to the case where M is finitely 
generated. Then, let us pick I C A and (p : V — > A/ 1 as in lemma IT2.29I It suffices to show 
the assertion for the finitely generated module ©„ gN I n M/I n+1 M, hence we may assume that 
I C Ann^M, in which case, by proposition |7.2 4lU ii) we may replace A by V and assume 
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throughout that A is a valuation ring. Then the claim follows from propositions 17 . 2 .4 H i) and 
I7.2.12r if). " □ 

7.2.66. Proposition 17.2.641 suggests the following definition. We let R^ c> -M.od^ be the full 
subcategory of .R^-Mod consisting of all the .R^-modules M such that M\ is supported at 
s(R 00 ), in which case we say that M is supported at s(R 00 ). Then, for every such M we set : 

Aoo(M) := Aoo(M|). 

With this definition, it is clear that theorem I7.2.62f i.ii) extends mutatis mutandis to almost 
modules. For future reference we point out : 

Lemma 7.2.67. Let — > M' — > M — > M" — > be a short exact sequence of R^-modules. We 
have : 

(i) IfMliesinR^-Mod {s} , then A oc (a6M) < A 00 (aM')+A 00 (6M") for every a,be m. 

(ii) If M is almost finitely presented, and M' is supported at s(R ao ), then A oc (M / ) = if 
and only if M' = 0. 

Proof, (i): To start out, we deduce a short exact sequence : — > bM D M' — > 6M — > 6M" — > 0. 
Next, let N :— Ker(a : bM —> bM), and denote by N' the image of N in 6M"; there follows a 
short exact sequence : -» a(6M n M') -> a&M -> bM" /N' -> 0. The claim follows. 

(ii): We reduce easily to the case where M' is a cyclic .R^-module, say M' = R^x for some 
x e Mi. In this case, let I C AmiR (x) be a finitely generated rnR -primary ideal; we may then 
replace M by M/IM, and assume that M lies in i^-Modjs} as well. We remark : 

Claim 7.2.68. M is almost finitely presented if and only if, for every b e m there exists a finitely 
presented i?oo -module iV and a morphism M — > N a whose kernel and cokernel are annihilated 
by b. Moreover if M is supported at s(R OQ ), one can choose N to be supported at s(R 00 ). 

Proof of the claim. The "if" direction is clear. For the "only if" part, we use [|36l Cor.2.3.13], 
which provides us with a morphism (p : N M\ with finitely presented over R^, such 
that b ■ Ker ip = b ■ Coker <p = 0. Then b ■ 1^ factors through a morphism ip' : Im p a — > N a , 
and 6 • 1^ factors through a morphism ip" : M — > Im<^ a ; the kernel and cokernel of <// o y}" 
are annihilated by b 2 . Finally, suppose that M is supported on s(R oc ), and let / C R^ be any 
finitely generated ideal such that V(I) = {s(Roo)}. By assumption, for every f E I and every 
m E Mi there exists n E N such that / n m = 0; it follows that J" annihilates Im<£> for every 
sufficiently large n£l, and we may then replace N by N/I n N . 

Let M and M' be as in (ii), and choose a morphism </? : M — > A^ a as in claim [7T2.68t 
by adjunction we get a map ^ : M( — > M — > AT with 6 • m • Ker^ = 0. It follows that 
Aoo(Im^) = 0, hence Im^> = 0, by theorem \l . 2 .621 iii) . Hence bM' = 0; since b is arbitrary, 
the assertion follows. □ 

Simple examples show that an almost finitely generated (or even almost finitely presented) 
-R^o-module may fail to have finite normalized length. The useful finiteness condition for almost 
modules is contained in the following : 

Definition 7.2.69. Let M be a -module supported at s(R 00 ). We say that M has almost 
finite length if A^&M) < +oo for every b E m. 

Lemma 7.2.70. (i) The set of isomorphism classes of R^-modules of almost finite length forms 
a closed subset of the uniform space ^(A) (notation of lT3~6l §2.3]). 

(ii) Especially, every almost finitely generated R^-module supported at s(R 00 ) has almost 
finite length. 

Proof. Assertion (i) boils down to the following : 
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Claim 7.2.71. Let a, b G m, and / : iV — > M, g : iV — > M' morphisms of i?^ -modules, such 
that the kernel and cokernel of / and g are annihilated by a G m, and such that A^feM) < +oo. 
Then A oc (a 2 6M / ) < +oo. 

Proof of the claim. By assumption, Ker / C Ker a ■ 1^, whence an epimorphism f(N) — > aiV; 
likewise, we have an epimorphism g(N) — > aM' . It follows that 

A 0O (a 2 6M') < A 00 (a6 • <?(M)) < A oc (a6iV) < A 00 (6 • /(iV)) < +oo 
as stated. 
(ii) follows from (i) and the obvious fact that every finitely generated -module supported 
at s(Roo) has finite normalized length. □ 

7.2.72. For the case of a measurable AT + -algebra A of dimension zero, we can show a further 
Lipschitz type uniform estimate for the normalized length. Namely, for any integer k > define 
the set ^#fc(A a ) with its uniform structure as in (17.2.11 ); i.e. we have the fundamental system of 
entourages 

(E r | r G M >0 ) 

where each E r consists of the pairs (N, N') such that there exists a third v4 a -module N" and 
v4 a -linear maps N" — > N, N" — > N' whose kernel and cokernels are annihilated by any b G K + 
such that log \ b\ > r. 

Lemma 7.2.73. In the situation of (|7.2.72l) . we have : 

\X A a(N) - X A a(N')\ < 4k ■ lengthy (A/mA) ■ r 
for every r G M>o every (AT, A 7 ) G £? r . 
Proof. We begin with the following 

Claim 1.2.14. For any finitely generated A-module N, and every 6 G K + \ {0} we have 

X A (N/bN) < length A (A^/miV) • log |6|. 

Proof of the claim. Choose a map ip : V — > A of measurable AT + -algebras, inducing a finite 
residue field extension k(V) — > where V is a AT + -flat valuation ring, and the induced 

map of value groups r — > IV is an isomorphism (claim 1772.43 1 ). Let d := dim re (y) N/myN; 
applying Nakayama's lemma, we get a surjection (V/bV)® d — > N/bN of V^-modules, for every 
b G K + . Hence 

as stated. 

Now, suppose that (N, N') G ^logibi for some b G K + , and pick maps cp : A/ 7 ' —> N, ip : 
N" — > A 7 "' whose kernel and cokernel are annihilated by b. Especially, if n\, . . . , n k G N* (resp. 
n' x , . . . ,n' k G A 7 "^) is a system of generators for A" (resp. for N 1 ), we may find n'{, . . . , G N" 
such that (p(n") = brii for i = 1, . . . , k and ip(n") = n^_ fc for i = k + 1, . . . , 2&. After replacing 
A"" by its submodule generated by n", . . . , n^, we may assume that N" G ^2k(A), Ker </j is 
still annihilated by b, but Coker ip is only annihilated by b 2 . On the one hand, we deduce that 

X A a(N") > X A a(if(N")) > X A a{b 2 N) = X A a (N) - X A a(N/b 2 N) 

therefore 

X A a(N) ~ X A a(N") < X A a(N/b 2 N). 

On the other hand, the map N" — > N" given by the rule : n" i— > fen" for every n" G AT", factors 
through ip(N"), therefore X A a(N) > X A a(bN") so the same calculation yields the inequality 

X A a{N") ~ X A a(N) < X A a{N"/bN"). 
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Taking into account claim 17 .2 .741 (and proposition l7.2.64l) we see that 

\\a«(N") - \ A °(N)\ < 2k ■ \ength A (A/mA) ■ \og\b\. 
Of course, the same holds with N replaced by N', and the lemma follows. □ 

We conclude this section with some basic examples of the situation contemplated in definition 
I7X5T1 

Example 7.2.75. Suppose that all the transition maps R n — > R n+ i of the inductive system in 
(17.2.491 ) are flat. Then, proposition |7]2]4ljv) implies that conditions (a) and (b) hold with: 

d n := lengthy (R n /m Ro R n ) for every neN. 

Example 7.2.76. Suppose that p := char k > 0. Let d G N be any integer, / : X — > : = 
Spec K + [Ti , . . . , T d ] an etale morphism. For every r G N we consider the cartesian diagram of 
schemes 

X r >■ 



X — — 



where (p r is the morphism corresponding to the K + -algebra homomorphism 

4:K+[T 1 ,...,T d }^K+[T 1 ,...,T d ] 

defined by the rule: Tj i— > T v - for j = 1, . . . , d. For every r, s G N with r > s, ip r factors 
through an obvious S-morphism ij) r8 : X r — > X s , and the collection of the schemes X r and 
transition morphisms gives rise to an inverse system X_ := (X r \ r G N), whose inverse 
limit is representable by an S-scheme ( ll32l Ch.IV, Prop. 8. 2. 3]). Let : Xoo — > S (resp. 
g r : X r — > S for every r G N) be the structure morphism, x G g^(s) any point, x r G X r 
the image of x and i? r := &x r ,x r for every r G N. Clearly the colimit R^ of the inductive 
system (R r \ r G N) is naturally isomorphic to Gx^^x- Moreover, notice that the restriction 
9r+i( s ) ~ *■ fi , ^ 1 ( s ) i s a radicial morphism for every r G N. It follows easily that the transition 
maps R r — > i? r+ i are finite; furthermore, by inspection one sees that cp^ is flat and finitely 
presented, so R r +i is a free i? r -module of rank p d , for every r G N. Hence, the present situation 
is a special case of example l7.2.75[ and therefore conditions (a) and (b) hold if we choose the 
sequence of integers (di \ % G N) with 

di := p ld /[K(xi) : k(xq)] for every i G N. 

The foregoing discussion then yields a well-behaved notion of normalized length for arbitrary 
i?oo-modules supported at {s(Roo)}. 

Example 7.2.77. In the situation of example [7.2.76l it is easy to construct R^ -modules M ^ 
such that Aoo(M) = 0. For instance, for d := 1, let x G Xoo be the point of the special fibre 
where T\ = 0; then we may take M := Roo/I, where / is the ideal generated by a non-zero 
element of xtik and by the radical of TiR^. The verification shall be left to the reader. 

7.3. Formal schemes. In this section we wish to define a category of topologically ringed 
spaces that generalize the usual formal schemes from ||26l . These foundations will be used to 
complete the proof of the almost purity theorem, in the crucial case of dimension three. 

7.3.1. Quite generally, we shall deal with topological rings whose topology is linear, i.e. such 
that (A, +) is a topological group and G A admits a fundamental system of open neighbor- 
hoods y := {I\ | A G A} consisting of ideals of A. Since we consider exclusively topological 
rings of this kind, whenever we introduce a ring, we shall omit mentioning that its topology is 
linear, except in cases where the omission might be a source of ambiguities. 
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7.3.2. We shall also consider topological A-modules over a topological ring A. By definition, 
such a module M is endowed with a linear topology, such that the scalar multiplication A x 
M — > M is continuous. Additionally, we assume that, for every open submodule N C M, 
there exists an open ideal I C A such that IM C N. (Notice that E6l Ch.O, §7.7.1] is slightly 
ambiguous : it is not clear whether all the topological modules considered there, are supposed 
to satisfy the foregoing additional condition.) If M is any such topological A-module, the 
(separated) completion M A is a topological A A -module, where A A is the completion of A. If 
M' C M is any submodule, we denote by M' C M the topological closure of M'. Let N be 
any other topological A-module; following [|26l Ch.O, §7.7.2], we may endow M ®a N with a 
natural topology, and the completion of the resulting topological A-module is denoted M <&aN. 
For any two topological A-modules M and N, we denote by : 

top.Hom A (M, N) 

the A-module of all continuous A-linear maps M — > N. Also, we let A-Mod top be the cat- 
egory of topological A-modules with continuous A-linear maps. Notice that there is a natural 
identification : 

(7.3.3) top.Honu(M, N A ) ~ lim colim Hom A (M/M', N/N') 

N'cN M'CM 

where N' (resp. M') ranges over the family of open submodules of N (resp. of M). 

7.3.4. The category A-Mod top is, generally, not abelian; indeed, if / : M — > N is a con- 
tinuous map of topological A-modules, Coker(Ker/ — > M) is not necessarily isomorphic to 
Ker(iV — > Coker /), since the quotient topology (induced from M) on Im / may be finer than 
the subspace topology (induced from N). The topological A-modules do form an exact cat- 
egory in the sense of 11641 : namely, the admissible monomorphisms (resp. epimorphisms) are 
the continuous injections (resp. surjections) / : M — ► iV that are kernels (resp. cokernels), 
i.e. that induce homeomorphisms M f(M) (resp. M/Ker/ N), where f(M) (resp. 
M/Ker /) is endowed with the subspace (resp. quotient) topology induced from iV (resp. from 
M). An admissible epimorphism is also called a quotient map of topological A-modules. Cor- 
respondingly there is a well defined class of admissible short exact sequences of topological 
A-modules. The following lemma provides a simple criterion to check whether a short exact 
sequence is admissible. 

Lemma 7.3.5. Let : 

(E n \ne N) : -> {M' n | n G N) -> (M n | n G N) -> (M^' | n G N) -> 

&e an inverse system, with surjective transition maps, of short exact sequences of discrete A- 
modules. Then the induced complex of inverse limits : 

\imE n : -> M' := limM' -> M := limM n -> M" := limM'' -> 

?i6N nGN nGN nGN 

15 an admissible short exact sequence of topological A-modules. 

Proof. For every pair of integers i,j G N with i < j, let Lfji : Mj — >■ Mi be the transition map 
in the inverse system (M n | n G N), and define likewise ip'^ and the assumption means that 
all these maps are onto. Set := Kenpji and define likewise K'^, K" { . By the snake lemma 
we deduce, for every % G N, an inverse system of short exact sequences : 

- (K' jt | j > i) - | j >i) —> (AJ | J > j) - 

where again, all the transition maps are surjective. However, by definition, the decreasing family 
of submodules (Ki := lim.j>j Kji \ i G N) is a fundamental system of open neighborhoods of 
G M (and likewise one defines the topology on the other two inverse limits). It follows 
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already that the surjection M — > M" is a quotient map of topological A-modules. To conclude 
it suffices to remark : 

Claim 7.3.6. The natural map K[ := limj>j K'^ —> Ki induces an identification : 

Ki = Kif]M' for every i G N. 
Proof of the claim. Indeed, for every j > i we have a left exact sequence : 

L :i ■ (o -> a;;, -> m; © a> m,-) 

where a(m',m) = m' — m for every m' G Mj and m G K^. Therefore lim^F^- is the 
analogous left exact sequence — > i£] — > M' © X j — > M, whence the claim. □ 

7.3.7. Let X be any topological space; recall ([26, Ch.O, §3.1]) that a sheaf of topological 
spaces on X - also called a sheaf with values in the category Top of topological spaces - is the 
datum of a presheaf & on X with values in Top (in the sense of [39, Ch.I, §1.9]), such that the 
following holds. 

(TS) For every topological space T, the rule : 

U I— > Hom Top (T, &{U)) for every open subset U C X 

defines a sheaf of sets on X. 

A sheaf of topological rings is a presheaf srf with values in the category of topological rings, 
whose underlying presheaf of topological spaces is a sheaf with values in Top (and therefore 
sd is a sheaf of rings as well). A sheaf of topological srf -modules - or briefly, a topological stf - 
module - is a presheaf J^" of topological -modules, whose underlying presheaf of topological 
spaces is a sheaf with values in Top; then & is also a sheaf of srf -modules. An srf -linear map 
cp : & — > & between topological ^-modules is said to be continuous if ipu : JP(U) — ► 5f ([/) 
is a continuous map for every open subset U C X. We denote by : 

top.Honw(JsSf) 

the A-module of all continuous ■cZ-linear morphisms & — > 3f. Consider the presheaf on X 
defined by the rule : 

(7.3.8) If ^top-Hom^ 

As a consequence of (TS) we deduce that (17.3.81 ) is a sheaf on X, which we shall denote by : 

top. Jfom^ 

7.3.9. In the situation of (|7.3.1I) . set X\ := Spec A/I\ for every A G A; we define the formal 
spectrum of A as the colimit of topological spaces : 

Spf A := colimXx. 

AeA 

Hence, the set underlying Spf A is the filtered union of the X\, and a subset U C Spf A is open 
(resp. closed) in Spf A if and only if U fl X\ is open (resp. closed) in X\ for every A G A. 

Let I C A be any open ideal of A; then J contains an ideal I\, and therefore Spec A/ 1 is a 
closed subset of Spec A/J A , hence also a closed subset of Spf A. 
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7.3.10. We endow Spf A with a sheaf of topological rings as follows. To start out, for every 
A G A, the structure sheaf & Xx carries a natural pseudo-discrete topology defined as in [|26l 
Ch.O, §3.8]. Let j x : X\ — > Spf A be the natural continuous map; then we set : 

AeA 

where the limit is taken in the category of sheaves of topological rings ([26, Ch.O, §3.2.6]). It 
follows that : 

(7.3.11) 0s ptA {U) =lim^ A (f/nX A ) 

AG A. 

for every open subset U C Spf A. In this equality, the right-hand side is endowed with the 
topology of the (projective) limit, and the identification with the left-hand side is a homeomor- 
phism. Set X := Spf A; directly from the definitions we get natural maps of locally ringed 
spaces : 

(7.3.12) (X x , G Xx ) (X, e x ) ^ (Spec A A , SpecA .) for every A G A 

where A A := & X (X) is the (separated) completion of A, and i x is given by the universal 
property [25, Ch.I, Prop. 1.6.3] of the spectrum of a ring. Clearly the composition i x o j x is 
the map of affine schemes induced by the surjection A A — > A/I\. Therefore i x identifies the 
set underlying X with the subset IJaga ^\ C Spec A A . However, the topology of X is usually 
strictly finer than the subspace topology on the image of i x . Let / G A A be any element; we 
let: 

®(f):=i x x D(f) 

where as usual, D(f) C Spec A A is the open subset consisting of all prime ideals that do not 
contain /. 

7.3. 13. Let / : A — ► B be a continuous map of topological rings. For every open ideal J C B, 
we have an induced map A/ f~ l J —> B/J, and after taking colimits, a natural continuous map 
of topologically ringed spaces : 

Spf / : (Spf B, Sp{B ) - (Spf A, Sp{A ). 

Lemma 7.3.14. Let f : A — > B be a continuous map of topological rings. Then : 

(i) Spf A is a locally and topologically ringed space. 

(ii) <p := Spf / : Spf B — > Spf A is a morphism of locally and topologically ringed spaces; 
in particular, the induced map on stalks &spfA,(p(x) ^SpfB,x is a local ring homo- 
morphism, for every x G Spf B. 

(iii) Let I C Abe any open ideal, x G Spec A/I C Spf A any point. The induced map : 

(7.3.15) ^SpfA.x — ► &SpecA/I,x 

is a surjection. 

Proof, (i): We need to show that the stalk & XiX is a local ring, for every x G X := Spf A. Let 
(Ix | A G A) be a cofiltered fundamental system of open ideals. Then x G X^ := Spec A/I^ 
for some p, G A; let k(x) be the residue field of the stalk ^x MiX ; for every A > p, the closed 
immersion X^ — > X x induces an isomorphism of k(x) onto the residue field of @x x ,x* whence a 
natural map 

&x,x -> k(x). 

Suppose now that g G @x,x ls mapped to a non-zero element in k(x); according to (|7.3.1 II) we 
may find an open subset U C X, such that g is represented as a compatible system (g x \ A > p) 
of sections g x G &X\(U PI X x ). For every A > p, let V A C X\ denote the open subset of all 
y G X\ such that g\(y) ^ in «;(?/). Then fl X x = V\ whenever 77 > A > p. It follows that 
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V := U x > I m ls an °P en subset of X, and clearly g is invertible at every point of V, hence g is 
invertible in &x,x, which implies the contention. 

(ii) : The assertion is easily reduced to the corresponding statement for the induced morphisms 
of schemes : Spec B / J — > Spec A/ f~ l J, for any open ideal J C B. The details shall be left 
to the reader. 

(iii) : Indeed, using (17.3.121) with X := Spf A and I\ := I, we see that the natural surjection 

<@s P ecA*,x -> ^Spec A/i, x factors through (17.3.151) . □ 

7.3.16. Let A and M be as in (17.3.21 ), and fix a (cofiltered) fundamental system (M x | A 6 A) 
of open submodules M x C M. For every A E A we may find an open ideal I\ C A such that 
M/M x is an A/7 A -module. Let j x : X A := Spec A/7 A -»• AC := Spf A be the natural closed 
immersion (of ringed spaces). We define the topological ^-module : 

ikT := limj A * (M/M A )~ 
AeA 

where, as usual, (M/M A )~ denotes the quasi-coherent pseudo-discrete ^-module associated 
to M/M\, and the limit is formed in the category of sheaves of topological ff x -modules ( 11261 
Ch.O, §3.2.6]). Thus, for every open subset U C X one has the identity of topological modules: 

(7.3.17) M~(U) = lim (M/M X )~(U n X x ) 

aga 

that generalizes (17.3.1 II) . 

To proceed beyond these simple generalities, we need to add further assumptions. The fol- 
lowing definition covers all the situations that we shall find in the sequel. 

Definition 7.3.18. Let A be a topological ring (whose topology is, as always, linear). 

(i) We say that A is cu -admissible if A is separated and complete, and E A admits a 
countable fundamental system of open neighborhoods. 

(ii) We say that an open subset U C Spf A is qffine if there exists an oadmissible topo- 
logical ring B and an isomorphism (Spf B, 0s p ib) —* (U, &spiA\u) °f topologically 
ringed spaces. 

(iii) We say that an open subset U C Spf A is truly qffine if U fl Spec A/ 1 is an affine open 
subset of Spec A/ 1 for every open ideal I C A. 

(iv) An affine co-formal scheme is a topologically and locally ringed space (X, Gx) that is 
isomorphic to the formal spectrum of an tu-admissible topological ring. 

(v) An lu -formal scheme is a topologically and locally ringed space (X, 6x) that admits an 
open covering X = \J ieI U% such that, for every i £ I, the restriction (Ui, &x\u^) is an 
affine c<>formal scheme. 

(vi) A morphism of to-formal schemes f : (X, & x ) ~^ {Y, Gy) is a map of topologically and 
locally ringed spaces, i.e. a morphism of locally ringed spaces such that the correspond- 
ing map Y — > f*&x induces continuous ring homomorphisms &y(U) — > &x{f~ l U), 
for every open subset U C Y. 

Remark 7.3.19. Let X be any c<>formal scheme, and U C X any open subset. Using axiom 
(TS), it is easily seen that : 

(i) &x(U) is a complete and separated topological ring. 

(ii) If additionally, U = |J ig/ Ui for a countable family (Ui \ i E I) of open subsets, such 
that (Ui, &x\Ui) is an affine cu-formal scheme for every i E I (briefly, each U is an 
affine open subset of X), then G X (U) is cu-admissible. 

Proposition 7.3.20. Suppose that A is an u -admissible topological ring. Then : 

(i) The truly affine open subsets form a basis for the topology of X := Spf A. 

(ii) Let I C Abe an open ideal, U C X a truly affine open subset. Then : 
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(a) The natural map py '■ A — > Ajj := &x{U) induces an isomorphism : 

(SpiAy,0 Sp{Au )^(U,0x\u)- 

(b) The topological closure Iy of IAjj in Ajj is an open ideal, and the natural map : 
Spec Ajj I Ijj — > Spec A/ 1 is an open immersion. 

(c) U is affine. 

(d) Every open covering of U admits a countable subcovering. 

Proof, (i): By assumption, we may find a countable fundamental system (I n | n G N) of open 
ideals of A, and clearly we may assume that this system is ordered under inclusion (so that 
/„ C I m whenever n > m). Let x G Spf A be any point, and U C Spf A an open neighborhood 
of x. Then x G X n : = Specv4// n for sufficiently large n G N. We are going to exhibit, by 
induction on m G N, a sequence (f m \ m > n) of elements of A, such that : 

(7.3.21) x G S)(/ p ) nl ra = ®(/ m ) nl m C(7 whenever p > m > n 

To start out, we may find / n G A/J„ such that x G 2)(/ n ) fl X n C Z7 H X n . Next, let m > n 
and suppose that / m has already been found; we may write 

U R X m+ i = X m+ i \ V( J) for some ideal J C A/I m+ i. 

Let J C A// m and f m G A// m be the images of J and f m ; then V(J) C V(/ OT ), hence there 
exists k G N such that /£, G J. Pick / m+1 G J such that the image of f m+1 in A/I m agrees 
with f k m , and let f m+1 G A be any lifting of / m+1 ; with this choice, one verifies easily that 
(17.3.211) holds forp := m + 1. Finally, the subset : 

£/':= |J D(/ m )nl m 

is an admissible affine open neighborhood of x contained in U. 

(ii.a): For every n,m G N with n > m, we have a closed immersion of affine schemes: 
U n X m C Z7 fl X n ; whence induced surjections : 

4tf,n := Gx n {U n X n ) -> Acr im := ^ Xra (?7 fl X m ). 

By [|26l Ch.O, §3.8.1], A[/, n is a discrete topological ring, for every nGN, hence A v ~ 
lim ngN Ajj, n carries the linear topology that admits the fundamental system of open ideals 
(Ker {Ajj Ajj, n ) \ n G N), especially Ajj is cj-admissible. It follows that the topological 
space underlying Spf Ay is colim (U fl X n ), which is naturally identified with U, under Spf py. 

neN 

Likewise, let i : U — > X be the open immersion; one verifies easily (e.g. using (|7.3.1 II) ) that 
the natural map : 

i* lim j n ^ Xn limi* j n *Gx n 

neN nGN 

is an isomorphism of topological sheaves, which implies the assertion. 

(ii.b): We may assume that I = I. Since U fl X n is affine for every n G N, we deduce short 
exact sequences : 

s n := (o - / • ^ n (x n n E/) - n x n ) -> ^ (c/ n x ) - o) 

and lim n6 N # n is the exact sequence : 

O^Iy^Ay^ Xo (unx o ) -> 0. 

Since [/ fl X is an open subset of X , both assertions follow easily. 

(ii.c): It has already been remarked that Ay is ^-admissible, and indeed, the proof of (ii.b) 
shows that the family of ideals (I n Ay \ n G N) is a fundamental system of open neighborhoods 
of G Ay. Hence the assertion follows from (ii.a). 



508 



OFER GABBER AND LORENZO RAMERO 



(ii.d): By definition, U is a countable union of quasi-compact subsets, so the assertion is 
immediate. □ 

Corollary 7.3.22. Let X be an to -formal scheme, U C X any open subset. Then (U, &x\u) is 
an uo-formal scheme. □ 

Remark 7.3.23. Let A be an oadmissible topological ring. Then Spf A may well contain 
affine subsets that are not truly affine. As an example, consider the one point compactification 
X:=NU{oo}of the discrete topological space N (this is the space which induces the discrete 
topology on its subset N, and such that the open neighborhoods of oo are the complements of 
the finite subsets of N). We choose any field F, which we endow with the discrete topology, and 
let A be the ring of all continuous functions X — > F. We endow A with the discrete topology, 
in which case Spf A = Spec A, and one can exhibit a natural homeomorphism Spec A ^ X 
(exercise for the reader). On the other hand, we have an isomorphism of topological rings : 



'SpfyL 



(N) 



lim 

6eN 



Spec A 



({0,...,b})^k? 



where k N is endowed with the product topology. A verification that we leave to the reader, 
shows that the natural injective ring homomorphism A — > k N induces an isomorphism of ringed 
spaces 

Spf£; N ^(N,^s P fA|N) 

hence N C Spf A is an affine subset. However, N is not an affine subset of Spec A, hence N is 
not a truly affine open subset of Spf A. 

Proposition 7.3.24. Let X be an u-formal scheme, A an uj -admissible topological ring. Then 
the rule : 



(7.3.25) 



(/:*-> Spf A) ^(f*:A^ F(X, X )) 



establishes a natural bijection between the set of morphisms of u-formal schemes X 
and the set of continuous ring homomorphisms A — > T(X, ff x ). 



Spf A 



Proof. We reduce easily to the case where X = Spf B for some oadmissible topological ring 
B. Let / : X — > Y := Spf A be a morphism of d> formal schemes; we have to show that 
/ = Spf f\ where : A — » B is the map on global sections induced by the morphism of 
sheaves 0y — > f*&x that defines /. Let U C X and V C Y be two truly affine open subsets, 
such that f(U) C V, and let likewise : 

fly : A v := Y {V) -> B v := G X {U) 

be the map induced by f\u- Using the universal property of [|25l Ch.I, Prop. 1.6.3], we obtain a 
commutative diagram of morphisms of locally ringed spaces: 



Spec B, 



(7.3.26) 





Spec B 



Spec f\j , 




Spec ft 



Spec A 



v 





Spec A 
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where %x, iy, iu and iy are the morphisms of (17.3.121) . Since i x and iy are injective on the 
underlying sets, it follows already that / and Spf p induce the same continuous map of topo- 
logical spaces. Let now J C B be any open ideal, / C f^ l {J) an open ideal of A, and let Ju 
(resp. Iy) be the topological closure of J By in By (resp. of I Ay in Ay). Since the map f uv 
is continuous, we derive a commutative diagram of schemes : 



Spec By I Jy >■ Spec Ay / I 



v 



Spec B / J >- Spec A/I 

where a and (3 are open immersions, by proposition I7.3.20f ii.b). and <p (resp. ip) is induced 
by f uv (resp. by f^). Let be a fundamental system of open neighborhoods of G A 
consisting of ideals; from proposition I7.3.20r ii.b) (and its proof) it follows as well that Ay ~ 
lim/gjf Ay /I Ay. Summing up, this shows that f uv is determined by f\ whence the con- 
tention. □ 

Corollary 7.3.27. Let A be an oj -admissible topological ring, U C Spf A an affine open subset, 
and V a truly affine open subset of X with V C U. Then V is a truly affine open subset ofU. 

Proof. Say that U = Spf B, for some cu-admissible topological ring B\ by propo sition 17.3.241 
the immersion j : U — > X is of the form j = Spf (p for a unique map ip : A — > B. Let now 
J C B be any open ideal, and set / := (p^J; there follows a commutative diagram of locally 
ringed spaces : 

U := Spec Bj J »- X := Spec A/ 1 



U -X. 

By assumption, V R X = Spec C for some A/J-algebra C; it follows that : 

VnU = SpecB/J ® A/I C 

and since J is arbitrary, the claim follows. □ 

7.3.28. Let A be an ^-admissible topological ring, and B, C two topological A-algebras (so 
the topologies of B and C are linear, and the structure maps A — ► B, A — > C are continuous). 
We denote by B®aC the completed tensor product of B and C, defined as in ll26l Ch.O, §7.7.5]. 
Then B®aC is the coproduct of the A-algebras B and C, in the category of topological A- 
algebras (|[26l Ch.O, §7.7.6]). By standard arguments, we deduce that the category of c<>formal 
schemes admits arbitrary fibre products. 

7.3.29. We shall say that a topological A-module M is to -admissible if M is complete and 
separated, and admits a countable fundamental system of open neighborhoods of G M. 
Notice that the completion functor N i— > N A on topological A-modules is not always "right 
exact", in the following sense. Suppose N — > N' is a quotient map; then the induced map 
N A — > N' A is not necessarily onto. However, this is the case if N A is cu-admissible (see ll58l 
Th.8.1]). For such A-modules, we have moreover the following : 

Lemma 7.3.30. Let A be a topological ring, M, M', N three u-admissible topological A- 
modules, and f : M — > M' a quotient map. Then : 

(i) The homomorphism f ®a1 n '■ M — > M' ®aN is a quotient map. 

(ii) Let us endow Ker / with the subspace topology induced from M, and suppose addi- 
tionally that, for every open ideal I C A : 

(a) IN is an open submodule of N. 
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(b) N/IN is aflat A/ 1 -module. 
Then the complex : 

-> (Ker /) ® A N -> M ® A N -> M ' -> 

15 an admissible short exact sequence of topological A h -modules. 

Proof. By assumption, we may find an inverse system of discrete A-modules, with surjective 
transition maps (M n n 6 N) (resp. (iV n | n E N)), and an isomorphism of topological A- 
modules : M ~ lim n6N M n (resp. N ~ lim„ gN A^ n ); let us define M' n := M' II M M n for 
every n E N (the cofibred sum of M' and M n over M). Since / is a quotient map, M' n is a 
discrete A-module for every n E N, and the natural map : M' — > lim nS M is a topological 
isomorphism. We deduce an inverse system of short exact sequences of discrete A-modules : 

0^ K n ^ M n (g) A N n -> M' n ® A N n -> 

where K n is naturally a quotient of Ker(M n — >■ M^) ®a N n , for every n E N; especially, the 
transition maps fC, — > i*Q are surjective whenever j > i. Then assertion (i) follows from lemma 

[7331 

(ii) : We may find open ideals I n C A such that I n N n = l n M n = for every n E N, hence 
I n N C Ker(Af — * N n ), and from (a) we deduce that (I n N \ n E N) is a fundamental system of 
open neighborhoods of G iV. Due to (b), we obtain short exact sequences : 

-> Ker(M n -> il<) ® A iV/7jV -> M n ® A N/LjSf -> ® A jV/T^V -> 

for every nGN. Then it suffices to invoke again lemma 1773. 51 □ 

Lemma 7.3.31. Let A be an u-admissible topological ring, M a topological A-module, and 
U C X : = Spf A any affine open subset. Then the following holds : 

(i) There is a natural isomorphism of topological &x{U) -modules : 

M~{U) ~ M% A @x{U). 

(ii) If L is any other topological A-module, the natural map : 

top.Honi4(L, M A ) — > top.Hom^ x (X~, M~) ip ^ 
is an isomorphism. 

(iii) The functor M \— > M~ on topological A-modules, is left adjoint to the global sections 
functor J? i — > J?(Jf), defined on the category of complete and separated topological 
&x-modules and continuous maps. 

Proof, (i): First we remark that the assertion holds whenever {7 is a truly affine open subset of 
X : the easy verification shall be left to the reader. For a general U, set My := M®a@x{U), 
and denote by My the associated ^-module. Let V C U be any open subset which is truly 
affine in X; by corollary 17 .3 .271 V is truly affine in U as well. We deduce natural isomorphisms: 

M~(V) ~ M f/ §^ ([/) ^ A -(l/) ~ M£(F) 

which - in view of proposition |7.3.20r i) - amount to a natural isomorphism of ^/-modules : 
(M~)|{/ M^. Assertion (i) follows easily. 

(iii) : Given a continuous map M~ — ► J^", we get a map of global sections M = M~(Jf) — ► 
J^(X). Conversely, suppose f : M JP(X) is a given continuous map; let U C X be 
any affine open subset, and fu : M — > JP(U) the composition of / and the restriction map 
J^X) -> Then /y extends first - by linearity - to a map M ® A @x{U) -> ^(t/), 
and second - by continuity - to a map M®a<^x(^7) — » ^(U); the latter, in view of (i), is the 
same as a map ffi : M~{U) — > &(U). Clearly the rule U ^ ffj thus defined is functorial for 
inclusion of open subsets £7 C Z7', whence (iii). 

(ii) is a straightforward consequence of (iii). □ 
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Lemma 7.3.32. Let A be an uj-admissible topological ring, M an 00 -admissible topological 
A-module, N C M any submodule, and U C X := Spf A any affine open subset. Then : 

(i) If we endow M/N with the quotient topology, the sequence of €?x -modules : 

— ► N~ — ► M~ — > (M/N)~ -> 

zs s/zoft exact 

(ii) 77ze induced sequence 

-> JV~(C/) -> M~(£f) -> {M/N)~(U) -> 
15 5/?or? exac? and admissible in the sense of (17.3.41) . 
Proof, (i): We recall the following : 

C/azm 7.3.33. Let j : Z' := Spec R! ^ Z := Spec i? be an open immersion of affine schemes. 
Then R' is a flat i?-algebra. 

Proof of the claim. The assertion can be checked on the localizations at the prime ideals of R'\ 
however, the induced maps &z,j(z) &z>,z are isomorphisms for every z £ Z', so the claim is 
clear. 
Let now V C Xbe any truly affine open subset. It follows easily from proposition ^ .3 .20r ii.b) 
and claim !7.3.33l that &x{V) fulfills conditions (a) and (b) of lemma !7 . 3 .301 ii) . In light of lemma 
I7.3.31f i). we deduce that the sequence : 

-> N~(V) -> M~(V) -> (M/N)~(V) -> 

is admissible short exact, whence the contention. 

(ii): Clearly the sequence is left exact; using (ii) and lemma |7".3.30r i) we see that it is also 
right exact, and moreover M~(U) — > (M/N)~(U) is a quotient map. It remains only to show 
that the topology on N~(U) is induced from M~(C/), and to this aim we may assume - thanks 
to axiom (TS) of (17.3.71 ) - that U is a truly affine open subset of X, in which case the assertion 
has already been observed in the proof of (i). □ 

Definition 7.3.34. Let X be an cu-formal scheme. We say that a topological ^-module & is 
quasi- coherent if there exists a covering ii := (Ui \ % E I) of X consisting of affine open subsets, 
and for every i 6 I, an ^-admissible topological &x{Ui) -module Mj with an isomorphism 
^\Ui — M~ of topological (^/.-modules (in the sense of (I7.3.7I )). 

We denote by i^x-Mod qcoh the category of quasi-coherent (^-modules and continuous 6 X - 
linear morphisms. 

We say that a continuous morphism / : & — > Sf of quasi-coherent (^-modules is a quotient 
map if the induced map f(U) : &(U) — > &(U) is a quotient map of topological ff x {U)- 
modules, for every affine open subset U C X. 

7.3.35. The category <^-Mod qcoh is usually not abelian (see (17.3.41) ); more than that, the 
kernel (in the category of abelian sheaves) of a continuous map / : & — > £f of quasi-coherent 
^-modules may fail to be quasi-coherent. However, using lemma 173.321 one may show that 
Ker / is quasi-coherent whenever / is a quotient map, and in this case Ker / is also the kernel 
of / in the category ^-Mod qco h. Furthermore, any (continuous) morphism / in ^x-Mod qco h 
admits a cokernel. This can be exhibited as follows. To start out, let us define presheaves ^ 
and Jz? by declaring that y(U) C &(U) is the topological closure of the & X {U) -submodule 
lm(f(U) : &(U) -> &{U)), and &(U) := 9(U)/S{U), which we endow with its natural 
quotient topology, for every open subset U C X. Now, suppose that V C U is an inclusion of 
sufficiently small affine open subsets of X (so that and are of the form M~ for some 
topological ^ x (^)-module M); since ^(f/)®^([/)^x(^) = &(V), we see that the image 
of y(U) in y(V) generates a dense ^x(^)-submodule. On the other hand, by construction 
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the exact sequence $ : = (0 — > y(U) — > Sf (f7) — > JSf (?7) — > 0) is admissible, hence the 
same holds for the sequence $®e x {u)&x(y) (lemmata 17.3.3 lf i) and l7.3.32l ii)). It follows that 
S(V) = J?{U)®0 x{u) @ x {V) and Sf(V) = 5?{U)®# x{u) x (V). Thus J and & are sheaves 
of topological (^-modules on the site C of all sufficiently small affine open subsets of X, 
and their sheafifications J?' and ££' are the topological ^-modules obtained as in ll26l Ch.O, 
§3.2.1], by extension of J 2 " and J£ from the site C to the whole topology of X. It follow that 
y and Jf' are quasi-coherent ^-modules; then it is easy to check that Jz?' is the cokernel of 
/ in the category ^-Mod qco h (briefly : the topological cokernel of f), and shall be denoted 
top.Coker /. The sheaf y shall be called the topological closure of the image off, and denoted 
Im(/). A morphism / such that top.Coker / = shall be called a topological epimorphism. 
Notice also that the natural map Coker / — > top.Coker / is an epimorphism of abelian sheaves, 
hence a continuous morphism of quasi-coherent (^-modules which is an epimorphism of @ x - 
modules, is also a topological epimorphism. 

Proposition 7.3.36. Let X be an affine uo -formal scheme, & a quasi-coherent &x -module. Then 
&{X) is an uj -admissible &x{X) -module, and the natural map 

&{xy -> & 

is an isomorphism of topological &x-tnodules. 

Proof. By assumption we may find an affine open covering 11 := (Ui \ i E I) of X such that, 
for every % E I, JPm. ~ M 4 ~ for some ^x(U%) -module Mj. In view of lemma |733jli) we may 
assume - up to replacing il by a refinement - that U is a truly affine subset of X for every % E I. 
Furthermore, we may write X = IJngN X n for an increasing countable family of quasi-compact 
subsets; for each neNwe may then find a finite subset I(n) C I such that X n C Uiei(n) 
and therefore we may replace I by UneN which allows to assume that I is countable. 

Next, for every % E I we may find a countable fundamental system of open submodules 
(Mj >n | n G N) of Mj, and for every n G Nan open ideal J in C Aj := &x(Ui) such that 
iVj in := Mi/Mi^ n is an n -module. Let : U^ n := Specy4j/J i ri — > U be the natural 
closed immersion; we may write : 

(7.3.37) &\ Vi ~ lim . j iin »iV~ n . 

Let also : C/f )W — > X be the locally closed immersion obtained as the composition of ji >n and 
the open immersion j t : Ui — > X; we deduce natural maps of ^-modules : 

Claim 7.3.38. (i) There exists m E N such that ^ n is the extension by zero of a quasi-coherent 
&x -module. 

(ii) (fi >n is continuous for the pseudo-discrete topology on 

Proof of the claim, (i): It is easy to see that Ui >n C X m for m E N large enough; then the 
assertion follows from (J26l Ch.I, Cor.9.2.2]). 

(ii): We need to check that the map (pi iTl) v '■ ^(V) — > &i, n (V) is continuous for every open 
subset V C X. However, property (TS) of (17.3.71) implies that the assertion is local on X, hence 
we may assume that V is a truly affine open subset of X, in which case ^ >n (V) is a discrete 
space. We may factor <pi >n y as a composition : 

&{v) A &{v n I/O ^ ^n(^>n n v) 

where the restriction map a is continuous, and (3 is continuous for the pseudo-discrete topology 
on N~ n (U iy n fl V). However, Ui n V is a truly affine open subset of Ui, therefore Ui >n R V 
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is quasi-compact, and the pseudo-discrete topology on N£ n induces the discrete topology on 
N~ n {U i>n n V) . The claim follows. 

For every finite subset S c / x N, let ip s ■ & — > '■= Yla n ) g s ^i,n be the product of the 
maps ip i>n ; according to claim l7"3.38f ir). ps is continuous for the pseudo-discrete topology on 
&s- Hence, for every i E I, the restriction fs\Ui '■ ^\u, ~^ ^s\Ui is of the form for some 
continuous map f ijS : Mi — > ^ s {Ui) (lemma [7.3.3 ll ii)). It follows easily that (Im^W is the 
quasi-coherent -module (Im/i i s)~, especially Imps is quasi-coherent. Notice that is 
already a quasi-coherent &x m -module for m E N large enough, hence the same holds for Im ps', 
we may therefore find an @x m (X m ) -module Gs such that Gg ~ Im Furthermore, for every 
other finite subset S' C / x N containing 5 1 , we deduce a natural <^x(X)-linear surjection 
G5/ — ► G5, compatible with compositions of inclusions S C S' C S"'. Let (£„ | n e N) be a 
countable increasing family of finite subsets, whose union is I x N; we endow G := lim neN G$ n 
with the pro-discrete topology. It is then easy to check that G is an cu-admissible &x{X)- 
module; furthermore, by construction we get a unique continuous map p : & — > G~ whose 
composition with the projection onto Gg agrees with ps n for every n E N. In light of (17.3.371) 
we see easily that p\u. is an isomorphism of topological ^-modules for every i E I, hence the 
same holds for p. Then if necessarily induces an isomorphism &(X) G. □ 

Corollary 7.3.39. Let X be an uj-formal scheme, \ n E N) an inverse system of quasi- 
coherent &x -modules, whose transition maps are topological epimorphisms. Then Ym\ n ^^ n 
(with its inverse limit topology) is a quasi-coherent G x - m odule. 

Proof. We may assume that X is affine; then, for every n E N we have & n = M~ for some 
complete and separated (^x(X)-module M n (by proposition 17.3.361 ), and the transition maps 
^n+i come from corresponding continuous linear maps f n : M n+1 — > M n . We choose 

inductively, for every nGN.a descending fundamental system of open submodules (iV nfc | k E 
N) of M n , such that f n (N n+1:k ) C N njk for every n, k E N. Set M n , k := M n jN n , k for every 
n, k E N. By assumption, top.Coker/~ = 0; hence the induced maps M~ +1 k — ► M~ fc 
are topological epimorphisms; since M~ fc is pseudo-discrete (on the closure of its support), it 
follows that the latter maps are even epimorphisms (of abelian sheaves) so the corresponding 
maps M n+ i :k — > M n fc are onto for every n, k E N. Thus : 

\imJ£ n ~ limlimMT,, ~ limM~ ~ (limM nn )~ 

neN nGNfceN neN ' neN 

and it is clear that the &x (X) -module lim nG N M n>n is cu-admissible. □ 

7.3.40. Let X be any c<>formal scheme, It := (Z7j | i E I) a covering of X by open subsets, 
and any abelian sheaf on X. As usual we can form the Cech complex C"(it, J^), and its 
augmented version C* ug (U, which are the cochain complexes associated to the cosimplicial 
complexes of (I9.3.6D . We denote by if* (It, J*") the cohomology of C*(iX, J 5 "). 

Theorem 7.3.41. Le? X be a semi- separated u-formal scheme, i.e. smc/i U C\V is an affine 
uj -formal scheme whenever U and V are open affine u-formal subschemes of X. Then : 

(i) For every covering it := (E/j | i E I) of X consisting of affine open subschemes, and 
every quasi-coherent @x -module & ' , there is a natural isomorphism : 

H'(il,3?) A H'(X,&). 

(ii) Suppose furthermore that X is affine, say X = Spf A for an uo-admissible topological 
ring A. Then : 

H\X, &) = for every i > 0. 
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Proof. (The statements refer to the cohomology of the abelian sheaf underlying & , in other 
words, we forget the topology of the modules ^(U).) 

(ii): Let U C X be any truly affine open subset, and it := (Ui \ i E I) a covering of U 
consisting of truly affine open subsets. By proposition 17.3.361 we have ~ M~, where 

M:=^(U). 

Claim 7.3.42. The augmented complex C* ug (it, M~) is acyclic. 

Proof of the claim. Let (M n \ n E N) be a fundamental system of neighborhoods of E M, 
consisting of open submodules, and for every n E N, choose an open ideal I n C A such that 
I n M C M n . Set X n := Spec A/I n and 1^ := (U{ H X n \ i E I) for every n E N. For every 
n G N we may consider the augmented Cech complex C" ug (!!„,, (M/M n )~), and in view of 
(17.3.171) we obtain a natural isomorphism of complexes : 

C: ug (ll,M~) ^ limC a - ug (it„,, (M/M n )~). 

We may view the double complex C*(ii m , (M/M.)~) also as a complex of inverse systems of 
modules, whose term in degree i E N is C* ug (il., (M/M.)~). Notice that, for every i E N, all 
the transition maps of this latter inverse system are surjective. Hence (ED Lemma 3.5.3]) : 

lim 9 CL.^, (M/M n )~) = for every q > 0. 

In other words, these inverse systems are acyclic for the inverse limit functor. It follows (e.g. 
by means of (711 Th. 10.5.9]) that : 

fllka C7 a - Ug (il„ (M/M.D ~ C7 a - ug (il,M~). 

On the other hand, the complexes C' ug (iln, (M/M n )~) are acyclic for every n E N ( ll2~8l Ch.III, 
Th.1.3.1 and Prop. 1.4.1]), hence C' ug (ii., (M/M.)~) is acyclic, when viewed as a cochain 
complex of inverse systems of modules. The claim follows. 

Assertion (ii) follows from claim |73.42[ proposition |7.3.20t i) and ||39l Th.5.9.2]. 
Assertion (i) follows from (ii) and Leray's theorem |[39l Ch.II, §5.4, Cor.]. □ 

Corollary 7.3.43. In the situation of (17.3.161) . suppose that A and M are uo -admissible. Then : 

\im q j A , (M/MxT = for every q > 0. 

AeA 

Proof. For every truly affine open subset U C X, we have a topos U A defined as in ll36l §7.3.4], 
and the cofiltered system ^ := (jx*(M/M\)^ AeA) defines an abelian sheaf on U A . 
According to loc.cit. there are two spectral sequences : 

Ef := R p T(U,\im q j x *(M/M x )~) H p+q (U A ,^) 
AgA 

F£ q :=lim 9 R p T(U,j x JM/M x y) H p+q (U A ,^) 
AeA 

and we notice that Ff" 2 = whenever p > (since U D X x is affine for every A E A) 
and whenever q > 0, since the cofiltered system (r(U,j\*(M/M\)~) \ A E A) has surjec- 
tive transition maps. One can then argue as in the proof of 11361 Lemma 7.3.5] : the sheaf 

L q := \xm q j\JM/M\)~ is the sheafification of the presheaf : U i-> H q (U A , Jf) and the lat- 

AeA 

ter vanishes by the foregoing. We supply an alternative argument. Since the truly affine open 
subsets form a basis of X, it suffices to show that E^ 9 = whenever q > 0. We proceed by 
induction on q. For q — 1, we look at the differential d® 1 : -E2' 1 — > ^2 > by theorem \l . 3 .4 II 
we have E2' = 0, hence E®' 1 = E^, and the latter vanishes by the foregoing. Next, suppose 
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that q > 1, and that we have shown the vanishing of LP for 1 < j < q. It follows that = 
whenever 1 < j < q, hence = for every r > 2 and the same values of j. Consequently : 

= Ef* ~ Ker(rf^ 1 : = E^ - E$}*). 

However, theorem |7.3.41| impries that E^° = whenever p > and r > 2, therefore E^ 1 = E%%, 
i.e. E® 9 = 0, which completes the inductive step. □ 

7.3.44. Let X be an c<>formal scheme, & a quasi-coherent (^-module. For every affine open 
subset U C X, we let Cljr(£7) be the set consisting of all closed <^x(^)-submodules of <^{U). 
It follows from lemma l73.32r iD that the rule 

U i-> C\<?{U) 

defines a presheaf on the site of all affine open subsets of X. Namely, for an inclusion U' C U 
of affine open subsets, the restriction map Cljr([/) — > C1jf({7') assigns to N C J£~(£7) the 
submodule N~(U') C <&(U') (here iV~ is a quasi-coherent ^/-module). 

Proposition 7.3.45. Mf/z notation of (17.3.441) . ?/ze presheaf CI jr w a s/zea/ on the site of 
affine open subsets of X. 

Proof. Let U C X be an affine open subset, and U = [J ieI E/j a covering of U by affine open 
subsets Ui C X. For every i,j E I we let Z7jj := Ui CiUj. Suppose there is given, for every 
i E I, a closed &x{Ui) -submodule iVj C JP(Ui), with the property that : 

Nij := Nr(Uij) = Ny(Uij) for every i,jEl 

(an equality of topological ^ x (^)-submodules of ^{U^)). Then {N~)\ Vij = (N~)\ Uip 
by propo sition 17.3.361 hence there exists a quasi-coherent ^/-module J/ , and isomorphisms 
jV\u. ^ N~, for every i E I, such that the induced ^/.-linear maps — > J^^. assemble into 
a continuous (^/-linear morphism <p : — > &\ v . By construction, we have a commutative 
diagram of continuous maps with exact rows : 

o — jy{u) n ie , ^ n i)ieJ % 



o — nu) — n <6 / *m — n ue z ^(^) 

where the central vertical arrow is a closed imbedding. However, axiom (TS) implies that both 
p and pjr are admissible monomorphisms (in the sense of (|7.3.4I) ). and moreover the image 
of p iy y is a closed submodule, since each is a separated module. Hence also the left-most 
vertical arrow is a closed imbedding, and the assertion follows. □ 

Definition 7.3.46. Let / : X — > F be a morphism of ci> formal schemes. We say that / is 

affine (resp. a closed immersion) if there exists a covering F = (Jie/ ^ i ^ a ffi ne open subsets, 
such that for every i E I, the open subset f~ l Ui C X is an affine cu-formal scheme (resp. is 
isomorphic, as a £/j-scheme, to a cu-formal scheme of the form Spf Ai/Ji, where A{ := Gyi^Jj) 
and Jj C Ai is a closed ideal). 

Corollary 7.3.47. Let f : X Y be a morphism of uo -formal schemes. The following condi- 
tions are equivalent : 

(i) / is an affine morphism ( resp. a closed immersion ). 

(ii) For every affine open subset U C Y, the preimage f~ 1 U is an affine uj-formal scheme 
(resp. is isomorphic, as a U -scheme, to a uo-formal scheme Spf A/J, where A := 
&y(U), and J C A is a closed ideal). 
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Proof. Of course, it suffices to show that (i)=Kii). Hence, suppose that / is an affine morphism, 
and choose an affine open covering Y = \J ieI U% such that f^Ui is an affine c<>formal scheme 
for every i E I. We may find an affine open covering U = Uj g j sucn mat ' f° r ever y 
j E J there exists i E I with Vj C Ii, moreover, we may assume that J is countable, by 
proposition 17 .3 . 20f ii .d) . The assumption implies that f~ l Vj is affine for every j E J, and then 
remark f7.3.19r ii) says that A := ffx (f^U) is an cu-admissible topological ring, so there exists a 
unique morphism g : f^U — > Spf A such that g* : A — > ^x(f~ l U) is the identity (proposition 
17.3.241 ), and factors as the composition of g and the morphism h : Spf A — > U induced by 

the natural map B := &y{U) — ► A. It remains to check that g is an isomorphism. To this aim, it 
suffices to verify that the restriction g\ Vj : f _1 Vj — ► h~ x Vj is an isomorphism for every j E J. 
However, it is clear that f*&x is a quasi-coherent Gy -module, whence a natural isomorphism 
of A-algebras : 

@xU~ l V 3 ) = f*&x(Vj) ^ A j := A® B ^(Vj) 
(proposition 17.3.361) as well as an isomorphism f~ l Vj ^ Spf Aj. On the other hand, h~ l Vj = 
Spf Aj, and by construction g\ Vj is the unique morphism such that (g\v-)^ is me identity map of 
Aj. The assertion follows. 

Next, suppose that / is a closed immersion, and choose an affine open covering Y = [_} ieI Ui, 
and closed ideals Jj C Aj := $y(Ui) such that we have isomorphisms / _1 [/j ^ Spf Aj/Jj for 
every z G J. Set Uy := C/j n Uj for every z, j G /. Clearly, J~(Uij) = J~(C/y) for every 
z, j G /, hence there exists a unique closed ideal J C A := ^y(f/) such that : 

(7.3.48) J~(C/i) = J* for every z G J 

(proposition I7.3.45T ). Especially, we have JffyiJJi) C J,, whence a unique morphism of U- 
schemes : g^ : f~ x Ui — > Z := Spf A/J, for every i E I. The uniqueness of ^ implies in 
particular that <7i|t/ r = ft ic/^ for every z', j E I, whence a unique morphism g : — » Z of 
[/-schemes. It remains to verify that (7 is an isomorphism, and to this aim it suffices to check 
that the restriction g^ 1 ^ PI Z) — » C/j H Z is an isomorphism for every i E I. The latter assertion 
is clear, in view of (T7.3.48I) . □ 

7.3.49. Finally, we wish to generalize the foregoing results to almost modules. Hence, we 
assume now that (V, m) is a given basic setup in the sense of [|36l §2.1.1], and we shall consider 
only topological rings that are K-algebras. An uj-formal scheme over V is the datum of an 
ci>formal scheme X and a morphism of locally ringed spaces X — > Spec V . Hence, for any 
cj-admissible topological ^-algebra A, the spectrum Spf A is an oformal scheme over V in a 
natural way. 

7.3.50. Let A be an cu-admissible topological F-algebra A, M an A a -module. According to 
ll36l Def.5.3.1], a linear topology on M is a collection Jzf of submodules of M - the open 
submodules - that satisfies almost versions of the usual conditions. More generally, if X is 
an oformal scheme (resp. a scheme) over V, we may define a topological ff^-module by 
repeating, mutatis mutandis, the definitions of (17.3.71) (including axiom (TS)). When X is a 
scheme, one has the class of pseudo-discrete ^-modules - defined by adapting 11261 Ch.O, 
§3.8] to the almost case - and every ^-module can be endowed with a unique pseudo-discrete 
topology. 

Similarly we have a well-defined notion of continuous (?x -linear morphism of topological 
^-modules. Clearly (17.3.31) holds also in the almost case. We denote by A a -Mod top the 
category of topological A a -modules and continuous A a -linear morphisms. There is an obvious 
localization functor A-Mod top — > A a -Mod top ; namely, given a topological A-module M, the 
topology on M a consists of those submodules of the form iV a , where N C M is an open 
submodule. Notice that M a is separated (resp. complete) whenever the same holds for M. 
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Similarly, for any given topological ^"-module M, say with linear topology ££, the A-module 
Mi carries a natural topology, namely the unique one which admits the fundamental system of 
open submodules := (N\ \ N G JSf). 

Lemma 7.3.51. In the situation of (17.3.501) . let v4-Modf op (resp. A a -'M.od^ ov ) denote the full 
subcategory of A-~Mod top (resp. o/"v4 a -Mod top ,) consisting of complete and separated modules. 
Then the functor : 

A a -Modt p - A-Mod A p : Mh(M,) a 
is left adjoint to the localization functor A-Modf op — > A a -Modf op . 

Proof. It is an immediate consequence of (17.3.31 ) and its almost version. □ 

7.3.52. Keep the situation of (|7.3.50l) . Naturally, we shall say that M is uj-admissible if it is 
complete and separated, admits a countable cofinal system (M A | A G A) of open submodules, 
and for every A G A there exists an open ideal I\ C A with I\M C Ma. To such M we 
associate the topological ^-module 

M~ := limj A *(M/M A )~ 
AeA 

where j x : Spec A/J A — ► Spf A is the natural closed immersion, and (M/M A )~ is defined as in 
ll36l §5.5.1]. With this notation, (17.3.171) still holds in the almost case. Likewise, the whole of 
lemmata [7.3.3 ll and l7.3.32l carry over to almost modules, with proof unchanged. 

More generally, let X be an cu-formal scheme over V; then one says that a topological ffg- 
module & is quasi-coherent if X admits an affine open covering (U \i G I) such that for 
every i G I we may find an tu-admissible <^([/j) -module M, and an isomorphism <!^\ Ui ~ M~ 
of topological ^-modules. We denote by <^-Mod qcoh (resp. ^-Alg h ) the category of 
quasi-coherent ^-modules (resp. ^-algebras) and continuous morphisms. Clearly, for any 
two topological ^-modules & and Sf , the almost version of (17.3.81 ) (for srf := 6%) yields a 
sheaf top.Jt?o mffa(^ , £f ) on X. The notion of quotient map of quasi-coherent ^-modules is 
defined as in (17.3.351) . and by repeating the arguments in loc.cit. one shows that every continu- 
ous map of quasi-coherent ^-modules admits a topological cokernel. 

7.3.53. We have an obvious localization functor ^x-Mod — > ^-Mod : & t— > J^ a , where 
^ a (U) := ^(U) a for every open subset U C X. In light of (17.3.171 ) and its almost version, 
this restricts to a functor : 

(7.3.54) ^ x -Mod qcoh ^-Mod qcoh ^ i * & a . 

We may construct as follows a left adjoint to (17.3.54I ). For a given object J^" of <^-Mod qcoh , 
let £f be the presheaf of topological 6x -modules given by the rule : &(U) := (JP(U)\) A for 
every open subset U C X. Let also 11 := (Ui \ i G I) be an affine covering of X such that the 
restrictions are of the form M~ for appropriate ([/^-modules Mj. We notice that £f is 
already a sheaf of topological modules on the site consisting of all affine open subsets V of X 
such that V C Ui for some i G /; indeed, this follows from the fact that the natural map : 

is an isomorphism of topological modules, for every i G I and every affine open subset V C U; 
we leave the verification to the reader. It then follows from [26, Ch.O, §3.2.2] that the sheafi- 
fication J^, A of Sf carries a unique structure of topological ^-module, such that the natural 
map Sf (V) — ► ^ A (V) is an isomorphism of topological modules for every V in the above site. 
Especially, («^j A W — (M i i)~ for every z G I (isomorphism of topological & Vi -modules). One 
sees easily that J£, A is a quasi-coherent &x -module independent of the choice of the covering 
il, hence it yields a functor: 

(7.3.55) <5£-Mod qcoh -> ^ x -Mod qcoh & h-> J?, A . 
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Furthermore, let & be a quasi-coherent ^-module, Sf a complete (separated) ^-module; it 
follows from lemma |T.3.3ir iii) and its almost version, and from lemma IT.3.5U that for every 
sufficiently small affine open subset U C X there are natural isomorphisms 

top.Hom^J^,^) ^ top.Hom^J^,^) 

compatible with restrictions to smaller open subsets V C U . This system of isomorphisms 
amounts to an isomorphism of sheaves : 

top.J^om^ x (^ A ,W) A top.Jf?omff*(& ,& a ) 

and by taking global sections we deduce that (17.3.551) is the sought left adjoint to (17.3.541) . No- 
tice that the functor & \— > J^, A commutes with topological cokernels (since the latter are special 
colimits); in particular it preserves topological epimorphisms. This functor also preserves quo- 
tient maps, but does not preserve epimorphisms, in general. 

Corollary 7.3.56. (i) Proposition 17.3.361 and the whole of theorem 17 .3 .4 1 1 carry over verbatim 
to the case of an arbitrary quasi-coherent ^-module & ' . 

(ii) Likewise, corollary 17.3.391 carries over verbatim to the case of an inverse system of 
quasi-coherent &x~ m °dules | n 6 N) whose transition maps are topological epi- 
morphisms. 

Proof, (i): By considering we reduce to the case of quasi-coherent ^-modules, which is 
proposition l7.3.36l (resp. theorem \l .3 .4 II) . 

(ii): Likewise, the system of quasi-coherent ^-modules | n £ N) has topologically 
epimorphic transition maps, hence we are reduced to corollary 17.3.391 □ 

Remark 7.3.57. (i) Occasionally, we shall also need to consider the category of cu-formal 
^-schemes, defined in the obvious way, as well as the category of <^ a - algebras, fibred over 
cj-formal ^-schemes, analogous to (|7 ,4.4b . We leave to the reader the task of spelling out these 
generalities. However, we remark that the pull back functor /* : ^,-Alg — ► ^-Alg asso- 
ciated to a morphism / : X — > X' of cu-formal ^-schemes, does not necessarily transform 
quasi-coherent ^,-algebras into quasi-coherent ^-algebras (this is the pull-back functor de- 
fined on the underlying ringed spaces). 

(ii) It is also possible to define a (modified) pull-back functor that respects quasi-coherence, 
but for our limited purposes this is not needed. 

7.4. Algebras with an action of Frobenius. We keep the notation of section 17.21 and we 
suppose furthermore that ch.ax K = 0, chain := p > 0, and that there exists an element 
7r G K + such that 1 > |7r p | > \p\. For any i^ + -algebra R, we denote by 

$r : R/nR -> R/tt p R 

the unique morphism induced by the Frobenius endomorphism 

$ fl : R/ir p R -> R/n p R : x i-> x p . 

Moreover we let Rr$\ be the i?/7ri?-algebra whose underlying ring is R/n p R and whose struc- 
ture morphism R/nR — > is $r. The map $r induces a natural functor : 

% : R/irR-Mod -> R m -Mod : M ^ M ® R R m 

as well as a functor R/irR-Alg — > R^-Alg, also denoted Notice that factors through 
a unique map of K^y algebras: 

®r/k+ ■ §* k +(R/kR) •#(*) '■ x®y^xy p (mod tc p ). 
More precisely, we have the identity : 

(7.4.1) &r/k+ ° (1b ®k+ ®k+) = $r. 
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7.4.2. Since the definition of the Frobenius endomorphism commutes with localizations, we 
can extend the above discussion to schemes. Namely, for any X + -scheme X, the closed im- 
mersion 

X/ w X($) := X/ nP 
(notation of (14.510 induces morphisms of schemes : 

$ x : X m -> X {#) $ x : X m -> X /7T such that $ x = i x o $ x 
which are the identity maps on the underlying topological spaces, and induce the maps 

$%(f/) : <V(Efa)) -> (#(#)) $^(£0 = <V(fyr) -> £r w (#(*)) 
for every affine open subset (7 C X. 

7.4.3. Proceeding as in 11361 §3.5], the foregoing discussion can also be extended verbatim to 
almost modules and almost algebras. For instance, we have, for every X + -algebra R, a functor 

$* Ra : (R/nR) a -Mod -> i^j-Mod 

with obvious notation. Likewise, the definitions of (17.4.21) can be extended to any ^-algebra, 
on any X + -scheme X. Indeed, let SB be the category of basic setups, defined as in loc.cit. We 
consider the fibred category of SB -schemes : 

F : SB-Sch -> <^°. 

Namely, the objects of SB-Sch are data of the form (V,m, X), where (V, m) is a basic setup 
and X is any V-scheme; obviously we let F(V, m, X) := (V, m). The morphisms (V, m, X) — ► 
(V, m', X') in ^-Sch are the pairs (/, <£>) consisting of a morphism / : (V, m') — > (V, m) of 
basic setups and a morphism of schemes ip : X — ► X' such that the diagram of schemes: 

<p 

X -X' 

Spec V Spec/ > Spec V 
commutes. Such a morphism (/, ip) induces an adjoint pair of functors : 

(/.*>). 

(^,m^) a -Mod : (^,m / ^ X ') a - Mod - 

(/.*>)* 

Namely, if M is any (^-module, and U C X' is any open subset, one sets : 

F(U,(f,<p)*M) := tvT^UiM) 

where /j) : ^ x (/ _1 t7)-Mod — ► ^ X /(t7)-Mod is the pull-back functor defined by the fibred 
category SB-Mod of ll36l 3.5.1]. We leave to the reader the task of spelling out the construction 
of (/, (p)*. As usual, one defines an analogous adjoint pair for ^"-algebras. 

The morphisms (/, ip) such that / is the identity endomorphism of a basic setup (V, m), shall 
be usually denoted just by ip, unless the notation is ambiguous. Likewise, for such morphisms, 
we denote by ip* and ip* the corresponding functors on sheaves of almost modules. 
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7.4.4. We shall also consider the fibred category : 

^ a -Et -> ^-Sch 

of etale <^ a -algebras. An object of <^ a -Et is a pair (X, s/), where A is a ^-scheme, and srf is 
an etale ^-algebra. A morphism (A, srf) — > (A', srf') is a pair (/, g) consisting of a morphism 
/ : X — > X' of ^-schemes, and a morphism g : =2/' — > of (^,-algebras. Composition of 
morphism is given by the rule : 

(f,g')°(f,g) ■■= (/'° /,/;(<? W)- 

For instance, if V is a F p -algebra and Z is any V-scheme, the Frobenius endomorphisms of V 
and Z induce a morphism of ^-schemes : 

$ z := $ z ) : (V, m, Z) -> (V, m, Z). 

(Especially, to any A + -scheme A we may attach the endomorphism ( <&x) °f the 
scheme (^,mK^,I($)).) In this case, for every ^-algebra ,2/ and every open subset 
U C Z, there is an endomorphism 

<£W (1/ ) : -> *f(E7) : 6 ^ b p for every 6 e s/(U)«. 

(the Frobenius endomorphism : see ll36l §3.5.6]), compatible with restriction maps for inclusion 
of open subsets, and the collection of such maps amounts to an endomorphism in i^ a -Et : 

$ £/ := ($ z , : ((V, m, Z), si) -> ((V, m, Z), 

Lemma 7.4.5. Le? Z := (V, m, Z) &e a SS-scheme, with V a ¥ p -algebra, and stf a weakly etale 
quasi-coherent -algebra. Then <ly : (Z, s/) — > (Z, w a cartesian morphism of€? a -Et. 

Proof. We may assume that Z is affine, in which case the assertion follows from Il3~6l Th.3.5.13]. 

□ 

7.4.6. Consider now a A + -algebra R fulfilling the conditions of proposition [33331 such 
that there exist n,a E R where ir is regular, a is invertible, p = n p ■ a, and the Frobenius map 
induces an isomorphism <£> R : R/ttR A R/pR. We shall denote as usual by R A the p-adic 
completion of R, and we shall deal with the topological rings (E(i?) + , 3e) and (A(i?) + , ^a) 
introduced in (133.251) and (133381) . To begin with, we let : 

A := Spec R E(A) := Spf E(R)+ 

A A := Spec R A A (A) := Spf A(i?)+. 

(See definition 173.181 ) By theorem |3.3.39r ii), the ghost component w induces a closed im- 
mersion : 

u>x ■= Spf wo : E(A) -> A(A). 

We shall also need the maps Mr : E(i?) + — > R/pR and w# : A(i?) + — > R A defined as 
in (133.251) . and respectively (133.291) . Especially, recall that the kernel of ur is a principal 
ideal whose generator is a regular element that we denote 1? (proposition 133331) . For every 
n : Z -> N as in (13.3.38b . we set : 

A(n) := Spec A( J R) + /tf n A( J R) + 

where is defined as in (133381) . The topological space underlying A(A) is the colimit of the 
filtered family of closed subsets A(n) C Spec A(R) + , for n ranging over all the mappings Z — > 
N with finite support. Then the natural projections A(i?) + — > A(R) + / r d n A(R) + determine 
maps of locally ringed spaces : 

(7.4.7) A(n) -> A(A). 
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The schemes X(n) and X(n)/ P (notation of (14.51) ) can be regarded as tu-formal schemes, by 
endowing their structure sheaves &x[n) and £?x(n), with the pseudo-discrete topologies. Then 
the morphisms (17.4.71) are closed immersions of a»-formal schemes. 

7.4.8. Let m : Z — > N be any other mapping with finite support, such that n > m (for the 
ordering of definition 13.3 . 37 r iii) ) : recall that ■d n A(R) + C $ m A(R) + , whence a corresponding 
closed immersion : 

X(m) -> X(n). 
Suppose moreover that k E N is any integer, and notice that : 

tf4 = tf„ (™d P A(R) + ) 

(notation of definition |3.3.37r ii)) so that ($ n ,p) C (i? n [jfc] j p) ; especially, X(n[A;])/p is a closed 
subscheme of X(n)/ p and we shall denote by 

*(n[fe],n) : X(n[A;])/p X(n) /p 
the corresponding closed immersion. 

7.4.9. For instance, for any fixed k E Z, consider the mapping <5 fe ■ Z — > N such that 
Supp^fc = {—A;} and 6k(—k) = 1; for such mappings we shall write and X{k)/ P 
instead of respectively X(<5fc) and X{5^)/ p . Notice that S n [k) = 8 n+ k, hence X(n + k)i p 
is a closed subscheme of X(n)/ P , for every n E Z and fc 6 N; we shall therefore write likewise 
i(n+k,n) instead of i(s n [k],8 n )- I n this special case, the maps introduced in (17.4.61) and (17.4.81) can 
be summarized by the following commutative diagram of c<j-formal schemes : 

X(n) /p *X(m) 

(7.4.10) 

X(n) *■ A(X) 

where all the arrows are the natural closed immersions, and m,n E Z are any two integers with 

n > m. 

1 A. 1 1 . Also, notice that the automorphism cr R of (13.3.291 ) is a homeomorphism for the topol- 
ogy =^a, hence it induces an automorphism of cu-formal schemes: 

<T X :=Spicr R :A(X)^A(X). 

Clearly cr x restricts to isomorphisms of schemes : 

<4 (n) : X(n) A X(n[t)) <4 (n)/p : X(n) /p ^ X(n[t]) /p 

for every map n : Z — > N with finite support, and every t E Z. Again, for the special case 
where n = <5 fc , these isomorphisms shall be denoted respectively : 

<rx(k)--X(k)^X(k + t) and * x{k)/p :X{k) /p ^X{k + t) /p . 

Notice that the morphism Spec induces an isomorphism X A ^> X(0) (notation of (17.4.61 )), 
and by composing with cr x ^ we obtain natural identifications : 

(7.4.12) X A A X(k) for every k E Z. 
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Furthermore, let $x(n) : X(n)/ P — > X(n)/ P be the Frobenius endomorphism; since ctr lifts the 
Frobenius endomorphism of E(i?) + (see (13.3.291 )), we deduce a commutative diagram : 



(7.4.13) 



*X( ) 

X(n) /p — X(n) /p 



l (n[fc],n) 

X(n[% p 




for every k E N and every n : Z — ► N with finite support. 

Lemma 7.4.14. Under the assumptions of (17.4.61) . diagram (17.4.101) w cartesian whenever n > 



m. 

Proof. We use the isomorphisms (17.4.121) to identify X{m) and X{n) with X A , and X/ p {n) 
with X/ p , after which we come down to showing that the commutative diagram : 

A(R)+ ^ 

R A - *R/ P R 

is cocartesian, where pr : R A — > R/pR is the natural surjection. Since cr R is an isomorphism 
we may further reduce to the case where m = 0. Hence, let J := w#(Ker ur o <t]j) C -R a ; the 
assertion is equivalent to the following : 

Claim 7.4.15. J = Ker ($g o pr). 

Proof of the claim. Under the current assumptions, we may find n,a E R where a is invertible 
in R, such thatp = a ■ tt p , and an element n := (ir k \ k E N) G E(i?) + such that 7r is the image 
of 7r in R/pR. For every fc G N, let fk E R be any lifting of 7Tjfe. From claim l3~3.34n .ii) we 
deduce easily that 

(7.4.16) J C Ker ($g o pr) = / n _ x i2 A 

On the other hand, since cr^ lifts the Frobenius endomorphism $e(.r)+ of E(_R) + , the diagram 
@(0, n) ® z F p is the same as the diagram : 

i?/j9i? — f2/pf2 

and a direct inspection shows that the latter is cocartesian, whence the identity : 

(7.4.17) Ker($^opr) = J + pR A . 

Set M := f n -iR A / J, and notice that J + pR A C J + fn-iR A for every n > 0; combining with 
and (17.4.161) and (17.4.171) we finally get : /„-iM = M, hence M = by Nakayama's lemma; 
/.e. J = f n -\R A , as claimed. □ 

Remark 7.4.18. For every n,m E Z, let J n m C A(i?) + be the ideal generated by $ n and $ m . 

(i) Lemma 17.4.1 41 comes down to the assertion that J n m = (# n ,p), provided n > m. Espe- 
cially, since — G pA(R) + , we have a finite filtration of length p by subideals : 

ifc.fc-1 C (i?fc, p, 0£7_}) C (0 fc , p, i^+i) C ■ ■ • C (0 fc , p, # fc+ i) = I k +i,k for every fc G Z 
such that the resulting associated graded A(i?) + -module is annihilated by h+i,k- 
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(ii) Moreover, the identifications (17.4.121) amount to natural isomorphisms 
(7.4.19) A(R) + /$ k A(R) + A R A for every k E Z. 

Since <r R (/ fc+1 fc ) = Ik,k-i, the latter in turn induce a commutative diagram 

A(R)+ °± A(R)+ 



R A /# k+1 R A R A /# k -iR A = R/pR 

whose vertical arrows are the surjections deduced from (17.4.191 ), and where W R is an isomor- 
phism. It then follows easily that R A /$k+iR A is naturally identified with R/txR, and under this 
identification, Wr becomes the isomorphism 

(iii) The discussion of (ii) also shows, in particular, that the image of $k+i under (17.4.191 ) 
generates the ideal 7ri? A . 

7.4.20. The topological space underlying E(X) is the colimit of the filtered family of its 
closed subsets X(n)/ p C E(X). However, in view of claim [33 .40r ii), the same space E(X) 
can also be described as the direct limit of the sequence of closed subsets (X(— k)/ p \ k E N), 
with transition maps i^^-k) '■ X(l — k)/ p — > X(—k)/ p for every k E N. But all such closed 
subschemes X(— k)/ p share the same underlying topological space, and the transition maps 
induce the identity on the underlying spaces, so the closed immersion of cu-formal schemes : 

u x := Spfu R : X /p - E(X) 

induces a homeomorphism on the underlying topological spaces (here &x /p is endowed with 
its pseudo-discrete topology). Furthermore, the surjections E(i?) + — > E(i?) + / cr R (§) ■ E(i?) + 
induce morphisms of cu-formal schemes 

i { _ n) : X(-n) /p -> E(X) 

and the structure sheaf ^Wx) is naturally identified with the inverse limit of pseudo-discrete 
sheaves of rings : 

(7.4.21) limz(_ n )*^W_ n ) 

nSN v ' K ,,p 

where the transition maps £(_„)* &x{-n) /p ~^ i(i-n)*&x(i-n) /p are induced by the morphisms : 

l \l-n-n) '■ ^X(-n) /p ~> *(l-n,-n> <^X(l-n) /p 

that define the closed immersions i(i_ n> _ n ). However, (17.4.131 ) yields a commutative diagram 
of 0x{n) lv -algebras: 




«(l-n,-ti)*< 7 X(n+l) /p >- §X(n)*&X{n) /v 

so that (17.4.211) is naturally identified with the inverse limit of the system of pseudo-discrete 
sheaves of rings on Xi p : 

> 6x, — ^ 0x, &x, ■ 
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7.4.22. Suppose now that K + is a deeply ramified valuation ring of rank one, mixed charac- 
teristic (0, p) and maximal ideal m; we let 

E + := E(K+)+ and A+ := A{K+) + . 

According to ll36l §6.6], the value group T of K + is p-divisible, hence the ring K + fulfills the 
conditions of proposition 13 .3.331 so the maps u K + : E + — > K + /pK + and u K + : A + — > K A+ 
are surjective. Moreover, by lemma l33.27f ii). E + is a valuation ring with value group T, whose 
maximal ideal we denote by rriE. We may then consider the ideal of A + : 

m A := r K +(m E ) ■ A + . 

Notice that, since r K + is multiplicative and sends regular elements of K + to regular elements 
of A + (see (13.3.91 )), itia is a filtered union of invertible principal ideals, especially it is a flat 
A + -module and m A = rriA- In other words, condition (A) of 11361 §2.1.6] holds for rriA, and 
especially, the pair (A + , m A ) is a basic setup in the sense of [f36 , §2.1.1]. It also follows easily 
that rriA = triA := triA ®a+ rriA- We claim that the maps <tk+ and uk+ induce morphisms : 

(A + , m A ) m+ (A+, m A ) (A+, m A ) (#a+ mK A +) 

in the category 8$ of basic setups defined in ll36l §3.5]. Indeed, the assertion for ctk+ follows 
from the commutativity of (13.3.301 ) and from [36, Prop.2. 1.7(H)]. The assertion for uk+ comes 
down to showing that u k +(xk\,a) = xnK A+ , which is an easy consequence of (13.3.321 ) : we 
leave the details to the reader. Furthermore, since uk+ is surjective, it is clear that the induced 
pull-back functors 

u* K+ : {K A+ ,mK A+ ) a -Mod -> (A + , m A ) a -Mod 

u* K+ : {K A+ ,mK A+ ) a -A\g -> (A+,m A ) a -Alg 

are fully faithful. Therefore we may view an almost 7A" A+ -module as an almost A + -module in a 
natural way, and likewise for almost algebras. Now, if R is a K + -a\gebm, R A is a if A+ -algebra, 
hence also a A + -algebra, via the map Uk+- Especially, in the situation of (17.4.61) we have the 
^-schemes : 

(A+,m A ,X A ) and (A+,m A ,A(X)) 
and <Jx induces a morphism of ^-schemes : 

(*k + ,<tx) ■ (A + ,m A , A(X)) -> (A+,m A , A(X)). 

7.4.23. Keep the notation of (17.4.61) and (17.4.221) ; we specialize now to the case where R is a 
local K + -algebra, whose residue field has characteristic p. Then the p-adic completion R A is 
a local if A+ -algebra with the same residue field. Let x G X be the closed point (notation of 
(17.4.61) ); the only point of X A lying over x is the closed point, so there is no harm in denoting 
the latter by x as well. Furthermore, let us set 

U:=X\{x} U A :=X A \{x} 

and we assume that U/ p is not empty (notation of (14.51) ). For every k E Z, the isomorphism 
(17.4.121) identifies x to a point xqa G X(k); however, the image of x^) in A(X) does not 
depend on k, hence we may simply write x instead of xn,) for any and all of these points. 
Clearly x G X(n) C A(X) whenever Supp n ^ 0, in which case we set 

A(U) := A{X) \ {x} U(n) := X(n) \ {x} 

and we write U(k), U(k)/ P instead of U(Sk), respectively U(6k)/ P (see (17.4.91) ). Since {x} is a 
closed subset of A(X), corollary I7.3.22l implies that A(U) is an u;-formal scheme. Furthermore, 
the maps <tx ■ A(X) — ► A(X) and c X ( n ) '■ ^( n ) ~* ^( n M) induce isomorphisms : 

ctu : A(U) A A(U) o* (n) : U(n) A U(n[t)) ^ (n)/p : U(n) /p A U(n[t)) /p . 
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7.4.24. In the situation of (17.4.231) . let srf A be a given etale (^7A,m^/A) a -algebra. We shall 
use g/ A to construct a compatible family of etale ^^^-algebras, for every n : Z — ► N with 
finite (non-empty) support. To this aim, we consider the following categories : 

• The category ^ , whose objects are the ^-schemes : 

(A+,m A ,£/(n)) and (A + , m A , U{n) /p ) 

for all n : Z -> N with finite non-empty support. If Z, Z' e Ob(%), the set Hom % (Z, Z') 
consists of all the morphisms of ^-schemes Z — > Z' which fit into a commutative diagram : 

Z >- Z' 

(7.4.25) 

' (<r n tr n ) 

(A+, m A , A(U)) ^HJL^ (A +, m A , A(U)) 

for some n E Z, where the vertical arrow are the natural closed immersions (and with compo- 
sition of morphisms defined in the obvious way). 

• The category ^i, which is the full subcategory of ^ whose objects are the ^-schemes : 

(A + , m A , U{n)) and (A + , m A , U{n) /p ) for all n G Z. 

• The category which is the subcategory of which has the same objects, but whose 
morphisms Z — > Z' are the morphisms of ^-schemes which fit into a commutative diagram 
(17.4.251) where n = (so the bottom row is the identity, and therefore the top row is a closed 
immersion of A(£/)-subschemes). 

• The category whose objects are the ^"-schemes (A + ,m A ,f// p ) and (A + ,m A ,£/ A ), 
which sometimes we denote simply U/ p and U A , to ease notation. The only morphism U A — > U A 
in ^3 is the identity, and there are natural bijections of sets : 

N A Eom Va (U /p , U /p ) A Hom % (f/ /p , t/ A ) 

given by the rules : £ i— > and $y h i o $J for every £ G N, where t : CT/^ — > f/ A is the 
natural closed immersion, and : 

% : (A + , m A , C/ /p ) -> (A + , m A , C/ /p ) 

is the Frobenius endomorphism of the ^-scheme £// p , z'.e.. the pair (cr K +, $t/). 

The categories ^ (z = 0, . . . , 3) are subcategories of ^-Sch, and there is a functor : 

(7.4.26) % -> «i 

given on objects by the rule : U A ^ U (0) and i— > [7 (0)/ p , and which is uniquely determined 
on morphism by letting $y i— > (cr K +, $t/(o)) and 6 i— > i(0), where t(0) : U(0)/ p — > C/(0) is the 
natural closed immersion. It is easily seen that (17.4.261) is an equivalence. 

7.4.27. Given an etale 6^ -algebra g/ A , we construct first a cartesian functor of categories 
over ^-Sch (see definition 1 1.3.31) : 

i^A : ^ 3 -> ^ a -Et 

as follows. We let U A i— > ^/ A , and U/ p ^ £// p : = stf A <8>^« A ^ . Of course, we let F^a(l) be 
the tautological identification i*,g/ A ^> Next we let : 

F^(%) := 

(notation of (17.4.41) ). Lemma [7.4.51 ensures that F^a is indeed cartesian. Furthermore, the rule 
g/ A (—> F^rx extends to a well defined functor: 

F : ^A-Et -> Cart*sch(«3, ^ a -Et) 
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(notation of definition ! 1.3 .31) : namely, to a given moronism / : — > ^ of etale <^ A -algebras, 
one assigns the natural transformation Fj : F^a =>■ i^A such that 

Ff(U A ) := / and F,(l7 /p ) := t*f. 
Next, we define a functor : 

G : ^A-Et -> Cart^.sch(^i, ^ a -Et) ^ G> 

as the composition of the functor F with a quasi-inverse of the equivalence of categories : 

(#i, ^ a -Et) -> Cart^ Sc h(^3, ^ a -Et) 

deduced from (17.4.261) . 

Lemma 7.4.28. 77ze inclusion functor ^\ — ► ^ induces an equivalence of categories : 

Cart^sch(^o, ^ a -Et) -> Cart^ Sch (^ 1 , ^ a -Et). 

Proof. The criterion of proposition 11.3.211 reduces to showing that, for every Z 6 Ob(^ )> 
the induced functor Cart^.s c h(^o/Z, <^ a -Et) — > Cart^.sch^i/Z, <^ a -Et) is an equivalence. 
However, on the one hand, the inclusion functor ^ 2 — ► ^i induces an equivalence : 

Cart^s ch (^i/Z, ^ a -Et) - Cart^ Sch (# 2 /Z, ^ a -Et) 

and on the other hand, the equivalence (see remark [T. 3 .201) : 

ev z : Cart^ Sch (^ /Z, ^ a -Et) - ^|-Et° 

admits a natural quasi-inverse, that assigns to every ^-algebra ffi the cartesian functor 

c{M) : ^ /Z -> ^ a -Et (/ : Y -> Z) i-> /*^. 

(This is the "standard cleavage" of the fibred category of ^-algebras.) Hence we are reduced 
to showing that the functor : 

0«-Et° -> Cart^ Sch (^, ^ a -Et) ^ c(^)|* 2 / Z 

is an equivalence for all Z G Ob(^o)- The restriction ^/Z — > ^2 of the source functor s (see 
(11.1.181 )) identifies ^2/Z with a sieve ,Y Z of the category ^ 2 . A generating family for y z can 
be exhibited explicitly as follows. For given n : Z — > N with finite non-empty support, denote 
by [n] the largest integer < log p (J] fceZ n(fc) • Now, if Z = U (n) /p , set Z := {U/ P (n}}; in 
case Z = U(n), set Z := {U(k) \ k G Supp(n)} U {{7(n)/ p }. By inspecting the definitions, 
it is easily seen that, in either case, Z is a generating family for S?z- Since fibre products are 
representable in ^ 2 , we are therefore further reduced to showing that the induced functor : 

pz ■ ^|-Et° -> Desc(^ a -Et,Z) 
is an equivalence (notation of (I1.4.26I )). Define : 

^ Z :\\Y^Z 

as the morphism which restricts to the natural closed immersion Y — ► Z, for every F G Z; by 
inspecting (11.4.241) . one verifies easily that there is a natural equivalence of categories : 

Desc(^ a -Et,Z) -> Desc(^ a -Et, {^ z }) 

whose composition with is the corresponding functor 

p { ^ z} : (^|-Et)° -> Desc(^-Et,{^}). 

So finally, the lemma boils down to the assertion that the morphism is of 2-descent for the 
fibration <^ a -Et — > ^-Sch, which holds by the following more general : 
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Claim 7.4.29. Let (V,m) be any basic setup, / : X — > Y a finite morphism of quasi-compact 
quasi-separated V^-schemes, and denote also / : (V, m, X) — > (V, m, F) the induced morphism 
of ^-schemes. Suppose that kernel of the natural morphism 0y — > is a nilpotent ideal of 
^y. Then / is a morphism of 2-descent for the fibred category of etale (^-algebras. 

Proof of the claim. Suppose first that Y (and hence X) is separated, pick a covering ([/, | i G J) 
of Y consisting of affine open subsets, and let Uy :— U^H := U^ClUk for every z, j, G 

I. In view of corollary 11.4.371 we are reduced to showing that the restrictions /, := f x Y Ui, 
fij '■= f Xy Uij, fjk := / Xy Uijk are of 2-descent for <^ a -Et, for every k E I. Since all 
the Uij and U^k are affine, the latter assertion follows from |[36l Th.3.4.37(iii)]. 

Next, for a general quasi- separated scheme Y, we repeat the same procedure : choose an 
affine open covering (Ui \ i G I) of Y, and notice that now all the intersections C/y and U^k are 
separated schemes. Hence, by the previous case, all the restrictions /j, fj, fak are of 2-descent 
for <^ a -Et, and again we conclude by invoking corollary 11.4.371 □ 

7.4.30. We compose the functor G with a quasi-inverse of the equivalence of lemma [774.281 
to obtain a functor : 

(7.4.31) <$ A -Et -> Cart^sch^o, ^ a -Et). 

Hence, any given etale <^ A -algebra ,e/ A defines a cartesian section ^ — > €? a -~Et over ^-Sch. 
Then, for every object U(n) (resp. U (n)/ p ) of we write -g/ (n) (resp. (n)/ p ) for the etale 
^(„) -algebra (resp. &u(n) -algebra) supplied by this cartesian section. As usual, we also write 
80 (k) (resp. 8/ (k)/ p ) instead of 8/ (S k ) (resp. 8/ (S k )/ p ), for every k G Z. 

Since [/ (n) is a closed subset of A(U), every quasi-coherent -algebra can be regarded 
naturally as a quasi-coherent -algebra. Especially, for every given etale ^ A -algebra ,g/ A , 
the cartesian functor corresponding to 8f A under (17.4.311) can be viewed as a functor : 

*✓(•) : - ^ A V)-Alg qcoh C/(n) i ► ^(n) [/(n) /p ^ ^(n) /p . 

Let ^4 be the subcategory of whose objects are all the ^-schemes U(n), and whose mor- 
phisms are the natural closed immersions U (m) — > Z7(n) for n > m; we endow each sheaf 
8/ (n) with its natural pseudo-discrete topology, and set : 

A(8f) + : = lim s/{m) 

where the limit is taken in the category of topological -algebras. 

Next, since the functor 80 (•) is actually defined on the whole of we deduce an isomor- 
phism of topological ^xm) -algebras : 

(7.4.32) : <r* A(^)+ A A(^)+. 

Denote by ^^Jo-J-Algq^ the category whose objects are the quasi-coherent -algebras 

SS endowed with an isomorphism cr : rr^SS A the morphisms in this category are the 
continuous cr-equivariant morphisms. 

Lemma 7.4.33. (i) A(80) + is a quasi-coherent (&a<u), xn^^ijj))' 1 -algebra. 
(ii) The rule 80 A i— > A(80) + extends to a functor : 

^A-Et -»• ^ (E/) [<r]-Alg qcoh . 
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Proof, (i) is a special case of corollary I7.3.56r ii). and the functoriality of A(srf) + is obvious, 
from the construction. The cr-equivariance means that every morphism / : &/ A — > &/' A of etale 
^ A -algebras induces a commutative diagram : 

<r* A«) + A(i/)+ 



Mir 



which is also clear from the construction. □ 
Lemma 7.4.34. For every mapping n : Z — > N with finite non-empty support, the sequence 

(7.4.35) A(i/) + * n " lA (^ + > A(£/) + -> ^(n) 

is s/ioTt eract (again, srf (n) is v/ewerf as a algebra). 
Proof. Since is regular in A(i?) + , the complex : 

- A(i?)+/^ m A(i?)+ A( J R)+/^ n+m A(i?)+ - A{R) + /d n A(R) + - 

is short exact for every m : Z — > N of finite support. After tensoring by the flat ^x( n+m )-algebra 
^(n + m), there follows a compatible system of short exact sequences : 

<f(m) : -»• ^(m) ^(m + n) -> ^(n) -> 
and (|7.4.35l) is naturally identified with : 

# := lim 

However, since the functor £?(•) is cartesian, for every morphism / in ^3, the correspond- 
ing morphism T(V,£/(f)) is an epimorphism for every truly affine open subset V of A(X) 
contained in A(U), hence $(y) is still exact (say, by ||36l Lemma 2.4.2(iii)]). □ 

7.4.36. Let srf h be an etale -algebra, and set &f/ p := i*£/ A , where 1 : U /p -> £/ A is the 
natural closed immersion. We let E([7) := E(X) \ {0}; the map cl>x restricts to a closed 
immersion : E(Z7) — > A(U), and according to (17.4.201 ), the restriction 

% : t/ /p - E(C/) 

of Ux induces a homeomorphism on the underlying topological spaces. Thus, we may naturally 
identify srf/ p to the (&e(u), rnA(v)<^E(t/)) a -algebra uu*&?/ p . Under the identification uu, the 
structure sheaf of E(C7) can be described as the inverse limit of the system of pseudo-discrete 
sheaves of rings : 

► % — ► % — ► 

We wish to provide an analogous description for the -algebra cj^A( ! e/) + . To this aim, 
recall that the Frobenius map is an automorphism 

$e ( co := (o*+,$e(£/)) : (A+,m A) E([/)) -> (A+, m A , E{U)) 
which induces the identity on the underlying space E(Z7). Therefore, for every fceZwe have 
a natural map of (^E(tr), itia^e(io) "-algebras : 

(7-4-37) $ i(i0.(^) : - ^S).^p- 

(Recall that, for every t 6 Z, the push-forward functor $e(i/> ■ ^E([/)~Alg ~ ^ ^E(c/)~Alg re- 
places the structure morphism 1^ : ^(c/) ~ ^ ^ °f an Y ^E(c/)" a ^S e ^ ra w ^ tn me composition 
i« ^e((7) : tms corres Po nc ls to the pull-back functor of 11361 §3.5.7].) Thus, for k running over 
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the natural numbers, we obtain an inverse system of -algebras, with transition maps given 
by the morphisms (17.4.371) . We may therefore define the ^(U) -algebra : 



E 



lim$; 



ken -e(I0* j "/p- 

Lemma 7.4.38. There are natural isomorphisms of ^^-algebras : 

E«) + ^ u)* v A(£f) + 
that fit into a commutative diagram of ff^^-algebras : 

e(^)+ u^A^y 



W|y ° <T A (c/)*A(£/) _ 



Proof. To begin with, we claim that the natural map 

lim/(n) /p 



n:Z^N 



is an isomorphism of -alge bras. This can be established as in the proof of lemma I7A34I 
Namely, in view of claim 13 .3 .401 11) we have short exact sequences : 

-> A(R) + /$ n A(R) + A(R) + /$ n A{R) + -> A{R) + /{p, # n ) -> 
for every n : Z — > N with finite non-empty support. After tensoring with the flat <^( n ) -algebra 



£/(n) we deduce a short exact sequence (n) := (0 — » ^(n) — > <g/(n) — > srf(p)/ p —> 0) 
of quasi-coherent -algebras, and the assertion follows after forming the limit over the 
cofiltered system of short exact sequences (<f(n)(V) | n : Z — > N), which has epimorphic 
transition maps whenever C A(Z7) is a truly affine open subset of A(X). 

It follows likewise, that u>^o> is the limit of the cofiltered system of isomorphisms 



[<*u(n) /p ) ■ $E(i/)^(n[l])/ P = <r^ (n)/p ^(n[l]) /p -> sf(n) /p . 

Next, as explained in (17.4.201) . E(Z7) is also the colimit of the direct system of closed sub- 
schemes (U(—k)/ p | k G N), with transition maps given by the restrictions of the morphisms 
i(-h-k) for all k > h. Hence u^A(,e/) + is also the inverse limit of a system of -algebras 
srf := (— k)/ p | A; G N), and we need to make explicit the transition maps of this system. 

By construction, the restriction to ^2 of the functor £?(•) is isomorphic to the restriction of 
the functor G^a, so we are reduced to considering the system (G^a (U (—k)/ p ) \ k e N). 

However, for every fceZwe have a commutative diagram of morphisms of schemes : 



U, 



7p 



U(k + l) /p 



l (k+l,k) 



U(k) /P 



whose vertical arrows are the restrictions of the isomorphisms (17.4. 121 ). By construction, to this 
diagram there corresponds a diagram of cartesian morphisms of etale ^"-algebras : 



7p 



G^{U{k + l) /p ) 



( l (k + l,k) 



G^{U{k) /p 
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Especially, the vertical arrows are isomorphisms, whence the sought isomorphism. To show 
that the diagram of the lemma commutes, one argues analogously : it suffices to consider the 
restriction to of the functor &/(•), in which case everything can be made explicit : the details 
shall be left to the reader. □ 



7.5. Finite group actions on almost algebras. In this section we fix a basic setup (V, m) such 
that m := m Cgy m is a flat ^-module (see 11361 §2.1.1]), and we wish to consider some descent 
problems for V^-algebras endowed with a finite group of automorphisms. Hence, the results 
below overlap with those of J36l §4.5]. 



7.5.1. Let G be a finite group, A a ^"-algebra, and let S := Spec V a , X : = Spec A. A right 
action of G on X is a group homomorphism : 

p : G — > Auty a . Alg (A) 

from G to the group of automorphisms of A. Let Gs be the affine group S-scheme defined by 
G; hence every g 6 G determines a section g s : S — » Gs of the structure morphism Gs — > S, 
and the resulting morphism: 

]Jgs:SU---US^Gs 

is an isomorphism of S-schemes. Then p can be also regarded as a right action of Gs on X, as 
defined in |[3~6l §3.3.6]. Especially, p induces morphisms of ^-schemes : 

di:XxG:=Xx s G s ^X i = 0, 1 

as in loc. cit., and we may define a G-action on an A-module M (covering the given action of 
G on X) as a morphism of quasi-coherent <^xxG- m °dules : 

(3 : <9 *M -> d x *M 

fulfilling the conditions of ||36l §3.3.7]. One also says that (M, /3) is a G-equivariant A-module. 
We denote by A[C7]-Mod the category of all G-equivariant A-modules and C7-equivariant bi- 
linear morphisms. Notice that A[G]-Mod is an abelian tensor category : indeed, for any two 
objects (M, (3), (M, (3') we may set (M, (3) ® A (AT, (3') := (M ® A M', /3 ® %xG (3'). 



7.5.2. Likewise, if i? is any A-algebra, a C7-action on B is a morphism (3 : <9q£> — >• d{B of 
quasi-coherent ^x X G- a lg eDras 5 such that the pair (B, (3) is a C7-equivariant A-module. We say 
that (B,(3) is a G-equivariant A-algebra, and we denote by A[G]-Alg the category of such 
pairs, with G-equivariant morphisms of A-algebras. One verifies easily that the datum (B, (3) 
is the same as a morphism ip : A — >• B of ^"-algebras, together with a G-action ps : G — ► 
Aut ya.Aig on the affine scheme Spec 5, such that the diagram : 




ps(s) 



commutes for every g <E G. We shall also consider the full subcategory v4[G]-Alg fl (resp. 
A[G]-w.Et, resp. A[G]-Et, resp. A[G]-Et a f p ) of all such pairs, where B is a flat (resp. weakly 
etale, resp. etale, resp. etale and almost finitely presented) A-algebra. 
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7.5.3. The trivial G-action on X is the map p with p(g) = 1a for every g G G; this is the same 
as saying that d — dx. If G acts trivially on X, a G-equivariant A-module (M, (5) is the same 
as a group homomorphism /3 : G — > Aut^(M) from G to the group of A-linear automorphisms 
of M. Namely, for every g £ G, one lets : 

(7.5.4) P(g):=(l x x s g s )*l3 

and conversely, to a given map /3 there corresponds a unique pair (M, j3) such that (17.5.41) holds. 

Under this correspondence, the trivial G-action f3 (such that (3{g) = 1m for every g G G) 
corresponds to the identity morphism (3 : 8qM d\M. 

More generally, let (M, (3) be a G-action on an A-module M, covering the trivial G-action 
on X; for every /1,,,-valued character x '■ G — > A* of G, we let 

M x := f|Ker(^)- X (^)-l M ). 

The restriction of /3 defines a G-action on M x , such that the monomorphism M x C M is G- 
equivariant. In the special case where x is the trivial character, we have M x = (M,P) G , the 
largest G-equivariant A-submodule of (M,/3) on which (3 restricts to the trivial G-action {i.e. 
the submodule fixed by G). When the notation is not ambiguous, we shall often just write M G 
instead of (M,/3) G . 

7.5.5. If H C G is a subgroup, any G-action p on X induces by restriction an if-action p\jj\ 
then the morphisms di : X x H — >• X are just the restrictions of the corresponding morphisms 
for G (under the natural closed immersion X x i7 — > X x G). Similarly, a G-action /3 on an 
A-module M induces by restriction an i7-action (3\h on the same module. 

Let Y := Speci? be any affine S-scheme. The G-action p induces a G-action Y x s p on 
Y x s X; namely, Y x s p(g) := 1 Y x 5 p(p) for every g G G. In terms of the group scheme Gs, 
this is the action given by the morphisms : 

dy, := 1 Y x s d, : (Y x s X) x G ^ (Y x s X) 1 = 0, 1. 

Let ttx '■ Y x s X — > X be the natural morphism; then every G-equivariant A-module (M, (5) 
induces a G-equivariant B ®v a A-module n^(M, f3) :— (vr^M, ir x j3), whose action covers the 
G-action Y x s ponY x s X. 

7.5.6. Let us set : 

01 , v pis) 

X/G := Coequal(X x G ==£ X) and X^ := Equal(X =t X) for every geG. 

9i Ijc 

In other words, X/G = Spec A G , the subalgebra fixed by G, and X^ is the closed subscheme 
fixed by the subgroup (g) C G generated by g. Thus, X^ 9 ^ is the spectrum of a quotient -A/ig 
of A, where I g C A is the ideal generated by the almost elements of the form a — p(g)(a), for 
every a G A*. 

Let 7r : X — > X/G be the natural morphism, X any quasi-coherent i^x/G-module; the pull- 
back 7r*X is the quasi-coherent ^-module A ® a g N. By construction, there is a natural 
isomorphism (3 N : <9q(7t*X) A 9j I (7r*X) (deduced from the natural isomorphisms of functors 
<9* o 7r* ~ (7r o <9j)*, for i = 0, 1), and one verifies easily that (3 N is a G-action on 7r*X. 

Moreover, let i g : X^ — > X be the natural closed immersion; if M is any A-module, then 
i*M is the A// 9 -module M/I g M. Especially, take M := 7r*X; we notice that the restriction 
p\i g \ of the given action p, induces the trivial (g)-action on X^ 9 ', and directly from the construc- 
tion, we see that the natural action /3jv|(p) restricts to the trivial (g)-action on i* g M. 

We are thus led to the : 
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Definition 7.5.7. Let G be a finite group, A a V a -algebra, p a G-action on X := Spec A. 

(i) The category v4[G]-Mod hor of A-modules with horizontal G-action is the full subcat- 
egory of A[G]-Mod consisting of all pairs (M, (3) subject to the following condition. 
For every g 6 G, the restriction (3\^ induces the trivial action on i* g M. 

(ii) We denote by A[G]-Mod hor a the full subcategory of A[G]-Mod hor consisting of the 
pairs (M, (3) as above, such that M is a flat A-module. 

(iii) Likewise, we denote by v4[G]-Alg hor (resp. A[G]-Alg hor fl , resp. v4[G]-w.Et h or, resp. 
A[G]-Et hor , resp. A[G]-Et hor . afp ) the full subcategory of A[G]-Alg (resp. A[G]-Alg fl , 
resp. A[G]-w.Et, resp. A[G]-Et, resp. A[G]-Et a fp) consisting of all pairs (B,(3) 
which are horizontal, when regarded as G-equivariant A-modules. 

Notice that the tensor product of horizontal modules (resp. algebras) is again horizontal. By 
the foregoing, the rule N i— > (n*N, (3n) defines a functor : 

(7.5.8) A G -Mod -> A[G]-Mod hor . 

On the other hand, if (M, (3) is any G-equivariant A-module, the pair 7r*(M, (3) := (tt*M, tt*/3) 
may be regarded as a G-action on 7r*M, covering the trivial G-action on Spec A G , i.e. a group 
homomorphism G — > Aut ^g(M) (see (I7.5.3I )). One verifies easily that the functor iV i— > 
(ir*N,/3 N ) is left adjoint to the functor A[G]-Mod -> A G -Mod : (M, (3) i-> vr,(M,/?) G 
(details left to the reader). Hence, also ( 17.5.81) admits a right adjoint, given by the same rule. 
Similar assertions hold for the analogous functors : 

(7.5.9) A G -Alg - A[G]-Alg hor 
and the variants considered in definition 17 . 5 .7 ( iii) . 

Lemma 7.5.10. In the situation of definition 17 .5 .71 suppose furthermore that the order o(G) of 
G is invertible in A*, and let (M, (3) be any G-equivariant A-module. Then : 

(i) For every A G -valued character x '■ G — > (A G ) X , the natural A G -linear monomorphism 
7r»M x — > 7r*M admits a G-equivariant A G -linear right inverse tt*M — > 7r*M x . 

(ii) For every A G -module N, the unit of adjunction : 



e N : N -»• (A ® A a N) 



G 



is an isomorphism. 

(iii) Let Y := Spec B be any affine S -scheme; denote by ttx '■ Y x s X — ► X and 7Tx/g '■ 
Y Xs (X/G) — > X/G the natural projections. Then the natural morphism : 

n x/G (M,(3) G ^ {<k x M,k x (3) g 

is an isomorphism of B ®v a A G -modules. 

Proof. This is standard : for every x a s in (i), the ring algebra A* [G] admits the central idem- 
potent : 

(7-5.11) ex:= J_.J2x(9)-9 

and M x = e x M for any G-equivariant A-module M. Especially, we may take M := N ® a g A, 
and e the central idempotent associated to the trivial character, in which case e A = A G , and 
M = N © (N ® a g (1 - e )A), so all the claims follow easily. □ 



Definition 7.5.12. Let T be any finite abelian group with neutral element G T. 
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(i) A T-graded V a -algebra is a pair A := (A, gr./l) consisting of a ^"-algebra A and a 
decomposition A = © xgr g r x ^. as a direct sum of ^-modules, such that : 

1 G gr v4* and gr x A ■ gr x ,A C g? x+x >A for every x, X £ r 

(where as usual gr x A ■ gr x ,v4 denotes the image of the restriction gr x A ® V a gi x ,A — > A 
of the multiplication morphism p^)- Especially, gv A is a V a -subalgebra of A, and 
every submodule g? x A is a gr yl-module. 

(ii) A Y -graded A-module is a pair N_ := (N, gr.N) consisting of an A-module N and a 
decomposition N = ® xer g? x N as a direct sum of V^-modules, such that : 

gr x A ■ gr x ,N C gr x+x ,iV for every x, %' ^ T. 

Of course, a morphism of T-graded A-modules N_ — > iV' := (A/"', gr,N') is an A-linear 
morphism N ^ N' that respects the gradings. 

(iii) For every subgroup A C T, let J A C A be the graded ideal generated by X ^ A gr % A 
We say that N is horizontal if gr x (N/J A N) := gv x N/(gv x N n = for every 
subgroup A C T and every x ^ A. 

(iv) If A C T is any subgroup, p : T — > T/A the natural projection, and p G T/A any 
element, we let : 

grJ/ A JV:= gr x iV 

and set A[ r/A := (N, grl /A N). Then A r/A is a T/A-graded V a -algebra, and iV r/A is 

a T/A-graded A A -module. Moreover, let also N_, A be the pair consisting of A^| A : = 
r / a 

gr A" together with its decomposition N\ A = © xeA g? x N; then A| A is a A-graded 
V^-algebra, and N_, A is a A-graded A| A -module. 

Proposition 7.5.13. In the situation of 'definition ]! .5 .121 let N_be any T-graded A-module. Then 
the following conditions are equivalent : 

(i) N_ is horizontal. 

(ii) The natural morphism A ® gro A g^Af — > A" w an epimorphism. 

Proof, (ii) =^> (i): The assertion is obvious for the T-graded A-module consisting of A <8> gro A 
gr Af and its natural grading deduced from gr.A; however any (graded) quotient of a horizontal 
module is horizontal, hence the assertion follows also for N_. 

(i) =^> (ii): We argue by induction on o(T). The first case is covered by the following : 

Claim 7.5.14. The proposition holds if o(T) is a prime number. 

Proof of the claim. Indeed, suppose that N_ is horizontal. We may replace A" by N/ (A ■ gr N), 
which is a horizontal T-graded A-module, when endowed with the grading induced from gr.AT. 
Then gi N = 0, and we have to show that A^ = 0. By assumption, A" C J{o}N, i.e. : 

gr x A^ C yj gr CT A ■ gr x _ a N for every 

For every n > 0, the symmetric group S n acts on the set (T \ {0})™ by permutations; we 
let Q n : = (T \ {0}) n /S n , the set of equivalence classes under this action. For every a : = 
(<7i, . . . , cr n ) G Q n , let \a\ := Y^h=i a i- By an eas y induction, it follows that : 

& T x N c Yl gI ^ A ' ' ' gT ^ A ' & T x-\z\ N - 

0_€Qn 

Since every element of T \ {0} generates T, it is also clear that there exists n G N large enough 
such that every sequence a in Q n admits a subsequence, say r := (n, . . . , r m ) for some m < n, 
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with |r | = x (details left to the reader). Up to a permutation, we may assume that r is the final 
segment of cr; then we have : 

gr ai A ■ ■ -gr an A ■ gr x _ k ,iV C gr ai A ■ ■■gx Un m A ■ gi N = 

whence the claim. 

Next, suppose that the assertion is already known for every subgroup V C T, every graded 
T'-algebra B_, and every T'-graded P-module P. We choose a subgroup T' C T such that 
(r : T') is a prime number. We shall use the following : 

Claim 7.5.15. Let G be a group, G G the neutral element, H C G a subgroup. For every 
subgroup L C G with H fl L = {0}, choose an element g L E G\L; denote by S the subgroup 
generated by all these elements g^. Then S fl H ^ {0}. 

Proof of the claim. Indeed, if S fl H = {0}, we would have g$ € S, a contradiction. 
Claim 7.5.16. Suppose that N is horizontal. Then N_< r , is a horizontal T'-graded A^-module. 

Proof of the claim. For any given subgroup A C V, let J' A C A\r> be the ideal generated by 
©xer'\A S r x^ ; nave to snow tnat g r x (^/ ^a^O = f° r every X ^ T' \ A. To this aim, we may 
replace T, V, A, A r , N_ and 7Vi r/ , by respectively T/A, F/A, A v j A , (A\ r ) r ,/ A , N_ r / A and 
(iV| r /)r'/A. which allows to assume that A = {0}. In this case, we have to show that : 

(7.5.17) N lr ,=gr N+J' {oy N lr ,. 

Notice that A\ r > ■ gr N = gr N + J| j • gr iV; the quotient P := N/ (A ■ gr N) carries a unique 
T-grading gr.P such that the projection N_ — > P := (P, gr.P) is a morphism of T-graded 
A-modules (namely, gr x P := N x /gr x A ■ gr N for every x £ T). Moreover, P is horizontal, 
gr P = 0, and (17.5.171 ) is equivalent to : P\ T > = J| | • P| F /. Therefore we may replace N_ by P, 
and assume from start that gr iV = 0. Similarly, notice that J| j ■ N is a T-graded A-submodule 
of N_, and the pair Q consisting of Q := N/ (J[ y • N) and its quotient grading, is horizontal. 
Moreover, g? x Q = gr x (N\ r / / J'^ -, N\ r i), for every x £ T'. Hence, we may replace iV by Q, 
which allows to assume as well that 

(7.5.18) ^{0}%' = 

in which case, we are reduced to showing that N = 0. Now, by assumption, for every subgroup 
H C T we have : 

N = N\ H + J H N. 

Let ^ be the set of all subgroups H C V with HnV = {0}; we deduce that : 

(7.5.19) gr x N C^2gT a A- gr x _ a N for every x G T' \ {0} and every H e ^ . 

Moreover, in view of (17.5.181 ) we may omit from the sum in (17.5.191 ) all the elements a that lie 
in T'; for the remaining elements we have x — o ^ T', hence we may apply claim |7.5.14| to the 
horizontal T/r'-graded A r / T , -module N_ r / r >, to deduce that : 

gr x _ CT iVc Yl & x -o-5 A -&s N - 
<5er'\{o} 

Therefore : 

gr x iV C ^ gr CT ^4 • gi x _ a _ 8 A ■ gr s N for every x £ T' \ {0} and every H G 

a^HUT' <5gr'\{0} 
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However - again due to (17.5.181) - we may omit from this sum all the terms corresponding to 
the pairs (a, 5) with x ^ hence we conclude that : 

gr x iV C gr CT ^4 ■ gr_ CT v4 • gr x iV for every xGf'\ {0} and every H G . 



Denote by E the set of all mappings a : ^ — ► T such that g_(H) H U T' for every H G ^ . 
Moreover, for every a G E, set : 

B ^ := II & T °(H) A ■ &-<l{h) A 
nee 

(this is an ideal of gr A) and let Sg_ C T be the subgroup generated by the image of a. By an 
easy induction we deduce that : 

gr x iV C -B" ■ gr x iV for every n > 0. 

By claim 173 .151 for every a G E we may find 7(a) G Sg_ fl T' \ {0}. On the other hand, since 
T is finite and abelian, it is easy to verify that there exists n G N large enough such that 

B l C S r 7 (a)^ • S r - 7 (2)^ fOT eVef y ^ G S 

(details left to the reader). But (17.5.181) implies that gr 7 ( CT )A • gr x iV = whenever x G T' \ {0}, 
so the claim follows. 

To conclude, we apply first claim 173 .141 to the horizontal T/r'-graded A T i v , -module N_ r / r i, 
to see that N\ T / r / generates the A-module N, and then claim !7.5.16l - together with our inductive 
assumption - to deduce that gr iV generates that A \ T /r' -module N\r/r' ■ The proposition follows. 

□ 

7.5.20. Recall that a morphism M — > N of A-modules is said to be pure if the natural mor- 
phism Q ®a M —> Q ® A N is a monomorphism for every A-module Q. A morphism A — > B 
of V^ a -algebras is called pure if it is pure when regarded as a morphism of A-modules. 

Lemma 7.5.21. Let f : A — > B be a pure morphism of V a -algebras, M an A-module. Then : 

(i) If B ®a M is aflat B-module, then M is aflat A-module (i.e. / descends flatness). 

(ii) If B ®a M is almost finitely generated ( resp. almost finitely presented) as a B-module, 
then M is almost finitely generated (resp. almost finitely presented) as an A-module. 

Proof, (i): To begin with, we remark : 

Claim 7.5.22. Let R be any ^-algebra such that A = R a . 

(i) A morphism if : M 1 M 2 of A-modules is pure if and only if the same holds for the 
induced morphism ip\ : M x \ M 2 \ of i?-modules. 

(ii) A morphism g : A — > B' of V a -algebras is pure if and only if the same holds for the 
induced morphism g» : Am — > B[ A . 

Proof of the claim, (i): Suppose that if is pure, and let Q be any i?-module. Then Q ® R Mn ~ 
[Q a ® A Mi)\ for i = 1,2. Since the functor M i-> Mi is exact ((361 Cor.2.2.24(i)]), we deduce 
that ip\ is pure. The converse is easy, and shall be left to the reader. 

(ii): From (i) we already see that g is pure whenever g\\ is. Next, suppose that g is pure; we 
may assume that R = A\\, and then (i) says that g\ is a pure morphism of Au-modules. However, 
the natural diagram of An -modules : 

A Bl 



An B' n 
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is cofibred; since tensor products are right exact functors, the claim follows. 

The assertion now follows from claim |7.5.22r ii) and [43, Partie II, Lemme 1.2.1]. 

(ii): Suppose first that B ®a M is an almost finitely generated £>-module. The assumption 
on / implies that Ann A ( J B ® A M) C Ann A M; then [|36l Rem.3.2.26(i)] shows that M is an 
almost finitely generated A-module. 

Finally, we suppose that B ®a M is an almost finitely presented £>-module, and we wish 
to show that M is an almost finitely presented A-module. To this aim, let ip : N — > N 1 be 
a morphism of A-modules. The assumption on / implies that the natural morphism Ker ip — > 
Ker(l^ ®a f) is a monomorphism; especially : 

Amiyi(Ker(l£ ip)) C Ann^(Ker ip). 

Then one may easily adapt the proof of 1(361 Lemma 3.2.25(iii)], to derive the assertion. □ 

Theorem 7.5.23. In the situation of definition 17.5 .Vj suppose furthermore that G is abelian and 
the order o(G) of G is invertible in A*. Then the following holds : 

(i) Let M be any G-equivariant A-module. The G-action on M is horizontal if and only 
if the counit of adjunction : 

7] M : A ® a g M° -> M 

is an epimorphism (of A-modules). 

(ii) The functor (17.5.81 ) restricts to an equivalence on the full subcategory of flat A G - 
modules : 

(7.5.24) A G -Mod fl A A[C7]-Mod hor . fl . 

Proof, (i): For m := o(G), let \x m C Q x be the group of m-th roots of 1, and set B := 
V a [n m ] := (V[T}/(T m - l)) a . Since B is a faithfully flat V a -algebra, lemma U^Mm) allows 
to replace A by B ®y« A and M by B ®v a M, and therefore we may assume from start that 
ii m C (Af) x . Set T := Hom z (C7, fj, m ). For every \ € r , let e x G A*[G] be the central 
idempotent defined as in ( 17.5.1 II) . A standard calculation shows that : 

xer 

Hence, every G-equivariant A G -module (N, (3) admits the C7-equivariant decomposition : 

(7.5.25) iV~0A x . 

xer 

Especially, A = xgr A x , and clearly the datum A consisting of A and its decomposition, 
is a T-graded V a -algebra. Furthermore, the datum N_ consisting of N and its decomposition 
(17.5.251) is a T-graded A-module. 

Claim 7.5.26. The functor (N, (3) i— > N is an equivalence from A[C7]-Mod to the category of 
T-graded A-modules. 

Proof of the claim. Indeed, if Q is a T-graded A-module, we may define a G-action on Q by 
requiring that Q x = g? x Q, the %-graded direct summand of Q. This gives a quasi-inverse for 
the functor (N, /3) ^ N. (Details left to the reader.) 

Claim 7.5.27. Let (N,{3) be any G-equivariant A-module, and N_ its associated T-graded A- 
module. The following conditions are equivalent : 

(i) (N, (3) is horizontal. 

(ii) N_ is horizontal. 
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Proof of the claim. For every g E G, let A(g) C V be the subgroup consisting of all x G T 
such that x{g) = 1; a direct inspection of the definitions shows that Jam is the ideal I g , as 
defined in (17.5.61) . and (N, (3) is horizontal if and only if N X /(N X n J 9 iV) = for every g E G 
and every x £ A(g). This already shows that (ii) =>■ (i); it also shows that condition (ii) 
holds for the subgroups A(g), when (N, (3) is horizontal. However, every subgroup of Y can 
be written in the form A = A(pi) n • • • PI A(g„), for appropriate gi,...,g n E G, and then 

^A( S i) + \~ JA{g n ) C Ja, hence (ii) follows for all subgroups. 

(ii): Let (M, (3) be any object of A[G]-Mod hor . fl , and denote by L the kernel of the counit r] M . 
Since M is a flat A-module and r] M is an epimorphism by (i), it follows that i*L is the kernel 
of i*r]M, for every g E G (notation of (17.5.61) ). Since the category v4[G]-Modho r is abelian, 
we deduce that the natural G-action on L is horizontal, and then (i) says that L is generated by 
L G . But lemma IT5.10r ii) easily implies that L G = 0, so t)m is an isomorphism. Next, letting 
M := A in lemma FT.5. 10r i\ we deduce easily that the natural morphism A G — > A is pure, 
hence M G is a flat v4 G -module, by lemma |T.5.2ir i). Now the assertion follows from lemma 
I7.5.10r if) and IfTOl Prop.3.4.31. □ 

Corollary 7.5.28. In the situation of theorem 17 .5 .231 the following holds : 

(i) The functor (17.5.241) restricts to an equivalence from the subcategory of flat, almost 
finitely generated (resp. almost finitely presented) A G -modules, onto the subcategory 
of G-equivariant, flat, horizontal and almost finitely generated (resp. almost finitely 
presented) A[G]-modules. 

(ii) The functor (17.5.91 ) restricts to an equivalence : 

A G -A\g R - A[G]-Alg hor . fl 

and likewise for the subcategories of weakly etale (resp. etale, resp. etale and almost 
finitely presented) algebras. 

Proof, (i) follows from theorem I7.5.23r ii). lemma I7.5.2ir ii). and the fact that the morphism 
A G — ► A is pure. 

(ii): The assertion concerning A G -Alg fl is an immediate consequence of theorem [7.5.231 
Next, let (B, (3) be an object of A[G]-w.Et; by the foregoing, B descends to a flat v4 G -algebra 
B G with a G-equivariant isomorphism : B ~ A (& A a B G . However, on the one hand, B is 

- by assumption - a flat B ®a 5-algebra, and on the other hand, B 0a B underlies a flat, 
horizontal A [G] -algebra with (B ® A B) G ~ B G ® A a B G \ theorem 1775 .23 1 then says that B G is 
a flat B G ® a g _B G -algebra, whence the assertion for A G -w.Et. Next, since an almost finitely 
generated module is almost projective if and only if it is flat and almost finitely presented ( [[361 
Prop. 2. 4. 18]), the assertion for A G -Et follows from the same assertion for A G -w.Et and lemma 
|7.5.2ir ii). Likewise, the assertion for etale almost finitely presented A G -algebras follows from 
the assertion for A G -Et and lemma 1775 .2 lf ii). □ 

Remark 7.5.29. In case the G-action on X is free, i.e. when (d ,di) : X x G — ► X x s X is a 
monomorphism, corollary [775728] also follows from ||3~6l Prop. 4. 5. 25]. 

7.6. Complements : locally measurable algebras. This section studies the global counterpart 
of the class of measurable algebras introduced in section 17721 To begin with - and until ([7.6.421) 

- we consider an arbitrary valued field (K, \ ■ |), and we resume the notation of (|4.5I) and (17.21) . 
Our first result is the following generalization of proposition [4757T]: 

Proposition 7.6.1. Let A be a measurable K + -algebra, M a K + -flat and finitely generated 
A-module. Then M is a finitely presented A-module. 

Proof. Let S be a finite system of generators for M; also let us write A as the colimit of a 
filtered system (A { \ i E I) of finitely presented fC + -algebras, with etale transition maps. For 
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every i G I, let Mj be the Aj-submodule of M generated by E; notice that Mi is still K + - 
flat, hence it is a finitely presented Aj-module (proposition I4.5.1I ). We may then write M as 
the colimit of the filtered system (Mj ® Ai A \ i E I) of finitely presented A-modules, with 
surjective transition maps. Moreover, since A := A/vukA is noetherian (lemma l7.2.4I T)). there 
exists i E I such that Mj ® A . A = M/xu-kM for every j > i. Since the ring homomorphism 
Aj := Aj/mxAj — > A is faithfully flat, we deduce that 

(7.6.2) Mi (g) Ai Aj = Mj (g) Aj Aj for every j > i. 

Consider the short exact sequence 

C : -»• N -> Mi ® At Aj -> Afj- -> 0. 

Since Mj is X + -flat, the same holds for N, and the latter is a finitely generated A,-module, 
since both Mj and Mj are finitely presented; therefore, the sequence C ®x+ K is still 

exact. Taking into account (17.6.21) . we see that N/vc\.kN = 0. By Nakayama's lemma, it follows 
that N = 0, and finally, M = Mj ® A . A is finitely presented, as stated. □ 

Definition 7.6.3. Let A be a X + -algebra. Set X : = Spec A, 5 := Spec K + , and denote by 
/ : X — > S the structure morphism. We say that A is locally measurable, if the following holds. 
For every a; e X and every point £ of X localized at x, the strict henselization of A at £ is a 
measurable &sj(x) -algebra. 

Remark 7.6.4. Let A be a local X + -algebra, A sh the strict henselization of A at a geometric 
point localized at the closed point, and M an A-module. 

(i) Clearly, A is locally measurable if and only if A sh is measurable. 

(ii) However, if A sh is measurable, it does not necessarily follow that A is measurable. 

(iii) On the other hand, if A is a normal local domain, one can show that A is measurable if 
and only if the same holds for A sh . 

(iv) Suppose that A is local and locally measurable. Since the natural map A — > A sh is 
faithfully flat, and since every measurable K + -algebra is a coherent ring, it is easily seen that 
A is coherent. If furthermore, the structure map K + — > A is local, lemma 17^2.4( 1) implies that 
Aj rax A is a noetherian ring. 

Remark 7.6.5. Let A be a locally measurable X + -algebra. Then, for every finitely generated 
ideal J C A, the X + -algebra A/ 1 is also locally measurable. Indeed, for every geometric 
point £ of Spec A, let A s ^ (resp. (A/I) s ^) be the strict henselization of A (resp. of Aj I) at £. 
Then the natural map A^/IA^ 1 — > (A//)| h is an isomorphism for every such £ ( ||33l Ch.IV, 
Prop. 18.8. 10]), so the assertion follows from lemma |7]2iSiv). 

Definition 7.6.6. Let A be a X + -algebra, M an A-module, and 7 G log T + any element. 

(i) A K + -flattening sequence for the A-module M is a finite sequence b := (6 , 
of elements of X + such that 

(a) log \b i+ i I > log \bi\ for every i — 0, . . . , n — 1, b — 1 and 6 n = 0. 

(b) biM/b i+1 M is a X + /6r 1 6j +1 X + -ffat module, for every i = 0, . . . ,n - 1. 

We say that a X + -flattening sequence b for M is minimal, if no proper subsequence of 
b is still flattening for M. 

(ii) Say that 7 = log |6| for some b E K + , and let 6 M : M — >■ bM be the map given by the 
rule : m 1— > 6m, for every m e M. We say that 7 breaks M if the K-linear map 

6m ®k+ k '■ M ®x+ k — > 6M (g>^+ k 
is not an isomorphism. 
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Remark 7.6.7. Let A be a -fT + -algebra, M an A-module. 

(i) Suppose that 7 G logT + breaks M, and say that 7 = log |c| for some c G K + . Clearly, 
for every b G cK + , the map bu factors through cu- We deduce that every 7' G logT + with 
7' > 7 also breaks M. 

(ii) For given 6 G K + , suppose that M is a flat K + /bK + -module. Then we claim that no 
7 < log |6| breaks M . Indeed, for such 7 pick c G with log |c| =7, and set W := K + /bK + ; 
notice that the map c w : W ^ cW induces an isomorphism c w ® w 1 K : k ^ cW ® w k 
(notation of definition 17 . 6 . 6f ii) ) , whence an isomorphism 

1m ®w cw ®w Ik : M ® w k ^ M ® w (cW ®w «)• 

Since M is a flat TV-module, the natural map M ®w cW — > cM is an isomorphism, and 
the resulting isomorphism M ® w k cM ® w n is naturally identified with cm, whence the 
contention. 

(iii) Let b := (b , . . . , b n ) be a sequence of elements of K + fulfilling condition (a) of defi- 
nition |7]6]6]j), and suppose that b admits a subsequence that is i^ + -flattening for M. Then b is 
/^-flattening for M as well. Indeed, an easy induction reduces the contention to the following. 
Let b,cE K + be any two elements such that log |c| < log |fe|, and suppose that M is K + /bK + - 
flat; then M/cM is 7f + /cif + -flat, and cM is K + /c~ 1 bK + -fiat. Of this two assertion, the first 
is trivial; to show the second, recall that M can be written as the colimit of a filtered system of 
free K + /bK + -modules ([55, Ch.I, Th.1.2]). Then we may assume that M is free, in which case 
the assertion is easily verified. 

Lemma 7.6.8. Let Abe a K + -algebra, M a coherent A-module that admits a K + -flattening 
sequence, and suppose that the Jacobson radical of A contains xu.kA. Then we have : 

(i) M admits a minimal K + -flattening sequence, unique up to units ofK + . 

(ii) Let (b , . . . , b n ) be a minimal K + -flattening sequence for M. For every 7 G logT" 1 " 
and every % — 0, . . . , n — 1, the following conditions are equivalent : 

(a) 7 breaks b%M. 

(b) 7 > log \b~[ £>i+i|. (As usual, we set log |0| := +00 : see (17.21 ). ) 

Proof. It is clear that M admits a minimal /^-flattening sequence (1, bi, ... , 6 n _i, 0), and (i) 
asserts that every other such minimal sequence is of the type (l,«i&i, . . . ,w n _ife n _i,0) for 
some elements ui, . . . , w n _i G (i^ + ) x . However, notice that the condition of (ii) characterize 
uniquely such a sequence, so we only have to show that (ii) holds. We may also assume that n > 
1; indeed, when n = 1, the module M is i^ + -flat, and the assertion is immediate. Moreover, 
since M is coherent, the same holds for bM, for every b G K + . Thus, an easy induction reduces 
to showing the equivalence of conditions (ii.a) and (ii.b) for i — 0. 

However, notice that, if 7 breaks M, then it obviously also breaks Mjb\M\ in light of remark 
I7.6.7r ii). it follows already that (a)=Kb). Therefore, taking into account remark TT.6.1V i). it 
remains only to show that log |&i| breaks M. 

If n = 2, then b x M is a flat 7^^-module; let iV : — Ker b\ t M- We have already observed that 
bi M is a finitely presented A-module, hence N is a finitely generated A-module, and N ®k+ k 
is the kernel of bi :M ® K + k. Suppose that log |6j| does not break M ; then iV ®k+ k vanishes, 
and then N = 0, by Nakayama's lemma. It follows that M is fT + -flat, which contradicts the 
minimality of the sequence (1, 6 1; 0). 

Next, we consider the case where n > 2 and set M' := M/b 2 M, b := bi 1 b 2 ; since b 2 M C 
&itnM, it suffices to show that log |&i| breaks M', hence we may assume that b 2 M = 0, b\M is 
a flat 7^ + /6i^ + -module, and the flattening sequence is (1, & 1; b 2 , 0). We remark : 

Claim 7.6.9. If log |&i| does not break M, the map &i,Af/&Af : MjbM — > b\M is an isomorphism 
of K + /bK + -modules. 
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Proof of the claim. Indeed, let N := Ker b\^ibM\ since b\M is K + /bK + -Hat, N ®k+ k is the 
kernel of b\ M/bM ®k+ k , an d me latter vanishes if log \ b\ | does not break M; on the other hand, 
iV is a finitely generated A-module, hence N = 0, by Nakayama's lemma. 

We shall use the following variant of the local flatness criterion : 

Claim 7.6.10. Let R be a ring, J 1; I 2 C A two ideals, and M an i?-module such that : 

(a) IJ 2 = 

(b) M/kM is R/Ii-fi&t for i = 1, 2 

(c) the natural map I\ ®r M/I 2 M — > 7iM is an isomorphism. 
Then M is a flat i?-module. 

Proof of the claim. Set I 3 := Ii f] I 2 ; to begin with, 11361 Lemma 3.4.18] and (b) imply that 
M/I 3 M is a flat _R// 3 -module. We have an obviously commutative diagram 

h ®r M/hM J 3 M 



h ® R/h M/I 2 M — h ® R/h M/hM -U. J.M 

of i?-linear maps. From (a) we see that J| = 0, and it follows easily that (3 is an isomorphism; 7 
is clearly injective, and the same holds for 5, since M / I 2 M is a flat _R// 2 -module; by the same 
token, r is an isomorphism. We conclude that a is an isomorphism, and then the local flatness 
criterion ([58, Th.22.3]) yields the contention. 

We shall apply claim [L6AQ\ with R := K + /b 2 K + , h := b x R, I 2 := bR. Indeed, condition 
(a) obviously holds with these choices; by assumption, Mjl\M is a i?//i-flat module, and 
if log |&i| does not break M, claim [7T6T91 implies that M/I 2 M is a flat Rj J 2 -module. Lastly, 
condition (c) is equivalent to claim [776791 Summing up, we have shown that if log \b\ \ does not 
break M, then M is a flat K + /b 2 -module, contradicting again the minimality of our flattening 
sequence. □ 

Proposition 7.6.11. Let A be a K + -algebra, M a finitely presented A-module, and suppose 
that either one of the following two conditions holds : 

(a) A is an essentially finitely presented K + -algebra. 

(b) A is a local and locally measurable K + -algebra. 

Then M admits a K + -flattening sequence. 

Proof. Suppose first that (b) holds, and let A sh be the strict henselization of A at a geometric 
point localized at the closed point. Since A sh is a faithfully flat A-algebra, it suffices to show 
that M ®a ^ sh admits a K + -flattening sequence. Hence, we may assume that A is measurable, 
in which case we may find a finitely presented K + -algebra A with an ind-etale map A — > A 
and a finitely presented A -module M with an isomorphism M (g>^ A ^ M of A-modules. 
We may then replace A by A , M by M , and therefore assume that A is finitely presented over 
K + , especially, we are reduced to showing the assertion in the case where (a) holds. To this 
aim, let us remark : 

Claim 7.6.12. Let B := rtgN B n be a N-graded finitely presented i^ + -algebra with B = K + , 
and iV := ®„ eN N n a N-graded finitely presented £> -module. We have : 

(i) The K + -module N n is finitely presented, for every n £ N. 

(ii) For every n e N, let (7^ | i E N) be the sequence of elementary divisors of N n (see 
(17.2.15b ). Then r(iV) := '{7^ | n, i G N} is a finite set. 

(iii) iV admits a K + -flattening sequence. 
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Proof of the claim, (i) is just a special case of proposition 13 .2.1 6t iii) . 

(ii) : Let J2 be the set of all finitely presented graded quotients Q of the 5-modules N, for 
which F(Q) is infinite. We have to show that =2 = 0. However, for every Q E J2, the B ®k+ k- 
module Q := Q ® K + k is a quotient of N := N ® K + k; since B ®k+ ^ is a noetherian ring, the 
set j£? := {Q | Q E =2} admits minimal elements, if it is not empty. In the latter case, we may 
then replace N by any Qq E J2 such that Q is a minimal element of i2, and assume that, for 
every graded quotient Q of N, either Q = N, or else T(Q) is a finite set. Now, for every n E N, 
let 7 n be the minimal non-zero elementary divisor of N n , and pick a n E with log \a n \ — 7„ 
(if iV n = 0, set a n = 0). Let / C K + be the ideal generated by {a n \ n E N}; it is easily 
seen that N n /IN n is a free i^ + //-module for every n E N, hence N/ IN is a K + /I-Qat finitely 
presented _B//5-module. We may then find a E I such that N/aN is already a K + /aK + -flat 
5/a.B-module ((321 Ch.IV, Cor. 1 1.2.6.1]), so N n /aN n is a free K + /aK + -module for every 
nGN, and we easily deduce that log \a\ < 7 n for every n G N, i.e. I = aK + . Notice that aN 
is a finitely presented £> -module (corollary 14.5 .21) ; it follows that 

T(N) = {7 + log \a\ I 7 G i>iV)} U {0}. 

Especially, T(aA^) is an infinite set. On the other hand, there exists some n E N such that 
dim K (aiV n ) k < dim K N n ® K + k, so (aN) ® K + k is a proper quotient of iV, a contradiction. 

(iii) : Let |6 |, • • • , |&n-i| t> e the finitely many elements of T(N) (for suitable bi, . . . , b n E 
K + ), and set b n := 0; after permutation, we may assume that b i+ i E biXtiR for every i = 

0. . . . , n — 1, and b = 1. Then we claim that (b , . . . , b n ) is a -flattening sequence for N, 

1. e. biN k /b i+ iN k is K + /b^ 1 b i+1 K + -Rat for every i = 0, . . . ,n and every k E N. However, 
say that (log |c, | | j G N) is the sequence of elementary divisors of N k ', we are reduced to 
checking that (cjK + + biK + )/(cjK + + b i+1 K + ) is a flat K + /b^ 1 b i+1 K + -module for every 
j E N. However, by construction we have either CjK + C b i+1 K + , or C CjK + ; in either 
case the assertion is clear. 

Let now A be an arbitrary essentially finitely presented i^ + -algebra, and M an arbitrary 
finitely presented A-module. We easily reduce to the case where A = K + [Ti, , . . . ,T r ) is a 
free polynomial f^ + -algebra. In this case, we define a filtration Fi\,A on A, by declaring that 
Fil k A is the f^ + -submodule of all polynomials of total degree < k, for every k E N; then 
R := R(A, Fil.A). is a free polynomial f^ + -algebra as well (see example |3.2.26l ). Let 

L\ L —> M 

be a presentation of M as quotient of free A-modules of finite rank. Let e := (ei, . . . , e n ) (resp. 
f := (fx, ... , f m )) be a basis of L (resp. of Li); we endow L with the good (A, Fil.A)- 
filtration Fil.L associated to the pair (e, (1, . . . , 1)) as in (13.2.271) (this means that E Fi\iL 
for every i = 1, . . . , n). Also, for every i = 1, . . . , m, pick j, G N such that ip(fi) E Fi\j.L , 
and endow Li with the good (A, Fil. A) -filtration Fil.Li associated to the pair (f , (ji, . . . , j m )). 
Set L\ := R(Li, Fil.Lj), and notice that L\ is a free i?-module of finite rank, for % — 0, 1. With 
these choices, tp is a map of filtered A-modules, and there follows an i?-linear map of N-graded 
i?-modules R((f), : i^'i — > L' , whose cokernel is a N-graded finitely presented i?-module N m . 
By inspecting the construction, it is easily seen that the inclusion FilfcL C Filfc + iL induces a 
i^ + -linear map N k — > N k+ i, for every k E N, as well as an isomorphism of fC + -modules 

colim N k A M. 

fceN 



On the other hand, claim [7T6. 1 21 ensures that N, admits a -flattening sequence. We easily 
deduce that the same sequence is also flattening for M. □ 
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Corollary 7.6.13. Let Abe a local and locally measurable K + -algebra, I C K + any ideal, M 
a finitely generated A / 1 A-module, and suppose that the structure map K + — > A is local. Then 
the following conditions are equivalent : 

(a) M is aflat K + / 1 -module. 

(b) For every c G K + such that I C c • m^, the value log |c| does not break M. 

(c) M is a K + / 1 -flat finitely presented A/ 1 A-module. 

Proof. (a)=Kb): in light of remark |7.6.7r ii), it suffices to remark that M ®k+ /bK + is a flat 
K + /bK + -module, for every b G K + such that I C K + b. 

(b)=Kc): Let us write M as the colimit of a filtered system (Ma | A € A) of finitely pre- 
sented A-modules, with surjective transition maps. Then each M x is a coherent A-module, 
and A/xkikA is noetherian (remark l7.6.4r iv)). so we may also assume that the induced maps 
(fx : M\/m K M\ — > M/m K M are isomorphisms for every A G A. In view of the commutative 
diagram 

M\ ® K + K *- cM x ®K+ « 

M® K + K — ^ CM ® K + K 

it easily follows that log |c| does not break M X , for any A G A and any c G K + such that I C 
c-xx\.k- Thus, if (bo, . . . , b n ) is the minimal flattening sequence for M\, we see that bi G I (lemma 
I7.6.8f ii)). and therefore M X /IM X is a flat J^ + //-module for every A G A. Now, for A, p G A 
with \i > A, let t/>^ : Mx — M M be the transition map, and set N Xfl := Ker(ip x ^ ® K + K + /I); 
it follows that N x ^ ® K + n is the kernel of Tp Xfl ®k+ k - But the latter map is an isomorphism, 
since the same holds for cp x and (p^. By Nakayama's lemma, we deduce that N x ^ = 0, therefore 
M = M X /IM X for any A G A, whence (c). 

Lastly, (c)=Ka) is obvious. □ 

Proposition 7.6.14. Let Abe a locally measurable K + -algebra. Suppose that 

(a) A/xu.kA is a noetherian ring. 

(b) The Jacobson radical of A contains ro^-A. 

Then we have : 

(i) A ®k+ K is a noetherian ring. 

(ii) Every finitely generated K + -flat A-module is finitely presented. 

(iii) If the valuation of K is discrete, A is noetherian. 

Proof. For any 7C + -algebra B, and any ideal I C B K := B ®k+ K, let us set J sat := Ker(£> — ► 
B K /I), and notice that J sat ®k= K — I. To begin with, we remark : 

Claim 7.6.15. Let B be a measurable K + -algebra, 7 C B K an ideal. Then J sat is a finitely 
generated ideal of B. 

Proof of the claim. Clearly £>// sat is a TT + -flat finitely generated £>-module, hence it is finitely 
presented, by proposition ^ .6. 11 now the claim follows from [36, Lemma 2.3. 18(ii)]. 
(i): Suppose (I k | k G N) is an increasing sequence of ideals of A ® K + K; assumption (a) 
implies that there exists n G N such that the images of 7^ at and agree in Ajxx\ K A, for every 
m > n. This means that 

(7.6.16) (CVO ®k+ k = for every m > n. 

Next, for any geometric point £ of Spec A, let A| h be the strict henselization of A at £; since the 
natural map A — > A| h is flat, I k ® A Af is an ideal of Af ® K + K, and clearly P k at ® A Af = 
(I k (%>a A| h ) sat , for every k G N. Especially Jj! at 0^ A| h is a finitely generated ideal of Af 1 , 
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by claim [7T6. 151 In view of (17.6.161) . and assumption (b), Nakayama's lemma then says that 
(Z^yi^ 8 *) ®a A s ^ = for every m > n. Since £ is arbitrary, we conclude that I^/I^ 1 = 
for every m > n, therefore the sequence | k E N) is stationary. 

(ii) : Let M be a fT + -flat and finitely generated A-module, pick an A-linear surjection ip : 
A® n _> M, and set N := Kenp. Since M is A^-flat, N/m K N is the kernel of tp <g> K + k, and 
assumption (a) implies that N/vcvkN is a finitely generated A/rriA'^4-module. Hence we may 
find a finitely generated A-submodule N' C N such that N = N' + m^iV. For any geometric 
point £ of Spec A, define A^ 1 as in the foregoing; by proposition 17.6.11 (and by |[36l Lemma 
2.3.18(h)]), iV ®a A| h is a finitely generated A^-module; then (b) and Nakayama's lemma 
imply that N' ® A Af = N ® A Af. Since £ is arbitrary, it follows that N = N'; especially, M 
is finitely presented, as stated. 

(iii) : It suffices to show that every prime ideal of A is finitely generated ([58, Th.3.4]). How- 
ever, let p C A be such a prime ideal, and fix a generator t of rtlR-. Suppose first that t E p; 
in that case (a) implies that p/tA is a finitely generated ideal of Aft A, so then clearly p is 
finitely generated as well. Next, in case t ^ p, the quotient A/p is a A + -flat finitely generated 
A-module, hence it is finitely presented (proposition ^ .6. II) , so again p is finitely generated ( 11361 
Lemma 2.3.18(h)]). □ 

Theorem 7.6.17. Let Abe a locally measurable K + -algebra, M a finitely presented A-module, 
and suppose that : 

(a) The valuation of K has finite rank. 

(b) For every t E Spec K + , the ring A ®k+ K (t) is noetherian. 
Then we have : 

(i) M admits a K + -flattening sequence. 

(ii) Ass M is a finite set. 

Proof, (i): Set X := Spec A, S := Specif" 1 ", let / : X — > S be the structure morphism, and 
denote by the quasi-coherent ^-module associated to M . Also, for every quasi-coherent 
6x -module J? and every c E K + , let cj? : & — > cJ^" be the unique ^-linear morphism such 
that cjr(Z7) = cj?([T) for every affine open subset U C X (notation of definition |7.6.6r ii)). For 
every x E X, set K^,-, := &sj(x)\ t nen K~f( x ) l% a vaiuat i° n rm g whose valuation we denote 
| • \f( x ), and Gx,x is a locally A+ -measurable algebra. By proposition |7.6.1ll the &x .^-module 
^K x admits a Ajt v -flattening sequence (b X:0 , . . . , b XjH ); we wish to show that there exists an 
open neighborhood U(x) of x in X, such that (b Xti ^ /b Xt i + \.4K) y is a K + /b~]b X!i+1 K + -flat 
module, for every y E U (x) and every i = 0, . . . , n — 1. To this aim, we remark : 

Claim 7.6. 1 8. Let jV be a quasi-coherent ^-module of finite type, x E X a point, and 6 E K + 
such that ^ is a flat A + /6A + -module. Then there exists an open neighborhood U C X of x 
such that the map 

Cj/, v ®k+ «(/(y)) : ^ ®x+ «(/(y)) ® K + n(f(y)) 

is an isomorphism for every y E U and every c G A + with log \c\f( y ) < log 

Proof of the claim. Let z G X(x) be any point, and set t := f(z); under our assumptions, jY z is 
a flat K + /&K + -module. Therefore, the sequence of &x , 2 -modules 

-> c" 1 ^ ^ -> 

is exact, for every c G X + with log |c| < log and a fortiori, whenever log \c\ t < log \ b\ t . If 
the latter inequality holds, the map j ®k+ K {t) vanishes, hence c^/ )2 ®x+ K (t) is injective. 

Let now y E X be any point; set ii := /(y), pick c G X + with log \c\ u < log set 
J(?{u) := Ker(c^ and suppose that <W{u) y ^ 0. The foregoing shows that 



544 



OFER GABBER AND LORENZO RAMERO 



in this case y X(x). On the other hand, by assumption / _1 (tt) is a noetherian scheme, 
and jV{u) : = J/ ®k+ k ( u ) is a coherent i^-i^-module, therefore Ass^V(u) is a finite set 
(BUI Th.6.5(i)]). In view of proposition I4.3.4f ii). we conclude that AssJ^(w) is contained 
in the finite set AssjV{u) \ X(x). Let Z be the topological closure in X of the (finite) set 
Ungs Ass^V(u)\X(x); taking into account lemma l433f ii.iii). we see that U := X\Z will 
do. 

Fix x G X and i < n; taking jY := b x ^Jt /b x , i+ i^ and b := b~]b x>i+ i in claim 17.67X81 
and invoking the criterion of corollary 17.6.131 we obtain an open neighborhood Ui of x in X 
such that jYy is K + /bK + -Rat for every y G Ui. Clearly the subset U(x) := U\ H • • • H U n 
fulfills the sought condition. Next, pick finitely many points x±, . . . , Xk G X and corresponding 
K + -flattening sequences bi for *4t Xi , for each i — 1, . . . , k, such that U (x\) U • • • U U (x^ = X; 
after reordering, the sequence (&i, . . . , b_k) becomes .^-flattening for M (see remark IT. 6 . 7 t in) ) . 

(ii): Let (bo, . . . , b n ) be a fC + -flattening sequence for M; in view of proposition 14.3 .4r ii). it 
suffices to prove that Ass biM '/bi+\M is a finite set, for every i = 0, . . . , n — 1. Taking into 
account remark l7".6.4f iv). we are then reduced to showing 

Claim 7.6.19. Let jY be a quasi-coherent ^-module, and b G A + any element such that jV x 
is a fC + /&if + -flat and finitely presented -module for every x G X. Then Ass o/K is finite. 

Proof of the claim. For given x G X and any geometric point £ of A localized at let A sh 
be the strict henselization of A at £, and 5 a local and essentially finitely presented K + -algebra 
with a local and ind-etale map B — > A sh . We may assume that jY x ®a A sh descends to a finitely 
presented K + /bK + -Rat 5-module N B (J321 Ch.IV, Cor.ll.2.6.1(ii)]). Denote by x (resp. by 
xb) the closed point of A(£) = Spec A sh (resp. of Spec B); in light of corollary 14.2.291 we have 

(7.6.20) x G Ass jV -v^> x G Ass^^ ^16 Ass^h^ ®ii sll «XBe Ass B N B . 

On the other hand, it is easily seen that Ass K + K + /bK + consists of only one point, namely the 
maximal point t of Spec K + /bK + . From corollary 14.3.71 we deduce : 

x B E Ass B N B -v=r- x B G Ass B N B ® K + n(t) 

and by applying again repeatedly corollary 14 .2 . 291 as in (17.6.201) , we see that 

x B G Ass B N B ® K + n{t) ^16 Ass^F <g> A -+ 

Summing up, we conclude that Ass./F = Ass^/f ® A + n(t), and the latter is a finite set, by ||58l 
Th.6.5(i)]. □ 

Corollary 7.6.21. Le? (K, \ • \) be a valued field, and A a locally measurable K + -algebra 
fulfilling conditions (a) and (b) oftheorem \1.6.ll\ Let also M be a finitely generated A-module, 
and p C A any prime ideal such that M p is a finitely presented A p -module. We have : 

(i) There exists f G A\p such that Mf is a finitely presented A f -module. 

(ii) A is coherent. 

Proof, (i): We may find a finitely presented A-module M' with an A-linear surjection ip : 
M' — > M such that ip p is an isomorphism. Set M" := Kenp; it follows that AssM" C 
Ass M' \ Spec A p . However, Ass M' is a finite set (theorem 17 . 6 . 1 7 f ii)) ; therefore the support of 
Ker ip is contained in a closed subset of X : = Spec A that does not contain p, and the assertion 
follows. 

(ii): Let M be a finitely presented A-module, M' C M a finitely generated submodule, and 
let be the quasi-coherent &x -module associated to M' . By remark 17. 6 .4r iv). we know that 
jtft' x is a finitely presented ^x iX -module for every x G X; from (i), it follows that is a finitely 
presented (^-module, and the assertion follows easily. □ 
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In view of theorem [7.6.171 and corollary 17.6.211 it is interesting to have criteria ensuring that 
the fibres over Spec K of the spectrum of a locally measurable fT + -algebra are noetherian. We 
present two results in this direction. To state them, let us make first the following : 

Definition 7.6.22. Let / : X — > Y be a morphism of schemes. 

(i) We say that / is absolutely flat if the following holds. For every geometric point £ of 
X, the induced morphism : — > Y(f(£)) is an isomorphism. 

(ii) We say that / has finite fibres if the set f~ l (y) is finite, for every y EY. 

(iii) We say that Y admits a geometrically unibranch stratification if every irreducible 
closed subset Z of Y contains a subset U ^ 0, open in Z, and geometrically uni- 
branch. 

(iv) We say that a ring homomorphism cp : A — > B is absolutely flat if Spec cp is absolutely 
flat. 

Remark 7.6.23. In practice, it is often the case that a noetherian scheme admits a geometrically 
unibranch stratification; for instance, this holds (essentially by definition) for the spectrum of a 
quasi-excellent noetherian ring (see definition 13 .5 .31) . 

Lemma 7.6.24. Let f : X — > Y be an absolutely flat morphism of schemes. Then h x /y — in 
D(^ x -Mod). 

Proof. We easily reduce to the case where both X and Y are local schemes. Let £ be a 
geometric point of X localized at the closed point; then h X (£)/x — in D(^W)-Mod) 
( [[361 Th.2.5.37]). Hence, by transitivity ( [[361 Th.2.5.33]), we are reduced to showing that 
^x{£)iy — in D(€?W)-Mod). The latter assertion assertion holds, again by virtue of 11361 
Th.2.5.37], since /e is an isomorphism. □ 

Proposition 7.6.25. Let (p : A — > B be a local and absolutely flat morphism of local rings. 
Assume that either one of the following two conditions holds : 

(a) A is a normal local domain. 

(b) B is a henselian local ring. 

Then tp is an ind-etale ring homomorphism. 

Proof. Pick a geometric point £ of Spec B localized at the closed point, and let £' denote the 
image of £ in Spec A. Let also A sh (resp. B sh ) be the strict henselization of A at £' (resp. of 
B at £). Notice first that A is a normal local domain if and only if the same holds for B ( [[331 
Ch.IV, Prop. 18.8. 12(i)]). In case (a) holds, let Fa (resp. Fb) be the field of fractions of A (resp. 
B). We remark : 

Claim 7.6.26. Let R be any normal local domain, and R sh the strict henselization of R at a 
geometric point localized at the closed point of Spec R. We have : 

(i) R = R sh R Frac R (where the intersection takes place in Frac R sh ). 

(ii) For every field extension F of Frac R contained in Frac R sh , the i?-algebra F fl R sh is 
ind-etale. 

Proof of the claim, (i): More generally, let C — > D be any faithfully flat ring homomorphism, 
and denote by FracC (resp. FracD) the total ring of fractions of C (resp. of D); then it is 
easily seen that C = D fl Frac C, where the intersection takes place in Frac D : the proof shall 
be left as an exercise for the reader. 

(ii): We easily reduce to the case where F is a finite extension of Fr := Fraci?. Then, let 
E be a finite Galois extension of Fr, contained in a fixed separable closure F scp of Fr := 
FracR sh , and containing F; also, denote by R? (resp. R U E ) the integral closure of R in F sep 
(resp. in E). Recall that there exists a unique maximal ideal p scp C R u lying over the maximal 
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ideal of R, such that R sh = (R u Y pscp , where I C Gal(F sep /Fft) is the inertia subgroup associ- 
ated to p sep ((651 Ch.X, §2, Th.2]); therefore, F| h = (F 5 ^) 1 . On the other hand, F = E H for a 
subgroup H C G&\(E/F R ), and recall that the natural surjection Gal(F sep /F R ) -» Ga\(E / F R ) 
maps / onto the inertia subgroup Ie associated to the maximal ideal Pe '■= p sep C] E C R E - 
It follows that H contains I E . Set p F : = Pe H F; then := (i?^ n F) Pf is a faithfully 
flat and essentially etale i?-algebra ( ll65l Ch.X, §1, Th.l(l)]). Especially, R sh is also a strict 
henselization of R F , and notice that Frac R F = F, so the assertion follows from (i). 

By assumption, ip extends to an isomorphism of local domains A sh ^ B sh ; in view of claim 
I7.6.26I T). we see that B = F B fl A sh , and then the proposition follows from claim I7.6.26r ii). 

Next, suppose assumption (b) holds. Then, ip extends uniquely to a local ring homomor- 
phism <p h : A h -»• B from the henselization of A ((33] Ch.IV, Th.l8.6.6(ii)]); clearly </? h is still 
absolutely flat, hence we may replace A by A h and assume that both A and B are henselian. 
Since (p is absolutely flat, the residue field extension k(A) — > k(B) is separable and algebraic; 
then for every finite extension E of k(A) contained in k(B) there exists a finite etale local A- 
algebra A E , unique up to isomorphism, whose residue field is E ( [1331 Ch.IV, Prop. 18.5. 15]). 
The natural map k(B) — > E ® k (a) k {B) admits a well defined section, given by the multi- 
plication in n(B), and the latter extends to a section se of the induced finite etale ring homo- 
morphism B — > Ae <8u B ([33, Ch.IV, Th. 18.5.1 1]). The composition of se with the natural 
map Ae — > Ae ®a B is a ring homomorphism Ae ^ B that extends cp. The construction is 
clearly compatible with inclusion of subextensions E C E', hence let A' be the colimit of the 
system (A E \ E C k(B)); summing up, ip extends to a local and absolutely flat map A' — > B. 
We may therefore replace A by A' and assume from start that k(A) = n(B). In this case, set 
B' := A sh ® A B, and notice that n(A sh ) <8> k (a)k(B) = n(A sh ), so that B' is alocalring, ind-etale, 
faithfully flat over B, and with separably closed residue field. Since B is already henselian, it 
follows that B' is a strict henselization of B, and therefore the induced map A sh — > B' is an 
isomorphism; by faithfully flat descent, we deduce that tp is already an isomorphism, and the 
proof of the proposition is concluded. □ 

Lemma 7.6.27. Let Abe a locally measurable K + -algebra, and set X := SpecfT. Let also 
f : X — > Y be a morphism of K + -schemes with flx/Y — 0, and Y a finitely presented K + - 
scheme. Then is a finitely presented closed immersion, for every geometric point £ of X. 

Proof. Fix such a geometric point £; by definition, we may find a local i^ + -scheme Z essen- 
tially finitely presented, and an ind-etale morphism g : — >• Z of K + -schemes. We may 
also assume that the morphism — > Y deduced from / factors through g, in which case 
the resulting morphism h : Z — >• Y is essentially finitely presented. Under the current as- 
sumptions, VL X (£)/y = 0, and then lemma |T6.24| easily implies that VLz/y vanishes as well, so 
h is essentially unramified, and therefore it factors as the composition of a finitely presented 
closed immersion Z — > Z' followed by an essentially etale morphism Z' — >• Y ( (33] Ch.IV, 
Cor.18.4.7]). The lemma is an immediate consequence. □ 

Proposition 7.6.28. Let A be a local, henselian, and locally measurable K + -algebra, whose 
structure map K + — > A is local. Then A is a measurable K + -algebra. 

Proof. Pick a local and essentally finitely presented fC + -algebra B and a local and ind-etale 
map <p : B — > A of K + -algebras. Let £ be a geometric point of Spec A localized at the 
closed point, and denote by £' the image of £ in Spec£>; also, let A sh (resp. £> sh ) be the 
strict henselization of A at £ (resp. of B at £')■ Then fi^/B = 0, hence the induced map 
Lp sh : B sh — > A sh is a finitely presented surjection (lemma 17.6.271) . especially / := Kery9 sh is 
a finitely generated ideal, and it follows as well that the residue field extension k(B) — > 
is separable and algebraic. Let _B h be the henselization of £>, and for every field extension 
E of k{B) contained in n(A) sep = K,(B) sep , let B\ denote the local ind-etale _B h -algebra - 
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determined up to isomorphism - whose residue field is E ( 11331 Ch.IV, Prop. 18.5. 15]). We 
may find a finite Galois extension E of k(B) such that / descends to a finitely generated ideal 
I E C B\. For any automorphism a E G := Ga\(K(B) scp / k(B)), let cf e G E := G&\(E/k(B)) 
be the image of a. Recall that G (resp. Ge) is the group of automorphisms of the B h -algebra 
B sh (resp. B E ). With this notation, we have the identity 

a(I E )B sh = <j{I) = I for every o e G 

and since B sh is a faithfully flat -B h -algebra, it follows that I E is invariant under the action of 
G E ; by Galois descent, we conclude that / descends to a finitely generated ideal J C B h . 
Set C := B h /I , and let C sh denote the strict henselization of C at (the unique lifting of) 
the geometric point Since A is henselian, cp extends uniquely to a local homomorphism 
. B h A (p 3 Ch Th.l8.6.6(ii)]), and it is easily seen that ^ h factors through C. 
By construction, the resulting map C — > A is absolutely flat, so the assertion follows from 
proposition l7.6.25l □ 

Lemma 7.6.29. Let X be a noetherian scheme that admits a geometrically unibranch stratifi- 
cation, and & a coherent -module. Then there exists a partition 

X = Xt U • ■ ■ U X k 

ofX into finitely many disjoint irreducible locally closed subsets, such that the following holds. 
For every i = 1 , . . . , k, every geometric point x of X iy and every generization uofx in X ir 
every strict specialization map 

s __ ■ > 

is injective (see (11.7.90I )). 

Proof. Arguing by noetherian induction, it suffices to show that every reduced and irreducible 
closed subscheme W of X contains a subset U ^ that is open in W, and such that every 
strict specialization map Sx,u with x, u localized in U, is injective. However, W contains an 
open subset U ^ such that 

(a) U is geometrically unibranch 

(b) U is affine and irreducible 

(c) & is normally flat along W at every point of U (see (311 Ch.IV,§6.10.1]). 

Indeed, (a) holds by assumption; (b) can be easily arranged by shrinking U, since X is noether- 
ian. Lastly, (c) follows from OTl Ch.IV, Prop. 6. 10.2]. We claim that such U will do. Indeed, let 
i : W — > W be the closed immersion; set 

and recall that condition (c) means that is a flat <^V,«-niodule, for every u E U. Now, for 
a given % )S as in the foregoing, denote by x (resp. u) the support of x (resp. of u) and define 
descending filtrations by the rule : 

Fil fc i^ := J* ■ Fil fc ^r := f* ■ for every fceN. 

By ll58l Th.8.9], both these filtrations are separated, and obviously %jj is a map of filtered 
modules; thus, it suffices to show that the induced maps gr fc ^- — > gr k J?u of associated graded 
modules are injective, for every fceN. However, notice the natural identifications : 

Then, the normal flatness condition reduces to checking that the induced strict specialization 
map @Wto,x ^w 6t ,u is injective; the latter assertion holds by the following : 
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Claim 7.6.30. Let W be a reduced, irreducible scheme, w a geometric point of W, and suppose 
that W is unibranch at the support w of w. Then, for every generization u of w in W, every 
strict specialization map &w 6t ,w — ► ^w 6t ,u is injective. 

Proof of the claim. Let be the normalization of W, and w u a geometric point of W v whose 
image in X is isomorphic to w, and denote by w u the support of w u . The assumption on w 
means that the induced morphism W u (w u ) — > W(w) is integral, and the residue field extension 
k(w) — > k(w u ) is radicial, hence the natural morphism of VT I/ (wJ l/ )- schemes 

is an isomorphism (|[33l Ch.IV, Prop. 18.8. 10]). Since W u (w v ) is a normal local scheme ( lT3~3l 
Prop. 18.8. 12(i)]), it follows easily that W(w) is reduced and irreducible. However, any special- 
ization map is the composition of a localization map, followed by a local ind-etale map of local 
rings, whence the claim. □ 



7.6.31. Now, consider - quite generally - a ring homomorphism A — > B, with A noetherian. 
Set Y := Spec A, X := Spec B, and denote by / : X — > Y the associated morphism of affine 
schemes. 

Lemma 7.6.32. In the situation of (17.6.311) , suppose moreover that f is absolutely flat. Then 
the following conditions are equivalent : 

(a) B is noetherian. 

(b) / has finite fibres. 

Proof. Let £ be any geometric point of X, and x (resp. y) the support of £ (resp. of /(£))• 

(a) =Kb): A(£) x^ ys is the strict henselization of X y := f~ l {y) (with its reduced 
subscheme structure) at £. Under our assumptions, X y (£) is isomorphic to Spec«;(?/), and (a) 
implies that X y (x) is a noetherian scheme of dimension zero. Since x is arbitrary, (b) follows. 

(b) =Ka): Let 7 C B be any ideal, and denote by J 1 the associated quasi-coherent ^-module. 
We need to show that J? is an ^-module of finite type. Since /t is an isomorphism, we may 
find a commutative diagram of affine schemes 

X' — Y' 

h 



whose left (resp. right) vertical arrow is an etale neighborhood of £ (resp. of /(£)), and a quasi- 
coherent ideal J C Gy> such that g*J? C /i*J^ and such that {g*^) x > = (h*J^) x > for some 
x' E h~ 1 (x) (notice that g is a flat morphism). Set J<£ := & Y i j J* , let z' E X' an arbitrary 
point, and set y' := g(z'); in light of corollary 14.2.291 we have 

z' E hssg*JZ o z' E kssg*JZ\ X '{x>) y' € Ass^jy^/) ^ y' E Ass^#. 

In other words, Assg*^ = g^Ass^C. However, Ass^ is finite (J58l Th.6.5(i)]), hence the 
same holds for Assg*^, in view of (b). Now, notice that Ass h*J '/ 1 g*^ C Ass g*Jt \ X'(x') 
(proposition l4.3.4r ii)). It follows that there exists an open neighborhood U of x' in X' such that 
{h*J '/ 'g*^)\u = (lemma |4"33h ii)). i.e. (g*^)\u = h*J\ v \ especially, h*J\u is an ^/-module 
of finite type. Since h is an open map, we deduce that h(U) is an open neighborhood of x in X, 
and J?\h(U) is an ^(^-module of finite type. Since x is arbitrary, the lemma follows. □ 



FOUNDATIONS OF p-ADIC HODGE THEORY 



549 



7.6.33. For our second criterion, keep the situation of (17.6.311) . and suppose additionaly that, 
for every geometric point £ of X, the induced morphism /c : X(£) — > Y(£) is a closed im- 
mersion. Under this weaker assumption, it is not necessarily true that conditions (a) and (b) of 
lemma FT.6. 3 21 are equivalent. For instance, we have : 

Example 7.6.34. Take A :— k[X], the free polynomial algebra over a given infinite field k; 
also, let (di | i G N) be a sequence of distinct elements of k. We construct an A-algebra B, as 
the colimit of the inductive system (Bi | % G N) of A-algebras, such that 

• Bi := k[X] x (the product of k[x) and i + 1 copies of k, in the category of rings) 

• the structure map A — ► £>j is the unique map of A;-algebras given by the rule : X i— > 

(X, do, . . . , di) 

• the transition maps Bi — > are given by the rule : X i— > (X, 0, . . . , 0, a-t+i) and 
(0, e») i — > (0, ej, 0) for i = 0, . . . , i. (Here eo, ■ ■ ■ , &% is the standard basis of the A;-vector 
space k l+l .) 

Then one can check that X := Spec B = Spec fc[X] U N, and N is an open subset of X with 
the discrete topology. Moreover, the induced map Spec B — > Y := Spec A restricts to the 
continuous map N — > Y given by the rule i i— > pj, for every ieN, where pi is the prime ideal 
generated by X — aj. It follows easily that the condition of (17.6.331) is fulfilled; nevertheless, 
clearly X has infinitely many maximal points, hence its underlying topological space is not 
noetherian, and a fortiori, B cannot be noetherian. 

However, we have the following positive result : 

Proposition 7.6.35. In the situation of (17.6.331 ), suppose additionally that Y admits a geomet- 
rically unibranch stratification. Then the following conditions are equivalent : 

(a) B is noetherian. 

(b) The topological space underlying X is noetherian. 

(c) For every geometric point £ of X there exists a neighborhood X' of £ in Xg t , an un- 
ramified Y -scheme Y', and an absolutely flat morphism X' — > Y' of Y -schemes, with 
finite fibres. 

Proof. Obviously (a)=Kb). 

(c)=Ka): Indeed, under assumption (c), we may find finitely many geometric points £i, . . . , 
of X, and for every i = 1, . . . , k, a neighborhood X[ of & in X 6t , and a F-morphism X[ — > Y- 
with the stated properties, such that moreover, the family (X- | i — 1, . . . , k) is an etale covering 
of X. Furthermore, we may assume that X[ and Y- are affine for every i < k. In this case, 
lemma [7T6.32I shows that every X[ is noetherian, and then the same holds for X. 

(b)=Kc): Fix a geometric point £ of X, and let _B| h (resp. v4| h ) denote the strict henselization 
of B at £ (resp. of A at /(£)); by assumption, we may find a (finitely generated) ideal I C 
such that /t induces an isomorphism A s ^/I ^ Bf 1 . Then we may find an affine etale 
neighborhood Y' of /(£), say Y 7 := Spec A' for some etale A-algebra A', and an ideal I' C A' 
such that I'A^ = I. Next, we may find an affine etale neighborhood X' := Spec B' of £ such 
that extends to a morphism <? : X' — ► V, and we may further suppose that the corresponding 
ring homomorphism A' — > 5' factors through A'/ J', so g factors through a morphism 

h : X' -> Z := Spec A' /I' 

and the closed immersion Z — > Y 7 . By construction, £ lifts to a geometric point £' of X', and 
% : X'(£') -> Z(h(£')) is an isomorphism (El Ch.IV, Prop.18.8.10]). To conclude the proof, 
it then suffices to exhibit an open subset U C X' containing the support of and such that the 
restriction U — > Z of /i is absolutely flat with finite fibres. 
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Claim 7.6.36. Let p : W — > W be a quasi-finite, separated, dominant and finitely presented 
morphism of reduced, irreducible schemes, and suppose that W contains a non-empty geomet- 
rically unibranch open subset. Then the same holds for W. 

Proof of the claim. After replacing W by some open subset U' C W, and W by p" 1 !!' , may 
assume that W is affine and unibranch; then we may also suppose that ip is finite ( ll32l Ch.IV, 
Th.8.12.6]), in which case W is affine as well, and p is surjective. 

Let i] E W and rf E W be the respective generic points, and denote by E C k(t)) the 
maximal subfield that is separable over k(t]'). We may then find a reduced and irreducible 
scheme W", with generic point 77", such that p factors as the composition of finite surjective 
morphisms <p' : W -> W", p" : W" -> W, and such that k(t]") = E. By virtue of (32l Ch.IV, 
Th.8.10.5] and lT3~3l Ch.IV, Prop.l7.7.8(ii)], we may then replace W by a non-empty open 
subset, and assume that p' is radicial, and p" is etale. Then W" is geometrically unibranch 
( ||3T1 Ch.IV, Prop.6.15.10]); hence, we may replace W by W", and reduce to the case where 
p is radicial. Let p be the characteristic of «(?/); if p — 0, p is birational, in which case the 
assertion follows from OTl Prop.6.15.5(ii)]. In case p > 0, write W = Spec C, W = Spec C; 
the induced ring homomorphism C — > C is finite and injective, and we have C p ™ C C" for 
n£N large enough. Denote by C" (resp. C' u ) the normalization of the domain C (resp. of C); 
it follows easily that (C u ) pn C C7 /y , so the morphism Spec C u — > Spec C" 1 ' is radicial. On the 
other hand, since W is geometrically unibranch, the normalization morphism Spec C' u — > W 7 ' 
is radicial ( 11301 Ch.O, Lemme 23.2.2]) and therefore the normalization map Spec C u — > W is 
radicial as well ((HI Ch.IV, Lemme 6. 1 5.3. 1 (i)]). Then W is geometrically unibranch, again by 
11301 Ch.O, Lemme 23.2.21. " 

From claim [776.361 and our assumption on Y, it follows easily that Z admits a geometrically 
unibranch stratification. The morphism h induces as usual a morphism of etale topoi 

(7.6.37) (X% ^ Zg 

h* 

as well as a morphism : h*ff Ztl — » &x'. °f (^OS'^ngs. By construction, for every geometric 
point r of X', the induced map on stalks h\ : &z ku h{r) ~^ ^x'. t ,T is surjective, and h^, is a 
bijection. It follows easily that h\ is also bijective for every generization r of Now, choose a 
partition Z = Z\ U • • ■ U Z^ as in lemma V.6 . 29 1 (with & := 0z it ), and for given i < k, suppose 
that t and r] are two geometric points of h~ x Zi, with 77 a generization of r. The choice of a strict 
specialization morphism X'(rj) — > X'(r) yields a commutative diagram 

ft" 

(7.6.38) 

whose vertical arrows are strict specialization maps (see remark [T.7.93r i)): in light of lemma 
17.6.291 we deduce that h\ is injective, whenever the same holds for lA. Now, let x' E X' be the 
support of and E 4 the set of maximal points of hr x Zi. Condition (b) and proposition 13. 1.381 
imply that h~ x Zi is a noetherian topological space, hence Sj is a finite set; it follows that the 
topological closure W of (Ji=i ^« \ X'(x') in X' is a closed subset that does not contain x'\ by 
construction, 1$ restricts to a monomorphism on U := X' \ W , i.e. the restriction hu : U —> Z 
of h is absolutely flat, as required. It also follows that the fibres of hjj are noetherian topological 
spaces of dimension zero (cp. the proof of lemma l776.32l) . hence they are finite, and the proof 
is complete. □ 
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Lemma 7.6.39. Suppose that the valuation ofK has finite rank, and let X be a finitely presented 
K + -scheme, a coherent @x tx - m odule. Then there exists a partition 

X = X l U • ■ • U X k 

ofX into finitely many disjoint irreducible locally closed subsets, such that the following holds. 
For every i = 1, . . . , k, every geometric point x of X it and every generization uofx in X it 
every strict specialization map 

Q__ ■ ). <£- 

is injective (see (11.7.90I )). 

Proof. We easily reduce to the case where X is affine, say X = Spec A, and then & is the 
coherent &x tx -module arising from a finitely presented A-module M, By theorem [7.6.17IT ). 
M admits a i^ + -flattening sequence (b , . . . , b n ). Then we are further reduced to showing the 
assertion for the subquotients 6jM/6 i+1 M (that are finitely presented, by corollary 17 . 6 . 2 1 T ii) ) . 
So, we may assume from start that / : X — > So '■— Spec K + /bK + is a finitely presented 
morphism for some b G K + , and & is /-flat. For every t G So, let 

i t :X t := f-\t)^X 

be the locally closed immersion; since X t is an excellent noetherian scheme, we may apply 
lemma W.6 .291 and remark l7~.6.23l to produce a partition X t = X t) i U • • • U X t ^ by finitely many 
disjoint irreducible locally closed subsets such that, for every i = 1, . . . , k, every geometric 
point x of X t ,i and every generization u of x in X t:i , every specialization map 

is injective. Since | So\ is a finite set, the lemma will then follow from : 

Claim 7.6.40. Let g : Y — > T be any finitely presented morphism of schemes, and Sf a finitely 
presented, quasi-coherent g-flat ^y-module. Let also y, u be two geometric points of F with 
t := d(y) = 9{u), and such that u is a generization of y. Let Sy^ : ^ ^ be a strict 
specialization map, and suppose that ®e Tt n(t) is injective. Then the same holds for Sy^. 

Proof of the claim. Set Y' := Y(y), denote by j : Y' — > Y the natural morphism, and set 
C S' := The map sy )S is deduced from a morphism Y(u) — > Y' of F-schemes; the latter 
factors through a faithfully flat morphism Y(u) — > Y'(u), where u G Y' is the image of the 
closed point of Y(u). Hence, s-y^ is the composition of the specialization map s' : ^ — > 
and the injective map Sf^ — > Our assumption implies that s' ®e Tt n{t) is injective, and 
it suffices to show that the same holds for s' . However, Y' is the limit of a cofiltered system 
(jA : Y\ — > F | A G A) of local, essentially etale F-schemes. Write £f A : = j\& for every A G A, 
and notice that the transition morphisms Y\ — > F M are faithfully flat, for every A > /x; it follows 
that ^ is the filtered union of the system of modules (G\ := T(Y X , &x) I ^ e A) (proposition 
I9.3.15H )); likewise, ^® 0T t is the filtered union of the submodules (G A <8>^ t t | A G A). 
We are then reduced to checking that all the restrictions s x : G x — ► ^ of s' are injective, and 
we know already that sa ®^ Tt is injective for every A G A. For every such A, let u x G Fa 
be the image of u; then s x factors through the injective map &\ >ux — > and the specialization 
map s' x : G x — > ^a,u a - Consequently, it suffices to show that s' x is injective, and we know 
already that the same holds for s' x ®e T t K,(t). However, ^\, Ux is a localization Q^G X , for a 
multiplicative set Q x C T(Y X , &y x ), and s A is the localization map. The claim therefore boils 
down to the assertion that, for every A G A and every q G Q x , the endomorphism q ■ l Gx is 
injective on G x , and our assumption already ensures that (q ■ 1 Ga ) ®^ Tt is injective on 
G x ®ff Tt Kit). However, let g x : F A — >• T be the morphism induced by (?; by construction, C S X is 
a ^A-flat Gy x -module, hence the contention follows from ll32l Prop. 1 1.3.7]. □ 
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Proposition 7.6.41. Let (K, | • |) be a valued field, and A a locally measurable K + -algebra 
fulfilling conditions (a) and (b) oftheorem \1.6.\l\ Then, the following conditions are equivalent: 

(c) For every geometric point £ of X := Spec A there exists a neighborhood U of^ in X 6t , 
and a finitely presented K + -scheme Z with an absolutely flat morphism of K + -schemes 
X' -> Z. 

(d) Qa/k+ is an A-module of finite type. 

Proof. (c)=Kd) follows easily from lemma [776. 241 

(d)=Kc): Let a 1; . . . , a k E A be a finite system of elements such that dai, . . . , da k generate 
the A-module Vt A / K +. We define a map of fT + -algebras A := K + [Ti, . . . , T k ) — > A by the 
rule: T« i— > cij for i = 1, . . . , k. Clearly VLa/a = 0. Let Z : = SpecA , and denote by 
/ : X — > Zq the induced morphism of schemes. Let A| h (resp. A s ^) be the strict henselization 
of A at £ (resp. of A at /(£))• According to lemma IT. 6. 27 [ the induced map A s ^ — > A| h is 
surjective, and its kernel is a finitely generated ideal I C AqV In this situation, we may argue 
as in the proof of propo sition 17.6.351 to produce an affine etale neighborhood X' of £, a finitely 
presented affine unramified Z -scheme Z, and a morphism of Z -schemes h : X' — >• Z such 
that /i T : X'(r) — > Z(h(r)) is a closed immersion for every geometric point r of X', and /i^ is 
an isomorphism for some lifting £' of £. 

Then we consider the associated morphism of etale topoi as in (17.6.371) and the morphism 
h} : h*ffz 6t &x'. °f {X')2t -rings. Again, the induced map on stalks h\ is surjective for every 
geometric point r of X', and is bijective if r is a generization of We pick a finite partition 
Z = Z\ U • • • U Z k as in lemma |7T6.39l (for & := ^z)- For any i < k, let r, 77 be two geometric 
points of hr x Zi, such that r] is a generization of r; by considering the commutative diagram 
(17.6.381 ), we see again that h\ is injective whenever the same holds for ftl. 

Now, condition (b) of theorem [7.6. 171 easily implies that hr x Zi is a noetherian topological 
space, hence its set Sj of maximal points is finite. Again we let x' E X' be the support of 
and W the topological closure of Ui=i ^« \ X'(x') in X', and it is easily seen that the restriction 
U — >• Z of fa is absolutely flat, so (c) holds. □ 

7.6.42. Henceforth we restrict to the case where the value group r of K is not discrete and of 
rank one. As usual, we consider the almost structure attached to the standard setup attached to 

(K,\-\). 

Definition 7.6.43. In the situation of (17.6.421 ), let A be any A^ +a -algebra, and M any A-module. 

(i) We say M is an almost noetherian A-module, if every A-submodule of M is almost 
finitely generated. 

(ii) We say that A is an almost noetherian K +a -algebra, if A is an almost noetherian A- 
module. 

Remark 7.6.44. In the situation of (17.6.421 ), suppose that A is an almost noetherian K +a - 
algebra. Then the same argument as in the "classical limit" case shows that every almost finitely 
generated A-module M is almost noetherian. The details shall be left to the reader. 

Theorem 7.6.45. Let Abe a locally measurable K + -algebra. Suppose that both A ®k+ k and 
A ®k+ K are noetherian rings. Then A a is an almost noetherian K +a -algebra. 

Proof. If the valuation of K is discrete, the assertion is proposition |7.6.14r iii). Hence, we 
may assume that the valuation of K is not discrete. Moreover, let £2 be the set of all locally 
measurable fT + -algebras B that are quotients of A, and such that B a is not almost noetherian. 
We have to show that J2 = 0. However, for every B E £} the /t-algebra B := B ®k+ ^ is a 
quotient of the noetherian K-algebra A := A ®k+ k \ it follows that the set J3 := {B \ B E J2} 
admits minimal elements, if it is not empty. In the latter case, we may then replace A by any 
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quotient B G j£? such that £> is minimal in J2, and therefore assume that for every locally 
measurable quotient B of A, either B = A, or else _B a is almost noetherian. 

Let I C Abe any ideal; we have to show that I a is almost finitely generated. By assumption, 
the image / of / in A is finitely generated, and the same holds for the ideal I K := I ®k+ K 
of A K := A ®k+ K. Thus, we may find a finitely generated subideal J C I whose image in 
A agrees with /, and such that I ®k+ K = Ik- After replacing A by A/Iq and / by I/Io, 
we are then reduced to the case where both / and I K vanish. Let J C A denote the kernel 
of the localization map A — > A%, set S :— 1 + m^A, and let B := S^A x Ak- Clearly 
B is a faithfully flat A-algebra, and A/ J is a i^ + -flat A-module; therefore (A/ J) ®^ B is a 
i^ + -flat 5-module of finite type, and since Ak is noetherian, proposition l7.6. 14f ii) implies that 
(A/ J) ®a B is finitely presented. Then A/ J is finitely presented as well, and therefore J is a 
finitely generated ideal. We conclude that there exists c G such that cJ = 0. Then notice 
that J fl cA = : indeed, if a E J n cA, we have a = cx for some x E A, and ca = 0, therefore 
c 2 x = 0, so x E J, and consequently a = cx = 0. Now, fix 6 G m^; since the valuation of K 
has rank one, and since / C J, it follows that there exists n E N large enough, so that 

/ n b n A = 0. 

Let io := max{« G N | I C 6* A}, and set 

iV := b io A/(I + b io+1 A) N' := b io A/b io+1 A. 

Let ip : N' — > N be the natural surjection, and set c* N := cn ° v 9 : — ► c ^ f° r every c G K + 
(notation of definition 17 . 6 . 6f if) ) . 

Claim 7.6.46. There exists c G K + with log |c| < log |6| such that c* N <&k+ k is not an isomor- 
phism. 

Proof of the claim. Suppose that the claim fails; then it is easily seen that no 7 G logr + 
with 7 < log |6| breaks N. For every geometric point £ of Spec A, let A| h denote the strict 
henselization of A at £; since A| h is a flat A-algebra, we have a natural identification 

ciV ® A Af = c(N ® A A sh ) 

of A sh -modules; therefore, no 7 < log |b| breaks N ®a A| h . By corollary 17.6. 13[ we deduce 
that N <S>a A| h is a K + /bK + -Hat and finitely presented A| h -module, for every geometric point 
£. Hence, := Ker tp ®^ A| h is a finitely generated A| h -module, and ®k+ k — 0, for every 
geometric point £. By Nakayama's lemma, it follows that = for every such £, so finally 
Ker (y? = 0, which means that / C b H)+1 A, contradicting the choice of i . 
Let c be as in claim I7T6.461 and set d :— cb l °; notice the natural isomorphism of A-modules 

~ dA 

CN ® K + « -> Y7TTT «• 

Let p : A — > dA/(I fl dA) be the composition of d^ : A — > dA and the projection dA — > 
dA/ (/ fl dA) (notation of definition 17.6. 6f ii)) ; by construction, ip ®k+ k is not an isomorphism, 
hence there exists x E I fl dA such that the composition p x : A — > dA/xA of d^ and the 
projection dA — >■ dA/xA induces a map (g)/<-+ k with non-trivial kernel. In other words, 
dA/xA is a cyclic module over a locally measurable quotient B of A such that the projection 
A — > B is not an isomorphism, so B a is almost noetherian. Set Io := (In dA)/sA; then I is a 
submodule of dA/xA, and consequently Jq is an almost finitely generated £> a -module (remark 
17.6.441) . Then clearly (/ fl dA) a is an almost finitely generated ideal of A a . But by construction, 
cl C / fl dA, and b annihilates (J fl dA)/cI. Since 6 is arbitrary, this easily implies that J a is 
almost finitely generated, as required. □ 

Corollary 7.6.47. In the situation of theorem Xl .6.451 the following holds : 
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(i) Every almost finitely generated A a -module is almost finitely presented. 

(ii) Every flat almost finitely generated A a -module is almost projective of finite rank. 

Proof. Assertion (i) is an easy consequence of theorem [7.6.451 and remark 17.6.441 : the details 
shall be left to the reader. 

(ii): Let M be a flat and almost finitely generated v4 a -module; by (i) and [36, Prop.2.4.18(ii)], 
M is almost projective. It remains to show that there exists n E N such that k n Aa M = 0, or 
equivalently, that (A^Mi) a = 0. However, M is a flat A-module, so Ass M C Ass A; in view 
of theorem l7.6. 17f ii). we may argue by induction on the cardinality c of Ass A, and it suffices to 
check that, for every p E Ass A there exists nGN such that A^ p (M) p = 0. If c = 0, we have 
A = 0, and there is nothing to prove. Suppose that c > and the assertion is known for every 
locally measurable A^ + -algebra B such that B ®k+ K and B ®k+ k are noetherian, and such 
that Ass B has cardinality < c. Especially, for a fixed p G Ass A, we can cover Spec A p \ {p} 
by finitely many affine open subsets Spec Bi, . . . , Spec Bk, and then the inductive assumption 
yields neN such that A B . (M <8u Bi) = A%. (M (g> A a Bf)\ = for every % = 1, . . . , k. In other 
words, N := K n Ap (M p ) is a flat A^-module with Supp N\ C {p}. 

Let Ap h denote the strict henselization of A at some geometric point localized at p; on the 
one hand, the A p -algebra Af is faithfully flat, and M, ® A Af = (M ® A a {Af ) a ) l . On the other 
hand, exterior powers commute with arbitrary base change; thus, we are reduced to showing : 

Claim 7.6.48. Let B be a measurable A^-algebra, and N a flat almost finitely generated B a - 
module whose support is contained in {s(B)} (notation of (17.2.231) ). Then A^Ai = for every 
sufficently large n E N. 

Proof of the claim. By assumption, we may find an essentially finitely presented iT + -algebra 
Bq and an ind-etale and faithfully flat map B — > B of K + - algebras. Set X := Spec B and 
X := Spec B; since {s(B )} is a constructible subset of X , the natural map 

B ® Bo T {s(Bo)} ^x -> r {s (B )} ^x 

is an isomorphism (lemma 14.2.1 U iii)). On the other hand, there exists a finitely generated 
s(.Bq) -primary ideal J C B such that the natural map r.r s ( Bo )} & Xo — > B / J is injective (lemma 
14.3 .101 and theorem T4 . 5 . 20r i) ) . It follows that the natural map T^b)}^x — > B / JB is injective 
as well. Now, N\ can be written as the colimit of a filtered system (La | A E A) of free B- 
modules of finite rank; for each A E A, let be the quasi-coherent ^-module arising from 
L\, and define likewise A~; taking into account lemma l4".2.4r ii.b) we deduce that the natural 
map 

N\ = Ts s m)}Nr = colimT f s i B )\L^ -> colimL A /JL A = NJJN\ 

is injective. In other words, A is a B a / J B a -module. We may then replace B by Bj JB, and 
assume from start that B has Krull dimension zero. In this situation, we may find a nilpotent 
ideal I C B, a valuation ring that is a measurable A^ + -algebra, and a finitely presented 
surjection V —> B/I (lemma 17X291 ) . It suffices to find n EN such that (A^Ai) ® B B/I = 0; 
hence, we may replace N by N/ IN and B by B/I, and assume as well that £> = V/bV for 
some 6 G V. In this case, the assertion follows easily from proposition |7.2.20[ □ 

8. The almost purity theorem 

In this chapter we prove the almost purity theorem. The theorem states that certain pairs 
(Aqo, {xqo}), consisting of a local scheme X^ and its closed point Xoo, are almost pure (see def- 
inition |7?L22ti)). We have tried to axiomatize the minimal set of assumptions on (X^, {^oo}) 
that are required for the proof (see (18.2.201) ); these may look a little cumbersome, even though in 
practice they are verified in many interesting cases (see example f8. 2 .271) . Regardless, we make 
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no claim that our assumptions are the weakest reasonable ones : at the current state of our un- 
derstanding, it remains entirely conceivable that a different approach would allow to shed some 
of them. At the same time, some general features are well entrenched and seem to be inher- 
ently unavoidable; especially, X^ will certainly be the projective limit of a tower of essentially 
quasi-finite morphisms : 

• • • — > X n — > X n _! X 

of affine normal schemes of essentially finite type over a valuation ring K + of rank one. More- 
over, one requires that the special fibre of X^ is perfect. 

The proof proceeds by induction on the relative dimension d of X^ over S := Spec K + . 

• For d = 0, the scheme X^ is the spectrum of a valuation ring and the base change 
— > X kills ramification precisely when is deeply ramified (in the sense of 11361 

Def.6.6.1]); in this situation, the almost purity theorem is equivalent to 11361 Prop. 6. 6. 6]. 

• In section [8TT1 we suppose that d — 1. In this case, the bottom X of the tower is a 
strict henselization of a semi-stable relative curve over S; so, X admits an ind-etale morphism 
g : X — ► T(7), where 7 G T + , the monoid of positive elements in the value group T of K + , 
and ¥(7) is the spectrum of the if + -algebra R(j) := K + [X, Y]/(XY - c), with c G if + any 
element such that |c| =7. There is a basic tower : 

► T( 7n ) -> T(7 n _0 - ► T( To ) 

where 7 n := 7 1 / p ™ for every n G N, and the morphisms are defined by the rule : X 1— > X p , 
Y 1 — > Y p . The tower X. is then a strict henselization of the tower T(t.). 

Now, the essential point is to show that every locally free module of finite rank J^, on 
Uoo := X \ {xoo} extends - by direct image under the inclusion j : Uoo — > Xoo - to an almost 
flat ^x^-module j*J^. However, x^ projects to some x G X, and we may assume that 
descends to a locally free module of finite rank & on U := X(x) \ {x}; in this case we show 
that the direct image of & under the inclusion U C X(x), is a reflexive ^(aO-niodule. (In 
the corresponding part of Faltings' original proof, there is a reduction to the case of a tower of 
regular local rings, and then this direct image is even free.) It follows that 2*^00 can be written 
as the colimit of a filtered family of reflexive modules. 

We are then naturally led to look for a description - as explicit as possible - of all reflexive 
(^(^-modules. This latter problem is solved by theorem I8.1.171 which actually holds more 
generally for a base valuation ring K + of arbitrary rank. Namely, every such module is of the 
form g*^ x , where & is a reflexive -module; moreover, & is a direct sum of generically 
invertible reflexive i^ T ( 7 )-modules; the latter are determined by their restriction to the smooth 
locus T(7) sm , and their isomorphism classes form an abelian group naturally isomorphic to 
PicT(7) sm , which is computed by proposition 18. 1.131 Summarizing, if the image y G S of 
the point x is the generic point (indeed, whenever y Spec K + /cK + ), every reflexive &x(x)- 
module is free; and more generally, the group of generically invertible reflexive &x(x) -modules 
is naturally isomorphic to a subquotient of the value group of the valuation ring &s,y (So 
that, predictably, the complexity of the classification grows monotonically, as y approaches the 
closed point of S.) 

The upshot is that, if is a reflexive (?x(x) -module, then c annihilates the functor : 

Jt 1 — ► Tor^ x(x) Jt) for every % > 

(see claim 18. l!29l ii)). So one can say that & is as close to being aflat &x(x)-module, as the 
value 7 is to 1 G T. This persists after base change to any X n , except that 7 is replaced by 7„; 
and if we climb the tower all the way, we see that the almost scheme is a flat X -module. 

As usual, once we have established flatness, we are almost home : to conclude, one applies 
the general trace arguments that have been conveniently packaged in lemmata |7. 1 . 14| and |7. 1 .201 
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• When d > 2, we do not have any longer an explicit description of reflexive modules, hence 
we have to resort to more sophisticated homological machinery. This entails a cost, since - as 
we shall see - for each step of the proof we shall have to add further assumptions on the tower 
X, : to begin with, we demand that every X n is the spectrum of a local, essentially smooth K + - 
algebra R n , so that = Spec-Roo, where is the increasing union of its subalgebras R n . 
Now, let U := X^ \ {xoo}> and suppose that we are given an etale almost finite ^-algebra srf ; 
as usual, it suffices to show that T(U, &/) is a flat i?^-module, or equivalently, a flat i?°-module, 
for every n € N. To this aim, we may try to apply propo sition 14.6.191 which translates flatness 
in terms of a depth condition for the ^/-module srf\\ namely, we are reduced to showing that 
H l (U, £?) = in the range 1 < i < d — 1. We succeed in proving directly this vanishing when 
d > 3, provided one more hypothesis is fulfilled (propo sition 1 8 . 2 . 1 41) . The idea is to exploit the 
Frobenius morphism : 

Wu-.Uxs SpecK + /7r p K + ^Ux s SpecK+/<KK + 

(where n £ K + is any element such that 1 > |7r p | > \p\ : see (17.4.21) ). Namely, since stf is 
etale, the Frobenius map $^ on srf yields a natural isomorphism (lemma 17.4.51) : 

Moreover, $[/ is a flat morphism, therefore we obtain isomorphisms on cohomology : 

§* Roo H\U,,zf /its?) ^ H\U,^/7f p ^) 

where $ fioc : R^/nR^ — > R 00 /'k p R 00 is the Frobenius map (see the proof of claim [8T2. 151) . 
On the other hand, with the aid of lemma l4.6.26l we show that H l (U, s$ /irg/) is a R^ -module 
of almost finite length for 1 < i < d — 2 : this refers to a notion of normalized length (for R^- 
modules and J?^-modules) which is introduced and thoroughly studied in section [731 We have 
tried to codify in (17.2.491 ) the minimal conditions that ensure the existence of the normalized 
length function (this gives us our additional assumption). 

The key observation is that the functor multiplies the normalized length of a module by 
a factor p d+1 (proposition I8.2.4f ii)). On the other hand, suppose - for the sake of argument - 
that H' l (U, srf /tt£?) has finite (normalized) length A > 0; using the 7r-adic filtration of srf , we 
might then bound the length of H l (U,£/ /rr p £/) by p ■ A; since d > 0, we would then conclude 
that A = 0. This line of thought can still be applied to modules of almost finite length; finally, 
since these cohomology groups are even almost coherent, the fact that they have zero length 
implies that they actually vanish, and then the usual long exact cohomology sequences yield the 
vanishing of H' L {U, &/) in the desired range (see the proof of proposition 18 .2. 14t ii)). 

• When d — 2, the previous method fails to produce any information concerning the coho- 
mology of srf I it£/, hence the whole argument breaks down. Nevertheless, some key ingredients 
can still be salvaged for use in the final step of the proof. The main new idea (due to Faltings 
[1341 ) is to exploit the technique of Witt vectors, in order to construct : 

(i) an imbedding of (U, ffij) into a larger locally ringed space (A(£7), ^(m), which ad- 
mits an automorphism <Tu lifting the Frobenius endomorphism of U ; 

(ii) an extension of the algebra srf to an -algebra A(&?) + , and an extension of the 
Frobenius map $^ to an isomorphism : 

OV : (tIjA(^) + A A0O+. 

Actually, to achieve (i) we must first replace U by the scheme U A := X^ \ {xoo}, where 
X^ := Spec-R^,, the spectrum of the p-adic completion of Roo. There is a natural morphism 
U A — > U, and we replace likewise srf by its pullback g/ A to U A . (We also show that if the 
pair (X^, {xoo}) is almost pure, then the same holds for the pair (X^, {xoo}), hence this base 
change is harmless for our purposes.) 
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The pair (A(U), &a.(u)) belongs to a category of locally ringed spaces that contains the formal 
schemes of [|26l . The basic theory of these new u-formal schemes is developed in section 1731 
The cj-formal scheme A(U) is an open subscheme of the qffine to-formal scheme A(X), defined 
as the spectrum of a topological algebra A(R QO ) + which is constructed in section l3~3l and <jjj 
is deduced from an automorphism cr Roo of A(R 00 ) + '. 

There exists a countable family of closed immersions (U\ — > A(U) | A E A), which identify 
A(U) with the coequalizer of the two natural projections : 

]J t/iXA(P)^'=S II^A 
A.A'eA AeA 

such that each U\ is isomorphic, as a locally ringed space, to an infinitesimal thickening of U. 
Moreover, for each A G A there is 11 E A, such that a v restricts to an isomorphism U\ U^, 
and := U\ Xxaj) is isomorphic to an infinitesimal thickening of the special fibre U of 
U (see lemma UAJM- 

Using these isomorphisms, srf lifts to an etale 0$ -algebra s^\, and then A(srf) + is obtained 
by gluing these sheaves srf\ along certain natural isomorphisms : 

that are concocted from This construction is fully detailed in (I7.4.24M7.4.30I ) : the idea is 
simple, but the actual implementation requires a certain effort; the gluing itself is an instance of 
non-flat descent, whose general framework was established in [|36l §3.4]. 

Next, for every A E A, the closed subscheme U\ C A(U) is the zero locus of a regular 
element i9\ G A(R oa ) + , and we have short exact sequences of -modules (lemma l7.4.34l) : 

-> A«) + A0O+ — > — > 0. 

For every i E N, set H*^) := iT(A([7), A(,c/) + ); together with lemma [93421 we deduce 
that H 1 ( I g/)/$AH 1 ( I g/) is naturally a submodule of H 1 ^,^/), especially it has almost finite 
length. Moreover, the pair (at;, ov) induces a cr^-linear endomorphism of H 1 (,e/), and if we 
let I := (p, C A(i?oo) + , there follows an isomorphism of i?^/pi?^-modules : 

^(u\^)i(a^i)n\^)) ^ tfw/nPw. 

In this situation, we can repeat the argument that helped us for the case d > 2 : namely, 
using the 7r-adic filtration on H 1 ( t g/)//H 1 ( t g/) we conclude that the normalized length of 
H 1 (&/) / 19 xH 1 ($/) equals zero, and then the latter must vanish (see the proof of claim !8.2.22l) . 
Finally, we apply remark |9~.3.39n i) to deduce that actually H 1 ^) = already. 

We can now prove directly that H°(U A ,g/ A ) is an etale -R^-algebra : indeed, using ll36l 
Prop. 3. 1.4] we are reduced to showing that the natural map 

fi : H°(U A , £/ A ) ® flgo H°(U A , £/ A ) -> H°(U A , ^ A srf A ) 

is an epimorphism. However, \x lifts to a morphism : 

li : H (O ® A(i?) + H°(^) - H«V ® A{R)+ sf). 

Set C := Coker /x; the vanishing of H 1 (^/) and H 1 (,e/ ®&a&f) implies that Coker /x ~ C/i9\C. 
However, C is also naturally endowed with a cr Roo -linear endomorphism, hence C/fixC = 0, 
again by the same sort of counting argument using normalized lengths. 

8.1. Semistable relative curves. Throughout this section we let K be a valued field, whose 
valuation we denote by | • | : K — > T U {0} (see lT3~6l §6.1] for our general notations concerning 
valuations). We shall also continue to use the general notation of (14.51) . 
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8.1.1. Let K(T) be the fraction field of the free polynomial K- algebra K\T\. For every 7 G Y 
one can define an extension of | ■ | to a Gauss valuation \ ■ | 0)7 : if(T) — >■ V ( 11361 Ex.6.1.4(iii)]). 
If /(T) := J^iLo is any polynomial, then |/(T) | 0)7 = max{|a;| • 7* | i — 0, . . . , d}. We let 
V(j) be the valuation ring of | ■ | 0)7 , and set 

R(j) := K[T, J- 1 } n 7(1) n 7(7). 

Since i^[T, T _1 ] is a Dedekind domain, #(7) is an intersection of valuation rings of the field 
K(T), hence it is a normal domain. By inspecting the definition we see that #(7) consists of 
all the elements of the form /(T) := XlIL-n a i"T\ such that |aj| < 1 and | | • 7* < 1 for every 
% = —n, . . . , n. Suppose now that 7 < 1, and choose c G K + with |c| = 7; then every such 
/(T) can be written uniquely in the form J2i=o ai ~^ % + Sj=i ^'( C "'" -1 ) J 5 where a^, G K + for 
every z, j < n. Conversely, every such expression yields an element of R(y). In other words, 
we obtain a surjection of fT + -algebras K + [X,Y] — > R(y) by the rule: X h T, Y h cT" 1 . 
Obviously the kernel of this map contains the ideal (XY — c), and we leave to the reader the 
verification that the induced map 

(8.1.2) K+[X,Y]/(XY- C )^i?( 7 ) 
is indeed an isomorphism. 

8.1.3. Throughout the rest of this section we shall assume that 7 < 1. Every 5 G T with 
7 < 5 < 1, determines a prime ideal p(5) := {/ G #(7) | \f\o,s < 1} C #(7), such that 
rrii<ri2(7) C p(5). Then it is easy to see that R(^)p^ C 7(5), and moreover : 

fl(7)„<7) = ^(7) ^(7) P (i) = 7(1) 
since 7(1) (resp. 7(7)) is already a localization of X + [T] (resp. of 7^ + [cT -1 ]). In case 
7 < 1, (18.1.21) implies that #(7) <$ K + k ~ «[X, Y]/(XY), and it follows easily that p(l) and 
p(7) correspond to the two minimal prime ideals of k[X, Y]/(XY). In case 7 = 1, we have 
R(l) ® K + « — «[X, X -1 ], and again p(l) corresponds to the generic point of Spec k[X, X -1 ]. 
Notice that the natural morphism 

/ 7 : ^(7) := Spec #(7) -> 5 

restricts to a smooth morphism /"^T 1 (77) — > Specif; moreover the closed fibre / T 1 (s) is geo- 
metrically reduced. Notice also that ^(7) x s Spec E + ~ ^(7) for every extension of valued 
fields K C E. In the following, we will write just 1(7) in place of 1^(7), unless we have to 
deal with more than one base ring. 

Proposition 8.1.4. Keep the notation of (18.1.31) . and let g : X —>■ ¥(7) be an etale morphism, 

a coherent ^x-module. Set h := / 7 o g : X — > S and denote by i s : h~ 1 (s) — > X 
natural morphism. Then & is reflexive at the point x G /i _1 (s) z/and only if the following three 
conditions hold: 

(a) & is h-flat at the point x. 

(b) ^ x ®k+ K is a reflexive &x,x ®k+ K-module. 

(c) The & h -it s \ x -module i*^ x satisfies condition S\ (see definition 14. 3 . 1 f iii) ). 

Proof. Suppose that & is reflexive at the point x; then it is easy to check that (a) and (b) hold. 
We prove (c): by remark 14.4.41 we can find a left exact sequence 

- ^ A eg A eg. 

Then Im/? is a fiat X + -module, since it is a submodule of the flat A" + -module <^™; hence 
a ®k+ Ik : i* s ^x ^h™(s)x ls st ^ injective, so we are reduced to showing that h~ 1 (s) 
is a reduced scheme, which follows from 031 Ch.IV, Prop. 17.5.7] and the fact that / 7 T 1 (s) is 
reduced. 
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Conversely, suppose that conditions (a)-(c) hold. 

Claim 8.1.5. Let £ be the generic point of an irreducible component of h~ 1 (s). Then: 

(i) & x is a torsion-free Gx ^-module. 

(ii) &x,i is a valuation ring. 

(iii) Suppose that the closure of £ contains x. Then is a free ^ ^-module of finite rank. 

Proof of the claim, (i): By (a), the natural map — > JP X ® K + K is injective; since (b) implies 
that & x ®k+ K is a torsion-free &x ^-module, the same must then hold for & x . 

(ii) : By the going down theorem ( 11581 Ch.3, Th.9.5]), is necessarily the generic point 
of an irreducible component of /~ 1 (s). The discussion of (18.1.31 ) shows that A := @i(i),g(s) is 
a valuation ring, hence 11331 Ch.IV, Prop. 17.5.7] says that the ring B := @x,i is an integrally 
closed domain, and its field of fractions Frac(S) is a finite extension of the field of fractions of 
A (J31 Ch.IV, Th.17.4.1]). Let C be the integral closure of A in Frac(£); then C C B and if 
rile denotes the maximal ideal of B, then n:=rnBnCisa prime ideal lying over the maximal 
ideal of A, so it is a maximal ideal of C. It then follows from [14, Ch.VI, §1, n.3, Cor.3] that the 
localization C n is a valuation ring; since C n C B, we deduce from [14, Ch.VI, §1, n.2, Th.l] 
that C = B, whence (ii). 

(iii) : Suppose that x G {£}. We derive easily from (i) that is a torsion-free i^g-module, 
so the assertion follows from (ii) and [14, Ch.VI, §3, n.6, Lemma 1]. 

By (b), the morphism (3 t ^ x ®k+ 3-k : <®k+ K — > J^ vv ®k+ K is an isomorphism (notation 
of (14.41 )); since & is /i-fiat at x, we deduce easily that (3^ x is injective and C := Coker (3^ x is 
a torsion f^ + -module. To conclude, it remains only to show: 

Claim 8.1.6. C is a flat i^ + -module. 

Proof of the claim. In view of lemma l37l .281 it suffices to show that Torf + (C, «(s)) = 0. 
However, from the foregoing we derive a left exact sequence 

Torf + (C, k(s)) ®k + ^^ K+K( - } ^, vv ®k+ 

We are thus reduced to showing that (g>£-+ k(s) is an injective map. In view of condition 
(c), it then suffices to prove that is an isomorphism, whenever £ is the generic point of 
an irreducible component of h~ 1 (s) containing x. The latter assertion holds by virtue of claim 
l8X5T iii). " □ 

8.1.7. For a given p G T, let us pick a <E K \ {0} such that |a| = p; we define the frac- 
tional ideal I(p) C K[T, T _1 ] as the _R(7)-submodule generated by T and a. The module I(p) 
determines a quasi-coherent <^ T ( 7 ) -module y(p)- 

Lemma 8.1.8. With the notation of (18.1.7b : 

(i) y(p) is a reflexive ffj^y module for every p G V. 

(ii) There exists a short exact sequence of R(j) -modules: 

o -> /(p-S) -> i?( 7 ) e2 - /(p) - o. 

Proof. To start with, let a G i(T \ {0} with \a\ = p. 

Claim 8.1.9. If either p > 1 or p < 7, then 7(p) and I(p~ 1 ^) are rank one, free i?(7)-modules. 

Proof of the claim. If p > 1 (resp. p < 7) then p _1 7 < 7 (resp. p~ x 7 > 1), hence it suffices 
to show that J(p) is free of rank one, in both cases. Suppose first that p > 1; in this case, 
multiplication by a -1 yields an isomorphism of i?(7)-modules J(p) ^> -R( 7 )- Next, suppose 
that p < 7. Then /(p) is the ideal (T, a), where a = c ■ 6 for some 6 G K + and |c| = 7. 
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Therefore I(p) = (T, T • (cT x ) • b) = T • (1, cT 1 6) = TR(j), and again J(p) is a free 
i?(7) -module of rank one. 

In view of claim [8TTT91 we may assume that 7 < p < 1. Let (ei, e 2 ) be the canonical basis 
of the free i?(7)-module _R(7)® 2 ; we consider the _R(7)-linear surjection ir : R(j)® 2 — * I(p) 
determined by the rule: t\ 1— > T, e 2 1— >■ a. Clearly Ker 7r contains the submodule M(p) C 
R{l)® 2 generated by: 

fx '■= aex — Te 2 and / 2 := cT _1 ei — ca _1 e2- 
Let be the quasi-coherent ^t( 7 ) -module associated to N := R(^) m / M(p). 

Claim 8.1.10. With the foregoing notation: 

(i) iV is a flat A + -module. 

(ii) A + [c _1 ] ® K + N is a free A+fc -1 ] ® K + A(7)-module of rank one. 

(iii) K ® K + M(p) = A ® K + Ker tt. 

Proof of the claim, (i): We let gr,R{^) be the T-adic grading on R(j) (i.e. gqi?^) = T* • K n 
#(7) for every i E Z), and we define a compatible grading on A(7)® 2 by setting: grjA(7)® 2 : = 
(gr i _ 1 i?(7) • ex) © (gr i i?(7) • e 2 ) for every z 6 Z. Since jfi and f 2 are homogeneous elements, we 
deduce by restriction a grading gr.M(p) on M(p), and a quotient grading gr.A on N, whence 
a short exact sequence of graded A + -modules: 

-> gr.M(p) gr.A( 7 ) e2 -> gr.A -> 0. 

However, by inspecting the definitions, it is easy to see that gr.j is a split injective map of free 
A" + -modules, hence gr.iV is a free A + -module, and then the same holds for N. 

(ii) is easy and shall be left to the reader. 

(iii) : Similarly, one checks easily that A ® K + I(p) is a free A ®k+ -R(7)-module of rank 
one; then, by (ii) the quotient map K ®k+ N — > A ®k+ I{p) is necessarily an isomorphism, 
whence the assertion. 



Claim 8.1.11. JV is a reflexive &tm -module. 

Proof of the claim. Since J/ is coherent, it suffices to show that JV X is a reflexive &r{i),x- 
module, for every x E 1(7) (lemma 14.4.1 1) . Let y := f-y(x); we may then replace JV by its 
restriction to ¥(7) x s S(y), which allows to assume that y = s is the closed point of S. In 
this case, we can apply the criterion of proposition 18. 1 .41 to the morphism / 7 : ¥(7) — ► S. We 
already know from claim |8.1.10r i) that jV is / 7 -flat. Moreover, by claim |8.1.10r ii) we see that 
the restriction of j¥ t o fzH j]) is reflexive. As 7 < p < 1, by inspecting the definition and 
using the presentation (18.1.21) , we deduce an isomorphism : 

k ®k+ N ~ A® 2 /(Xe 2 , Y ei ) ~ (R/XR) © (R/YR) 

where R := «[X, Y]/(XY) ~ k ®k+ R{l)- Thus, the A-module k N satisfies condition 
Si, whence the claim. 

It follows from claim l8T.10r i.iii) that the quotient map N — > I(p) is an isomorphism, so 
J^(p) is reflexive, by claim !8.1.1 II Next, let us define an A(7)Tinear surjection tt' : R^)® 2 — > 
M(p) by the rule: e, 1— > fi for i = 1,2. One checks easily that Ker tt' contains the submodule 
generated by the elements ca~ x ex — Te 2 and cex — aTe 2 , and the latter is none else than the 
module M(p~ lr y), according to our notation (notice that 7 < p _1 7 < 1). We deduce a surjec- 
tion of torsion-free i?(7)-modules J(p _1 7) R{^)® 2 /M{p~ 1 ^) — > M(p), which induces an 
isomorphism after tensoring by A, therefore J(p _1 7) ^ M(p), which establishes (ii). □ 
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8.1.12. Let T(7) sm C ¥(7) be the largest open subset which is smooth over S. Set S 1 := 
Spec K + / cK + ; it is easy to see that f^ 1 (S \ S 7 ) C T(7) sm , and for every y G S 7 , the difference 
f^iv) \ T(7) sm consists of a single point. 

Proposition 8.1.13. Let A (7) C V be the smallest convex subgroup containing 7. Then there 
is a natural isomorphism of groups: 

PicT(7) sm -A(7)/7 Z 

Proof. We consider the affine covering of T(7) sm consisting of the two open subsets 

U := SpecK+fT,!"- 1 ] and V := Spec K + [cT~\ c _1 T] 

with intersection UfW = Spec K + [c _1 , T, T" 1 ] . We notice that both U and V are S'-isomorphic 
to & mi s, and therefore 

(8.1.14) Pic£/ = PicV = 

by corollary 14.5 .131 From (18.1.141) . a standard computation yields a natural isomorphism: 

Pic T( 7 ) sm A ff T{l) (u) x \ <? T(7) (unv)*/ <? T(7 ) ( tO x • 

(Here, for a ring A, the notation A x means the invertible elements of A.) However, 6i(i) (U) x = 

(K + ) x ■(cJ- 1 ) z , ni) (UnV) x = (iT + [c- 1 ]) x •T z and^ T(7) (^) = (K + ) x ■ J z , whence the 
contention. □ 

8.1.15. Proposition 18.1.131 establishes a natural bijection between the set of isomorphism 
classes of invertible ^T( 7 ) sm -modules and the set : 

] 7 ,1] :={ P Gr| 7 <P<l}U{l}. 

On the other hand, lemma [4~ 5 . 1 8 1 yields a natural bijection between PicT(7) sm and the set of 
isomorphism classes of generically invertible reflexive ^t( t ) -modules. Furthermore, lemma 
18. 1.81 provides already a collection of such reflexive modules, and by inspection of the proof, 
we see that the family of sheaves y(p) is really parametrized by the subset ]7, 1] (since the 
other values of p correspond to free <^t( 7 ) -modules of rank one). The two parametrizations are 
essentially equivalent. Indeed, let a G K \ {0} be any element such that p := \a\ g]7, 1]. With 
the notation of the proof of proposition 18. 1.131 we can define isomorphisms 

by letting: <p(l) := T and ^(l) := a. To verify that ip is an isomorphism, it suffices to 
remark that T is a unit on U, so y(p)m = T&u = Likewise, on V we can write T = 
a ■ (a _1 c) • (c _1 T), so y(p)\v = affy and ip is an isomorphism. Hence ^f(p) is isomorphic to 
the (unique) <^T( 7 )-module whose global sections consist of all the pairs (su, sy) G &u{U) X 
& V {V), such that T^sjjpnv = a^Svpnv- Clearly, under the bijection of proposition |8.1.13[ 
the invertible sheaf ^(p)\T(j) sm corresponds to the class of p in A(7)/7 Z . In particular, this 
shows that the reflexive &t(^) -modules J?{p) are pairwise non-isomorphic for p g]7, 1], and 
that every reflexive generically invertible £?tM -module is isomorphic to one such y(p). 

8.1.16. When 7 < 1 and t G 1(7) is the singular point of the closed fibre, the discussion of 
(18.1.151) also applies to describe the set coh.Div(^W 7 w) of isomorphism classes of coherent 
reflexive fractional ideals of <^r(7),t (remark [4.4 . 1 Of ii)) . Indeed, any such module M extends to 
a reflexive -module (first one uses lemma l4~4.6r ii.b) to extend M to some quasi-compact 
open subset U C T(7), and then one may extend to the whole of ¥(7), via proposition l4.4.7l) (i). 
Hence M ~ <#{p)t f° r some p g]7, 1]. It follows already that coh.Div(^x(7),t) is naturally an 
abelian group, with multiplication law given by the rule : 

(M, N) M Q N := j*j*(M ®^ T(7)jt N) for any two classes M, N G Div(^ T(7))t ) 
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where j : T(7) sm fl Spec ^r( 7 ),t — ► Spec &r{i),t is the natural open immersion. Indeed, M Q N 
is reflexive (by proposition I4.4.7H ) and corollary 14.4.81 ), and the composition law is clearly 
associative and commutative, with ^T( 7 ),t as neutral element; moreover, for any p E A (7), the 
class of J?(p)t admits the inverse j*{{j*^(p)t) v )- Furthermore, the modules J?(p) 1 are pair- 
wise non-isomorphic for p e]7, 1]. Indeed, using the group law 0, the assertion follows once 
we know that y(p)t is not trivial, whenever p g]7, 1[. However, from the presentation of lemma 
I8.1.8r ii) one sees that J^(p)t ®^ T(7) t is a two-dimensional ft(t)-vector space, so everything 
is clear. Moreover, a simple inspection shows that the composition law thus defined, agrees 
with the composition law of the monoid coh.Div(^ T ( 7 ) t ) given in remark |4~ .4 .lOr ii). Summing, 
we get a natural group isomorphism : 



coh.Div(^ T(7)>t ) -> A( 7 )/7 £ 

The following theorem generalizes this classification to reflexive modules of arbitrary generic 
rank. 

Theorem 8.1.17. Let g : X — > ¥(7) be an ind-etale morphism, x E X any point, M a reflexive 
6x,x- m odule. Then there exist pi, . . . , p n e]j, 1] and an isomorphism of €?x, x - m odules: 

n 

M^Q)g*J?( Pi ) x . 

i=l 

Proof. Using lemma l4~4.6n i.b N ). we are easily reduced to the case where g is etale. Set t := g(x); 
first of all, if t E T(7) sm , then X is smooth over S at the point t, and consequently M (resp. 
y(p)t) is a free <^x,x-module (resp. ^V^-module) of finite rank (by proposition H3Tl0tiii)), 
so the assertion is obvious in this case. Hence we may assume that 7 < 1 and t is the unique 
point in the closed fibre of ¥(7) \ T(7) sm . Next, let K sh+ be the strict henselization of K + ; 
denote by h : ¥^(7) — > TV (7) the natural map, and set X' : — X ^t k ^) T^sh(7)- Choose 
also a point x' E X' lying over x, and let t' E T KS h_{j) be the image of x'\ then t' is the unique 
point of T KS h("y) with h{t') = t. We have a commutative diagram of ring homomorphisms: 

^T( 7 ),t &X,x 

^ KS h(j),f — a X \ x > 

whence an essentially commutative diagram of functors: 

^ T(7))t -Rflx — ^-Rflx 

Since K and K sh have the same value group, the discussion in (18.1.161) shows that h* t induces 
bijections on the isomorphism classes of generically invertible modules. On the other hand, 
proposition 13.1.521 implies that the functor (3 induces injections on isomorphism classes. Con- 
sequently, in order to prove the theorem, we may replace the pair (X, x) by (X', x'), and assume 
from start that K = K sh . 

In terms of the presentation 18. 1 .21 we can write 1(7) x s Spec/t(s) = Z x U Z 2 , where Z\ 
(resp. Z 2 ) is the reduced irreducible component on which X (resp. Y) vanishes. By inspecting 
the definitions, it is easy to check that Z x ^ A* ~ Z 2 as ^-schemes. Let & be the generic 
point of Zi, for i = 1,2; clearly {t} — Z\ fl Z 2 , hence W% := X XtM Z{ is non-empty and 
etale over Z if so &w u x is an integral domain, hence g^ 1 ^) contains exactly one point Q that 
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specializes to x, for both i = 1, 2. To ease notation, let us set A := &x, x - Then Spec A ® K + k 
consists of exactly three points, namely x, £i and ( 2 - Set M(Q) := M ®a an d notice 

that n := dim^) M(£i) = dim K (^ 2 ) M(£ 2 ), since M restricts to a locally free module over 
(Spec A) sm , the largest essentially smooth open S'-subscheme of Spec A, which is connected. 
We choose a basis ei, . . . , e n (resp e[, . . . , e' n ) for M(d) v (resp. M(£ 2 ) v ), which we can then 
lift to a system of sections e±, . . . , e n £ := M v ®^ (and likewise we construct a 
system e^, . . . , e' n £ M^). Let pj C A be the prime ideal corresponding to Q (i = 1,2); after 
multiplication by an element of A \ pj, we may assume that ei, . . . , e n £ M v (and likewise for 
e[, . . . , e' n ). Finally, we set e" := Yej + Xe^ for every i = 1, . . . , n; it is clear that the system 
(e'{, . . . , e'n) induces bases of M(d) v for both % = 1, 2. We wish to consider the map: 

j : M -> A en m ^ (e" (m), . . . , e"(m)). 

Set C := Coker j, I := Ann A C, and 5 := A/I. 

Claim 8.1.18. (i) The maps Mq — > &x \ induced by j are isomorphisms. 

(ii) Ker j = Ker j CSu 1« = 0. 

(iii) B is a finitely presented K + -module, and C is a free K + -module of finite rank. 

Proof of the claim, (i): Using Nakayama's lemma, one deduces easily that these maps are 
surjective; since is a free -module of rank n, they are also necessarily injective. 

(ii) : Since (?x,x 1S normal, {0} is its only associated prime; then the injectivity of j (resp. of 
j ®a 1 K ) follows from (i), and the fact that M (resp. M ®a k) satisfies condition Si, by remark 
14.4.41 (resp. by proposition l8.1.4l) . 

(iii) : First of all, since A is coherent, I is a finitely generated ideal of A. Let / : Spec B — > 
Spec K + be the natural morphism. Since C is a finitely presented A-module, its support Z is a 
closed subset of Spec A. From (i) we see that Z n Spec A (g)#+ k C {a;}; on the other hand, Z 
is also the support of the closed subscheme Spec B of Spec A. Therefore 

(8.1.19) /- x (s) nSpecB c {x}. 

Since K+ is henselian, it follows easily from (18.1.191) and (331 Ch.IV, Th. 18.5.1 l(c")] that B 
is a finite if + -algebra of finite presentation, hence also a finitely presented A^ + -module (claim 
14.5.81) . Since C is a finitely presented 5-module, we conclude that C is finitely presented as 
A + -module, as well. From (ii) we deduce a short exact sequence: — > M — > A® n — > C — > 0, 
and then the long exact Tor sequence yields: Tor^(C, «) = (cp. the proof of claim !8.1^6l) . We 
conclude by QH Ch.II, §3, n.2, Cor.2 of Prop.5]. 

Claim 8.1.20. The composed morphism: Spec B — > Spec A — > ¥(7) is a closed immersion. 

Proof of the claim. Let p C #(7) be the maximal ideal corresponding to t, so that <^r(7),t = 
-R(7)p. From claim [8T.18r iii) we see that the natural morphism ip : R(y)p — > -B is finite. 
Moreover, A/pA ~ R(j)/p, hence t/> <S>_r( 7 ) li?( 7 )/p is a surjection. By Nakayama's lemma 
we deduce that ip is already a surjection, i.e. the induced morphism Spec B — » Speci?(7) p is 
a closed immersion. Let J p := Ker^, J := #(7) fl J p and D := R(j)/ J. We are reduced 
to showing that the induced map D — ► .D p is an isomorphism. However, let e £ #(7) \ p; 
since D p ~ B is finite over A + , we can find a monic polynomial P[T] £ A + [T] such that 
P(e~ l ) = 0, therefore an identity of the form 1 = e ■ Q(e) holds in D p for some polynomial 
Q(T) £ K + [T]. But then the same identity holds already in the subring D, i.e. the element e is 
invertible in D, and the claim follows. 
Now, C is a finitely generated £>-module, hence also a finitely generated _R(7)-module, due 
to claim 18.1.201 We construct a presentation of C in the following way. First of all, we have a 
short exact sequence of #(7) ®k+ -R(7)-modules: 

E : -f A -f i?( 7 ) Cg>^+ i?( 7 ) A i?( 7 ) _> 



564 



OFER GABBER AND LORENZO RAMERO 



where jj, is the multiplication map. The homomorphism R(j) — > R(j) ®k+ R(l) '■ a l— ¥ 
1 eg) a fixes an i?(7)-module structure on every R(y) ®k+ -R(7)-module (the right i?(7)-module 
structure), and clearly E is split exact, when regarded as a sequence of i?(7)-modules via this 
homomorphism. Moreover, in terms of the presentation (|8.1.2I) . the Rfr) ®k+ -R(7)-module A 
is generated by the elements X © 1 — 1 ® X and Y ® 1 — 1 © Y. Let n be the rank of the free 
F + -module C (claim [87TTT8tiii)); there follows an exact sequence 

E ® m C : -> A ® m C -> R{if n -> C -> 

which we may and do view as a short exact sequence of i?(7)-modules, via the left R(j)- 
module structure induced by the restriction of scalars Rfr) — > -R(7) ©a-+ -R(t) : a i— a ® 1. 
The elements X, Y G R("y) act as fT + -linear endomorphisms on C; one can then find bases 
(6j | % = 1, . . . , n) and (6- | i = 1, . . . , n) of C, and elements a 1; . . . , a n G K + \ {0} such that 
Xbi = aity for every i < n. Since XY = c in R(y), it follows that Yb^ = ca^ bi for every i < n. 
With this notation, it is clear that A ®rua C, with its left i?(7)-module structure, is generated 
by the elements: 

X ® bi - 1 <g> a*&- and Y ® 6- - 1 ® cor 1 6 i (i = 1, . . . , n). 

For every i < n, let Fi be the i?(7)-module generated freely by elements (e^, sQ, and Aj C F 
the submodule generated by X^j — and Ye^ — ca^ 1 ^. Moreover, let us write b\ = YTj=\ u ij^j 
with unique G K + , let F be the free _R(7)-module with basis (e$ | i = 1, . . . , n), and define 
: F — > ©™ =1 F by the rule: ej i— > — X]j=i f° r every i <n. We deduce a right exact 
sequence of i?(7)-modules: 

n n 

F©0A^0F^C7^O 

8=1 1=1 

where: 

V>i(/, di, • • • , d n ) = <p(/) + (di, . . ■ , d n ) for every f E F and cf , G Aj 

■02 = h and = &j for every i = 1, . . . , n. 

Claim 8.1.21. is injective. 

Proof of the claim. Let L be the field of fractions of #(7); since the domain of ipi is a torsion- 
free F + -module, it suffices to verify that ip ©r( 7 ) 1l is injective. However, on the one hand 
C ®rm L — 0, and on the other hand, each Aj ®a( 7 ) £ is an L-vector space of dimension one, 
so the claim follows by comparing dimensions. 

By inspecting the definitions and the proof of lemma 18X81 one sees easily that 

(8.1.22) Aj ~ I{\a^ x c\) foreveryz<n. 

Moreover, by remark (|3.1.20|) (iii), there exists p G N and an R{^) -linear isomorphism: 

(8.1.23) Ker^ 2 ^ F( 7 )® p © Syz^ (7) C. 

On the other hand, remark (|3.1.20|) (iii) and claim [87T . 1 8r ii) also shows that there exists q G N 
and an A-linear isomorphism: 



(8.1.24) 



M A A® q © Syz^C. 
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Combining (18.1.231) and (18.1.241) and using lemma |3~1 .211 we deduce an _R(7) h -linear isomor- 
phism: 

(R(j) h r © (^(7) h ®H0r) Ker^ 2 ) - (iZ( 7 )T P+<? © (i?( 7 ) h ®j« 7 ) Syz^C) 

A (J2( 7 )>)<»+« © Syz) J(7)h ( J R( 7 ) h ©^ C7) 

A (f2( 7 ) h )® p+<7 © (i?( 7 ) h ©a Syz^C) 

^ (i?(7) h ) ffip © (^(7) h ©a M). 

By claim ILLHJ and (18.1.221) it follows that (R(-f) h )® p © (,R(7) h ©a M) is a direct sum of 
modules of the form i?(7) h © R ( 7 ) /(p«), for various Pi £ T (recall that 1(1) = -R( 7 )). Notice that 
every /(pi) is generically of rank one, hence indecomposable. Then it follows from corollary 
13.1.511 that -R(7) h ©a M is a direct sum of various indecomposable _R(7) h -modules of the 
form -R( 7 ) h ©a g*y(pi) x - Finally, we apply proposition 13. 1 .521 to conclude the proof of the 
theorem. □ 

8.1.25. Henceforth, and until the end of this section, we suppose that (K, \ ■ |) is an alge- 
braically closed valued field of rank one, with residue characteristic p > 0. Following 11361 
§5.5.1, §6.1.15], one attaches to the valued field K its standard setup (K + , m), and to every S- 
scheme X, the categories <^-Mod, ^-Alg of almost ^-modules, resp. almost (^-algebras 
(relative to the standard setup). 

We keep the notation of (|8.1.1I) . so in particular c £ K + is a fixed element whose valuation 
we denote 7 £ Y + . We choose a sequence (c n | n £ N) of elements of K + , such that cq = c 
and c^ +1 = c n for every n £ N, and let R n := i? [T 1//p ™, c n T _1 / p "]. In terms of the presentation 
(18.1.21 ) we can write 

(8.1.26) R n = R [X n ,Y n ] ~ K+[X n , Y n ]/(X n Y n - c n ) 

where X n := X 1//p " and Y n := Y 1 ^"; especially i? n is isomorphic to the X + -algebra R(^ l / pn ). 
Finally, we set T n :— Spec R n for every n £ N. 

8.1.27. Set i? := UneN an( ^ ^ := Spec i?; let x be any geometric point of T whose support 
is a closed point, and set X := T(x). Also, let x £ X be the closed point, set R sh := &x, x , 
U :— X \ {x}, and denote by j : U — ► X the open immersion. Furthermore, for every n £ N, 
let a;^ be the image of x in T„; set X n := T n (x n ), denote by x n the closed point of X n , and let 
R*n := ^x n ,x n - Also, let C/ n := X n \ {x n } and denote by j n : C/ n — > X n the open immersion. 

Proposition 8.1.28. For every flat quasi-coherent ffjj-module J£ ', the <ff x -module j*,^ a is flat. 

Proof. We begin with the following : 

Claim 8.1.29. Let n £ N be any integer, and £f a locally free (^-module of finite type. Then 

(i) jn*^ is a reflexive ^x n -module. 

(ii) c n • To^ n (j n *&, = for every z > and every ^x n " m odule jft . 

Proof of the claim, (i): By lemma l4~.4.6r ii.a) and proposition 14.4.71 £f extends to a reflexive 
&x n -module and we may then descend £f' to a coherent i^y-module 3^ on some etale 
neighborhood Y — > T n of x„. Denote by y the image of x n in F, let y £ F be the support of 
y, set t/y := Y(y) \ {y}, and let jy '■ Uy — > F(y) be the open immersion; by lemma |4A6tiii), 
the restriction := Jffiyoy) is a reflexive &y{y) -module, so the natural map 3%" — > jy*jy^' 
is an isomorphism (corollary I4.4.8I ). By corollary 19.3.191 we deduce that the natural map Sf' — ► 
jn*jn^' = in*^ is an isomorphism, whence the claim. 

(ii): Since Sf is locally free, it suffices to show that c„ annihilates Tor^ ™ \$S X , M) = for 
every % > and every _R^ h -module M. Then, by theorem [8. 1.171 we may further assume that 
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C S' = g*J r {p) for some p e]|c n |, 1], where g : X n — > T n is the natural morphism. By inspecting 
the definition of J^(p), we derive a short exact sequence — ► J^(p) — > — ► Q — of ^ T7i - 
modules, with c„ • Q = 0; then the claim follows easily, using the long exact Tor sequences. 

Claim 8.1.30. Let y E (ffjj be any point, and & any quasi-coherent ^-module. 

(i) the local ring &u,y is either a field or a valuation ring of rank one. 

(ii) & is a flat ^/-module if and only if it is torsion-free. 

Proof of the claim, (i): It suffices to notice that, if y E T n is any non-closed point, the local 
ring &r n ,y is either a field or a valuation rings of rank one : indeed, this is clear in case y E 
T n x 5 Spec K, since R n ®k+ K is a Dedekind domain; otherwise, y is a maximal point of 
T n x s Spec k, and then the assertion was already remarked in (|8.1.3I) . 

(ii): The condition means that & y is a torsion-free ^/^-module, for every y E U . The 
assertion is then an immediate consequence of (i). 

Now, let & be any flat ^/-module, and write as the colimit of a filtered family [&\ | A E 
A) of finitely presented ^/-modules (proposition |9.2. 19l) . For every A E A, we may extend J^a 
to a finitely presented ^-module ,^' x (lemma |9 . 2 . 1 6t ii)) . We may then find n EN and an affine 
etale neighborhood Y — > T n of x n , such that descends to a finitely presented i^y-module 
C S I . Let y be the image of x in Y, y E Y the support of y, and set Uy ■= Y(y) \ {y}; notice that 
R Y := &y,y is also a normal domain. Set M' x := , denote by M\ the maximal _Ry-torsion- 
free quotient of M' x , and let Sf be the quasi-coherent <^/ y -module associated to M A . Notice that 
the induced map ijjy '■ U — > Uy is surjective, and claim I8X30IX ) easily implies that ipy is flat; 
it follows that ipy^ ls me maximal torsion-free quotient of Then claim l8T.30r ii) implies 
that the natural map J^a — > & factors through ■^) Y C S . On the other hand, corollary 14.5.241 says 
that £f is a finitely presented 0y( y \ -module, so -?/>y£f is a finitely presented ^/-module. 

Summing up, this shows that is the colimit of a filtered system of flat finitely presented 
^-modules; in view of lemma 19 . 3 . 1 Of i) , we may therefore assume that & is finitely presented, 
and that & descends to a locally free &u n -module Sf for some n E N. For every k > n, 
let (fk : Uk — > C/n and ipk '■ U — > Uk be the natural morphisms; claim |8T .291 implies that 
'■= jk*<P*k3 is a reflexive <^x fc -module, for every fceN, and proposition |9.3.15t ii) says that 

k>n 

Now, let M be any ^-module. We can compute: 

c m ■ £?orf x ^) = colim c m ■ ipl^orf Xk (J?k, ipk*^) = for every m GN and i > 

k>m 

by claim 18 .1.29f ii) (cp. the proof of claim |3. 1.301 ), whence the contention. □ 
Theorem 8.1.31. With the notation of (18.1.271) . the pair (X, {x}) is almost pure. 
Proof. To start out, we remark : 

Claim 8.1.32. The natural map ff x — ► j*&u is an isomorphism. 

Proof of the claim. In view of proposition 19.3.1 5f ii), it suffices to show that, for every n E N, 
the natural map &x n — > jn*&u n is an isomorphism. Next, let t n E T n be the image of x n , 
set U' n := T n \ {t n } and denote by j' n : U' n — > T n the open immersion; since the natural 
morphism X n — > T n is flat, corollary 19.3.191 further reduces to showing that the natural map 
Jn*^n * s an isomorphism. The latter assertion follows immediately from corollary 

MM 

Now, let srf be any etale and almost finitely presented ^-algebra. Claim [871.321 and lemma 
|7.1.20r ii) show that j^stf is the normalization stf v of srf over X. Then claim |7.1.20r i) and 
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proposition 18.1.281 imply that srf v is an etale ^-algebra. To conclude, it suffices to invoke 
proposition |7. 1.261 □ 

Remark 8.1.33. (i) The assumption that K is algebraically closed is made only to simplify 
some notation; as we shall see later, it suffices to assume that (K, \ ■ |) is deeply ramified. 

(ii) Theorem l8. 1 .3 1 l admits the following variant. For every n E N.let-Rn := ^[T^jjthis 
defines an inductive system (R' n | n e N) of i^ + -algebras, and again we set R' := U n& ]R' n - 
We let X' be the strict henselization of Spec R' at a geometric point x' whose support is a 
closed point, and again we denote by x' E X' the closed point; then we claim that also the pair 
(X', {x'}) is almost pure. Indeed, notice that the strict henselization X' n of Spec R' n at the image 
of x! is isomorphic to the i^ + -scheme T n (x n ) appearing in 18. 1 .271 provided we take c n := 1. 
It follows that every reflexive ^/-module is free, and therefore proposition [8TL28] holds in a 
stronger form (and with easier proof) : if we let U' := X' \ {x'} and f : U' X' the open 
immersion, then for every flat quasi-coherent ^//-module & ', the ^'-module j'^ is flat. After 
this, the proof of theorem [8.1.311 can be repeated verbatim. 

8.2. Almost purity : the smooth case. In this section, we prove the almost purity theorem 
for the case of a pair (X, {x}), such that X is the spectrum of an ind-measurable i^ + -algebra, 
which is the limit of a deeply ramified tower of ind-smooth -algebras. In view of theorem 
18.1.311 we may assume that X has dimension at least three, and actually we shall prove the 
theorem first in the case of dimension > 3 (see the introduction of chapter(8]). Then we shall use 
the cr-equivariant algebras introduced in (17.4.301) . to deal with the remaining case of dimension 
three. 

8.2.1. Let us resume the notation of (17.41) . and suppose that R is a measurable i^ + -algebra, 
and M is an i?/7ri?-module supported at the maximal ideal. We are interested in comparing 
the normalized lengths of M and of the -module $£M. This issue must be properly un- 
derstood; indeed, notice that the invariant \r (<6) ($^M) depends not only on the ring R^ and 
the -module , but also on the choice of a structure morphism K + — > Two such 
i^ + -algebra structures are manifest on K^y namely, on the one hand we have the natural map: 

(8.2.2) K + -> K + /ttK + -^U 
and on the other hand we have the natural surjection : 

(8.2.3) K + -> K + /n p K + = K+ y 

It follows that inherits two K + -algebra structures, via the natural map — > 
Notice that, if we view as a i^ + -module via (18.2.21 ), the normalized length \ K +(K^) will 
not always be finite, since is not always surjective. On the other hand, if we view as 
a i^ + -module via (18.2.31) . the invariant \ K +(K^) is always finite, equal to \it p \ E T . For this 
reason, henceforth, for any measurable f^ + -algebra R, we shall always endow R^ with the 
K + - algebra structure deduced from (|8.2.3I) . 

Proposition 8.2.4. Suppose that R is an essentially smooth and measurable K + -algebra of 
fibre dimension d. Then : 

(i) $r is a flat ring homomorphism. 

(ii) X Rm ($* M) = p 1+d ■ X R (M) for every object M ofR/irR-Mod {s} . 

Proof. The assumption means that R is a localization of a smooth K + -algebra, and the Krull 
dimension of R := R ® K + k equals d. We begin by recalling the following well known : 
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Claim 8.2.5. Let ip : A — > B be an essentially smooth moronism of F p -algebras, and denote by 
$4 : A — > A (resp. Q B : B —> B) the Frobenius endomorphism. Let also A(&^ and be 
defined as in (17.41) . as well as the relative Frobenius : <&b/a '■ B <8u — > Then is 
a flat map. 

Proof of the claim. Since the formation of (relative and absolute) Frobenius endomorphisms 
commutes with localization, we may assume that A and B are local rings, in which case cp fac- 



tors through an essentially etale map if) 
We deduce a commutative diagram 



C := A[T] 



i- 



£ (031 Ch.IV, Cor. 17. 11. 4]). 




's/c 



and the identity : $b/c ° (1b ® 3>c/a) = $b/a- However, $b/c* is an isomorphism 11361 
Th.3.5.13(ii)], hence we are reduced to showing the claim for the case B = C, but it is clear 



that (7(0) is a free C 



a A($) -module of rank 







Claim 8.2.6. Assertion (i) holds for i? = K + . 



Proof of the claim. We apply the criterion of [58, Th.7.7], which amounts to showing that the 
natural map 



{aK + /ixK + ) ® K+/vK+ K+ } - aK+^ = a p K + /n p K 







is bijective for every a £ m with |a| > | vr | . The verification shall be left to the reader, 
(i) follows easily from (I7ATT) and claims 1872751 1872761 

Next, in order to check the identity (ii), we may assume that M is a finitely presented R/nR- 
module, and even that M is flat over K + /aK + , for some a £ m with |a| > [tt j (claim 1772.341) . 
By claim 18.2.61 we deduce that $j*.+M = M ® R (R ® K + KtA is flat, when regarded as a 

A' + /a p fT + -module, via the if + -algebra structure of Kt, , fixed in (18.2.31) . Consequently, $|jM 

is a flat if + /a p -ft' + -module as well, by claim [87231 Let M := M ®k+ ^\ from theorem 
I7.2.30r iii.b) we obtain the identities : 



(*) 



$*M) 



lengthy (^Af). 



Afl(M) = |a| • lengt%(M) 
Thus, we come down to the following : 
Claim 8.2.7. lengthy ($^M) = p d ■ lengt%(M). 

Proof of the claim. By additivity we reduce easily to the case where M = k(R), the residue 
field of R. By ll58l Th.28.7], R is a regular ring of Krull dimension d, hence we may find a 
regular sequence t±, . . . , in the maximal ideal of R, such that k(R) = R/(ti, . . . , to). Hence 
&^k(R) ~ i?/ (t^, . . . , t^), whose length equals p d , as required. □ 

8.2.8. Suppose now that (R n \ n £ N) is an inductive system of morphisms of measurable 
if + -algebras inducing integral ring homomorphisms R n — > R n+1 /m Rn R n+ i for every n £ N, 
and (d n > | n £ N) is a sequence of reals fulfilling axioms (a) and (b) of (I7.2.49I ). By lemma 
|7.2.53r ii), the transition maps (p nm : R n 



R m (for m > n) are injective, hence we let 



R ■= (J R n X := SpecR 



and 



X n := Spec R n for every n £ N. 
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Clearly, for every m > n we have a commutative diagram : 

Rn/^Rn Rn,($) 

Rm/irRm Rm,(>$>) 

where <p nm ,($) : = y?nm ®k+ 1k+/ttpk+, so that : 
(8.2.9) $ B = colim$ Bn . 

Notice that the inductive systems (R n /nR n \ n E N) and (R n ,(<s>) \ n E N) still satisfy axioms 
(a) and (b) : namely we can choose the same sequence (d n \ n E N) of normalizing factors. 
Especially, every -module iV supported over {s(i?)} admits a normalized length X(N). 

Proposition 8.2.10. In the situation of (18.2.81) . suppose that R n is an essentially smooth K + - 
algebra of fibre dimension d, for every n E N. Then : 

(i) zs a flat ring homomorphism. 

(ii) \(®%M) = p 1+d ■ X(M) for every R/nR-module M supported at {s(R)}. 

Proof, (i) follows from proposition I8.2.4I T) and (I8.2.9I ). To show (ii), suppose first that M is 
finitely presented, and let n E N such that M ~ R ®R n M n for some i? n -module M n . Clearly 

Taking into account proposition l8.2.4f ii). we may compute : 

A($*M) = Mdi • X^^n+H^UMn)) 



fc lim <+ fc • Ai?„ +fci($) ($^ +fc (^ in+fc M n )) 
lim d- l +k ■ p 1+d ■ X Rn+k {^ n+k M n ) 
p l+d ■ \(M) 



as stated. Next, if M is finitely generated, we may find a filtered system (iVj | z 6 J) of finitely 
presented objects of i?-Mod/ s }, with surjective transition maps, such that M ~ colim iVj. Then 

$^,(M) ~ colim $^,(A^) and, in view of lemma l7?2.57r ii). we are reduced to the previous case. 

i€l 

Finally, let M be an arbitrary i?-module supported over {s(R)}; we write M as the colimit of 
the filtered system (Mi \ i E I) of its finitely generated submodules. It follows from (i) that 
the filtered system ($^Mj | i E I) has injective transition maps, hence we may apply theorem 
I7.2.62f i) to reduce the sought identity to the case where M is finitely generated, which has 
already been dealt with. □ 

Lemma 8.2.11. In the situation of (18.2.81) . let M be an (R/7iR) a -module supported at s(R), 
and let us set N := (M). Suppose that : 

(a) M is a submodule of an almost finitely presented R a -module. 

(b) N admits a filtration (FiYN \ < i < p), with Fil°iV = N and FiPW = 0, and whose 
graded quotients gr l N are subquotients of M for every i < p. 

(c) R n is an essentially smooth K + -algebra of fibre dimension d > 0,for every n E N. 

Then M = 0. 
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Proof. Clearly it suffices to show that bM = for every b G m, and in view of lemma l7T2.67r ii). 
the latter will follow, once we have proved that X(bM) = for every b G m. However, an easy 
induction using lemma lT2.67f i N ) yields: 

p-i 

(8.2.12) \{VN) < ^ A(6 ■ § rW ) ^ P ' A ( 6M ) 

i=0 

where the last inequality holds, due to the fact that b ■ gr l N is a subquotient of bM for every 
i < p. On the other hand, since <£v is a flat morphism (by proposition I8.2.10I X)) we have 
(bM) = b p N, and therefore : 

(8.2.13) p l+d ■ X(bM) = X{WN). 

Clearly (18.2.121) and (18.2.131) are compatible only if X(bM) = 0, as required. □ 

Proposition 8.2.14. In the situation of (18.2.81) . set U :— X \ {s(R)}, and suppose that : 

(a) R n is an essentially smooth K + -algebra of fibre dimension d, for every n GN. 

(b) The transition maps R m — ► R n are flat for every m,n G N with n > m. 

Let si be an etale almost finitely presented ^-algebra. We have : 

(i) H l (U, si) is an almost coherent R a -module, for every % = 0, . . . , d — 1. 

(ii) Ifd > 3, then H\U, si) = whenever 1 < i < d - 1. 

Proof, (i): Let U n := X n \ {s(R n )} for every n G N, and denote by ip n : X — » X n the 
natural morphism. Fix b G m; by corollary I7.1.191 we may find an integer n G N, a coherent 
^x n -algebra ^, and a map / : (?/'*^ , )| l / — ► ^ such that : 

• Ker / and Coker / are annihilated by b. 

• For every x G U n , the map b ■ lg )X : £% x — > M x factors through a free &u n ^-module. 
Then, (|4.2.3I) and lemma 14.6.261 imply that b ■ H l (U n ,&) is a finitely presented _R„-module 
whenever < i < d. From [28, Ch.III, Prop. 1.4.1] and our assumption (b), we deduce that 
b ■ H l (U,ipn^) 1S a finitely presented R^ -module for < i < d. Since b is arbitrary, we 
conclude that H l (U, si) is almost finitely presented for < i < d, and the assertion follows 
from lemmata [7. 1 .4^ ). I 4.4.6r ii.a). and assumption (b). 

(ii): Set^ := (si /Trsi)\ U/ir and s/ m := (si /ir p af)\u M (notation of (T7A21) ). The endo- 

morphism <Ey (of the object si of <^ a -Et) induces a morphism of etale <^ a -algebras 

$^ := (($*+,%), : (U m ,sf m ) -> (U/^sJ/n) 
which is cartesian, by virtue of lemma l7A5l 

Claim 8.2.15. If d > 3, then iP(£/ /w , ^) = whenever 1 < i < d - 2. 

Proof of the claim. One uses the long exact cohomology sequence associated to the short exact 
sequence : — > si — > si — > s// n — > 0, together with lemma I7.1.4I T) and assertion (i), to 
deduce that H l (U/ n , sf/ n ) is an almost coherent i? a -module for < i < d — 2. (Notice that 
Ker 7T • I*/ — 0, since si is an etale ^y-algebra, and U is flat over S.) Moreover, H l (U/ w , si/^) 
is supported on s(R) for every i > 0, since sf/ n is an eta le -algebra; thus H l (U/ n , s// n ) has 
almost finite length, whenever 1 < i < d — 2 (lemma l7.2.70f ir)). Next, proposition I8.2.4I X) 
implies that $(/ is a flat morphism; by ll28l Ch.III, Prop. 1.4. 15], it follows that the natural map : 

$* Ra W(U /w ,s/ /7T ) -> H\U m ,si m ) 

is an isomorphism of RfL* -modules for every i G N. However, using the long exact cohomol- 
ogy sequences associated to the short exact sequences : — > si jix n si — > si /ir n+m s/ — > 
s//n m £i — > 0, and an easy induction, one sees that, for every i G N, the R^ -module 

:= H l (U($), =£/($)) admits a filtration (FiV N \ < j < p), whose associated graded pieces 
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gr'iV are subquotients of H t (U/ 7S -, s^u), for every j < p. The claim now follows from lemma 
ETT1 ... . . ^ 

Now, for i > 0, every almost element of H l (U, &/) is annihilated by some power of n; if 
additionally i < d, then H l (U,gf) is an almost finitely generated module (by assertion (i)), 
hence it is annihilated by n n , for sufficiently large n E N. On the other hand, since d > 3, it 
follows from claim |8.2.15| that the scalar multiplication by ir is a monomorphism on H^U, srf) 
for 2 < i < d — 1, and an epimorphism on H 1 ^, The assertion follows easily. □ 

Theorem 8.2.16. /n the situation of proposition ®. 2. 14f ii). f/ze /?az> (X, {s(i?)}) is almost pure. 

Proof. Let j : U — > X be the open immersion, and any almost finitely presented etale 
^-algebra. 

C/a/m 8.2.17. r(I7, ^) is a flat ^"-module. 

Proof of the claim. For every n E N, define {/„ and t/>„ : C/ — > C/„ as in the proof of proposition 
18.2.141 let also j n : t/ n — > X n be the open immersion. According to propo sition 1 8 . 2 . 1 4t ii) , we 
have 5(s(R), > d+l; from lemma |4.2.1 lt ii) we deduce that 5(s(R n ), j n *ip n *£?\) > d+1, 
hence r(C/ n , ip n *stf\) = T(U, srf\) is a flat i? n -module for every n E N, by propo sition 14 . 6 . 1 91 
The claim follows. 

Claim 8.2.18. For every flat quasi-coherent &x -module & ', the natural map & — > is an 

isomorphism. 

Proof of the claim. In view of corollary |9.3.17l we may assume that J^" = ^x; in this case, using 
propo sition 19 . 3 . 1 5 t ii) we reduce to showing that j n *&u n = &x n (with the notation of the proof 
of claim !8.2.17l) . The latter assertion follows from lemma l4A33r iv) and corollary 14.4.81 
It follows from claim [8^2. 171 that is a flat ^-algebra; moreover, j*srf is also integral 
and etale over & x , in view of lemma IT. 1 .201 and claim [8T2. 18[ Next, j^srf is an almost finite 
^-algebra, by lemma l7Tl.l4f iv). Now the theorem follows from proposition 17. 1.261 □ 

Remark 8.2.19. (i) In the situation of example 17.2.761 suppose that d > 3 and that r ^ Z; 
then all the assumptions of theorem [8 . 2 . 1 61 are fulfilled, and we deduce that (Speci?, {s(R)}) 
is an almost pure pair. 

(ii) One may show that theorem 18.2.161 still holds for fibre dimension d — 1, hence it is 
natural to expect that it holds as well for the remaining case d = 2; this shall be verified under 
some additional assumption (theorem l8.2.23l) . 

(iii) One may show that every almost finitely generated flat (R/irR) "-module is almost 
projective, and every almost finitely generated projective (i?/7ri?) a -module has finite rank. One 
may ask whether the pair (X/^, {s(R)}) is almost pure, in the situation of proposition |8.2. 14f ii), 
for fibre dimension d > 2. This question shall be addressed in section [831 Here we just remark 
that, by lemma ITT 1 .200 ) and an argument as in the proof of lemma f7T.14r iv), the question has 
a positive answer if and only if the direct image j^stf of any almost finitely generated etale 
6$ -algebra srf is a flat & x -algebra. 

8.2.20. We wish now to lift the restriction on the dimension of R. Thus, let us suppose that 

• K + is deeply ramified. 

• R is the increasing union of an inductive system (R n \ n E N) of essentially smooth 
local X + -algebras of fibre dimension d, whose transition maps are local and induce 
integral ring homomorphisms R n — > R n+1 /m Rn R n+ i, for every n E N. 

• The residue field of R has characteristic p, and $ fi is surjective. 

Indeed, in this case is an isomorphism, since it is flat by proposition l8.2.4r i). and surjective 
by assumption. It also follows (ED Prop.6.1.5] and J321 Th.l 1.3.10]) that the transition maps 
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R m — > R n are flat for every m, n E N with n > m; then example 17.2.751 shows that R is 
ind-measurable. Resume the notation of of (17.4.231) , and let also 

V> : U A -> C/ 

be the natural morphism. Also, let ^ be any etale almost finitely presented m&u) a - 
algebra; we may then perform the constructions of (|7.4.30l) on the etale ^ A -algebra &f A := 
?p*g/ ; the result is an -algebra A(g/) + , endowed with its automorphism ov, that lifts the 
Frobenius automorphism of &// p := &f /p&f (lemma |7.4.38l ). 

Proposition 8.2.21. In the situation of (18.2.201) . we have : 

H q (A(U), A(X)+) = whenever l<q<d-\. 

Proof. To ease notation, let us set H 9 := H q (A(U), A(£/) + ). In view of lemma 17.4.341 we 
have exact sequences : 

H ! ^H ? — ► H q (U(k), af(k)) ~ H q (U A , srf A ) for every k E Z and every q E N 

(where is as in (17.4.91) ) so that H q /$ k H q is naturally a submodule of H q (U A ,£^ A ). On 
the other hand, we may apply lemma 19.3.421 to the ring extension R — > _R A and the element 
t := p (which is regular in both R and R A , say by Il3~6l Lemma 7.1.6(i)]), to deduce a natural 
isomorphism : 

H q (U, sf) A F 9 (?7 A , ^ A ) whenever q > 0. 

Then proposition 18.2. 14t T) implies that H q (U A , s^ A ) is an almost coherent i? a -module when- 
ever 1 <q< d—1, and it follows also that p n -H q (U A , g/ A ) = for a large enough n E N, since 
the latter module is supported over {x}. So finally, whenever 1 < q < d, H 9 /$ fc H 9 is an R a - 
module of almost finite length on which scalar multiplication by p is a nilpotent endomorphism 
(lemma EZMii)). 

Claim 8.2.22. H. q /$ k 1I q = whenever k E Z and 1 < q < d - 1. 

Proof of the claim. Define Ik,k-i as m remark lT.4.181 it follows from remark |7T47T8tii) that ov 
induces an isomorphism of R a / pR a -modules: 

: $* R (H q /I k+1>k H«) ^ HV4 )fc -iH«. 

Taking into account remark |7A18r i), we deduce that ^(H q / I k+ i^H q ) admits a filtration of 
length p, whose graded subquotients are quotients of H q / I k+ i^H q (cp. the proof of claim 
18.2.151) : in this situation, lemma \&. 2 . 1 1 1 show s that H q / I kik +i~H q = 0. Furthermore, remark 
I7.4.18t iii) implies that multiplication by d k +\ is nilpotent on H q / r d k H q , so the claim follows 
easily. 

Next, choose any monotonically increasing cofinal sequence (n fc | k E N) of set-theoretic 
maps n k : Z — > N with finite support (with the ordering of definition 13 .3 . 37r iii)) . such that n 
is the identically zero map, and n fc+1 is a successor of n fc for every k E N, by which we mean 
that there are no m : Z — > N such that < m < n^+i. We define a filtration Fil*A(,g/) + on 
A(s/) + , by the rule: 

Fi\ k A(s?) + := $ nk ■ A(£/) + for every k E N. 

Clearly the graded subquotients gr'A(£/) + are isomorphic to sheaves of the form &/(k) for 
some k E Z. By combining lemma 17.4.341 and (the almost version of) corollary 17.3.431 we 
deduce that the natural morphism 

A(^) + -> i2mW(n) 
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is an isomorphism in D + (^ ( . [/ j-Mod). With this notation, claim !8.2.22l shows that the natural 

map H q (A(U),Fil k A(^) + ) — > H q (A(U),gT k A(s/) + ) is the zero morphism in the range 
1 < q < d — 1. Then the proposition follows from remark l9~.3.39r ii). □ 

Theorem 8.2.23. In the situation of (|8.2.20l) . suppose that d > 2. Then the pair (X, {x}) is 
almost pure. 

Proof. For any given etale almost finitely presented ^-algebra srf , define &/ A as in (18.2.201) . 
and set H°«) := H°(A(U), A(^)+). 

Claim 8.2.24. The natural morphisms : 

H°(j^)/i? • H°(^) -> #°([/ A , <- #°([7, ^) R Aa 
are isomorphisms. 

Proof of the claim. For the first map one uses lemma |7A34| and proposition 18 .2.211 with q := 1. 
For the second map, one applies lemma 19.3.421 to the ring homomorphism R — > R A and the 
srf -regular element t :— p. 

Let 1^ : — > srf be the structure morphism of srf; then j 1 := 1^ 1^ and j 2 '■— 
1^ ®eg are two morphisms of etale ^-algebras stf — ► srf s& ', and we may consider the 
cr-equivariant morphism of -algebras : 



fj. := A(/i) + o (A(j 1 )+ ® ff a m A(j 2 )+) : A«) + ®^ ([/) A(^) + A(s/ ® ff g ^) + 

where p denotes the multiplication morphism of srf s# '. After taking global sections, we 
obtain an equivariant map : 



#V) : H°K) ®A(_Roo)+ a H°(^) - H c 



Consequently, the module C := Coker H°(/j,) is endowed with an isomorphism cr* R C C, 
whence - by remark 17.4.181 11) - an isomorphism of R a /pR a -modules : 

(8.2.25) W R (C/{$,$ X )C) ^ C/{#,p)C. 

Furthermore, claim 18.2.241 (applied to both srf and srf gf), yields a natural identification : 

C/tfC A R Aa ® Ra Coker(#°([7, at) ® Ra H°(U, sf) -> ^ (g)^ ^)) 

which shows that C / $C is an almost coherent i? a -module (proposition |8.2. 14T i)) supported over 
{x}, especially, it has almost finite length. On the other hand, (18.2.251) and remark |T.4.18r i) im- 
ply that $^(C/($, i?i)C7) admits a filtration of length p, whose graded subquotients are quotients 
of C/(#, #i)C, so that C/(#, i?i)C = by lemma [Ojj] Since i?i acts as a nilpotent endo- 
morphism on C ' /§C (again, by remark l7.4.18t iii)). we further deduce that C jdC = 0, in other 
words, the natural map 

(8.2.26) H°(U, sf) ® Ra H°(U, sf) -> H°(U, &t ® Gd sf) 

is an epimorphism. Next, let j : U — > X be the open immersion; a direct inspection shows 
that claim [8T2. 1 81 holds in the present situation (with proof unchanged), whence = &x- 
Then corollary 17 . 1 . 1 21 says that is an etale and almost finite ^-algebra. Now the theorem 
follows from proposition l7. 1.261 □ 

Example 8.2.27. It follows from theorem [8.2.231 that the pair (Speci?, {s(R)}) of example 
18.2.19( 1) is still almost pure even if we assume only that d > 2. 
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8.3. Model algebras. We let (K, | • |) be a valued field of characteristic with value group IV 
of rank one, such that the residue field n of K + has characteristic p > 0. 

Definition 8.3.1. The category MAa- of model K + -algebras consists of all the pairs (A, Y), 
where (r, +) is an integral monoid, and A is a T-graded A^-algebra A, fulfilling the following 
conditions : 

(MAI) gr y A is a torsion-free A^-module, with dim^ gr^A ® K + K = 1, for every 7 G T. 
(MA2) gr a A ■ gipA ^ for every a, (3 G V, and (gr^A)™ = gr n ^A for every n G N and 7 G T. 
(MA3) gr A = K+. 

(MA4) T is saturated and T gp is a Z[l /p] -module. 

The morphisms (A, Y) — > (A', Y') in M A^ are the pairs (/, (p), where (p : Y — > Y' is a morphism 
of monoids, and / : A — ► Y x r / A' is a morphism of T-graded A^-algebras (see (13.2.11) ). 

Example 8.3.2. Let M be an integral monoid, A" — > M an exact and injective morphism of 
monoids, A" — > AT + \{0} a morphism of monoids, and suppose that : 

• M is divisible, i.e. the /c-Frobenius endomorphism of M is surjective for every k > 

• M gp /N gp is a Q- vector space. 

Let (r, +) be the image of M in M gp /N gp , and denote by / the nilradical of the A'+-algebra 
A := M ®n K + ; then A is a T-graded K + -algebra, and I is a T-graded ideal (proposition 
I3.2.12r if>). We claim that I ® K + K = and (A/I, Y) is a model AT+-algebra. Indeed, (MA4) 
is immediate, and it is easily seen that gr ni A = (gr^A) n for every 7 G Y and n G N. More- 
over, since the map A" — ► M is exact, the kernel of the map M — > M gp /N gp equals N, so 
(A/ I)o = K + , i.e. (MA3) holds as well. The remaining assertions can be checked after ten- 
soring with K : namely, we have to show that the T-graded A'-algebra Ak ■= M ®jv K is 
reduced, with dim^ gi^Ax = 1 for every 7 G Y, and g? a A K ■ gTpA K for every a, (3 G Y. 
However, the morphism A" — > A^ + extends uniquely to a group homomorphism A^ gp — > A^ x , 
and A x = (N^M) ®Argp A'; hence, we may assume that A^ is a group, in which case Y is 
the set-theoretic quotient of M by the translation action of A" (lemma fl .7.45f iii)). In this case, 
choose a representative 7* G M for every 7 G Y; it follows easily that (7* <g> 1 | 7 G T) is a basis 
of the A'-vector space A K , whence (MAI), and (a* ® 1) • (j3* (g> 1) is a non-zero multiple of 
(a+/3)*<g) 1, which yields (MA2). Lastly, since the nilradical Ik of is T-graded (proposition 
|3.2.12r ii)), we also deduce that I K = 0, as sought. 

Remark 8.3.3. (i) The category MA^ admits a tensor product, defined by the rule : 

(A, Y) ® (A', Y') := (A ® K+ A', Y ®Y'). 

(ii) Let (A, Y) be any model A^-algebra, and suppose that r = Y\ © Y 2 is a given decom- 
position of T as direct sum of monoids. Then it is easily seen that r\ and T 2 are integral and 
saturated, and they fulfill axiom (MA4). There follows a morphism of model A^-algebras : 

(8.3.4) (r\ x r a, i\) ® (r 2 x r A, r 2 ) -> (A, Y) 

(iii) In the situation of (ii), set A K := A ®k+ K. Then it is easily seen that (18.3.41 ) induces 
an isomorphism of A'-algebras 

(r\ x r a k ) ® K (r 2 x r a k ) -> a k . 

In general, (18.3.41) need not be an isomorphism. However, (18.3.41) is an isomorphism, if either 
r\ or T 2 is a torsion abelian group. Indeed, in any case the induced maps 

gi a A ® K + gipA -> g? a+ pA ai <S> a 2 h-> ai<2 2 

will be injective for every a 6 Ti and /3 G T 2 . To check surjectivity, let a G gr a+/3 A be any 
element, and say that n(3 = 0; then a n G g? nci A, and by (MA2) we know that there exists 
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ai G gr a A and x G if + such that a n = a"x. It follows that a = aia 2 for some a 2 € gr^^x 
such that G K + . Then a 2 G gr^A, whence the claim. 

(iv) Let (E, I • \ E ) be any valued field extension of (K, \ ■ |), such that | • \ E is also a valuation 
of rank one. Then we have an obvious base change functor : 

MA^->MA B : (A,T) ^ (A® K + E + ,T). 

8.3.5. Let (A, T) be any model K + -algebra. For any subset AcT, set 

A A :=Ax r A A A , K :=A A ® K+ K A[l/p) := |J{ 7 G T \ p n j G A}. 

n€N 

Clearly, if A is a submonoid of T, then A A is a i^ + -subalgebra of A, and (Aa, A) is a subobject 
of (A, T), provided A satisfies (MA4). On the other hand, if A is saturated, it is easily seen that 
the same holds for A[l/p], and then the latter does satisfy (MA4). 
Also, if A is an ideal of T, then clearly A A is an ideal of A. 

Set K* := K + \{0} and let A* y := gr 7 A\{0} for every 7 G T; for any submonoid A C T, 
we deduce a sequence of morphisms of integral monoids : 

(8.3.6) 1 -> K* -^-> A* A -> A -> 1 where := A* 

7GA 

(and where the direct sum is formed in the category of fT*-modules), such that (18.3.61) SP is a 
short exact complex of abelian groups; then (MA2) implies that ip A is saturated (proposition 
12.2.311) . Also, (MAI) implies that each A* is a filtered union of free cyclic f^-modules, hence 
(p A is also integral. Furthermore, (MAI) and (MA2) imply that A*^ p is A gp -graded, and 

(8.3.7) gr 7 ^ gp = A* ® k » K x for every 7 G A. 

(details left to the reader). We shall just write A* and Ak instead of A^, and respectively Ar,K- 

8.3.8. The inclusion map A* — > A is a morphism of (multiplicative) monoids, hence induces 
a log structure on X := Spec A (see (15.1.131) ). We shall denote 

S(A,T) := (X,(A* x y°z) 

the resulting log scheme. Clearly, every morphism (/, ip) : (A, T) — > (A', r") of model algebras 
induces a morphism of log schemes 

S(/,<p):S(A',r')->S(A,r). 

Especially, by lemma I5T.1 lf iv), the map ip r yields a saturated morphism 

(8.3.9) S(A,T) ^S(K + ) :=S(K + ,{1}). 

Also, if (K, I • |) — > (E, I • |s) is an extension of rank one valued fields, the inclusion A* C 
(A ®k+ E + )* induces a morphism of log schemes 

S(A ® K+ E + ,T) ->S(A,r) 

for any model i^ + -algebra (A, T), and we remark that the resulting diagram of log schemes 

S(A ® K + E+,T) -S(A,r) 

" 

S(E+) >§(K+) 

is cartesian. Indeed, since (15.1.141) is right exact, it suffices to check that the natural map 

A* ® K , E* -> (A ® K+ E + Y 
is an isomorphism, which is clear. 
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Remark 8.3.10. (i) Let (A, T) be any model i^ + -algebra, and suppose that A C T is a fine and 
saturated submonoid, such that Aq P is torsion-free. In this case, Aq P is a free abelian group of 
finite rank, hence (l8T6l) gp admits a splitting a : -> A* SP . Then, using dOTTb and (MAI), 
it is easily seen that the rule 7 1— > (7(7) extends to an isomorphism of A -graded fT-algebras 

iT[Ao] A A AotK . 

(ii) In the situation of (i), suppose furthermore, that K is algebraically closed. Pick any 
x E K x such that 7 := \x\ ^ 1, and let (7) C T K be the subgroup generated by 7; we define a 
group homomorphism (7) — ► K x by the rule : 7^ 1— > x fc for every k E Z. Since is divisible, 
the latter map extends to a group homomorphism 

(8.3.11) i*--^* 

and since is a group of rank one, it is easily seen that (18.3.111) is a right inverse for the 
valuation map | • | : K x — > IV, whence a decomposition : 

K x A (iT+) x ©r x . 

On the other hand, set ^A^ir := A *a ®^"* -^ X ' fr° m (i) we deduce an isomorphism of A - 
graded monoids : 

Combining these two isomorphisms, we deduce a surjection r : A* A K — > (i^ + ) x which is a 
left inverse to the inclusion (i^ + ) x — > Aq. Then, for every 7 G A , let us set C 7 := A* fl Ker r; 
there follows a (non-canonical) isomorphism of A-graded monoids : 

A l ^ ( K+ ) X © C Where C ^7 C A Ao and - A P © ^ 

7eA 

(details left to the reader). 

(iii) Suppose that T gp is torsion-free, and K is still algebraically closed. Let us set : 

A n := {7 E T I p n 7 E A } for every n E N. 

It is easily seen that A n is still fine and saturated, and since K x is divisible, we may extend 
inductively the splitting a of (i) to a system of homomorphisms 

a n : A gp — > A* gp such that cr n+1 \ A &p = a n f° r every n E N 

whence a compatible system of isomorphisms 

(8.3.12) K[A n ] A A An x for every nGN. 

Proceeding as in (ii), we deduce a compatible system of isomorphisms of A n -graded monoids 

A *A n ^ ( K+ ) X © C (n) such that C (n) C C (n+1) for every neN. 
In this situation, notice that the p-Frobenius automorphism of T gp restricts to an isomorphism 

A n+ i ^ A n for every n E N. 
Likewise, since Tk is p-divisible, taking p-th powers induces isomorphisms 

C (n+i) C {n) for every n E N. 

Definition 8.3.13. Let (5, A) be model i^ + -algebra. We say that (B, A) is small, if the fol- 
lowing conditions hold : 

(a) gr 7 £? is a finitely generated f^ + -module for every 7 E A. 

(b) A = A [l/p] for some fine and saturated submonoid A . 

(c) A x a B is a finitely generated K + -algebra. 



FOUNDATIONS OF p-ADIC HODGE THEORY 



577 



Remark 8.3.14. Notice that condition (a) of definition 18.3.131 and axiom (MAI) imply that 
gr^B is a free A + -module of rank one, for every small model agebra (B, A) and every 7 6 A. 
Moreover, actually conditions (b) and (c) (together with axioms (MAI) and (MA2)) imply 
condition (a). Indeed, (c), (MAI) and proposition 13.2. 16l ii) imply that gr 7 £> is a free K + - 
module of rank one, for every 7 E A . Now, in case 727 E A , (MA2) implies that gr„ 7 £> is 
generated by an element of the form for certain E gr B. Suppose that 

X\ = ay for some a E K + and y E gr 7 -B; then z is divisible by a in gi n ^B, so a E (A + ) x , i.e. 
x\ generates gr 7 _B. In view of (b), for every 7 e Awe may find k > such that p kr y E A , so 
(a) follows. 

Remark 8.3.15. Let (B, A) be any small model algebra, so that conditions (b) and (c) of defi- 
nition [Oj~3] are satisfied for some submonoid A C A. 

(i) Choose a decomposition Aq = G © H, where G is a free abelian group, and H is the 
torsion subgroup of A ; we have an isomorphism 

A ~ A © H with A := Ag © G 

(lemma [2.2 .101) . which induces a decomposition : 

A ~ A[l/p] © H 

inducing, in turn, an isomorphism of model A + -algebras : 

(B, A) ^ (B A[1/p] , A[l/p]) © (B H ,H) 

(remark lB .3.3 f ni) ) . Notice that both B^ and B H are finitely generated A + -algebras (proposition 
13.2.160 )). In other words, every small model algebra can be written as the tensor product of two 
small model algebras (B', A') and (B", A"), such that A /gp is torsion-free, and A" is a finite 
abelian group whose order is not divisible by p. 

(ii) For every n E N, set A n := {7 E A | p n 7 E A }. Then B n := A n x a B is a finitely 
generated A" + -algebra for every n E N. Indeed, in view of (i), it suffices to check the assertion 
in case A gp is a torsion-free abelian group. Now, pick a system xi,...,Xk of homogeneous 
generators of the A" + -algebra B ; by (MA2), for every i — 1, . . . , k there exists a homogeneous 
element yi E B n and it, E (K + ) x such that Uiyf = X{. Let z E B n be any homogeneous 
element; then z p " = vx 1 ^ ■ ■ ■ x£ for some v E K and ti, . . . , t k E N. Set y := yl 1 ■ ■ - y{ k and 
u \= m' 1 • • • tij^ G A" x ; then y pn uv = z p , and since A gp is torsion-free, we deduce that yw = z 
for some w E K + , i.e. the system yi,...,y k generates the A^ + -algebra B n . 

(iii) Suppose that A is a finite group whose order is not divisible by p. Then we claim that 
B is a finite etale A + -algebra. Indeed, in view of remark |8.3.3r iii), it suffices to verify the 
assertion for A a cyclic finite group, say of order n, with (n,p) — 1; in the latter case, (MA2) 
implies that B ~ K + [X]/(X n — u) for some u E (A + ) x , whence the contention. 

(iv) Let F C Abe any face. Then (B F ,F) is a small model algebra as well. Indeed, by 
(i), it suffices to consider the case where A gp is a torsion-free abelian group. In this case, set 
F := F n A ; it is easily seen that F = F [l/p], and F is a fine and saturated monoid, by 
lemma |2T.19r ii) and corollary I2.2.33f ii). Moreover, Bp = F x F B& is a finitely generated 
A + -algebra, by proposition l3.2.16f i). whence the contention. 

(v) Suppose moreover, that K is algebraically closed, and let (B, A) be any small model 
A + -algebra. Then we have a (non-canonical) isomorphism : 

K[A] A B K . 

To exhibit such an isomorphism, we may - in light of (i) - assume that A gp is either torsion- 
free, or a finite group of order not divisible by p. In the latter case, the assertion follows easily 
from (iii). In case A gp is torsion-free, the sought isomorphism is the colimit of the system of 
isomorphisms (I8.3.12I ). 
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Lemma 8.3.16. Let (A, T) be a model K + -algebra, and denote by J^(T) the filtered family of 
all fine and saturated submonoids of Y, We have : 

(i) A = colim A&- 

(ii) Suppose that T gp is a torsion-free abelian group. Then A is a normal domain. 

Proof, (i) is an immediate consequence of corollary |2.4.1f ii). 
(ii): We show first the following : 

Claim 8.3.17. Suppose that T gp is a torsion-free abelian group. Then Ak is a normal domain. 

Proof of the claim. In view of (i), it suffices to show that A& jK is a normal domain, when 
A C T is fine and saturated. The latter assertion follows from remark 18.3.1 PI T) and theorem 

l2AT6Ti iD. 

Let A u be the integral closure of A in A K ; in view of claim |8.3.17| we are reduced to showing 
that A = A v . By proposition l3.2.13f ii). A v is T-graded. Suppose now that x G A u ; we need to 
show that x G A, and we may assume that x G gr^A" for some 7 G T. Hence, let 

x n + aix n_1 + h a n = with ax, . . . , a n G A 

be an integral equation for x over A. If we replace each a« by its homogeneous component in 
degree ij, we still obtain an integral equation for x, so we may assume that Oj G gr^A for 
every i = 1, . . . , n. Then, (MA2) implies that, for every i = 1, . . . , n there exists itj G and 
6i G gr 7 A, such that |-Uj| = 1 and = Also, from (MAI) we deduce that there exists 
b G gr^A such that &!,...,&„ G Set ?/ := b~ l x G gr A i^; clearly y is integral 

over the subring grA . Lastly, (MA3) shows that y G whence x G gr 7 A, which proves the 
contention. □ 

Proposition 8.3.18. Let (A, T) be a model K + -algebra, and suppose that Tk is divisible. Then 
{A, r) is the filtered union of its small model K + -subalgebras. 

Proof. In view of lemma |83 .16r i), we see that (A, T) is the colimit of the filtered system of its 
subobjects (Ami/ p ], A[l/p]), for A ranging over the fine and saturated submonoids of T. We 
may then assume from start that T = r [l /p] for some fine and saturated submonoid r . 

Next, in view of remark |8.3.15r i), we may consider separately the cases where Tq P is a 
torsion-free abelian group, and where T = T is a finite abelian group. 

Suppose first that Tq P is torsion-free, and let 7 := (71, . . . , 7„) be a finite system of generators 
for r . For every i = 1, . . . , n, choose aj G A*, and let B(j, a) C A be the i^ + -subalgebra 
generated by a := (a 1; . . . , a n ). Clearly the grading of A induces a r -grading on 5 (7, a), 
and gr /3 _B(7, a) is a finitely generated fT + -module for every j3 G T (proposition 13.2.1 6l ii)) : by 
virtue of (MAI), we know that gr (3 _B(7, a) is then even a free rank one fT + -module, for every 
13 G T . Furthermore, a generates a fine submonoid of A*, so - by propo sition l2.6.35r ii) - there 
exists an integer k > such that 

(gr k/3 B(j, a)) n = gr nk/3 B(% a) for every j3 G T and every integer n > 0. 

Now, for any (5 G T, let t > be an integer such that G T , and pick a generator 6 of the 
fC + -module gr fcpt( g-B(7, a); in light of (MA2) we may find x G if + and c G gr^A, such that 

b = c kpt x. Since Lx is divisible, we may write x = y kpt u for some y,u G with |«| = 1. 

It is easily seen that the 7^ + -submodule of gipA generated by cy does not depend on the 
choices of c, y, t and k; hence we denote gr /3 C7(7, a) this submodule; a simple inspection shows 
that the resulting T-graded fC + -module 

C(z,a) :=0 gr/3 C7(7,a) 
/3er 
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is actually a T-graded i^ + -subalgebra of A, for which (MA2) holds, and therefore (C(7, a), T) 
is a small model algebra. Lastly, it is clear that the family of all such (C (7, a) , T) , for 7 ranging 
over all finite sets of generators of T, and a ranging over all the finite sequences of elements of 
A as above, form a cofiltered system of subobjects, whose colimit is (A, T). This concludes the 
proof of the proposition in this case. 

Next, suppose that T = T is a finite abelian group. In view of remark I8.3.3r iii). we are 
reduced to the case where T is cyclic, say T = Z/nZ. Fix any generator 7 of T, and for every 
a E gr 7 A, let C(a) be the if + -subalgebra of A generated by a; it is easily seen that the colimit 
of the filtered family ((C(a), T) \ a E gr 7 v4) equals (A, T). (Details left to the reader.) □ 

8.3.19. Suppose now that K is algebraically closed, let (P, A) be a small model i^ + -algebra, 
with A gp torsion-free, and write A = A [l /p] for some fine and saturated submonoid A such 
that the i^ + -algebra P := Pa is finitely generated. Let us set 

A n := {7 E A I p n 7 E A } B n := B An Y n := Spec B n for every n E N. 

We wish to construct a ladder of log schemes 

• ■ • — (Y n+1 ,M n+1 ) {Y n ,Mn) — " " " — (Y0M0) 



(8.3.20) fn+i 



h„ 



h n -l hg 



■Pit 



— (S, N n+1 ) (S, N n ) • • • -^U (S, N ) 

such that, for every n E N : 

• ip n is smooth and saturated, and M_ n admits a chart, given by a A n -graded fine monoid 
p( n \ such that Pq 1 ^ is sharp, and the inclusion map P ^ — > P^ is flat and saturated, 
and gives a chart for cp n 

• the morphism of schemes underlying h n (resp. g n ) is the identity of S (resp. is induced 
by the inclusion B n C B n+ i) 

• the morphism g n admits a chart, given by an injective map P^ — > A n x An+1 p( n+1 ) 

of A n -graded monoids, whose restriction P^ —> Pg™ +1 ' ) gives a chart for h n . 

This will be achieved in several steps, as follows : 

• First, let &i, be a finite system of generators for B . By remark [8".3 .lOf ii). we have a 
decomposition B$ = (K + ) x © C for some submonoid C C B$, and we may suppose that each 
b{ lies in C. Let P(°) C Pq the submonoid generated by bi, . . . , b^. The restriction of the 
surjection Pq — > A is then still a surjection n : p(°) — > A . Notice that, for every x E Ker7r gp , 
we have either x E K + or x^ 1 E K + ; especially, we may find a finite system x%, . . . ,x n of 
generators for Ker 7r gp , such that Xi E K + for every i = 1, . . . , n. Now, let E C p(°) gp be 
the submonoid generated by xi, . . . , x n ; after replacing p(°) by P^ ■ S, we may assume that 
Ker vr gp = P (0)gp , where P (0) := Ker vr gp n P (0) C K + is a fine submonoid. 

• Next, by theorem \2. 6 .45 [ we may find a finitely generated submonoid £' C P^ ^ 15 n K + 
such that the induced morphism pjp ■ E' — > P^ ^ ■ E' is flat. Clearly 

P {0) ■ E' = Ker 7r gp n (P {0) • E') 

hence, we may replace P^ by P^ • E', and assume that the morphism Pq ^ — > P^°) is also flat. 

• We claim that the map P^ — > P^ is also saturated. We shall apply the criterion of 
proposition 12.2.3 1 1 : indeed, for given 7 E A and integer n > 0, let x (resp. y) be a generator 
of the P^-module Py (resp. pl^ ). Then a; (resp. y) is also a generator of the f^-module 
gr 7 P (resp. gr n7 P), and (MA2) implies that there exists u E (K + ) x such that uy = x n ; but 

since x,y E C, we must have u = 1 therefore (P^) n = P$, as required. 
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• Next, we claim that the induced map of A -graded A^ + -algebras 

(8.3.21) P(°) ® p(0) K+ -> P 



is an isomorphism. Indeed, since P(°) contains a set of generators for the A" + -algebra B, the 
map (18.3.211) is obviously surjective. However, for every 7 G A , the P -module pj '* is free 
of rank one (remarkEZStiv)), therefore (P (0) <g> p(0 ) i\"+) 7 is a free A" + -module of rank one. It 
follows easily that (|8.3.21l) is also injective. 

• Now, denote by N_ (resp. M ) the fine log structure on S (resp. on X ) deduced from the 
inclusion map P {0) -> A+ (resp. P(°) -> P )- By lemma ISTTTTTT iv). the inclusion P {0) -> P(°) 
yields a chart for a morphism (p : (5o,M ) — > (S,N_ ) that is saturated, as sought. Lastly, 
since (18.3.211) is an isomorphism, theorem f5 . 3 . 37 1 sho w s that ip Q is also smooth. 

• Next, according to remark 1^.3 . lOf iii). we have a compatible system of decompositions 

B* = (K+) x © C (n) for every neN 

with C^ ' = C, and such that the p-Frobenius induces an isomorphism r n : C^ n+1 ^ ^> for 
every n G N. Hence, define inductively an increasing sequence of submonoids 

p(0) c p(i) c p(2) c . . . c B * by letting p(n+i) ;= r -ipW f or every nGff. 

Clearly, the grading of B* restricts to a A n -grading on p( n \ and induces a A-grading on P. We 
deduce isomorphisms of A n+1 -graded monoids : 

(8.3.22) P (,t+1) A A n+1 x An P (n) for every nGN. 

Especially, the induced maps of monoids P^ — > P^ are still flat and saturated, and P^ is 
still sharp (remark 18.3.241) . The inclusion maps P^ — > B n and P^ 1 — > fT + determine an 
isomorphism of A n -graded A + -algebras 

(8.3.23) P (n) ® p(n) A + A B n for every n G N 

as well as fine log structures M n on Y n , and iV n on S 1 , whence a morphism of log schemes ip n : 
M n ) — > (S,N_ n ) which is again smooth and saturated. This completes the construction of 
(I8.3.20D . 

Remark 8.3.24. (i) With the notation of (18.3. 191) . notice that, by construction. P(") gp C C {n)sp ; 
especially, since A gp is torsion-free, the same holds for p( ra )§P. Likewise, the construction 
shows that the induced map p^ gp — » Yk is always injective; especially, p Q ^ gp is a free abelian 
group of finite rank, and P^ is sharp. It follows that the P^-module P^ admits a unique 
generator g 1 , for every 7 G A n , and the saturation condition for the inclusion pff 1 ' — > p( n ) 
translates as the system of identities : 

#7 = <7/b 7 for every k G N and every 7 G A n . 

(ii) Moreover, set P := IJneN ■ Notice that the colimit of the maps (18.3.231 ) is an 
isomorphism of A-graded A + -algebras 

(8.3.25) P ® Po K + ^ B. 
Furthermore, since the natural map 

p(n)/pW ^ A is an isomorphism for every n G N, we 
deduce that the grading of P induces an isomorphism : 

(8.3.26) P/P A A. 
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(iii) We also obtain a commutative diagram of log schemes : 

§(P„,A n ) -(F n ,M n ) 

(8.3.27) vn for every n£N 

§(K+) *{S,N n ) 

whose left vertical arrow is the saturated morphism (18.3.91) . and whose bottom (resp. top) arrow 
is the identity of S (resp. of Y n ) on the underlying schemes, and is induced by the inclusion 

map Pn^ — > K* (resp. P^ — > B*). It is easily seen that (18.3.271) is cartesian : indeed, since 
the functor (15.1.141) is right exact, it suffices to check that the natural map 

P (n) ® p( „) K* -> B* 



is an isomorphism, which is clear from (18.3.231) . 

(iv) Notice that the inclusion map i : P^ — > P^ is also local; then corollary 12.4.51 yields 
a decomposition 

$ Q • p(0) p(0)x ^ p(0)(t 

such that 4o!o = io° Aq, where lq : p(°)8 — > p(°) x © p(°)tt j s the natural inclusion map. By 
means of the isomorphisms (18.3.221) . we may then inductively construct decompositions 

$ n : P (n) A P (n)x © P (n)tt for every n G N 

fitting into a commutative diagram 

pM * ^ p(n) j - ^ p(n+l) 

#n + l 

p(n)t ™ ^ p(n)x p(n)tt J " ^" - p(n+l)x p(n+l)« 

where i n , j n and i n are the natural inclusion maps. Now, set 

B' n : = if +[P (n)x ] Bl : = P (n)tt ® p{n) for every nGN 



and let A^ (resp. A") be the image of p( n ) x (resp. of # n 1 pW) in A n ; since the grading of P( n > 
induces an isomorphism p( n ) / 2^, A n , we see that A n = A^ © A^, and by construction, 
for every nGNwe have isomorphisms 

(B n ,A n )^(B' n ,A> n )®(B>;,A:) 

of model i^ + -algebras, which identify the inclusions B n — > P n+ i with the tensor product of 
the induced inclusion maps B' n — > B' n+1 and P," — > P" +1 . Furthermore, set Y£ : = Spec B' n and 
1^' := SpecP" for every n E N. The induced map of monoids p( n ^ — > P" determines a fine 
log structure M " n on Y", the map i| gives a chart for a smooth and saturated morphism of log 
schemes 

and there follows an isomorphism of (5*, N_ n ) -schemes (lemma l5.1.4l) 

(8.3.28) {Y n , M n ) ^Y^x s (Y£, M") for every n e N. 

(v) Starting with (18.3.351) . we shall consider the strict henselization P sh of P at a given 
geometric point x of Spec P ® K + k. In this situation, let x E Y : = Spec P be the support of 
x, and p x C P the corresponding prime ideal. Let also P be as in (ii), denote by (5 : P — > B 
the natural map deduced from (18.3.251) . and set p := /3 _1 p x . Moreover, set p n := p fl P^ and 
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q(u) ._ p(y f or ever y n e pj. clearly p n C p n+ i (so the isomorphism (18.3.221) maps p n+1 onto 
p n ), and therefore 

Q(n) c g(n+l) for eyery n £ R 

Furthermore, the image of in A§ p is a localization T n of A n , especially it is still saturated, 
and the maps (18.3.221 ) extend to isomorphisms of T n+1 -graded monoids 

g(n+i) ^ Fn+1 x rn for every n G N. 

It is also clear that the p-Frobenius of T n+ i factors through an isomorphism r n+ i A T n , for 
every n G N. SetP„ := P( n )\p n for every n G N; notice that, by construction, F n f]P^ = {1}, 
hence F n n Py is either empty or else it contains exactly one element, namely the generator g 7 
of P^ n \ by virtue of (i). It follows that = P^ for every n G N, and therefore the inclusion 
map Qq^ — > is still flat and saturated (lemma [2.2. 12r ii)). Let T := UneN we conclude 
that Q := P p is a T-graded monoid with Q = Po, and we may define 

Pp := Q ® Qo 

The foregoing shows that (P p , T) is still a small model algebra, and we also obtain a ladder of 
log schemes with the properties listed in (18.3.191) : namely, set B„ n := B„ r = Q <EUm 
for every n G N, and endow y p n := SpecP p n with the log structure M p , n determined by the 
induced map — > P Pi „. Clearly the geometric point x lifts uniquely to a geometric point a; p 
of F p := Spec P p , and the localization map B — > P p induces an isomorphism 

Yp(x p )^F(x). 

Hence, for the study of the scheme Y"(x), it shall be usually possible to replace the original 
small algebra B by its localization B p thus constructed. In so doing, we gain one more property: 
indeed, notice that the new chart Q^ n > — ► P pn is local at the geometric point x, for every n G N. 
Now, choose a compatible system of decompositions 

(Y Pl „,M Pjn )^y; in x s (y;;,M;g 

as in (iv), and denote by x p n (resp. aJ'' n ) the image of x p in Yp n (resp. in K'' n ), for every n G N. 
By inspecting the construction, it is easily seen that the chart — > P" := ® n („) 
is also local at x p ' n . 

8.3.29. Before continuing with the general discussion, let us consider the special case where 
A — Z ffir © for some r, s > 0. This extra assumption is noteworthy because, on the one 
hand it is often verified in practice, and on the other hand, it affords important simplifications 
in the proof of the almost purity theorem. These simplifications rest on the following : 

Proposition 8.3.30. Keep the notation of (18.3.191) , and suppose moreover that A ~ Z® r ©N® s , 

for some r,s > 0. Then there exists c G Pq 1 ^ such that 

rn—l 

c e(n,m) . r^Bn M ) = Q w ^ e ( n> m ) := ^ p -(*+») 

i=0 

for every n, m G N, every z > 0, and every B n -module M. 
Proof. For every n,m EN, let us set 

Q(n,m) ;= p(n) p^+m) ^ g( n) ;= g(n,n+l)_ 

So is a fine monoid for every n G N (theorem 12.2.31) : moreover, since A| p is torsion-free, 
p(n)gp | s a (jjjgg^ summand of p( n )sp, and we deduce easily that Q^ gp is a free abelian group, 
whose rank equals the rank of P^p. Since (18.3.221) restricts to the p-Frobenius map on the 
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submonoid P( n \ it follows that the induced map — > p( n+1 ) is injective, for every n E N. 
Notice also that p( n+1 ) is a finitely generated Q^-module : indeed, if b\, . . . , is a finite 
system of generators for the monoid p( n+1 ), then the system 

' k 

Y[b r i | < ri,...,r k <p 

.i=l 

generates 

p(n+l) 

as a p( n )-module, hence also as a Q( n )-module. Furthermore, from (18.3.231 ) 
we deduce an isomorphism of A n+m -graded f^ + -algebras 

(8.3.31) p(n+m) 0Q(n m) Bn ^ Bn+m for every n> m e N _ 

Claim 8.3.32. For every n, m G N we may find a free Q( n,m )-submodule L of p( n+m ) with 

(8.3.33) c £(n - m) • p("+ m ) c L 

Proof of the claim. Under our assumptions, A n+ i is a free A n -module of rank N := p r+s , for 
every n E N (see theorem T5 .5.1 01 ). Now, choose a basis 71, . . . , 7^ of the free A -module A^ 
Consider the -linear map 

P : (Q(o))©JV _ p(i) e f^ %j for 2 = l,...,iV 

where (e^- 1 , . . . , ) is the standard basis of (Q^ ) ® N , and g 117 . . . , g lN are as in remark [873.241 
Since is A -graded, it is easily seen that (3 is injective, therefore Im(/3) is a free Q^- 
submodule of ?W. Say that x G Py is a given element; there exist i < N and 5 E A such 
that 7 = 7j + 5, therefore we may find c G P such that cx lies in the PQ^-submodule of Py 
generated by <7 7i <7<s. Since P^ is a finitely generated Q^-module, we may then pick c G P 
such that cPW C Im(/3). Now, let us define inductively /3 := and a Q^-linear map 

Pn : (Q (n) ) eiV - ^ (n+1) et ] ~ t- 1 o /W^) for i = 1, . . . , iV 
for every n > 0. Clearly Im(/3 n ) is a free -module for every n > 1, and moreover 

(8.3.34) c 1/p " • P (n+1) C Im(/? n ) for every neN. 
We wish to construct, by induction on m, an injective Q^'^-linear map 

P(n,m) ■ {Q^)® Nm -> p("+ m ). 

To this aim, we set /3( n ,o) := lp(«)> f° r every n E N. Suppose then, that m > and (3r n m ) has 
already been defined; then we let (3( n>m +i) be the composition 

/Q(n,m+l)\eiV m+1 tf ffiJvm > /Q(n+l,m) \ el" 1 0(n+i,m) ^ p( n +m+l) 

where 

: = /3„ ® (n+1) p(-+-+D . (Q(«,m+l))©JV ^ Q(n+l,m)_ 


Again, one checks that $ is injective, by remarking that Q( n > m ) inherits a A n -grading from P( n ). 
A simple inspection and an easy induction on m, starting from (18.3.341) . show that (18.3.331) holds 
with L := Im(/3( n)m )), for every n, m E N. 

(ii): We see from claim [873.321 that multiplication by c £(n ' m ) on B n+m factors through the 
P n -linear map /3(„ jm ) ®Q(«,m) P n ; taking into account (18.3.311 ), the assertion follows. □ 
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8.3.35. Let us return to the situation of (18.3.191) . Fix a geometric point x of Y := SpecP, 
localized onFx s Spec k, and for every n G N, let x n be the image of x in Y n . Set 

B sh := @y(x),x and Bf := Yn (x n ),x n for every n G N. 

For the next step, we shall apply the method of (17.2.471) . to construct a normalized length func- 
tion for P sh -modules. To this aim, we need an auxiliary model _ff + -algebra, defined as follows. 
First, notice that the grading P — > A extends to a morphism of monoids 

(notation of (12.3.201 )); i.e. Pq is a A^-graded monoid. Since K x is a divisible group, the 
inclusion map P — > K* extends to a group homomorphism Pq P — >• iT x , and it is easily seen 
that the latter restricts to a morphism of monoids 

p Q) o - 

So finally, we may set 

A := Pq ® Pq>0 

Taking into account (18.3.251) . we deduce an isomorphism of A-graded K + -algebras 

(8.3.36) B A A A - 
Moreover, arguing as in remark \8. 3 . 1 Of iii) . we get an isomorphism 

(8.3.37) K[A Q ) A A K 
fitting into a commutative diagram of i^-algebras 

K[A]—^B K 



K[A Q }-^A K 

whose top horizontal arrow is the isomorphism of remark l83.15r v). and whose right (resp. left) 
vertical arrow is deduced from (18.3.361) (resp. is induced by the natural inclusion A C Aq). 

Lemma 8.3.38. With the notation of (18.3.351) . we have : 

(i) Pq 7 15 a free Pq^-module of rank one, for every 7 G Aq. 

(ii) Pq 5 o is a sharp monoid, and the inclusion map Pq o — ► Pq is flat and saturated. 

Proof, (i): We can write Pq as the colimit of the system of monoids 

(P [n j; /ip, n ,m : P[n] ~» ?[nm] | n, m G N) 

such that Pr n i := p(°) for every n G N, and //p, n ,m is the m-Frobenius map of p(°), for every 
n, m G N. Likewise, we may write Aq as colimit of a system of Frobenius endomorphisms 
(A ,[ n ]; ^A,n,m I ti, m G N), and 7Tq is the colimit of the corresponding system of maps (7T[ n ] : 
P[ n ] — > A 0) [ n ] | ra G N) where 7T[ n ] := 7r for every n G N. Hence, for any 7 G A there exists 
n G N such that 7 is the image of some 7 n G A j n i, and 

Pq i7 = coliniP [nfc]>fc7ri = colimP fc7n . 

However, we know that P^ n is free of rank one, generated by a unique element g^ ln ; moreover, 
the transition maps jip^k send g ln onto gkj n , for every k G N (remark [8.3.241) . This implies 
that Pq i7 is generated by the image of g ln , whence (i). 

(ii): The flatness follows from (i). Since the inclusion map P^ — ► P^ 1 is saturated, it is 
easily seen that the same holds for the inclusion Pq^o — * Pq- Lastly, the sharpness of Pq,o is 
likewise deduced from the sharpness of P^ (details left to the reader). □ 
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8.3.39. Lemma I8.3.38r ii) implies that the pair (A, Aq) fulfills axiom (MA2), and we have 
thus our sought auxiliary model i^ + -algebra. Since Pq i0 is sharp, the PQ -module Pq i7 admits 
a unique generator g 1 , for every 7 G Aq. The image g 7 ® 1 of g 7 in A is a generator of the direct 
summand A 7 , which is a free i^ + -module of rank one; hence, there exists a unique E K such 
that 7 ® a 7 gets mapped to g 7 <E> 1, under the isomorphism (18.3.371) . 

After choosing an order-preserving isomorphism (17.2.501) . we may define a function 

/a : A Q -> R : 7 h-> log |a 7 |. 

The inclusion v4 7 ■ C translates as the inequality 

!a (7) + /a(^) > /a (7 + 5) for every 7, 5 G Aq. 
Likewise, the saturation condition of axiom (MA2) translates as the identity 

Ja {n r )) = n ■ /a (7) for every 7 E Aq and every iieN. 
We also fix a (Banach) norm 

A| P ^M t^IItII- 

We can then state the following 

Lemma 8.3.40. With the notation of (18.3.391) . we have : 

(i) There exists a Aq P '-rational subdivision of the convex polyhedral cone (A| p , A R ), 
such that 

Ia (7 + 5) = /a (7) + /or every cr G and every 7, 5 G cr D Aq. 

(ii) Especially, the function Ja is of Lipschitz type, i.e. ?/zere emto a rea/ constant Ca > 
swc/j that 

|/a(7) - /a(7')I < C A ■ ||7 - VII for every 7, 7' e A«\ 

Proof. (Here, A| p := Af 3 ®i K and A K C A| p is the cone spanned by A .) Combining 
propo sition 12 . 3.281 and lemma |23.33[ we find a Ag P -rational subdivision of A K such that 

-Pq, 7 +«5 = Pq, 7 + Pq,s for every a E and every 7, 5 G cr n Aq. 

This means that g-y ■ gs = 9-y+s for every a G and every 7, 5 G a n Aq, whence (i). 

(ii): Clearly, for every a E we may find a constant C CT such that the stated inequality holds - 
with Ca replaced by C a - for every 7, 7' G crfl Aq. It is easily seen that Ca '■= max(C CT | a E 0) 
will do (details left to the reader). □ 

8.3.41. Fix n E N, pick a subdivision of (A| p , A H ) as in lemma I8T401 and let s C be 
the subset of all a E that span A| p . Also, for every 7 G A^, denote by [7] the class of 7 in 
A Q P /A| p . For any subset E C A| p we let 

A s := v4 SnA(Q) 

(where the right-hand side is defined as in (18.3.51) ). In light of lemma |2~.3 .261 we obtain a de- 
composition of B n = A& n = A[ j as sum of fC + -subalgebras : 

o-ee s 

and a corresponding decomposition of the P n -module A[ 7 ] as sum of A [ ] nCT -modules 

A7] = XI Ailn* for every 7 G A Q- 
Lemma 8.3.42. With the notation of (18.3.41 1) and (18.3.191 ). the following holds : 
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(i) There exists an integer N G N independent of n such that, for every 7 G Aj| p , the 
B n -module A[ 7 ] admits a system of generators of cardinality at most N. 

(ii) For every 7 G A^, the coherent Gy n -module A^ associated to A[ 7 ] w ip n -Cohen- 
Macaulay at every point ofY n x s Spec «, an J Supp Aj^ = Y n . 

Proof, (i): According to proposition l2.3.22f ii). for every a G s and every 7 G Aq P , the subset 
E(j j7 := A| p fl (cr — 7) is a finitely generated (A§ p n cr)-module; hence, let us fix a finite system 
of generators l7 CTj7 for £<j i7 . In light of lemma 183 AOV i) we see that the finite set 

C7' i7 := {g 1+5 ® 1 I 5 G G CT , 7 } C A 

generates the A [ ] n(T -module A[ 7 ] ncr . Consequently, the finite set (J^gg s g enerates the £> n - 
module Ar 7 i. On the other hand, since ^a> CT is a finite set (proposition |2.3 35T i)) it is clear that 
the cardinality of i7 is bounded by a constant iV^ that is independent of 7, and then Ar 7 i is 
generated by at most N n := J2aee s elements. It remains to show that the estimate for N n is 
independent of n. However, notice that, for every a G s , the automorphism of A^ given by 
multiplication by p n , induces a natural bijection 



that sends each (A n n cr)-module A^ p n (cr - v) onto the (Af D cr)-module 

Afn(a-p n v) = A n ® Ao (A^ p na) 

(where the extension of scalars A — > A n is the isomorphism given by the rule : 7 1— > p~ n ^ for 
every 7 G A ). Thus, we see that N := N will already do. 
(ii): Notice the natural isomorphisms of K-algebras : 

(8.3.43) B n ® K + k A P {n) <8) p („) k for every n G N. 



Taking into account lemma 15.7.61 we deduce that cp n is Cohen-Macaulay at every point of 
Y n x$ Spec k. It follows immediately that is y? n -Cohen Macaulay for every 7 G Aq P . 
Lastly, since A[ 7 ] is a flat i^ + -module, the support of Aj^ is the topological closure of the 
support of the B njK -modu\e A^k- However, the latter is free (of rank one), hence its support 
is Y n ,K '■= SpecS ni x. Since B n is a flat i^ + -algebra, the topological closure of Y n> K in Y n is 
Y n , whence the contention. □ 

8.3.44. Let us choose N as in lemma |83.42r i), and endow the set ^n(B^) with the uniform 
structure defined in (17.2.721 ) (relative to the standard setup attached to K + ); we consider the 
mapping 

A^-,Jt N (B a n ) l^A^. 

Lemma 8.3.45. Keep the notation of (12.3.341) and (17.2.721) . and let also Ca > be the constant 
appearing in lemma I8.3.40r ii). Then : 

(A^Afa) G E CA .\\-y-y\\.2 

for every £ G ^|p,a k and every 7, 7' G fi(A R , E) n A^ p . 

Proof. By inspecting the definitions, we get an isomorphism of _B n -modules 

(8.3.46) A b] ^ 0{5 8fl G K[Af ] | log |a| > / A ( 7 + 5)} 

<5e£ 

for every £ G ^a^Ar an d every 7 G fi(A R , E) fl Aj| p . Hence, suppose more generally that 
E, £' are two elements of <9a* p ,Ar such that E C E', and let 7 G 0(A R , E) n Ag 5 , 7' G 
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fi(A R , £') fl Aq be any two elements; from lemma [873 .40r ii) we get, for any b G K + with 
log \b\ > CaW^' — 7||, a _B n -linear map 

7"6 )7 '- 7 : ^4 [ 7 ] — ► A\y\ 

which, under the identifications (18.3.461 ), corresponds to the map given by the rule : 5 <g> a 1— > 
5 ®ba for every 5 G £ and every a E K such that log \ a\ > f("Y + 5). In case S = also 
n n -Y is well defined, and clearly 

whence the contention. □ 

Remark 8.3.47. Let 71, 72, tJ, j' 2 G Aj| p be four elements, and set 73 := 7! + 72, 7 3 := 7J + 7 2 ; 
suppose that 

Af n (A R - 7i) C A^P n (A R - 7 for i = l,2, 3. 
With the notation of the proof of lemma [873 .451 for every bi, 62 G K + such that 

log |6i| >C A H- 7,|| (i = l,2) 
we obtain a commutative diagram of !?„ -linear maps 

A M ® Bb A [72] ^ A [73 ] 

^K] ®Bn ^[7 2 ] * A h' 3 ] 

whose horizontal arrows are the restrictions of the multiplication map of the £> n -algebra B : the 
detailed verification shall be left as an exercise for the reader. 

Theorem 8.3.48. In the situation of (18.3.351) . the K + -algebra B sh is ind-measurable. 

Proof. First, notice that, for every k > 0, the inclusion map B n — ► B n+k induces a radicial 
morphism B n ®k+ « — ► -B n+/ t £g>x+ and therefore also an isomorphism of -E> n+ £,.-algebras 

(8-3.49) B* ® Bn B n+k A B* fc 



((331 Ch.IV, Prop. 18.8. 10]). Notice as well, that B^ 1 is a measurable fT + -algebra (see definition 
I7.2.3f ii)). hence we have a well defined normalized length function \ n on isomorphism classes 
of B^ h -modules, characterized as in theorem 17.2.301 Thus, our task is to exhibit a sequence 
(d n | n G N) of normalizing factors fulfilling conditions (a) and (b) of definition 17.2.5 1 L for 
the directed system (B^ 1 \ n G N), whose colimit is B sh . To this aim, let M be any object of 
B^ h -Mod coh { s }; in view of (18.3.491 ), we need to estimate 

X k+n (B k+n ® Bn M) = X k+n A b] ® Bn M 

\HeAf +ft /Ar 
To this aim, let us introduce the function 

l M : A| p -> R 7 i-h. A n (A [7] ® Bn M). 

Claim 8.3.50. Let £ be as in lemma 18". 3 .451 set J := Ann B sh(M/mM), and suppose that M 
admits a generating set of cardinality k. Then the restriction of Im to f2(A R , E) fl Aq P is of 
Lipschitz type, i.e. there exists a real constant C' A > independent of n, £ and M such that 

M7) - hH)\ <C' A -k- lengthy (B?/J5?) ■ \\j - 7 '|| 
for every 7,Y G fi(A R , S) n Ag 5 . 
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Proof of the claim. Let / C Bq 1 be any finitely generated m^sh -primary ideal contained in the 
annihilator of M. Also, let N' be the cardinality of a finite set of generators for the 5^ h -module 
M, and N the constant provided by lemma l8".3.42r i): clearly A[ 7 ] ® Bn M admits a system of 
generators of cardinality < NN', for every 7 G Aq P . Furthermore, an argument as in the proof 
of ll36l Lemma 2.3.7(iv)] shows that the induced mapping 

J( N {B n ) - jZ NN ,{Bt/IBf) L^L® Bo M 

is of Lipschitz type; more precisely, it sends the entourage E r into E 2r , for every r G IR >0 
(details left to the reader). Then the claim follows by combining lemmata [7.2.73l and l8.3.45l 

From proposition |2.3.35r iii), we see that, for every E G ^asp iAk , me subset fi(A R , E) n A^ p 
is dense in f2(A R , E); taking into account claim |8.3.50[ it follows that l M extends (uniquely) to 
a function A| p — > K, whose restriction to every f2(A R , E) is continuous and still satisfies the 
same Lipschitz type estimate. Notice that Im descends to a function on the torus 

l M : T n : = A| p /Af - R. 

Hence, set r := rk z AQ P , let us fix a basis ei,...,e r for the free Z-module Aq P , and define 



f r 1 1 



so Q n C A| p is a fundamental domain for the lattice A§ p ; in view of theorem |7 . 2 . 3 Of ii .b) . we 
reach the following identity : 

X k+n {B k+n ® Bn M) = 1 ■ 

MB k+n ) . K{B n )\ 7eA|P+nnCn 

Now, set 

(8.3.51) d n := p nr ■ [k(B s ^) : k(B^)}- 1 for every n G N. 

We claim that (d n | rt G N) is a suitable sequence of normalizing factors for B sh . Indeed, 
recall that fi(A R , E) is linearly constructible for every E G ^Agp 5 A a (proposition |2.3.35T ii)), 
especially, the bounded function Im is continuous outside a subset of A| p of (Riemann) measure 
zero, hence it is integrable on every bounded measurable subset of A K . It follows that l M is 
integrable relative to the invariant measure djj, on T of total volume equal to 1 ; lastly, a simple 
inspection yields 

\{B ® Bn M) := lim d^ n ■ \ k+n (B k+n ® Bn M) = d~ x / ~l M dfx 

K^ + OO Jrp 

which shows that condition (a) of definition 17 . 2 . 5 1 1 holds for this choice of normalizing factors. 

In order to check condition (b), set Ar(p) := {v G Ar | \\v\\ < p] for every p > 0. Notice 
that the automorphism of A| p given by multiplication by p n restricts to a bijection 

fi(A H , An) A n(A R , A ) for every neN. 
Then, by inspecting the proof of proposition l2.3.35r iii) we see that there exists p such that 

(8.3.52) A R (p- n p ) C Vl n n fi(A tt , A n ) for all n G N. 

Especially, for such p we may regard A R (p~ n p ) a s a measurable subset of T n , whose measure 
Vol(po) is strictly positive and independent of n. 

Claim 8.3.53. Let I C Bf 1 be any finitely generated m B sh-primary ideal. Then there exists a 
real constant Cj > such that 

d~ l ■ lengthy (B*/(I + m)B s *) < Cj for every n G N. 
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Proof of the claim. On the one hand, we may write as the direct sum of the Bq -modules 
A 7 ]nA ®b„ Bq 11 , for 7 ranging over the elements of Af^/Af. There are p rn such direct sum- 
mands, and each of them admits a generating system of cardinality < N, where N is the 
constant provided by lemma 183 .42f i). It follows that 

lengthy (5f /(/ + m)^ h ) < NjT ■ lengthy «/(/ + m£* h )). 

On the other hand, say that / := length Bsh (Bf^ / (J+m)l^ h ); this means that may find a filtration 
of B^ 1 / (I + m)B^ of length I, consisting of £>^ h -submodules, whose graded subquotients are 
all isomorphic to ^(B^ 1 ). Given such a filtration, we easily obtain a filtration of B^ 1 / (J + m)l^ h 
of length I ■ [k(B^) : n^Bf 1 )}, consisting of £>Q h -submodules, whose graded subquotients are 
all isomorphic to /t(£>Q h ). Therefore 

I ■ [k(B*) : K{Bf )} = length Bgh (Sf /(/ + m)^ h ) 

whence the claim. 
Now, suppose there is given a finitely generated m B sh -primary ideal / C Bf 1 , and a surjection 
of finitely presented 5^ h //i?^ h -modules M — > M', generated by k elements. Set C(I, k) : = 
2kC' A Cj, where C' A and Cj are as in claims [83.501 and [8.3.53i we may estimate : 

\\(B sh ® B s h M) - \(B sh ® B s h M') \>d~ l - [ (hi - T M >)dn 

> Vol(po) ■ (Im(0) - lw(0) ~ C(I, k) ■ p- n Po ) 

> Vol(po) • (Im(0) - V(0) - C(I, k) ■ p ) 

Since Im(0) — Im'(0) = X n (M) — X n (M'), the sought condition (b) follows easily. □ 

8.4. Almost purity : the case of model algebras. In this section we prove the almost purity 
theorem for (henselizations of) model algebras. The general structure of the proof is the same 
as that for smooth K + -algebras; however, all of the various ingredients have to be tweaked a 
little to make them work with model algebras. We keep the notation of (18.3.351) throughout this 
section. 

8.4.1. Let M be an almost finitely presented (£> sh ) "-module; recall (lemma |7 . 2 . 67 f ii) ) that a 
submodule M' C M supported at s(B sh ) vanishes if and only if its normalized length vanishes. 
In the proof of almost purity for model algebras, we shall encounter certain modules that are not 
necessarily almost finitely presented; hence, our first task is to extend this vanishing criterion 
to a suitable class of £? sh -modules. To begin with, fix any integer n E N, and let ^ n be a full 
subcategory of £>^ h -Mod coh (notation of definition 13 .1.251) such that : 

• contains the i?^ h -module AlS := A[ 7 ] ®B n B^, for every 7 E A^ (notation of 

dI32D) 

• ^ n is closed under finite direct sums. 
Especially, ^ contains B^, for every m > n. Let also 

T n : K. - Bf -Mod coh 

be a B^ 1 -linear functor. The latter condition means that the induced map 

Hom^ (M,N) -> Hom S sh (T„M, T n N) 

is -B^-linear, for all objects M, N of ^ n . For every b E B^, and every _B^ h -module M, let 
b M ■= b ■ 1 M \ since T„1 M = l Tn M, we deduce that 

(8.4.2) T n {b M ) = b TnM for every b E Bf and M E Ob(<*f n ). 
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It also follows that T n commutes with finite direct sums; recall the standard argument : if 
M = Mi © ■ ■ • © M k , the natural injections ei : Mj — > M and surjections itj : M — > Mj satisfy 
the identities 

k 



Ef 1a/ if i = j 
e, o vr, = 1 M tt, o e,- = j Q Qtherwise 

i=i K 
Then the maps T n (ei), T n (7Tj) satisfy the corresponding identites, and the latter yield a decom- 
position T n M = T n Mi © • • ■ © T n Mk. Moreover, for every object M of ^ n we have a natural 
5^ h -linear map 

V M : M ® Bt T n Bf -> T„M 

obtained as follows. Any m E M induces a £>^ h -linear map // m : _B^ h — > M by the rule : 
b i — > 6m for every 6 £ 5® h ; whence a pairing 

M x T n Bf -> T„M : (m, ar) ^ T n ^ m (x) for every m £ M and x £ r n S*. 

The _B^ h -linearity of T n easily implies that the latter pairing is £>^ h -bilinear, so it factors through 
a unique map ipM as sought. Furthermore, a simple inspection shows that any morphism / : 
M — > N in induces a commutative diagram : 

M © B s h T n Bf T n M 



(8.4.3) /® fl »hT„B: 



Tn/ 



iV ® B sh T n £f T n N. 

8.4.4. For any integer m > n, denote by y? njm : B^ 1 — > £>;^ the inclusion map; let now M 
be a finitely presented fi^-module, such that ip* n m M is an object of Then we may endow 
T n (ip* n m M) with a natural fi^-module structure; namely, we have an induced £>* h -linear map 



i£ - End B s h (T n « m M)) : 6 ^ T n (b • 1 



A/ J- 

Denote by T m M the resulting 5^-module; taking (18.4.21 ) into account, it is easily seen that 

^ m T m M = T n (^ m M). 

Since both T n (<p^ m M) and B^ are finitely presented 5^ h -modules, we conclude that T m M is 
a finitely presented 5^-module (details left to the reader). Let ^ m be the full subcategory of 
5^-Mod coh consisting of those 5^-modules M such that ip* n m M lies in Summing up, for 
every m > n we have obtained a 5^-linear functor 

T m : — > B^-Mod co h 
and if p > m > n, we have an essentially commutative diagram of functors : 



<C — ^ h -Mod coh 
whose vertical arrows are the restriction of scalars. 
Definition 8.4.5. From the discussion of (18.4.11) . it follows easily that 

TB sh := colimT n B s * = colim T m B^ 

m>n m>n 

carries a natural £> sh -module structure. With this notation : 

• We say that TB sh is the B sh -module presented by T n . 
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• Let M be a B -module; we say that M is presentable if there exists n G N, a cate- 
gory and a functor T n as in (18.4.11 ), such that M is isomorphic to the £? sh -module 
presented by T n . 

• Let M be a (5 sh )"-module (for the almost structure deduced from the standard setup 
attached to K + : see J36l §6.1.15]). We say that M is presentable, if there exists a 
presentable _B sh -module iV with an isomorphism M A^" of (£? sh ) a -modules. 

• Denote by £P((B sh ) a ) C ^((B sh ) a ) the subset of isomorphism classes of all pre- 
sentable (B sh ) "-modules (notation of (351 Def. 2. 3.1(H)]), and W{{B sh ) a ) the topolog- 
ical closure of &>((B sh ) a ) in Jt{{B^) a ). Let M be a (5 sh ) "-module. We say that M 
is almost presentable if the isomorphism class of M lies in ^((_B sh ) a ). 

Remark 8.4.6. With the notation of definition 18 .4 .51 we have : 

(i) Clearly, TB sh is also the £> sh -module presented by T m , for every m > n. 

(ii) Every finitely presented £> sh -module M is presentable. Indeed, we may find n G N and 
a finitely presented B^-module M n with an isomorphism of £> sh -modules M ^ B sh ®#= h M n . 
Then pick any full subcategory ^ n of -B^ h -Mod coh as in (18.4.11 ), and let T n be the functor given 
by the rule : iV i-> M n ® B . h iV for every N G Ob(if n ). Clearly TB sh = M, whence the 
contention. 

(iii) It follows immediately from (ii), that every almost finitely presented (_B sh ) "-module is 
almost presentable. 

(iv) Suppose furthermore, that A — Z® r ©N® s for some r, s > 0. In this case, we claim that 
the converse of (iii) holds : every almost presentable (£> sh ) "-module is almost finitely presented. 
Indeed, suppose that M is presented by the £>,^ h -linear functor T n ; it suffices to show that M a 
is an almost finitely presented (_B sh ) "-module. However, from claim 183.321 we see that, for 
every m > 0, there exists a free _B^ h -module L of finite rank, and an injective I?^ h -linear map 
L — > B^ +rn whose cokernel is annihilated by the constant c e(n ' m ' ) of (|8.3.33l) . Since ipL is 
clearly an isomorphism, it follows easily that both kernel and cokernel of ip Ra h are annihilated 

by c £(n ' m) . Let 

V> B s h : B sh ® B s h T n Bf -> TB sh = M 
be the colimit of the system of maps (ibgeh I m > 0); it follows that both kernel and cokernel 

of ipB sh are annihilated by c 2//p ". Since n is arbitrary, the claim follows. 

(v) Whereas the tensor product of two almost finitely presented (B sh ) "-modules is still al- 
most finitely presented, it is not clear whether the tensor product of two almost presentable 
(£> sh )"-modules is again almost presentable. This deficiency will force us to take a rather long 
detour in the final step of the proof of almost purity. On the other hand, the problem obviously 
disappears if we are in the situation contemplated in (iv) : see remark I8A21I 

(vi) Likewise, suppose that / : Mi — ► M 2 is a (B sh ) "-linear morphism, with Mi and M 2 
almost presentable; then it is not clear whether Coker / and Ker / are almost presentable. 

Lemma 8.4.7. Let M be an almost presentable (B Bh ) a -module. Then there exists b G K + \ {0} 
such that 

AmiA/(fr) = AmiAf(c) for every c G K + b \ {0}. 

Proof. For any n G N, let VL n C A| p be a fundamental domain for A^ p , as in the proof of 
theorem f8 .3 .481 By assumption, for every b G m there exists a presentable £? sh -module N, and 
a morphism M N a whose kernel is annihilated by b. We are then easily reduced to showing 
the corresponding assertion for N a , so we may assume that M is presentable, say 

M=(T n B sh ) a = (T n ^ 7 h ])"= (T^y 
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for some n E N and some functor T n as in (18.4.11) . For every E G -?a| p ,Ar' ^ x 7s 6 H 
f2(A]R, S) fl Aq P (notation of (12.3.341) ). Notice that the norm || • || is bounded on f2 n ; by lemma 
18.3.451 it follows that we may find b G K + \ {0} such that the following holds. For every 
7 G AT there exists £ G ^a| p ,a r with 



G E] 



log |6| 



Especially, there exists a £>^ h -linear map Aft — > Aft i whose kernel is annihilated by 6. Then, 
since ^a| p ,a k is a finite set, we are reduced to showing the corresponding vanishing assertion 
for the torsion in the B^ -modules T n Aft However, the latter are finitely presented B^ 1 - 
modules, so the contention is easily deduced from corollary 14 . 5 . 24r ii) . □ 



Proposition 8.4.8. Let M be an almost presentable (B sh ) a -module, N C M a submodule 
supported at s(B sh ), and suppose that X(N) = 0. Then N = 0. 



Proof. We have to show that ax = for every a G m and every xE.N\. However, let b G m 
such that a G b 2 K + ; by assumption, there exists n G N and a B^-linear functor T n as in 
(18.4.11 ), with a (£? sh ) a -linear morphism M — > (TB sh ) a whose kernel is annihilated by b. Let 
(p : Mi — > T_B sh be the induced £> sh -linear map; it then suffices to show that ij){x) is annihilated 
by b. We may then assume from start that M = (TB sh ) a , N = (B sh x) a for some x G TB sh , 



and X(B 



sli 



X 



0. After replacing n by a possibly larger integer, we may also assume that 



x G T n B^ (see remark I8A6IT )). According to lemma lT2.57r i). we have 



(8.4.9) 



lim d n l +k ■ \ n+h {Bf +k x) = 0. 



For every [7] G Af.JA^, set Aft 2 



[7] , .- T n Af* n Bf +k x. Clearly 



[7]6Af +fe /A| p 



Aftx. 



For every p G R >0 , define A R (p) as in the proof of theorem |8.3.48[ and pick p > such that 
(18.3.521 ) holds. By lemma [83T451 there exists b G K + such that (A [7] ,5 n ) G £?| 6 | for every 
7 G A K (p~ n p ) H Aq P . It follows easily that, for every 7 G A K (p p~ n ) fl Aq P , we may find 
_B^ h -linear maps 



4 sh 



f 



B 



sh 



such that g f = b 



1a? 11 , 

[7] 



and / o g — b ■ 1 



B sh - 



In view of (18.4.31) . there follows a commutative diagram : 



Ash. 



*'B 



ah 



T 4 sh 



9®T n Bf 

Tnf 



T n B n 



TnB n 



sh 



From this, a simple inspection shows that T n f and T n g restrict to -linear maps 



A$ ]X 



f 



Bfx 



whose compositions both ways are again b ■ 1 (details left to the reader). Thus, 

X n {bBfx) < Xnif'A^x) < A n (A^x) for every 7 G A R (p-> ) n A^ p . 
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If r := rk z A§ p , we deduce the lower bound 

d-\ k ■ X n+k (Bf +k x) > d~ l V - kr ■ KibBfx) ■ c n+k 
where c n+k is the cardinality of A R (p~ n p ) n A^_ k . Taking the limit for k — ► oo, we obtain 
lim d n+k ■ X n+k {Bf +k ) > d" 1 ■ \ n {Bfbx) ■ Vol(po). 

k— >oo 

Comparing with (18.4.91) . we conclude that X n (B^bx) = 0. From theorem \l . 2 . 62f iii) it follows 
that bx = 0, as required. □ 

Proposition 8.4.10. Every almost presentable (B sh ) a -module supported at s(B sh ) has almost 
finite length. 

Proof. Let M be such a module, and b E m any element; we have to show that X(bM) E E. 
Pick a E m such that b E K + a 2 ; by definition, we may find a presentable (_B sh ) a -module M' 
with (5 sh ) a -linear maps 

/ 

M' I ' M such that g o / = a ■ 1 M ' and / o g = a ■ 1 M . 

9 

Say that M' = (TB sh ) a , for some n E N and some functor T n on a category ^ as in (18.4.11 ); 
set X n : = Specif, Z := {s(B*)} C X n , and for every -module AT, let N~ be the 
quasi-coherent (^-module arising from iV. 

Claim 8.4.11. For every finitely presented -B^ h -module N, the B^ h -submodule TzN~ is also 
finitely presented. 

Proof of the claim. We may find a local, essentially etale _B n -algebra (C, me), and a finitely 
presented C-module AT with an isomorphism A/q ®c B^ 1 A AT. Set := SpecC, Z w : = 
{mc}, and let Nq be the quasi-coherent ^-module arising from N . From corollary 14.5.241 
we see that T Zw Nq is a finitely generated C-module. On the other hand, let if : X n — > W be 
the natural morphism; since ip is flat, Zw is constructible and Z = ip~ l Zw, the induced map 

is an isomorphism (lemma [4.2. 1 lf iii)). Hence T Z N~ is a finitely generated _B^ h -module. To 
conclude, it suffices to recall that B s ^ is a coherent ring (see definition 17 . 2 . 3 I t)) . 
In view of claim !8.4.1 11 we may consider the functor 

T' n :tf n ^ £*-Mod coh M i-> T z (T n M)~ 

which is again of the type considered in (18.4.11) . so we may define M" := (T'B sh ) a . Clearly g 
factors through a map g' : M — ► M", and if /' : M" — > M is the restriction of /, we still have 
fog 1 — al M and g' ° f = al M n. We are then easily reduced to showing that X(aM") < +oo. 
Hence, we may replace T n by T' n and assume from start that M = P a , where P is a £> sh -module 
supported at s(B sh ) and presented by T n . In this case, theorem [772762^1) implies that 

X(bM) = lim X(B sh ■ bT n+k B s * +k ) 

k— >oo 

and lemma |772.57r i) says that 

X(B sh ■ bT n+k B s ^ +k ) = lim d n+k+j • A n+fc +i(-S^ fc+ - • bT n+k B^ +k ). 

We conclude that 

(8.4.12) A(6M) < liminf • X n+k (bT n+k B^ +k ) . 

k— >oo 

Now, for any A" G N, let fijv be the fundamental domain for Aff defined as in the proof of 
theorem [8 .3 .481 we may choose A" large enough, so that C A ■ ||7|| < log |6| for every 7 E £1^, 
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where Ca is the constant appearing in lemma 1873 .401 ii). Then, for every 5 G O n fl AfJ 3 and 
every E G <5*aS p ,a r such mat 

fys := (5 + fijv) n fi(A R , E) HA^0 

let us pick some 75 jS G fi^s. By lemma [873. 45 [ for every 7 G f^s we may find _B^ h -linear 
maps 

A M^p A M suchthat </«/ = &• 1a* and fog = b-l Ahss] 



whence : 



X n (b ■ T n A s ^) < X n (lmT n f) < Xn(T n A bsM ) for every 7 G fi,, E . 

Since both fi„ fl Af^ and =5^a| p ,a m are finite sets (propo sition 12 . 3 . 3 5T i) ) . we conclude that there 
exists a real constant C > such that 

A n (6 ■ T n Af; } ) < C for every 7 G A§\ 

Set r := rk z AQ P ; we deduce that 

\ n+k (bT n+k Bf +k ) = d~ l ■ p- rk ■ X n(b ■ T^ft) < d- 1 ■ C. 

Comparing with (18.4.121) . the proposition follows. □ 

8.4.13. Now, let n G m be any element with |7r| p > \p\; our next task is to examine the 
behaviour of normalized lengths for (£?/7rI?) sh -modules under Frobenius. To ease notation, for 
any n G N we let I> n := I> B sh and $ := $ Bsh (see (17741 ). To begin with, J361 Th.3.5.13(ii)] 
implies that 

On the other hand, notice that 

= P P (n) ® P( („) : P (n) ® p w ir + /7rK+ -> PW ® p („, if+j 

where p P ( n ) is the p- Frobenius map of p( n ); the latter factors through an isomorphism P^ ^ 
P^- 1 ), and $ K+ is an isomorphism as well (recall that K is algebraically closed). Hence $# n 
factors through an isomorphism B n /nB n 5 n _ x and taking into account (|8.3.49l) . we 
deduce that $ n factors as the composition of an isomorphism 

*n : B* n / 7rB B n -> (<j>) 
and the natural inclusion map -B^_i ($) — » Therefore 

$ = colim $ n 

is an isomorphism. The map \P„ can be further analyzed as a composition : 

where \I/ n is an isomorphism of fT + -algebras (cp. (|7.4.1I) ). Clearly, both R n and B^_ t 
are measurable i^ + -algebras (with the K + /n p K + - algebra structure fixed in (18.2.31) ). The first 
observation is the following : 

Lemma 8.4.14. Let M be any B s ^ / nB^ -module supported at s(B^). Then 

X n . 1 (%M)=p-X n (M). 
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Proof. Since ty n is an isomorphism of K + -algebras, it suffices to show that 

X Rn (W K+ M)=p-\ n (M) 

for every _B^ h /7r_B^ h -module M supported at s(B n ). Also, since is an isomorphism, we 
may invoke theorem I7.2.62I T) to reduce to the case where M is a finitely presented module 
supported at s(Bf^). Next, by claim [772.341 we may further assume that M is a flat K + /aK + - 
module, for some a G m such that \a\ > \ir\. In this case, &* K+ M is a flat Kt^JaK%^ -module, 
i.e. a flat K + /a? K + -module. Set M := M ® K + k; it is easily seen that ($* K+ M) ® K + k = 
&* K+ M, so we may compute using theorem [7.2.30r iii.b') 

A n (M) = log \a\ ■ lengthy (M) X Rn (W K+ M) = log \a p \ ■ lengthy ($* K+ M). 
The assertion is then reduced to the identity 

lengthy (M) = lengthy (®* K+ M) 
which is obvious. □ 
Proposition 8.4.15. Let M be any B sh /7rB sh -module supported at s(B sh ). Then : 

A($*M) = p d ■ A(M) where d := dim B sh . 
Proof. Notice first that we have a commutative diagram of ring homomorphisms 



Rsh /_ Rsh *™ . Rsh 



Bf +l /ixBf +l — Bf { ^ 



for every n EN 



whose vertical arrows are the natural inclusion maps. Set r := ik^Af. 
Claim 8.4.16. [k(B s * +1 ) : k(B^)) = p r - d+1 for every neN. 

Proof of the claim. Let x n G Y n be the support of x n (notation of (18.3.351) ). and denote by 
Z n the topological closure of {x n } in Y n . It has already been remarked that the inclusion map 
B n ®k+ K — > B n+ i ®k+ K is radicial; especially, the residue field extension n(x n ) — > n(x n+ i) is 
purely inseparable, and indeed - arguing as in (18.4.131 ) - we easily see that the image of n(x n ) 
in k(i„ + i) is the subfield K(x n+ i) p . On the other hand, from (18.3.491) we deduce that 

K(Bf +1 ) = k(B*) ■ K{x n+1 ) 

and since k,(B^) is a separable extension of K,(x n ), it follows that 

[k(B^ +1 ) : k(B*)] = [n(x n+1 ) : K{x n )\ = [k(x„+i) : K(x n+1 ) p }. 

From (|8.3.43l) we deduce that 

tr. deg(ft(a; n ) / k) = dim «[A n ] — dim Z n = r — d + 1 

((3TJ Ch.IV, Prop. 5. 2.1] and lemma |4T6.8r v)). Now, since k is algebraically closed, we may find 
a subextension E C n(x n ), purely transcendental over k, such that n(x n ) is a finite separable 
extension of E; in this case, k(x) = E® E vk(x) p {e.g. by [36, Th.3.5. 13(ii)]), so we are reduced 
to showing that [E : E p ] = p tr - deg < E I«\ which is clear. 

Now, let first M be a finitely presented B sh /7rI? sh -module supported at s(B sh ); we may 
find n G N and a B^/V-B^-module M n supported at s(B^), with an isomorphism M A 
B sh ® B sh M n of £> sh -modules. There follows an isomorphism : 

$*m A b% $;m„ 
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so we may compute : 

A($*M) = lim d-\ k ■ \ n+k (Bt +km ® BSh $;M n ) 

= l^nlk ■ K+k(K+k{ B n+k ® B s h M n )) 

= Jim d"^ • A n+fe (^ +fe+1 (5* h +fc+1 ® B , h M n )) 

fe— >oo 

= limp-d^ fc -A r ^ fc+ i(SS. fc+1 ® B .hM ri ) (by lemma EU1 

= lim p d • c^ fc+1 • A n+fc+1 (5f +fc+1 ® Bt M n ) (by ESB and claim |8A16l) 

= p d • A(M) 

as stated. Next, if M is a finitely generated _B sh /7r_B sh -module, we may write M as the colimit 
of a filtered family of finitely presented B sh /7r£> sh -modules, with surjective transition maps; 
then theorem r7.2.62f i) reduces the assertion to the case of a finitely presented module, which 
has just been dealt with. Lastly, if M is a general £> sh /7r£> sh -module, we may write M as the 
colimit of the filtered system (Mi \ i E I) of its finitely generated £> sh -submodules; since $ is an 
isomorphism, the induced filtered system ($*Mj \ i E I) has still injective transition maps, so 
theorem r7.2.62f D reduces the assertion for M to the corresponding assertion for the Mi, which 
is already known. □ 

Lemma |8.4.14| and proposition [8AT3] extend as usual to almost modules. As a corollary, we 
can generalize to (5 sh ) a -modules the vanishing criterion of lemma [8^2.1 U indeed, we have : 

Corollary 8.4.17. Let M be a (B sh /nB sh ) a -module supported at s(B sh ), and let us set N : = 
$*(M). Suppose that: 

(a) M is a submodule of an almost presentable (B sh ) a -module. 

(b) iV admits a filtration (FifiV | < % < p), with Fi\°N = N and Fi\ p N = 0, and whose 
graded quotients gfN are subquotients of M for every i < p. 

(c) dim5 sh > 1. 

Then M = 0. 

Proof. We proceed as in the proof of lemma [8".2. Ill : by proposition 18.4.81 it suffices to show 
that X(bM) = for every b E m. However, from (b) and lemma 17.2.671 1) we deduce that 
XQfN) < p ■ X(bM) for every b E m. On the other hand, §*bM = WN, since $ is an 
isomorphism. Set d := dimi? sh ; then p d ■ X(bM) = X^N), by proposition 18.4. 151 since 
X(bM) < +oo (propo sition 18.4. 10b and d > 1, the contention follows. □ 

8.4.18. After this preparation, we are finally ready to generalize to model algebras the van- 
ishing result of proposition 18 .2.211 Namely, in the situation of (17.4.231) we take R := B sh , and 
set 

X := Spec B sh X n := Y n (x n ) U n := X n \ {s(B B *)} for every nGN. 

Let also ip : U A — > U and ij) n :U — > U n be the natural morphism, for every n E N. Then, to any 
etale almost finitely presented (^-algebra srf , we attach the etale -algebra =g/ A := ip*g/, and 
the constructions of (17.4.271) — (17.4.301) yield a cr-equivariant topological -algebra A(srf) + . 

Denote d := dim B sh ; we begin with the following more general : 

Lemma 8.4.19. Fix b E mx, and let srf be any etale almost finitely presented Gfi^-algebra. We 
have : 

(i) H q (U/b, sf) is an almost presentable (B sh ) a -module, for every q = 0, . . . , dimX/ b — 2. 

(ii) Ifb ± 0, then H q (U /b , sf) = Ofor every q = 1, . . . , dimX /6 - 2. 
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Proof, (i): We may write X/ b as the limit of a filtered system (Wi | i 6 /) of local g-schemes, 
such that the following holds. For each i E I, there exists n(i) E N and an affine etale neigh- 
borhood Zi — > {Y n (i))/h of x n (i) such that Wi = Zi(wi) for some point wi E Z, t (and then, 
necessarily, the image of Wi in Y n ^\ is the support of x n (i))- For every i E I, let gi : U/b Wi 
be the induced morphism. By corollary 17.1.191 for every c E we may find i E I, a finitely 
presented -algebra M and a morphism / : g*M — > =2/ such that : 

• Ker / and Coker / are annihilated by c. 

• For every x E U w := Wi \ {wi}, the map c ■ 1^ factors through a free ^-module. 
To ease notation, set 

W := Wi w := Wi g := gi Z := Zi n := n(i). 

Since c is arbitrary, it suffices to show that the £? sh -module c • H q (U/b, g*&) is presentable, for 
every q — 0, . . . , dimX/ 6 — 2. To this aim, let ^ n be the smallest full subcategory of B^ closed 
under finite direct sums, and containing the _B^ h -modules A*&, for every 7 E (notation of 

(18.3.41I) ). For every £>^ h -module (resp. <^V jU) -module) M, let M~ denote the quasi-coherent 
<^x n -module (resp. <£?V-module) associated to M, and consider the functor 

T n : tf n -> Bf -Mod M i-> c • H«((U n ) /b , (M w ® ffw>w Af)~). 

It is easily seen that the natural map 

colim T nJ B ? s n h -> c ■ ff*(tf /6s #*^) 

is an isomorphism, hence we are reduced to showing that T n M is a finitely presented B^ 1 - 
module, for every object M of and notice the natural i?^ h -linear isomorphism 

H*(U W , (M w ® Bn A u r) ®# w>a Bf ^ T n A§ for every 7 G Ag 5 

(corollary 19.3.191) . For any z E U w , multiplication by c on (^V jU , ®b„ ^[7]) 7 factors through 
&w,z ®B n ^4®*> for some t E N. Let <£> : Z — > 5 1 be the structure map, and set C := 
H°(Z, G z )\ it follows easily from lemmata E332ii) and l4.4.33r iiD that (C ® Bn is 
y9-Cohen-Macaulay at w, in which case (14.2.31 ) and lemmata 14.6.261 |4.4.33f i) imply that the 
^W>-module c • H q (U w , (&w,w ®B n 1S finitely presented for q = 0, . . . , dimX/ fe — 2. 

The assertion follows. 

(ii): Pick c E such that \c p \ > max(|6|, \p\), and let N E N be the smallest integer 
such that \c N \ < \b\. Define a descending filtration on srf , by the rule : Fil^ := cW for 
i = 0, . . . , N. Notice that the associated graded <^ fc -module gr^ is isomorphic to srf jcstf for 

every % — 0, . . . , N — 1, and gr N &/ is isomorphic to srf jh^ N . We easily reduce to showing 
the vanishing of Hi(U/ c , gr^) for j = 1, . . . , dimX/ c — 2 and i = 1, . . . , N. Hence we may 
replace b by c, and assume from start that \lf\ > \p\ and that there exists an etale -algebra 

such that (&/' /b& /')\ U/b = $rf . We now argue as in the proof of claim [8T2 .151 : since $ is an 
isomorphism, lemma [7A5] implies that the natural map 

^*H j (U /b ,^)^H j (U /bP ,^') 

is an isomorphism of (£>^) a -modules, for every j E N. On the other hand, the filtration 
defined as in the foregoing induces a filtration on H l (U/bP, of length p, whose associated 
graded pieces are subquotients of Hi(U/ b , The latter is supported at s(B sh ) for j > 0, 
since srf is a quasi-coherent 6§ -algebra. Then the assertion follows from (i) and corollary 
18.4.171 □ 

Proposition 8.4.20. In the situation of (18.4.181) . suppose that d > 3. Then : 
H q (A(U), A(^)+) = whenever 1 < q < d - 2. 
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Proof. Set H 9 := H q (A(U), A(=e/) + ) for every q G N. Arguing as in the proof of proposition 
18.2.21 1 we reduce to showing that H. q / r d k H q = for every k G Z, in the range 1 < q < d — 2, 
and we also see that the latter quotient is a (i? sh ) a -submodule of H q (U, £/). 

In view of proposition 18.4.101 and lemmata 18.4.71 and |8.4.19t i). we see that H g /^H 9 is a 
5 sh -module of almost finite length, on which scalar multiplication by p is nilpotent, for every 
q = 1, . . . , d — 2. Now, in order to show that this quotient vanishes, we may repeat verbatim the 
proof of claim [8T2.22L the only change is that we appeal to corollary 18.4. 17[ instead of lemma 
18.2.111 : the details shall be left to the reader. □ 

Remark 8.4.21. Suppose now that d > 3 and A = Z® r © N® s for some r, s G N. As 
already noted (remark [8 .4.6^ )). in this case every almost presentable (_B sh ) a -module is almost 
coherent. It becomes then possible to repeat verbatim the proof of theorem T8.2.23I : the details 
shall be left to the reader. The resulting almost purity theorem is already more general than 
the one found in [|34l . However, we will not spell out here this statement, and instead we shall 
move on to the proof of almost purity for a general model algebra. 

8.4.22. Keep the situation of (18.4.181) . For any b G m K , and any ^ -algebra SB, let 

pa : T(U /b , SB) ® {b ^y r (^> ^) r ( u /f>, ® ®e§ SB) 
be the natural map, and set 

C m := Coker/z^. 

Now, let be any etale almost finitely presented -algebra; clearly is a (£> sh ) a -module 
supported at s(B sh ), and from lemma |8A \9[ i) we see that, if dimX/ b > 2, then CV is a 
quotient of an almost presentable (B sh ) "-module. 

Lemma 8.4.23. With the notation of (18.4.221) . suppose that dimX/ b > 2. Then the (B sh ) a - 
module has almost finite length, for every etale almost finitely presented &{j jb -algebra si ' . 

Proof. Notice that we cannot appeal to proposition 18.4.101 since it is not known at this point 
whether CV is almost presentable. Instead we use a direct argument. Namely, fix a G m, 
and pick n G N and a coherent &x n/b -algebra M n with a morphism M := ipn(^n\u b ) ~^ ^ 
fulfilling the conditions of corollary 17.1.191 It is easily seen that the image of the induced 
morphism C@ — > CV contains c?C^, hence it suffices to show that a 2 Cag has almost finite 
length. To ease notation, denote by SB the quasi-coherent &x n i h -algebra associated to B sh /bB sh , 

and set Sffi '■= SZ n ®g x S% n ; by virtue of (14.2.21) . we have an exact sequence 

r(X n/b ,S? ( V ^ <%) _> T(U n/b ,S?W ® ffxn SS)^E:= H\ s{Bt)} {M^ ® ffXn SB) - 

from which we see that C@ is a quotient of H a , and taking into account proposition 18 .4. 1Q[ we 
are therefore reduced to showing that a 2 H a is almost presentable. To show the latter assertion, 
one remarks that multiplication by a 2 on Mn} y factors through a free ^y^y-module of finite 
rank, for every y G U n / b , and then one argues as in the proof of lemma |8.4.19r i) : the details 
shall be left to the reader. □ 

8.4.24. Let A be the auxiliary model i^ + -algebra constructed in (18.3.351) . Set 

A(m) := {7 G A Q I 7717 G A} D [m) := A A{m) for every integer m > 0. 

Thus, := D(m) ®b B sh is a (A^/A gp ) -graded £? sh -algebra, and it determines a quasi- 
coherent ^x-algebra f^( m ). For any b G m^, denote j/ b : U/ b — > X/ b (resp. i/ b : X/ b — > X) the 
open (resp. closed) immersion, and for any €^ /6 -algebra s$ ', set as well 
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Proposition 8.4.25. With the notation of (18.4.241) . let srf he an etale almost finitely presented 
€? U/b -algebra, and suppose that : 

(a) A(CV) = {notation of (I8.4.22D ). 

(b) dimX /fe > 2. 

Then there exists an integer m > such that (p, m) = 1 and such that j /&*=e^ m ) is an etale and 
almost finitely presented @? m y b -algebra. 

Proof. Notice that we cannot any longer appeal to proposition |8.4.8[ to deduce from (a) that 
vanishes, since at this point is not known whether is almost presentable. We use instead an 
ad hoc argument, exploiting the combinatorial properties of the algebras B n . 

Indeed, fix a E m and apply corollary 17. 1.191 to find n E N and a coherent <^/ n/b -algebra & n 
with a map M := ip^Mn — ► of ^/ /6 -algebras, with kernel and cokernel annihilated by a. 
Let e E T(U/b, ®m be the diagonal idempotent of srf (see remark |7XSi)). In view of 
(18.3.491 ), it is easily seen that the cokernel of the induced morphism 

T(U n/b ,M n ®e Un M n ) ® Bn B a -> T(U /b , srf ® G a sf) 

is annihilated by a 2 . We deduce that there exists e n E T(U n /b,& n ®&u n &n) whose image in 
T(U/b, £^ ®m sf)* equals a 3 e (details left to the reader). Furthermore, a diagram chase as usual 
shows that the natural map Ggga — > induces an isomorphism of the (£> sh ) a -submodule a 3 C$g 
onto a quotient of a submodule of CV; in view of assumption (a), we conclude that 

\(a?C M a) = 0. 

Denote by e n E (C<%a)* the image of a 3 e n ; by virtue of lemma 17.2.571 and theorem l7.2.30r ii.b). 
we derive : 

(8.4.26) lim p~^ r • V \ n (A^e n ) = (where r := ik z Af). 

Claim 8.4.27. There exists a sequence ( 7i \ i E N) of elements of A such that 

lim 7i = and lim X n (A^ie n ) = 0. 

Proof of the claim. Let fi n C A| p be the fundamental domain for A§ p defined as in the proof of 
theorem [833H also, fix a Banach norm || • || on A| p , and set 

A| P (P) := {7 € A| p | || 7 || < p} A(p) :=AnA| p (p) for every p > 0. 

Then A(p) C £l n for every sufficiently small p > 0, and it is easily seen that there exists a real 
constant C > such that 

tJ(A(p) n Af +k ) > C ■ p {n+k)r ■ p r for every k E N and every p > 

(where Jj(£) denotes the cardinality of a set E : details left to the reader). Suppose now that the 
claim fails; then there exist e, p > such that X n (A s ^e n ) > e for every 7 E A(p). It follows 
that : 

Jim p -(n+fc)r . V- An(yl she n) > C . p r . £ 



which contradicts (18.4.261) . 

Let (7.J I i E N) be a sequence as in claim [84. 27 [ and for every i E N set /j := A n (Ar^.ie n ) 
and pick some a, G such that log |ai| E [k, 2Zj]; by lemma IT2.46I we have a, • <*4-f~.]e n = 
for every i E N. To ease notation, for every 7 e Aq P denote by the quasi-coherent 

^/ n -module associated to A b ^, and set 
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Notice that 

T(U /b ,M)= MjJ and T(U /b ,M ® % M) = M$ 

[ 7 ]eAsp/A| p [ 7 ]eAf5P/A| p 

and the natural map Y{U/ b ,M) (g> Bsh T{U/ h ,8$) -> T(U/ b ,M (g)^ ^) is the direct sum of its 
(A gp /A gp ) -graded summands : 

[/3]eAsp/A| p 

Especially, C7^ a is a (A gp /A gp )-graded (5^ h ) a -module, and it follows that ciia 3 A s ^e n lies in 
the image of //[ 7i ], for every z G N. 

Let > be the constant provided by lemma |8". 3 .40r ii). and for every 7, 7' G A gp such 
that A gp n (A K - 7) C A gp n (A K - 7'), and every c G K + with log |c| > C A \\i - -y 1 1 , denote 
by T Cj y_ 7 : Ar 7 ] — > A[ 7 /] the £> n -linear maps defined as in the proof of lemma 183.451 after 
tensoring with M n (resp. with & n Cg)^ we obtain 5^ h -linear maps 

r « ■ M (1) -> M (1) Cresn r (2) ■ M (2) -> M (2) ) 

Claim 8.4.28. For every p > there exists an integer m > with (p, m) = 1, and a real number 
£ > such that the following holds. For every /3i , /3 2 G A| p (p) with + /3 2 || < £ we may 
find 0[, A G Af p } such that 

(i) A + A = 

(ii) ||$ - AH < log |a| fori = 1,2 

(iii) A gp n (A R - A) c A gp n (A R - A) for 2 = 1,2. 

Proof of the claim. Recall that A gp is p-divisible, hence A?\ = Afj^s for every integer m > 
0, so the condition that (p, m) = 1 can always be arranged, if all the other conditions are 
already fulfilled. Now, for every 7 G A| p , let ^(7) be the topological closure of the subset 
fi( Ar, A gp fl (Ar — 7)) in A| p (notation of (12.3.341 )); in view of condition (i) and of proposition 
|2.3.35r iv), condition (iii) is implied by : 

(8.4.29) (3[eU(f3 1 )n(-n(^)). 

Moreover, suppose that 

(8.4.30) HA - All < 2- 1 • log |a|. 
Then 

11$ - All = 11$ + A ~ A ~ AH < || - A + All + || A + All < 2- 1 log |a| + e. 

Hence condition (ii) will hold, provided e < 2 _1 • log |a|. Thus, we have to exhibit m > 
and e > such that, for every A> A € A| p (p) with + (3 2 \\ < there exists A G A?\ 
fulfilling (18.4.291) and (18.4.301) . Then, by proposition K2.3.351 X) and lemma [23381 it suffices to 
find A A| p fulfilling these two latter conditions. By way of contradiction, suppose that such 
A cannot always be found : this means that there exists a sequence (3 := ((A,fc, A,fc) I k G N) 
of pairs of elements in A| p (p), such that 

(a) \\p 1>k + fo^ < 2- k for every k G N 

(b) ^(A.fc) n (-OQ Afc)) n (A| p (2- 1 log |a|) + A,fc) = for every fceN. 

However, by proposition |2.3.35r i), after replacing (3 by a subsequence we may assume that 
both fi(A,fc) an d ^(A,fc) arQ independent of k. Since A| p (p) is a compact subset, we may 
also assume that the sequence (3 converges to a pair (A> A) °f elements of A| p (p). Clearly, 

A + A = 0; since A.fc £ ^(A,fe) f° r * = 1> 2 and every k G N, we also have A £ ^(A,fc) 
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for i = 1,2. Lastly, we have \\/3[ — Pi,k\\ < 2 _1 log |6| for every sufficiently large k G N; this 
contradicts (b), and the claim follows. 

Fix p > such that Cl n C A| p (p/2), and pick e > and m > as in claim |8.4.28i set 

M {m) := M 0^ /b f /b 9 {m)/b . 

Also, fix % G N such that 

||7i|| < mm(e,p/2). 

Then, if j3\ G Q n , both fa and /3 2 := 7;-/3i lie in A SP (p), and therefore there exist (3[,/3' 2 e Af\ 
fulfilling conditions (i)-(iii) of claim |8.4.28[ Now, for each /?i G f2 n fl A gp , choose such a pair 
/3 2 ); furthermore, let c G be any element such that 

C^log \a\ < log |c| < 2CAlog \a\. 

In view of remark [8~. 3 .47 [ we obtain a commutative diagram of B^ 1 -linear maps : 

/3ieOrLnAsp 



/J 1 en n nAs 



1 r (1) »t (:l) 



(2) 



Mg^^M^j , M (2) 

/3ien„nAgp 11 

whose bottom horizontal arrow is a restriction of the [0] -graded summand of the natural map 

^*( m) : r([/ /6 ,^ (m) ) ® D(m) r(u /b ,&( m )) -> r(c// 6 ,^( m) <g>^ (m) ^ (m) ). 

The _B n -module A 7i i contains an element which gets identified with 7, <g> c under the isomor- 
phism (|8.3.46l) . hence 

c 3 e n Gr^_ 7i (^ ]eri ). 

We deduce that aiC?(?e n lies in the image of p@ D , and since i is arbitrary, it follows that a 3 c 3 e n 
lies in the image of (p% D )*, so a 6 c 3 e is an almost element of the image of the corresponding 
morphism 

/M^ : T ( u /b,^(m)) ®u (m) r(f/ /b ,^/ (m) ) -> r(c/ /6)t e/ (TO) ®^ (m) ^( TO )). 

Lastly, since a can be taken arbitrarily small, we conclude that e lies in the image of (//^ (m) )*. 

C/azm 8.4.31. The natural map @( m )/b ~^ j/b*j* b ^(m)/b is an isomorphism. 

Proof of the claim. Indeed, for every fceN, let jk/ b '■ £4/6 — * be the open immersion, set 

A fe) ( m) := {7 G Aq I 1717 G A fe } D fc := A 7 

7eA fei(m) 

and denote by S>k the coherent i^x fc/b -algebra determined by ®^ fc B^/bB^. In view of 
proposition |9.3.15r ii), we reduce to showing that the natural map Q>k — > jk/b*H/ b ^k is an 
isomorphism for every k G N. Then, we may write Xk/ b as the limit of a filtered system 
(gi : Wi -> lfc /6 I i G I) of etale K fc/6 -schemes; set C/i := W { \ g~ l (x n ) (where x n G F n is 
the support of x n ), let jj : Ui — >■ VFj the open immersion, ^ : Wi — > S the composition of gi 
with the structure morphism Yk — > S, and denote by ^ the coherent G-w^gdom determined 
by Dk ®B k &w t \ invoking again proposition 19.3.1 5t ii) , we further reduce to checking that the 
natural map % — > is an isomorphism. However, lemmata I4.4.33t m) and I8.3.427 ii) 
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imply that 3>i is <y2j-Cohen-Macaulay. Then, from lemma l44.33f iv) and assumption (b) we see 
that 5'(w, &Wi) > 2 for every i E I, and every point w E Wi\Ui. The assertion follows from 
the exact sequence (14.2.21) . 
The proposition follows from claim l8.4.31l and corollary 17. 1.121 □ 

Theorem 8.4.32. Keep the situation of (18.4.181) , and suppose as well that d > 3. Then the pair 
(X, {s(B sh )}) is almost pure. 

Proof. Let srf be any etale almost finitely presented (^-algebra. On the one hand, lemmata 
18.4.231 and I7.2.46l imply that some power of ir annihilates CV; on the other hand, arguing as in 
the proof of theorem T8.2.231 we see that $*(CV j^GJ) admits a filtration of length p, whose 
subquotients are quotients of C/irC^. In this situation, the proof of corollary 18.4.171 shows that 
X(C^/ttC^) = 0, and then, by an easy induction we get A(CV) = 0. 

Let j ' : U — > X be the open immersion; by proposition [8A25J we deduce that there exists an 
integer m > such that j*stf(m) is an etale almost finitely presented S^-algebra. 

The last step consists in descending j*£/( m ) to an etale ^-algebra, and to this aim we shall 
apply the technique of section 17.51 Indeed, notice first that the field of fractions of Z?( m ) is a 
finite Galois extension of the field of fractions of B, whose Galois group G admits a natural 
isomorphism 

(8.4.33) G A Hom z (A gp , a h-> Pa 

(where /Jb m C K x is the subgroup of m-th roots of one : see (16.3.311) ). Since Di m \ is a normal 
domain (lemma |8 . 3 . 1 6r ii)) , it follows that G is the automorphism group of the £> -algebra Dr m \, 
and D9, = B. Then G is also the automorphism group of the £> sh -algebra (resp. of 
the ^-algebra 3>( m )), and (D S (K) G = B sh (resp. and = X )- Consequently, G acts on 
&/(m) and = si ' . Set E := T(U, s/( m )) \ men E is an etale (D B \) "-algebra, and corollary 
I7.5.28r ii) reduces to showing that the induced C7-action on E is horizontal. To this aim, fix 
a E G, and denote by I a C Dr m ) me ideal generated by the elements of the form x — a(x), for 
x ranging over all the elements of D( m y, we have to show that a acts trivially on £ ff := E/I a E. 

Claim 8.4.34. D a (m) jl a a is a flat A. +a -algebra. 

Proof of the claim. Recall that each graded summand A y of Di m \ is a free K + -module generated 
by an element g 1 ® 1 (notation of (18.3.391 )), and by inspecting the constructions, it is easily seen 
that - under the identification (18.4.331) - the action of o is determined by the rule : 

g 1 <g> 1 h-> g 1 <g> p a (m>y) for every 7 E A (m) . 

Notice that 1 — ( is invertible in K + , whenever ( E /Lt m \ {1}; thus, I a is generated by the direct 
sum of the A 1 , for those 7 E A( m ) such that p a [rrvy) 7^ 1; especially, I a is a graded ideal. The 
claim will follow, once we have shown that, for every 7 E A( m ), the graded summand (I CT )" is 
either or the whole of At.. Now, (7 CT ) 7 is generated by all products A 1X A 1% where 71 + 72 = 7, 
71, 72 E A( m ) and p a (m^y 1 ) 1; for every such pair (71, 72), let 0(71, 72) E K + be the unique 
element such that 

(#71 ® !) ' (#72 ® 1) = #7 ® c(7i, 7a)- 
By inspecting the constructions in (18.3.351) . we see that 

c(p fc 7i, P k l2) = c(7i, 7 2 ) pk for every k E Z. 
Notice that p a (p~ k myi) 7^ 1 for every k E N; therefore 

# 7 ® 0(71, 7 2 ) p = (0 p -* 7l ® 1) • (fl-p-fc^ ® 1) • (g P -kj <g> l) p ~ G /a for every fc G N. 
Since is arbitrary, the contention follows. 
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Since E is a flat D( m ) -algebra, we have E u = E ®D a {m) and it follows - by claim 

18.4.341 - that E/I a E is a flat f^ +a -algebra, hence we are reduced to showing that a acts trivially 
on E K := E a ® K + K. However, set U K := U x s Specif and E K := E ® K + K; clearly 
Ek = r(6 r K, £?{m)) descends to the etale and finitely presented B sh ®k+ -ft'-algebra T(Uk, 
therefore the G-action on Ek is horizontal (corollary I7.5.28r ii)). To conclude, it suffices to 
remark that E K = E K jI a E K . □ 

8.4.35. Let now (A, T) be any model i^ + -algebra; set S := Specif, X := Spec A, and let 
x be any geometric point of X, localized on the closed subset Z := X x s Spec k. Suppose 
furthermore, that K + is deeply ramified (see [36, Def.6.6.1]), and let (K + , vxk) be the standard 
setup associated to K + (see ll36l §6.1.15]); then we have the corresponding sheaf &x(w) °^ 
X +a -algebras on X(x), and we may state the following almost purity theorem : 

Theorem 8.4.36. With the notation of (18.4.351) . the pair (X(x), Z(x)) is almost pure. 

Proof. Set A sh := <ff X (x),x, A 5 ^ := A sh (g) K + K, and suppose that Aft -> C K is a finite etale ring 
homomorphism. Let C be the integral closure of A sh in Ck- By proposition 17. 1.261 it suffices 
to prove that the induced morphism (A sh ) a — > C a of f^ +a -algebras, is etale and almost finite 
(and indeed, weakly unramified would already be enough). 

Claim 8.4.37. We may assume that K is algebraically closed. 

Proof of the claim. Indeed, let E be an algebraic closure of K, and | • \$ a valuation on E 
which extends | • |. Set B := A ® K + E + , choose a geometric point y of Y := SpecB whose 
image in X is isomorphic to x, and let B sh := Gy^)^. Then (B, T) is a model i? + -algebra 
(remark |8 . 3 . 3 f ry ) ) . Let Dk '■= Ck ®A sh B sh , and denote by D the integral closure of £? sh in 
Dk- Let also We be the integral closure of K + in E, and notice that B sh is a localization of 
A sh ® K + W E ([El Ch.IV, Prop. 18.8. 10]). Moreover, W% is a filtered colimit of etale almost 
finite projective if +a -algebras of finite rank ( [[361 Prop. 6. 3. 8, Rem.4.3.10(i) and Prop. 6. 6. 2]), 
therefore (C <& K + W E ) a is integrally closed in (C K ® K + W E ) a ([EH Prop.8.2.31(i)]), and it 
follows easily that D a = (C ® A sh B sh ) a . Suppose now, that D a is an almost finite and etale 
(i? sh ) a -algebra; then [36, §3.4.1] implies that C is an almost finite etale (A sh ) a -algebra, whence 
the claim. 

Henceforth, we assume that K is algebraically closed. In this case, let 88 be the family of 
all small model f^ + -subalgebras of (A, T); for every (B, A) 6 8$ let x B be the image of x in 
Xb '■— Spec B, and let B sh := @x B (x B ),x B ■ In view of proposition l8.3.18[ we have 

A sh = colim B sh 

(B,A)e^ 

( 1331 Ch.IV, Prop. 1 8.8. 18(ii)]). We may then find (B, A) G 38, and a finite etale ring homomor- 
phism Bf := B sh ® K + K -> C' K , with an isomorphism C K A C' K ® B <& A sil of A$ -algebras 
( 031 Ch.IV, Prop. 17.7. 8(ii)] and [32, Ch.IV, Th.8.10.5]). Let C be the integral closure of B sh 
in C' K , and suppose that C' a is an almost finite and etale (_B sh ) a -algebra; then proposition |7.1.13l 
shows that (C <® B sh A sh ) a is integrally closed in (CkY, i-e. it equals C a , so the latter shall be an 
almost finite and etale (A sh ) a -algebra, as required. This shows that we may replace throughout 
(A, T) by (B, A), and assume from start that (A, T) is a small model f^ + -algebra. By remark 
18.3.15m we have (A,T) = (A',T r ) <g> (A",T"), where T' SP is torsion-free, and T" is a finite 
abelian group of order prime to p, so that A" is an etale K + -algebra (remark [8.3.1 5r iii)) : there- 
fore, if x' is the image of a; in X' := Spec A', we have a natural isomorphism A sh ^> £?x'(x'),x' 
of K + - algebras. In other words, we may assume that A = A', and that T gp is torsion-free. 

In this case, notice that X has finite Krull dimension; let x E Z(x) be the support of x; 
corollary 17. 1 .271 easily reduces to checking that the pair (X(x), {x}) is almost pure. 

To this aim, we shall apply the discussion of (18.3.191) . that yields 
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• a T-graded monoid P such that P is sharp, and a local map P — ► K + such that 

A = P® Po K+ 

• increasing exhaustive filtrations (r n | n G N) of T, and (p( n ) | n G N) of P, such that 
P( n ) is IVgraded submonoid of P, for every n G N 

• a ladder (18.3.201) . whose vertical arrows are smooth morphisms of log schemes 

<p n :(Y n ,M n )^(S } N n ) 
where Y n : = Spec A m with A n := P< n ) ®j» K+, and the induced map P^ -> A n 

(resp. Pq™^ — > provides a chart for M w (resp. for A[ n ). Also, the underlying 
morphisms of schemes Y n+ i — > Y n are finite and surjective, induced by the inclusion 

map p(n) p(n+l)_ 

Moreover, following remark 18". 3 . 24( iv) . we also choose a compatible system of decompositions 

(8.4.38) (Y n , M n ) ^Y^xs (Y£, A£) for every n G N 

such that Y' = Spec AT + [P( n > x ], Y" := Spec A" with A" := ® p(B) K+, the induced map 

pwtt _» ^ provides a chart for M", and y? n factors as the composition of a smooth morphism 
of log schemes 

^:(Y:,M!n)^(S,N n ) 

and the projection (Y n , M„) — > (1^', M") deduced from (18.4.381) . Furthermore, for every n G 
N, denote by x n the image of x in the closed fibre Z n C F n of the structure morphism ip n : 
F„ — > S 1 ; according to remark l83.24r v). we may also assume - after replacing A by a suitable 
localization - that the induced morphism P^ — > 6y n ^ n is local, for every fiGN. 

We argue now by induction on d := dim Z (x ). If d = 0, then the support of xq is a maximal 
point of Z ; hence, for every n G N, the support of x n is a maximal point of Z n . In this case, 
we know that (log</?„)i- is an isomorphism (theorem l5.7.8f iii.a)). and since P$ n ' is sharp, and 

both maps P — > fC + and P^ — > &Y n ,w n are local, we see that the inclusion Pq — > p( n ) 
induces an isomorphism 

pW ^ p (n)S for eyery ^ e N 

whence P" = and we get an isomorphism 

[pW x ] ^ 5 n for every n G N. 

By construction, the transition maps F n+1 — > K„ are induced by the inclusions of abelian groups 
p(n)x ^ p(n+i)x^ ^ Qr ever y ft e pj. It is easily seen that &y n ^ n is the valuation ring of a 
Gauss valuation of rank one, extending the valuation of K ( ll36l Ex.6.1.4(iv)]); then A sh is a 
valuation ring as well. From (18.3.221) we see that the p-Frobenius maps induce isomorphisms 
p(n+i) _^ p(n) f or ever y n e anc i |[35| Prop. 6. 6. 6] tells us that A sh is deeply ramified. 
In this situation the theorem is a rephrasing of [|36l Prop. 6. 6. 2] : we leave to the reader the task 
of spelling out the details. 

Next, suppose that d — 1; in this case, we know that Coker(log <^)I P is a f ree abelian group 
of rank r < 1 (theorem [5.7. 8r ii.iii.c)) . If r = 0, then (log </4)l? i s an isomorphism, and then the 
same holds for (log <fl)x n (coroirarv l2.2.32r i)); we may thus repeat the foregoing considerations 
for the case d = 0, so we still have Y n = Spec K + [P^ X ] for every n G N. In this case A n is a 
P^-algebra of the type P(l) as in (18.1.11) . and the tower (Y n \ n G N) is of the type described 
in (18.1.251) . so the contention is none else than theorem ^. 1.3 II 

If r = 1, denote by y' n (resp. y'£) the image of x n in the closed fibre Z' n (resp. Z") of the 
projection tp' n \ S (resp. 92" : Y" — > 5); then Coker(log<^o)-» P is again a free abelian 

group of rank 1, therefore 

(8.4.39) dimZ^) > 1 
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(theorem 15 . 7 . 8 h i) ) . On the other hand, we point out the following general : 

Claim 8.4.40. Let n be a field, T\, T 2 two /{-schemes of finite type, and t E T := T\ x K T 2 any 
point. Denote by t\ E 7\ and t 2 E T 2 the images of t. Then we have 

dim T(t) > dimTi(ti) + dimT 2 (t 2 ). 

Proof of the claim. To ease notation, set Ri := Gt^u for i '■= 1,2; according to QTl Ch.IV, 
Prop. 6. 1.1] we have 

dim G T ^ t = dimi?! + dim G T t ® Rl 

However, &T,t is a localization of Ri® K R 2 , hence &T,t®Ri K>{ti) is a localization of R 2 ® K K{ti). 
It follows that the induced map R 2 — > &r,t ®r x ^(h) is flat and local; therefore dim <ff T ,t ®r x 
K>(ti) > dim R 2 , by the going down theorem. 

Combining (18.4.391) and claim 18 .4.401 we see that dim Z' Q (^ Q ) = and dim (2/o) = 1. Let 
X' be the limit of the projective system of schemes (Y£ \ n E N), and denote by x' the image 
of x in X'. The foregoing case d = shows that &x'(3'),& is a deeply ramified valuation ring of 
rank one. Set X" := Y^ x s X'(x'), and let x" n be the image of x in X£, for every n E N; clearly 
X(x) is the limit of the projective system of X'(x') -schemes | n E N). Thus, we may 

replace S by X'{x'), P (n) by P( n ) s , and T n by T n /P( n ) x , after which we may assume that P (n) 
is sharp, ~ Z, the inclusion map Pg n ' ) — > P^ n ^ is still flat and saturated (corollary 12. 1 .45^ ) 
and lemma [2! 2 . 1 2( iii)) . and T n is still saturated (lemma |2.2.9r ii)) for every n E N. Then T n is 
isomorphic to either N or Z. 

Suppose that T n = Z for every n E N. In this case, the Pg^ -modules and Pl"' ) are both 

free of rank one, with unique generators and respectively moreover, the monoid 

is generated by Pq U {e[ , ei\}, and the inclusions P^ — > p( n+1 ) map e[ n ^ i— >■ (e[ n+1 ^) p and 

e_i i— > (e^ n 1 +1 ' ) ) p , for every n E N. Furthermore, notice that • G Pq""* \ {1}, since P^ 
is sharp. Summing up, we conclude that in this case A n is a K + -algebra of the type P(7) as in 
(18.1.11 ). for some 7 G m, and the tower (y n | n E N) is again of the type described in (18.1 .25b . 
Then, again the contention is theorem [8. 1.311 

If r„ = N for every n E N, a similar analysis shows that A n = K + [N], and the inclusion 
maps A n C A n+ i are induced by the p-Frobenius endomorphism of N, for every n E N. This is 
precisely the situation contemplated in remark [8T33tii), so also this case is taken care of. 

Lastly, in case d > 2, the assertion is none else than theorem l"8.4.321 The proof is concluded. 

□ 

8.5. Purity of the special fibre. This section studies pairs (X/ p , {x}), where x is the closed 
point of X/p (notation of (14.51) ). with X as in (18.4.181) . We shall completely characterize the 
cases where such a pair is almost pure, and describe precisely the obstruction to almost purity 
in the other cases. To begin with, (K, | • |) is a valued field with non-discrete value group T of 
rank one. We shall resume the notation of (I7.2.1I ). 

8.5.1. Let A be any (commutative, unitary) ring; we denote by A L C A the subset of idempo- 
tent elements of A. We define a structure of commutative unitary ring on A L as follows. The 
multiplication of A L is just the restriction of the multiplication law of A. The addition on A L is 
given by the rule : a + L b := a + b — 2ab (where a + b denotes the addition law of A, and likewise 
the subtraction is taken in A). Notice that the zero element of A is the neutral element for this 
addition on A L . As an exercise, the reader may check that this addition law satisfies associativity 
with respect to the multiplication, and that every element admits an opposite (indeed, a+ L a = 
for every a E A L ). Moreover, every ring homomorphism / : A — > B induces by restriction a 
ring homomorphism f L : A L — > B L . 
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Lemma 8.5.2. Let Abe a K + -algebra, and bo G m^- such that the following holds : 

p „ For every b G that divides b , the quotient A/bA has no non-zero 

vciK-torsion elements. 

Then we have : 

(i) There is a natural isomorphism of K + -algebras : 

A1 ^ lim A/kxm A (b). 

(ii) If furthermore, Supp5 ^4 = Spec A, then the induced map A L — > (A®) L is bijective. 
Proof, (i): In view of |[36l (2.2.4)], we can write A% as the limit of the cofiltered system 

(Rom K +(bK + , A) | b G m^) 

and under the natural identification }lom K +(bK + , A) ^ A, this is the same as the limit of the 
cofiltered system (An,) \ b G VO-k), where An,) : = A for every b G m/f, and for b dividing b', the 
transition map An,) — ► Any) is scalar multiplication by b~ l b' . For every b G m^, denote by A'^ 
the image of the induced map A% — > An,) ; clearly, A% is also the limit of the cofiltered system 
(A'nj) I b G vcix). On the other hand, let / : — > A be any almost element; the image of / 
in A', b JbA'n^ is clearly a ttir- -torsion element, so it vanishes by assumption, whenever b divides 
bo, i.e. A', b s = bA = v4/Ann A (&) for every such b. Since the subset of all b that divide b is 
cofinal in m.R-, the assertion follows. 

(ii): For any ring R, an idempotent of R is the same as the datum of a partition of Spec R 
as a disjoint union of two open subsets. Assertion (i) implies that an idempotent e G A% 
is the same as a compatible system of idempotents of Rn,) := Aj Ann^fe) for all b G m^. 
Set Xb := Specif; we conclude that e is the same as a compatible system of partitions 
X b = U b U by disjoint open subsets. However, if Supp b A = X := Spec A, the schemes X 
and A fe have the same underlying topological space, whenever b divides b . The contention is 
an immediate consequence. □ 

Remark 8.5.3. Let A be a i^ + -algebra and b G VCIk- The following assertions are immediate : 

(i) If A satisfies condition (TF/fo ), then the same holds for A/bA, for every b G K + . 

(ii) Suppose that for, every maximal ideal m C A, the localization A m satisfies condition 
(TF/6 ). Then the same holds for A (details left to the reader). 

(iii) Suppose that A is the colimit of a filtered system (A\ \ X G A) of i^ + -algebras fulfilling 
condition (TF/6 ), and such that all transition morphisms A x — > A^ are pure, when regarded as 
maps of A' + -modules (see (17.5.201) ). Then A satisfies condition (TF/6 ) as well. 

Lemma 8.5.4. Let Abe a K + -algebra whose Jacobson radical contains rax A, and suppose 
that either one of the following conditions holds : 

(a) A is a locally measurable K + -algebra. 

(b) K is afield of characteristic zero, with residue field k of characterisitic p > 0, and A 
is a small model K + -algebra. 

Then A fulfills condition (TF/6 ) oflemma \S.5.2\ for every bo G m^- 

Proof. Suppose first that (a) holds. For given b G m K , let x be a m^-torsion element of 
A := A/b A, and set M := A'x. We wish to show that M = 0. To this aim, it suffices to show 
that M m = for every maximal ideal m C A. Thus, we may replace A by A m , and assume 
that A is local and locally measurable. In this case, M is a finitely presented A-module (remark 
I7.6.4f iv)). and therefore it admits a minimal A + -flattening sequence (cq, . . . , c n ) (proposition 
17.6.1 II) . Suppose now that M ^ 0; then n > 1, and clearly every b in that divides b breaks 
M (see definition I7.6.6r ii)): taking 7 := log |6| < log |ci| in lemma lT.6.8r ii). we then get a 
contradiction. 
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Next, notice that every finitely generated flat i^ + -algebra fulfills condition (a), since such 
a i^ + -algebra is finitely presented (proposition 14.5. II ). On the other hand, if A fulfills condi- 
tion (b), we may write A as the increasing union of a system of finitely generated subalgebras 
(A n | n E N) as in remark I8.3.15r ii). More precisely, each A n is a direct summand of the 
i^ + -module A, hence A n /b A n is a direct summand of A/b A, for every fiGN and b E K + . 
It follows easily that the claim holds as well in case (b). □ 

Remark 8.5.5. (i) Suppose that K and A fulfill condition (b) of lemma W.5 A[ and define the 
system (A n \ n E N) as in the proof of lemma W.5 A[ so that each A n satisfies condition (TF/fo ) 
for every b E m^. Fix any prime ideal p C A with C p, and let p n := p n A n , for 
every n E N. Then the henselization A h of A p is the colimit of the system of henselizations 
(A^ | ra G N) of the localizations A n * n . However, a simple inspection of the definition shows 
that the transition maps A n — > A n+ i are pure for every n E N, and induce radicial maps 
A n ® K + k — > A n+ i ® K + k, hence A^ +1 = A\ ® An A n+1 , and we deduce that the transition maps 
A\ — > are pure as well. From remark [8.5.3r iii), we conclude that A h fulfills condition 

(TF/fo ) for every b E m K . 

(ii) Likewise, if K and A are as in (i), then for every geometric point £ of Spec A ®k+ k, the 
strict henselization of A at £ fulfills condition (TF/6 ) for every b E : the details shall be 
left to the reader. 

Lemma 8.5.6. Let A be a K + -algebra whose Jacobson radical contains xrixA, and suppose 
that either one of the following conditions holds : 

(a) There exists b E xxik such that A is aflat K + /bK + -algebra. 

(b) A is locally measurable and A/xtikA is noetherian. 

Then there exists b E xxik such that Supp b A = Spec A. 

Proof. In case (a) holds, we claim that the lemma holds for any b such that |6 | > \b\. Indeed, 
notice that, for such bo, the natural maps 

b n K+ . „ K~ 



— $9 K + ^ -»• a := : 

are all isomorphisms of A-modules. Moreover, the closed immersion Spec K + /b$ l bK + — > 
Spec K + /bK + is radicial, so the natural morphism Spec B — > Spec A is a homeomorphism 
( OTl Ch.IV, Prop.2.4.5(i)]). The assertion follows straightforwardly. 

Next, under assumption (b), proposition 17 .6 . \A\ 'i) and theorem f7 .6. 17I T) imply that A admits 
a minimal K + -flattening sequence (c , . . . , c n ). Now, if A = 0, there is nothing to prove. If 
A 7^ 0, we have n > 1 and we shall show that the lemma holds with any b E xtik such that 
| fo | > l c i|- To this aim, notice that 

Spec A = (Spec A/ciA) U (Supped) and Suppfo ^4 = (Supp b A/ciA) U (Supped) 

for every such fo ; hence we are reduced to showing that SuppboA/ciA = Spec A/c±A. We 
may thus replace A by A/c\A, and assume from start that A is a flat i^ + /cii^ + -algebra, which 
is the case already covered. □ 

8.5.7. We consider the site 5? := (fC +a -Alg)f pqc whose objects are all the i^ +a -algebras A 
such that A* is U-small (where U is a fixed universe). This site is not a U-site, hence we choose 
a second universe U' such that U E U', and we let T := ,5^{f, (notation of definition 11.5.1 6r ii)), 
which is therefore a U'-topos. Denote also by 0* the presheaf on ,Y given by the rule : 

Spec A i— > A* for every i^ +a -algebra A. 

Lemma 8.5.8. is a T-ring. 
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Proof. Let Spec A be any object of 5?, and denote by J (A) the set of covering sieves of Spec A, 
partially ordered by inclusion. Then J (A) admits a cofinal subset, consisting of all the sieves 
J? f generated by a single morphism f° : Spec B — > Spec A, corresponding to a faithfully flat 
morphism of i^ +a -algebras / : A — > B. Since the functor B i— > B* on fC +a -algebras is left 
exact, we easily deduce that 0* is a separated presheaf. By claim [T3.25r iii). it then suffices to 
check that the natural morphism — > is an isomorphism of presheaves. The latter comes 
down to the following assertion. Let / : A — > B be any faithfully flat morphism; then the 
natural map 

A, -> Equal(£» T (B ® A 5),) 

is an isomorphism. Since B* is left exact, we are then reduced to showing that the natural 
morphism 

A -> Equal (5 r B ® A B) 

is an isomorphism, which is clear. □ 

Remark 8.5.9. (i) Let X be an S-scheme; following [36, §5.7], we attach to X its almost 
scheme X a , which is a sheaf (and indeed, a U-sheaf) on the site -Y. Recall the explicit de- 
scription of X a from loc.cit. One picks any Zariski hypercovering Z m — > X where each Z{ is a 
disjoint union of affine open subsets of X; then X is the colimit of the system Z„ and therefore 
we have an induced isomorphism in T : 

X a A colim Z a % . 

A° 

(ii) In the situation of (i), notice that the natural map 

X (X) -> Equal(^ (^o) =S @zA Z i)) 

is an isomorphism. Arguing as in the proof of lemma |8~.5 .81 we deduce that the induced map 
&x{X)l -> @*(X a ) is an isomorphism. 

(iii) Let {Ui \ i 6 I) be any covering of X consisting of affine open subsets. We deduce 
easily from (i) that the family (Z7* | i 6 I) generates a covering sieve of X a (for the canonical 
topology of T : details left to the reader). 

(iv) Recall that X a is connected and non-empty if and only if the ring of X a -sections 
T(X a ,ZT) of the constant sheaf Z T has no idempotent elements other than and 1 (see ex- 
ample 11.6.71) . On the other hand, it is easily seen that the natural map Z T — > 0* induces a 
bijection on the rings of idempotents 

r(x a ,z T y ^ r(x a ,^y. 

In view of (i), we conclude that the almost scheme X a is connected and non-empty if and only 

if(^PO;)' = {o,i}. 

Lemma 8.5.10. Let X be an S -scheme, and (C/j \ i E I) a covering of X consisting of affine 
open subsets, and suppose that, for every i E I there exists b { 6 such that : 

(a) The K + -algebra &x{Ui) satisfies (TF/6j). 

(b) supp b t e x (Ui) = u t . 

Then we have : 

(i) The natural map &x{X) 1 — > ^(X a ) L is bijective. 

(ii) Especially, X is connected if and only if the same holds for X a . 

Proof. To begin with, notice that the rule : U i— > &x{U) L (resp. U i— > @' if (U a ) L ) defines a sheaf 
of rings on the Zariski site of X which we denote G x (resp. 6^ : details left to the reader). 
Moreover, there is a natural morphism of sheaves of rings 

(8.5.11) & x ^&* 
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and (i) just states that this map induces an isomorphism on global sections. To show the latter 
assertion, let us first remark : 

Claim 8.5.12. Let (Ui \ i E I) be an affine open covering of the S'-scheme X, and suppose that, 
for every i£l there exists bi E mx such that (b) holds. Then (|8.5.1 II) is a monomorphism. 

Proof of the claim. Denote by y the kernel of (18.5.1 II) . and let U C X be any open subset; 
it suffices to show that J?(U fl Z7») = for every i E I, hence we may replace X by Ui, and 
assume that X is affine, say X = Spec A, and there exists b E mx such that 

(8.5.13) Supp6A = X. 

For any a E A, set U a := Spec A a ; it suffices to show that y(U a ) = for every a E A. 
However, let e E y(U a ); this means that e is an idempotent of A a , and annihilates e. Write 
e = a~ m f for some f E A and m E N; we may then find an integer n£l such that 6a n / = 
in A. On the other hand, (|8.5.13l) implies that Ann^fe) is included in the nilradical of A, so a n f 
is nilpotent in A, hence e is nilpotent in A a , and finally e = 0, since e is an idempotent. 

Now, lemma 18JL2tii) says that the map &x(Ui) -> ^(£7;) deduced from 08.5. 1 lb is bijective 
for every i E I. Taking into account claim !8.5.12l assertion (i) follows easily (details left to the 
reader). Assertion (ii) is an immediate consequence of (i) and remark |8~. 5 .9r iv). □ 

Definition 8.5.14. Let X be an S'-scheme. We call 

Cov(X a ) := (0£-Et fr )° 

the category of etale coverings of X a . 

Lemma 8.5.15. Let X be any quasi-compact S -scheme. We have : 

(i) Cov(X a ) is equivalent to the category of locally constant bounded objects of T/X a . 

(ii) If X a is connected and non-empty, Cov(X a ) is a pregalois category ( ll36l Def.8.2.14 
and (8.2.20)]). 

Proof, (i): Denote by X| ar the subsite of whose objects are the almost schemes of the form 
U a , where U C X is any (Zariski) affine open subset. For every quasi-coherent ^-algebra srf , 
we have a well defined sheaf of A^ + -algebras on X^ w given by the rule : U a \— > srf (Z7)*, that we 
denote by =sz^. Moreover, the inclusion functor X^ w — > -Y induces a morphism of ringed topoi 

h : {T/X\ 0.) - ((X z a J~, 

hence for every object ^ of Cov(A a ) we obtain an ^-algebra on T/X a . Now, consider 
the presheaf on T/X a 

Specs/ : y i — > Hom^ |y . Alg (/iW*|y, ^*|y) for every y e Ob(T/A a ). 

It follows easily from ||36l Prop. 8. 2. 23] that, for every affine open subset U C X, the restriction 
of Spec srf to T/U a , is a locally constant bounded object of the latter topos. Since X is quasi- 
compact, remark l8.5.9f iii) then implies that Spec is itself locally constant and bounded, so 
the rule i— > Spec ^ yields a functor from Cov(A a ) to the category of locally constant 
bounded objects of T / X a . We need to show that this functor is an equivalence. The latter 
assertion can be checked locally on X; so we may assume that X is affine, in which case one 
concludes by invoking again ||36l Prop.8.2.23]. 

(ii) follows from (i) and ||36l 8.2.211. □ 
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8.5.16. Let X be a quasi-compact S'-scheme such that X a is connected and non-empty. It 
follows from lemma |8l5. 15r ii) and 11361 Lemma 8.2.15], that the category Cov(X a ) admits a 
fibre functor £ to the category of finite sets, and it is therefore a Galois category. In this situation, 
the general theory of [|40l Exp.V] attaches to Cov(X a ) a profinite group, which we denote 

and we call the etale fundamental group of X a pointed at £. Then Cov(X a ) is equivalent to the 
category of finite (discrete) sets with a continuous action of 7Ti(X? t , £). 

Example 8.5.17. (i) Suppose that K is a henselian valued field, let b G be any non-zero 
element, and choose any fibre functor £ for the category Cov(S ,Q ); according to lemma l7Tl.35I T) 
and 11361 §5.1.12], there is a natural equivalence Cov(S? b ) Cov(S a ); composing with £, we 
deduce a fibre functor for Cov(S^), which we denote again £, and then the closed immersion 
S/b — > S induces an isomorphism of topological groups : 

(ii) On the other hand, suppose that K is deeply ramified, and fix a fibre functor £' for 
the category of etale coverings of Specif; after composition with the base change functor 
Cov(S' a ) — > Cov(Specir), we deduce another fibre functor (which we denote again £') for 
Cov(S' a ), and the almost purity theorem implies that the open immersion Spec K — > S induces 
an isomorphism of topological groups 

Ga\(K a /K) ^ ^((Spec^O A tt^O- 

8.5.18. Suppose now that (K, \ ■ |) is deeply ramified, of characteristic zero, with residue field 
k of characteristic p > 0, and let (5, A) be a small model i^ + -algebra. We set X := Spec B, 
and consider : 

• a cofiltered system Y_ := (F A — > X \ X e A) of absolutely flat morphisms of 5- 
schemes, with affine transition morphisms 

• a filtered system | • |») | z G /) of algebraic valued field extensions of K 

and we denote by Y the limit of the cofiltered system 

(Y x y.= Y x x s SpecE+\(X,i)eAxI). 

Proposition 8.5.19. In the situation of (18.5.181) . suppose that Y\ is quasi-compact and quasi- 
separated, for every A G A. Then, for any b G xrix we have : 

(i) Every etale almost finitely presented &Y /b - a lgebra has finite rank. 

(ii) The induced functor 

2-colim Cov(y^ /6 ) - Cov(^) 

w an equivalence. 
Proof. To begin with, let us notice : 

Claim 8.5.20. We may assume that Y x is affine for every A G A. 

Proof of the claim. Without loss of generality, we may assume that the ordered indexing set 
A admits a final element A . For every affine open subset U C Y Xo , the induced system U : = 
(Y x Xy Ao U | A G A) consists of affine schemes; set U/b '■= Y/ b x y Xo U. If assertion (i) is known 
for the system U_, then every almost finitely presented etale @fi -algebra has finite rank; since 
U is arbitrary, assertion (i) follows for F. 
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Next, for every open subset U C Y\ , and every (A, i) E A x I, set U\^/ b '■= Y\,i/b x y Xq U. 
Let ^ be the category whose objects are all the pairs (U, where U C Y Xo is an open subset, 
and srf is an object of 

V v := 2-colimCov(^ /6 ). 
Any inclusion U C U' of open subsets of Y\ Q induces a restriction functor 

(we leave to the reader the task of spelling out the precise definition). The morphisms (U, £/) — ► 
([/', ^/') in ^ are the pairs (j, <p), where j : U U' is an open immersion of F Ao -schemes, 
and f : srf — > £^ is a morphism in ^7. There is a natural functor <£> : ^ — > (Y\ )zar from 

to the category of all open subsets of Y Xo , and it is easily seen that if is a fibration. On the 
other hand, consider the category whose objects are the pairs (U, £/), where U C Y\ is an 
open subset, and srf is an object of Cov(L^). The morphisms (U, srf) — > (£/"', =2/') are defined 
as for the foregoing category c €\ then also the natural functor ip' : ft' — > (Y\ )zar is a fibration, 
and furthermore we have a well defined cartesian functor F : ^ — > of (y r ^ )z ar -categories, 
whose restriction i^ _1 (l^ ) — > (p'~ l (Yx ) is the functor considered in (ii) (details left to the 
reader). Suppose now that Y\ is separated (and quasi-compact), and let 5? be the sieve of 
(Yxo)zar generated by the family & of all the affine open subsets of Y\ ; notice that & is stable 
under arbitrary finite intersections. For every U E & , define the cofiltered system U_ as in the 
foregoing, and suppose that assertion (ii) holds for the system U_; it is easily seen that y is a 
sieve of 2-descent, for both fibrations if and if' , and in light of theorem ll.4.29r i). we deduce 
that (ii) holds for Y_ as well. 

Lastly, let Y_ be an arbitrary cofiltered system, with Y\ quasi- separated and quasi-compact; 
in this case, we denote by J7" the sieve of (Yx )zax generated by the family all quasi-compact 
and separated open subsets of Y\ . Again, ,Y' is of 2-descent for if and if', and is stable 
under finite intersections. Moreover, the foregoing case shows that, if (ii) holds for all cofiltered 
systems U of affine schemes, then it holds as well for all systems U' such that U' Xo E J?'. 
Invoking again theorem [TA29]T), we conclude the proof of the claim. 

Suppose now that Y\ is affine for every A G A, and for every i E I denote by Y^ 1 . the 
henselization of Y\ ti along Y X i / b ; then the limit of the cofiltered system (F A h i | A E A, i E I) is 
naturally isomorphic to the henselization Y h of Y along Y b . By lemma |Tl.35f i), the induced 
functors 

Cov((y h r) - Cov(F/«) Cov((Y^) a ) -> Cov(Y° i/b ) 

are equivalences, for every i E I and A E A, and the same holds for the corresponding functors 
on almost finitely presented etale algebras ( ||36l Th.5.5.7(iii)]). In order to prove (ii), it suffices 
therefore to show that the functor 

2-colimCov((yir) - Cov((F h ) a ) 

(A,i)eAxJ 

is an equivalence. Likewise, (i) holds, provided every etale almost finitely presented & Yll - 
algebra has finite rank; the latter assertion is easily established, by remarking that Y h is a flat 
S'-scheme, and that, obviously, every etale finitely presented ®k+ A"-algebra has finite rank 
(details left to the reader). We remark : 

Claim 8.5.21. The pair (Y h , Y/ b ) (resp. (Y^, Y\ ti / b ), for every (A, 1) E A x /) is almost pure. 

Proof of the claim. We consider the assertion for Y x /, the same argument will apply to Y as 
well. Fix A E A and i E I, and let (£.,• | j E J) be a small set of geometric points of YW& such 
that |y Aii/6 | = U j6j 101- SetY ' ■= LIj £ j^fe ),andlet/ : Y' -> be the natural morphism 
of schemes. According to proposition |7.1.30[ it suffices to check that the pair (Y', f~ x Y\^j b ) is 
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almost pure, and that comes down to showing that the pair (Yx.iCCi) , ^A.i(Ci) x 5 Spec K + /bK + ) 
is almost pure, for every j E J. However, set B { := B ®k+ Ef\ notice that is a deeply ram- 
ified valuation ring, and (Bi, A) is a model ^-algebra. Furthermore, the induced morphism 
Y\,i Speci?i is absolutely flat, so the assertion follows from the almost purity theorem 
18^361 " ^ 

Set U :=Y h \ Y /b , and U x>i := \ Y Xji/b for every (A, i) E A x /. In view of claim [833T1 
we are reduced to checking that the induced functor 

2-colimCov(£/ Ai ) -> Cav(U) 

(A,i)eAx7 

is an equivalence. The latter assertion is just a special case of lemma |6T.6l □ 

Corollary 8.5.22. In the situation of proposition ^. 5. 19] if the almost scheme Y^, b is connected 
for every (A, i) E A x /, then the same holds for the almost scheme Y,^. 

Proof. From propo sition 1 8 . 5 . 1 9 t ii) and lemma [8^5. 15H ). we deduce that the natural map 

colim T(Y x a l/b , Z/2Z T ) -> rty?, Z/2Z T ) 

is a bijection. Then the assertion follows from the criterion of example [l.6.7r ii). □ 

8.5.23. Let (K, | - |) be a henselian valued field fulfilling the conditions of (18.5.181) . and fix 
an algebraic closure K a of K; then the valuation | ■ | admits a unique extension | ■ | a to K & , 
and as usual, we denote by K &+ the corresponding valuation ring. Let also b E K + be a given 
element; for every S-scheme X we set : 

X K := X x s SpecK X K *+ := X x s Spec if a+ . 

We consider a quasi-compact and quasi- separated S-scheme X such that the following holds. 
There exists a covering (U \ i E I) of X consisting of affine open subsets, and for every i E I : 

• an absolutely flat morphism of S-schemes Vi — > Specif, where (Bi, Aj) is a model 
K + -algebra 

• an element bi E mjf and an isomorphism U ^ Vi x s S/ bi of S'-schemes. 

Lemma 8.5.24. In the situation of (18.5.231) , the scheme X K is geometrically connected if and 
only if the almost scheme X^ + is connected. 

Proof. Let K a be the residue field of fT a+ ; the natural morphism X K x s SpecK a — > X Ks .+ 
is a homeomorphism ( OTl Ch.IV, Prop. 2.4. 5(i)]), so we are reduced to showing that X^ + is 
connected if and only if the same holds for X K &+ . To this aim, it suffices to show that the affine 
open subset Ui fulfills conditions (a) and (b) of lemma |8.5.10[ for every i E I. However, since 
is a flat S'-scheme, U is a flat SV -scheme, so condition (b) for U follows from lemma 18^5. 61 
Lastly, in view of remark |8.5.3r ii) it suffices to check that the strict henselization fulfills 
condition (TF/6) for every b E m^, and every geometric point £ of X. The latter assertion 
follows immediately from remarks [833tii),[832i) and (331 Ch.IV, Prop.18.8.10]. □ 

8.5.25. Keep the situation of (18.5.231) . and suppose moreover that (K, | • |) is deeply rami- 
fied (and still henselian), and X^ + is connected and non-empty. Pick a fibre functor F^ for 
the category Cov(X^. a+ ) (see (18 .5.1 61) ^ . The natural morphisms X^ + — > X a — > S a induce 
functors Cov(S a ) — > Cov(X a ) — > Cov(X^ a+ ), and composing with we deduce fibre 
functors 

F s : Cov(S a ) -> Set F : Cov(X a ) -> Set. 

We may then state : 
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Proposition 8.5.26. In the situation of (18.5.251) . the induced sequence of topological groups : 
1 -> 7n(IV,F K a) -> 7n(X ,F) -> Gal(K a /K) -> 1 

Proof. The Galois group Gal(F a /F) is naturally identified with iti(S a , Fg), as in example 
|8.5.17r ii). Then, according to [|40l Exp.V, Prop. 6. 9], the surjectivity of the second map amounts 
to the following : 

Claim 8.5.27. For every connected etale covering S' — > S a , the almost scheme Y a := X a x S a S' 
is connected. 

Proof of the claim. Indeed, S' is isomorphic to (SpecF + ) a for some finite extension E of K, 
and therefore Y a is isomorphic to the almost scheme attached to the S-scheme Y := X x s 
Spec E + . Notice that Y fulfills as well the conditions of (|8.5.23l) . and since X K is geometrically 
connected, Y K is connected. Therefore Y£ a+ is connected (lemma |8 .5 .241) . so the same holds for 

Y a . X ' 

Next, let $ denote the filtered category of all finite extensions of K contained in F a (with 
morphisms given by the inclusion maps); pick a cleavage for the fibrations : Morph(S' a -Sch) — > 
S^-Sch (notation of (11.1.181) ). and for every E G S, set X E := X x s SpecF+. In light of 
lemma l8^5.15[ the rule E t— > Cav(X E ) extends to a pseudo-functor 

Cov(X. a ) : S -> Galois 

which depends on the chosen cleavage (see definition ^. 1.6r i)). Next, let E G <§ be any element, 
and recall that by definition, F is isomorphic to the functor given by the rule : 

(/ : Y — > X a ) i — > F K a.(f x x « X^ a +) for every etale covering /. 

Denote 

A-e '■ Xft a+ —>■ X E Xj« X^+ 

the morphism induced by the projection X^ a+ — > X E and the identity of X^ a+ , and let G 
F(X^) = F K 3,{X E x X a X^, a+ ) be the unique element that lies in the image of the induced map 
F K ^(A E ) of finite sets. Notice that, for every inclusion E C E' of elements of $ , the image of 
£e> under the induced map F(X E ,) — > F(X E ) agrees with £ E . Furthermore, denote by 

F E : Cov(X^) A Cov(X a )/X£ -> Set 

the subfunctor of F|x<* selected by (see (I9.1.19I )). The discussion of (19.1.211 ) shows that the 
rule E i — > (Cov(X E ), Fe) extends to a pseudo-functor 

(Cov(X. a ),F.) : S -> fibre.Fun 

(see definition 19 . 1 . 6r iii)) . From proposition 18 . 5 . 1 9t ii) we then deduce an equivalence : 

2-colim(Cov(X. a ),F.) A (Cov(X£ a+ ), F^a) 

(notation of (l9Tl) ). For every E E $ , let C 7Ti(X a , F) be the stabilizer of £ £ under the 
ni(X a , F)-action on F(X E ). In view of corollary 19. 1 .241 the proposition is now reduced to the 
following 

Claim 8.5.28. C] E€S H E = Ker(vr 1 (X a , F) -> n^S*, F s )). 

Proof of the claim. Let S" C $ be the subset of all finite Galois extension of F (contained 
in F a ). For every E G <#", the action of 7Ti(X a , F) on F{X%) = F s (Spec E + ) is obtained by 
restriction along the map p E : 7ri(X a ,F) — » ni(S a ,Fs) — > Gal(F/F); it is then clear that 
He = Ker pe- Since $' is cofinal in $ , the claim follows. □ 
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Lemma 8.5.29. Suppose that K is algebraically closed, let (B, A) be a small model K + - 
algebra, b E vcix any non-zero element, and setY := Spec B. Then we have : 

(i) The underlying topological space \Y/b\ ofY/b is noetherian. 

(ii) Each irreducible component ofY/b has dimension dirciQ A gp ®% Q. 

(iii) Y/b is a Cohen-Macaulay scheme. Especially, Ass 0y, h is the set of maximal points of 

Y /b . 

Proof. Define A n and B n as in remark |8".3.15r ii), and set Y n := Spec£? n for every n E N; 
clearly Y/b is the colimit of the resulting system (Y n /b | n 6 N) of S/b-schemes, and it is eas- 
ily seen that the transition morphisms g n : Y n /b — > Y /b are surjective and radicial for every 
n E N. It follows that the natural morphism g : Y/b — > Y /b is a homeomorphism on the un- 
derlying topological spaces; especially, (i) holds, and to prove (ii) it suffices to show that every 
irreducible component of Y / b has dimension diniQ A gp ®z Q = rk^AQ P . 

Now, pick a decomposition (B, A) = (B', A') <g> (B", A") as in remark I83T5U ). set Y' : = 
Spec B', and let / : Y/ b — > YL be the induced morphism of schemes. Then / is etale and 
surjective (remark [8.3.1 5f iii)) , hence Y/ b is Cohen-Macaulay if and only if the same holds for 
Yj b (lemma l4.4.33r iii)). It then suffices to prove (ii) and (iii) for the model algebra (£>', A'); 
hence we may assume from start that A gp is a torsion-free abelian group. Since the continuous 
map \g\ is a homeomorphism, we have 

S(y, Y ) = 5(g(y),g^ Y ) > nnn6(g(y),g nm Y ) for every y E Y 

(lemma |4.2.4r ii.b)). However, it has already been remarked that the structure morphism Y n — > S 
is Cohen-Macaulay at every point of the closed subset Y n / b (see the proof of lemma |83.42r ii)), 
therefore the scheme Y n / b is Cohen-Macaulay (lemma |4.4 33( iv)) for every n E N, whence (iii). 
Lastly, (ii) follows easily from corollary 15 .5 .9f ii) and lemma W.6 . 8r iv.v) . □ 

8.5.30. Suppose now that (K, \ ■ \) is deeply ramified, fix a non-zero element b E m^, and 
let (B, A) be a small model fsT + -algebra. Set (Y, JC) := S(B, A) (notation of SSJM ) and 
X := Y(x), with x a given geometric point of Y/ b ; denote by x the closed point of X. As in 
(18.3.9k there exists a natural morphism of log schemes / : (Y, ^#) — > S(K + ), and we denote by 
fix) '■ (X, — * E>(K + ) its composition with the natural morphism (X, j$(xf) — > (Y, ^#). 
Denote byr:|X|— > N U {oo} the rank function of Coker(log f(x)) (see (|5.2.20l) ; in fact, it 
shall be seen that r(y) E N for every y E X). We may now state : 

Theorem 8.5.31. In the situation of (18.5.301) . suppose that dim X/ b > 3. Then we have : 

(i) If either r~ 1 r(x) D X/ b ^ {x}, orr~ 1 r(x) = {x}, the pair (X/b, {x}) is almost pure. 

(ii) In case the two conditions of (i)fail, the following holds : 

(a) There exists a unique point x + E X \ X/ b such that r~ 1 r(x) = {x, x + }. 

(b) Let x + be any geometric point of X localized at x + , and U + := X(x + ) \ {x + }. 
Then (X/ b , {x}) is an almost pure pair if and only ifU^ is simply connected. 

Proof. Set as usual U := X\{x}, and notice that 5 (x, &x /b ) > 3, by virtue of lemma [8?5.29r iii) 
and corollary 14.2.291 Taking into account corollary 14.2. 16L we deduce that U/ h is connected. 

Claim 8.5.32. We may assume that (K, \ ■ \ ) is a strictly henselian (deeply ramified) valued field. 

Proof of the claim. Indeed, let s denote the image of a" in S, denote A^ sh+ the strict henselization 
of K + at the geometric point s, and set (Y\ := *S(B ®^-+ K sh+ , A). Let # be the image 
of x in yf; clearly the natural morphism 

g : (X,^(x)) {Y\x ] ),JK\x ] )) 

is an isomorphism. Moreover, let p : (Y^ (xf)^f (x^)) — * E>(K sh+ ) be the morphism defined 
as in (18.3.91) . and the rank function of Coker(log p); the discussion of (18.3.81) . combined 
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with lemma |5J.24[ implies that r = o g. Hence, we may replace throughout K + by K sh+ , 
whence the claim. 

Claim 8.5.33. We may assume that K is algebraically closed. 

Proof of the claim. By claim [83.321 we may already assume that (K, \ ■ |) is strictly henselian. 
We proceed next as in the proof of claim [83.321 : let K a be an algebraic closure of K, and set 
(Y\ := S>(P ®k+ K a+ , A). Under the current assumptions, the residue field k of K + is 
separably closed, and K a+ is an integral if + -algebra; hence the induced map Yl — > Y/ b is a 
homeomorphism, x lifts uniquely to a geometric point # of Y\ and the projection 

g : Y\li*) X 

induces an isomorphism Y^ (x^) Moreover, let /t : (Yt(xt), ^C^(x^)) — ► §(iT a+ ) 

be the morphism defined as in (18.3.91 ), and r+ the rank function of Coker(log arguing as 
in the proof of claim [83.321 we see that = r o g. Since g is surjective and g Xs S/b is a 
homeomorphism, it follows easily that the conditions stated in (i) and (ii) hold for the function r, 
whenever the corresponding conditions hold for . Furthermore, say that r^~ l r(x) = {x\ x\_} 
for a point x\_ G \ Xt, let x\_ be a geometric point of X^ localized at x\_ and lifting x + ; and 

set W + := X^(ar + ) \ {x+}; then it is easily seen that the induced morphism W + — > U + is an 
isomorphism. 

On the other hand, pick any geometric point £ of (U/i,) K n+ (notation of (18.5.23I )). The geo- 
metric point £ induces geometric points of U/b and X/ b , that we denote again £. We have 
to show that the induced map 7Ti(E^&, £) — >■ 7Ti(X/b, £) is an isomorphism. However, un- 
der the current assumptions, U K is geometrically connected (notation of (|8.5.23l) ): in light of 
lemma 18.5.241 and proposition 18.5 .261 it then suffices to check that the corresponding map 
7Ti((fr/&).R>+, £) — > 7ri((^/fe)K a +, is an isomorphism. Summing up, this shows that we may 
replace X by K a , whence the claim. 

Henceforth we assume that K is algebraically closed, and in view of remark 183 . 1 5r i.iii) . we 
may assume as well that A gp is a torsion-free abelian group (see the proof of theorem [8336]). 
In this case, the discussion of (18.3.191 ) and remark 183 .24r iv) yield a decomposition 

(8.5.34) (P, A) = (P', A') ® {B", A") 

such that A' is an abelian group, B' = K + [A'), and B" = P ®p K + for a A"-graded sharp 
monoid P with an injective local map P — > P^ + . We may then endow Y (resp. S) with the 
log structure M deduced from the natural map (5 : P — > P (resp. Po - ► P^ + ). Moreover, 
set K" := Spec P", denote by x" the image of x in Y" , and x" the support of x"; by remark 
|8.3.24r v), we may assume - after replacing P by a suitable localization - that the resulting map 
P — > &y",x" is local as well; especially : 

(8.5.35) k(x") = k and Mi = P. 
Furthermore, remark l83.24r iii) implies that the resulting commutative diagram 

(Y, JK) -(y,M) 



/ 



S(AT + ) -(S,iV) 

is cartesian. Hence, let denote the rank function of Coker(log and (7 : X — > K the 
natural morphism; from lemma [5T 1.241 we deduce that r = o g, which allows to reinterpret 
as follows the conditions for r stated in (i) and (ii). First, due to (18.3.261) . we see that r(x) = 
diniQ A //gp ®i Q. By the same token, it is clear that, for every geometric point y of Y, the 
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stalk Coker(log /I) shall be in any case a quotient of A", hence r'(y) < r(x), if y denotes the 
support of y. Lastly, let (3y : P — > &y,y be the map induced by (5; then we have 

r\y) = r(x) if and only if P + := P \ P C f3y l (m v ). 

Thus, let us set 

Z'{ := Spec B"/P + B" Z + := Z'[ x y „ X. 

Summing up, we have 

Claim 8.5.36. (i) Z + = {z E X \ r(z) = r{x)}. 

(ii) r~ l r(x) D -X/n, = {x} if and only if the image of x in Spec K + [A'} is the maximal point 
of Spec/? [A']. 

(iii) r~ l r(x) \ X/ b ^ if and only if A" is sharp. 

(iv) Assertion (ii.a) of the theorem holds for r. 

Proof of the claim. Assertion (i) is an immediate consequence of the foregoing discussion : 
details left to the reader. Next, notice that C := B" /P + B>" is in any case a quotient of K + . If 
A" is sharp, then P + B" is the direct sum of the graded terms B$ with 5 ^ 0, so C = K + . If 
A" is not sharp, then say that 5 E (A") x \ {0}, and pick arbitrary non-zero elements a E B" & 
and a! E B"_ s ; then a ■ a' E P+B" n Bq, so C is a quotient of K + /aa'K + . This easily 
implies (iii). By the same token, we see that Z + / b is isomorphic to the strict henselization of 
Spec k[A'] at the image of x in Spec k[A'}, whence (ii). Lastly, if both (ii) and (iii) hold, we see 
that Z", = SpecfT + , and 11361 Ex.6.1.4(iv) and Prop. 6. 6. 6] tell us that Z + is isomorphic to the 
spectrum of a deeply ramified strictly henselian valuation ring of rank one, whence (iv). 

We shall now continue as in the proof of theorem [8A321 Indeed, let srf be any etale almost 
finitely presented G$ -algebra, and define the (_B sh ) "-module as in (18.4.221 ). 

Claim 8.5.37. \{C, W ) = 0. 

Proof of the claim. From lemma l8A23[ we know already that CV has almost finite length. Now, 
let a E rax, such that \a p \ > max(|6|, |p|); since srf is a flat &u -algebra, we have isomorphisms 
of &u, h -modules : 

Im(a • \J) ^ s$ /ba^ 1 ^ and Ker(a ■ \ J) = ba^ 1 ^ ^ srf jasrf . 

On the other hand, since dimX/ fe > 3, lemma l8".4.19r ii) says that H l {U/ b , srf /csrf) for every 
c E m^; we deduce a natural isomorphism 

H°(U /b ,gf) ® K+ K + /aK + ^ H°(U /b ,£f/a£f). 

The same can be repeated with s$ replaced by srf ®ff /U/b an d it follows that 

By the same token, we have C^/ aP£ / = C^/aPC^. On the other hand, since $ is an isomor- 
phism, lemma TT.A . 5 1 yields an isomorphism of (B sh ) "-modules 

Arguing as in the proof of corollary 18.4.171 we deduce that \{C^/aC^) = \(Cg?/ aa ?) = 0. 
Then, the claim follows by an easy induction. 
From claim [83 .371 and proposition |8.4.25| we deduce that there exists an integer m > such 
that (p,m) = 1 and j/b*^( m ) is an etale and almost finitely presented ^ m y b - algebra, and we 
need to descend this algebra to an etale almost finitely presented <^ /fc -algebra. Notice first that 
the isomorphisms (18.5.341) induce a corresponding decomposition 

(D {m) , A (m) ) = (K + [A{ m) ),A{ m) ) ® (£>f m) , A' ( ' m) ) 



FOUNDATIONS OF p-ADIC HODGE THEORY 617 

where D'fs := A A » (notation of (18.3.51) ). whence an isomorphism of fi-algebras : 

\ m 'J (m) 

Dfa := D (m) ® B B sh = D'( m) ® B „ (B sh ® K+[AI] K + [A' (m) ]) 

and since (p, m) = 1, the £>-algebra B sh ®k+\A'] ^ + [^-{ m )] i s a finite direct product of copies 
of £> sh . Hence, let 2>/ b be the quasi-coherent ^-algebra determined by the finite £> sh -algebra 

D "m) ®B" B sh /bB sh , and set 

It follows that S>{m)/b is a finite direct sum of copies of @/ b , and j/b*^( m ) — ®® /b @{m)/b- 
Especially, since the natural map S$/ b — > i^ m ) / b admits a left inverse, it is easily seen that <S is 
an etale and almost finitely presented ^-algebra, and we are thus reduced to showing that $ 
descends to an etale and almost finitely presented -algebra. 

To ease notation, setT := A'©A" m ^ andD := K + [A']®K+D r / m y Let G be the automorphism 
group of the 5-algebra D; there is a natural isomorphism 

p : G A Hom z (A'^, M J = (A") spv ® z Mm 

and we have both (D/bD) G = B/bB and S° h = &t . Set E := T(X/ h ,g)\ then corollary 
I7.5.28r ii) reduces to showing that the induced G-action on E is horizontal. Thus, pick any 
a G G, and let I a C D be the ideal generated by the elements of the form a — a (a), for a 
ranging over all the elements of D; we have to check that a acts trivially on E a := Ejl a E. 
However, set 

X° := Spec D/I a D® B B sh /bB sh U a :=X'x x U Z a := X a \U a 

and denote by <§ a the quasi-coherent -algebra determined by E a . By construction, a acts 
trivially on <£j^ CT , therefore 

s - a(s) G T Z aSC for every s G E?. 

However, <§° is a flat -module, and Z a is closed and constructible in X a \ taking into account 
theorem 14.2. 14r ii) and lemma l4T2.13f iii). we conclude that a acts trivially on E a , provided 

Z a n Ass @ x ° = 0- 

By inspecting the proof of claim I8.4.34L we see that I" = y4} a (notation of (18.3.411) ). where 
J a C r is the ideal generated by 

F a := {8 G A' ( ' m) | P(7 (m5) ? 1}. 
Claim 8.5.38. J CT is a radical ideal of T. 

Proof of the claim. Indeed, say that 8 n G J a for some integer n > 0; we may assume that 
n = p k for some integer > 0, and therefore 8 P = 8 1 ■ 8 2 , for some 8% G T, and 5 2 G 
Since T is uniquely p-divisible, we may write 8 = 8{ -8% ', but clearly 8% E F a , whence 
the claim. 

Denote Min(r/ J a ) the set of prime ideals of V that are minimal among those that contain J a 
(these are in natural bijection with the minimal prime ideals of the pointed monoid r / Jo). Set 

I p := A p and X p := Spec D/I p ® B B sh /bB sh for every p G Spec T 

(notation of (18.3.411) ); from claim [8338] and lemma IX 1.141 we get an injective map : 

(8.5.39) D/I a — > J] D/I p 

pGMin(r/J CT ) 

and a simple inspection shows that the induced map (18.5.391 ) ®# B sh /bB sh is still injective. 
Notice that D/I p ~ D r \ p is a small i^ + -algebra for every p G SpecT (remark [8 .3 . 1 5( iv)) ; 
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on the one hand, lemma I8.5.29r iii) and proposition 14.3 .4r vi) imply that Ass &x v is the set of 
maximal points of X p . On the other hand, from (18.5.391) we get a finite and surjective morphism 

U x p -> x °- 

peMin(r/j CT ) 

Notice as well that X p X q = X pUq , for every p, q E SpecT. Especially, if p ^ q, then 
lemma [8^5 .29f ii) implies that the intersection of the closed subsets X p and X q is nowhere dense 
in both of them. Taking into account proposition |4.3.4r ii,iv), we deduce that Ass 6x° is the set 
of maximal points of X° '. 

Claim 8.5.40. Let a E G be an element such that Z a R Ass &x° 7^ - Then we have : 

(i) A" is a sharp monoid. 

(ii) The image of x in Spec if + [A'] is the maximal point of Spec k[A']. 

(iii) J CT = m r . 

Proof of the claim. Suppose that z E Z a D Ass &x°, let d be the dimension of the topological 
closure of {z} in Z a , say that z E X p for some p E Min(r/J -), and set Y p := Spec D/I p . By 
the foregoing, z is a maximal point of Xp, hence the image of z in Y p is a maximal point of Y p / b , 
so d = dim Y p / b . Since A' is a group, we have A' C T x C T\p, therefore d > dimT x %Q > 
r := diniQ A' gp ®% Q, by lemma W.5 .29r ii). On the other hand, Z u is a closed subset of 

Spec k(x") x y » XJ h C Spec (if + [A'] ® x+ D'( m) ® B „ k{x")) x y X /b . 

Since the map D'/s is a filtered union of finite £>"-algebras, (18.5.351 ) implies that d < r. We 
conclude that d = r = dimr x ®i Q. This means that (i) holds, and that the image of z in 
Spec i^ + [A'] is the maximal point of the closed subset Spec k[A'], so (ii) follows as well. We 
also deduce that p = mr must be the maximal ideal of T, which implies (iii). 

Assertions (i) and (ii.a) of the theorem already follow from claims l875.40l and l8.5.36[ Suppose 
now that Z°~ fl Ass &x° 7^ for some a E G; the foregoing shows that, in this case, there exists 
a unique point x + of X \ X/ b , such that \Z + \ = {x,x + }. Let s := dim A" and denote by 
(Spec A") s _! the set of all prime ideals of A" of height s — 1; with this notation, we have : 

Claim 8.5.41. Let U + and x + be as in (ii.b), and fix a geometric point £ of U + . Then there 
exists a natural group isomorphism : 

"^■^ s q jtr.K)^ £(i) w,ih 2(i) -5^ + > 

where (A") gpV := Hom z[1/p] ((A") gp , Z[l/p]) and likewise for the sugroups (A' q ') tepV . 

Proof of the claim. Let y be the image of x + in Y, and K' the algebraic closure in k(x + ) 
of &z+,x+- Set Y + := SpecK' x s Y", and pick any lifting y + of y to Y + . On the one 
hand, the induced morphism Y + (y + ) — > Y(y) is an isomorphism; on the other hand, recall 
that Specif x s Y" = Spec if [A"] (remark [8333v));. Thus, we may replace K by K', A 
by A", and reach the following situation : A is sharp, U + is of the form Y + (y + ) \ {y + }, 
where Y + is the scheme underlying (Y + , M + ) := Spec (if, A), and y + is the unique geomet- 
ric point (up to isomorphism) such that the chart A — > ]\£+,y + is local. Now, let us write 
A = A [l/p] for some fine and saturated submonoid A , and define A n C A as in (18.3.191) , for 
every n E N. Set (Y n K , MJ := Spec(if, A„), let y n be the image of y + in Y HtK , and define 
:= Y n K (y n ) \ {y n } for every nGN. Denote also by £ n the image of £ under the induced 
morphism U + — > U+, for every n E N. In view of lemma 16. 1.61 and proposition 19. 1 .141 the 
natural map 

(8-5.42) ttxCE&O -limTriCE^.en) 

nam 
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is an isomorphism. By construction, the charts A n — > M.n,v n are local, for every n G N. Notice 
also that the p-Frobenius endomorphism of A n induces an isomorphism A n A A, t _!, and 
moreover dim A n = s for every n G N. Thus, set 

G:= = ^ Tv-®zZ(l) 

Z^qe(SpccA ) s -i ^0,q 

(where (— ) v denotes the usual dual HomMnd(— , N)). Taking into account (16.3.301) and theorem 
16.3.551 we obtain a natural isomorphism between m(U^, £) and the limit of the system of finite 
abelian groups (G n | n G N), such that G n := G, and the transition map G n+ i — >■ £?„ is induced 
by the p-Frobenius endomorphism of A , for every n G N. In other words, these transition 
maps are the p-Frobenius endomorphism of G, so the limit is isomorphic to G ®z Z[l/p]. The 
claim follows easily. 

Next, let r G G be any element, and suppose that J T is strictly contained in mr; then claim 
I8.5.40r iii). shows that r acts trivially on E T , and a fortiori, also on E a , again due to claim 
I8.5.40r iii). Now, let p C T be any prime ideal different from mr; so p = A' © p" for a prime 
ideal p" C A/'^ different from the maximal ideal. Suppose that, for some r G G we have 

(8.5.43) F T c p" 

Then clearly J T C p, and therefore r acts trivially on our E a . However, (|8.5.43l) means that 
p T (mj) = 1 for every 7 G A'f, \ p". Set q := p" fl A"; the latter condition is equivalent to 

p T (j) = 1 for every 7 G A" \ q 

i.e. p T lies in the subgroup 

G q := (A' q ') tepV ® z n m C (A") gpv ®z M m - 
Finally, suppose that the group 7Ti(Z7^,£) vanishes; by claim [Q.41[ this means that G = 
S q e(Spec A") s -i ^i' we conc l u d e mat me whole of G acts trivially on E a , so <f descends to 
an etale almost finitely presented ^-algebra, which shows that the pair (X, {x}) is indeed 
almost pure, as stated. 

Lastly, suppose that r _1 r(x) = {x, x + } and tti(C/^, ^) does not vanish; we have to show that 
in this case the pair (X/j,, {x}) is not almost pure, and arguing as in the proof of claim !8.5.33[ we 
may assume again that K is algebraically closed. Now, notice first that the map zi(U^,^) — > G 
deduced from (18.5.421) is injective, and its image is the direct summand G[l/p] of G (notation 
of the proof of claim [83 .4 II) ; this allows to construct a universal (etale) covering V — ► U + , as 
follows. Let N be the order of G[l/p\; the quotient map G — > G[l/p] corresponds to an etale 
covering V — > [/q" such that V = U + x v + V , and the discussion of (16.3.391 ) shows that, in 
turn, V is the fibre product in a cartesian diagram 

V ^SpecK'[Q ] 



U+ ^SpecAT'fAg] 

where K' is as in the proof of claim l8.5.41l and Q is a fine and saturated monoid with 

CQ C ^Ag and such that Qf /A' /gp = G[l/j9] v . 

Then the right vertical arrow is induced by the inclusion map Aq — > Qo, and the bottom arrow 
is induced by the chart Aq — > ff v + ^ of M n , LT +. Next, we wish to extend V to a tamely ramified 
covering of the whole of Y. Namely, set 

Q := ( A"sp + Q gp ) n A^ and Y Q := Spec A^'eQ 
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where (A, Aq) is the auxiliary model algebra constructed in (18.3.351) . such that B = It is 
easily seen that <5 gp /A //gp = G[l/p] v . More precisely, the natural map 

A" ® A Qo^Q 

is an isomorphism of monoids (details left to the reader), whence a cartesian diagram of schemes 

V *Y Q 

w 

U + *■ Y. 

Since V is connected, it follows that the same holds for Xq := X x y Yq; hence, x lifts uniquely 
to a geometric point xq of Yq, and the natural morphism Yq(xq) — > Xq is an isomorphism. By 
the same token, since V = U + x x Xq, we see that x + lifts uniquely to a geometric point xq + 
of Xq \ Xq/\), and the induced morphism Xq(xq + ) \ {xq+} — * V is an isomorphism. Let xq 
be the closed point of Xq; since is simply connected (proposition 19. 1 .20t ii)), so assertion 
(ii) of theorem applies to Xq, and shows that the pair (Xq/},, {xq}) is almost pure. 

Claim [875 36U ) also shows that Z Q+ : = {xq, \xq + \} is a closed subset of Xq; set Uq : = 
Xq\{xq}, W := X\Z + and Wq := Xq\Zq, and consider the essentially commutative 
diagram 

C°v(X a Q/b ) . Cov(X^) . Cav(X Q , K ) 



Cov(C/« 



Q/b) 



Cov(^) Cov(W Q)jr ) 



(where, as usual, X QtK := X Q \X Q/b , and likewise for W QjK and W K ; notic e that = U Q/b ). 
The two top horizontal arrows are both equivalences, by lemma IT. 1.35I X) and by the almost 
purity theorem [874361 We have also just remarked that the left vertical arrow is an equivalence. 
Since is simply connected, the right vertical arrow is an equivalence as well, by virtue of 
lemma l6\1.7r ii.b). Lastly, c*2 is an equivalence, again by theorem [8.4.361 and corollary 17. 1.27 [ 
Finally, we deduce that a\ is an equivalence. Let g : Xq — > X be the natural morphism, and 
set S3 := g*0x Q - 

Claim 8.5.44. The restriction Wq^ k — > W K of g is a finite etale covering. 

Proof of the claim. To ease notation, set M := A" and N := Q ; by inspecting the construc- 
tions, we see that 

M C N C N' := (E qe( s P ecM )s _ 1 <) V C M Q . 
Moreover, consider the morphism of objects of (see (|5.6.2I) and example [5.6.5f i.rD) : 



Spec(K, Nf 



Spec(K,j) 



(Specj)» 



Spec(X,M)« 



(Spec Mf 



(SpecX)» 

induced by the inclusion map j : M ^ N, and set 

U M '■= SpecM\{m A /} and U N := Spec X\{rriAr}. 

We easily reduce to showing that the restriction ip^U^ — > iI)~ 1 Um of Spec ^[7] is an etale 
morphism of schemes. However, we know already that Spec(X, j) is an etale morphism of 
log schemes (proposition 15.3.341) . hence it suffices to check that the restriction Ujy —> Um 
of (Specj)" is a strict morphism of fans (corollary 15.3.27( 1)). This, in turn, comes down to 
checking that j\ : Mp —> Np is an isomorphism, for every prime ideal p C M of height s — 1. 
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To this aim, it suffices to show that the corresponding map Mp — > Np is an isomorphism for 
every such p, or equivalently, that the same holds for the dual map (iVp) v — > (M p ) v (proposition 
I2.4.12t iv)). However, notice that, quite generally (T t ) v = {r 6 T v 7"(T\t) = 0} for every 
monoid T and every prime ideal t C T. Therefore : 

TO V = {r e (EceCSpecM),., W I r(M\p) = 0} 

= {t& Eqe(SpecM) s _i M q I T ( M \p) = °) 

— V M v — M v 

- Z^qe(SpccM) s _i IV1 qnp ~ lvl p 

as contended. 

From claim |8.5.44| and proposition 17 . 1 . 261 we deduce that 3§® w is an etale €^y-algebra of fi- 

nite rank, and notice that the category ^ a -Etf r is equivalent to the category <^j^ Q -Etf r (notation 
of definition |7. 1.221) . Hence, consider the essentially commutative diagram 



Desc(^ a -Et fr , {W Q -> Vr}) Desc(^ a -Et fr , {C/ Q/6 -> [/ /6 » 

(notation of (17.4.41) and (|1.4.26l) ). Since a,\ is an equivalence, it is easily seen that the same holds 
for the bottom horizontal arrow. Also, the two vertical arrows are equivalences, by faithfully 
flat descent. We conclude that the top horizontal arrow is also an equivalence. We reach then 
the essentially commutative diagram 

Cov(X / a J ^ Cov(X a ) Cov(X^) 

Cov(f/ / a J < Cov(W a ) Cov(W K ) 

and summing up the foregoing, we see that all the horizontal arrows in this last diagram are 
equivalences. However, the restriction Xq iK — > X K of g is not etale, so the right vertical arrow 
is not an equivalence, and therefore neither is the left vertical one, as claimed. □ 

8.6. Almost purity : the log regular case. In this section, we prove an almost purity theorem 
for certain towers of regular log schemes. 

8.6.1. Let M be a log structure on the Zariski site of a local scheme X, such that (X, M) 
is a regular log scheme, and say that X = SpecB for a local ring B which is necessarily 
noetherian, normal and Cohen-Macaulay (corollary 15 .5 .401) . Let x E X be the closed point, and 
(5 : P — > B a chart for M which is sharp at x. Especially, P is a fine and saturated monoid, 
and A := B/xripB is a regular local ring; we denote by tru (resp. trie) the maximal ideal of A 
(resp. of B). As usual, if M is any 5-module, we denote M~ the quasi-coherent ^x-module 
arising from M. 

Theorem 8.6.2. In the situation of (18.6.11) . suppose as well that dim P = 2 and dim X = 2. 
Then every indecomposable reflexive &x-module is isomorphic to (IB)~, for some reflexive 
fractional ideal of P. (Notation of (12.4.261) . ) 

Proof. Set Q := Div + (P) and define ip : P — > Q as in example [2.4.461 The chart (5 defines a 
morphism ip : (X, M) — > Spec(Z, P), and we let (X\ M' ) be the fibre product in the cartesian 
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diagram 

(X',M!) -Spec(Z,Q) 

Spec(Z,i/>) 

(X,M) -^-Spec(Z, P). 

Arguing as in the proof of claim [63361 it is easily seen that X' is a local scheme and (X', M ') 
is regular. Moreover, X' is a regular scheme, since Q is a free monoid (corollary 15 .5 .461) . and / 
is a finite morphism of Kummer type (lemma l63.7l) . 

Claim 8.63. The (^-module f,(?x' is isomorphic to a finite direct sum (I\B © • • • © I^B)^, 
where Ii, . . . , I*, are reflexive fractional ideals of P, and &x is a direct summand of f*&x'- 

Proof of the claim. In view of example l2.4.46l we see that f*&x' = (Q©pP)~ is the direct sum 
of the (^-modules (gr 7 Q ©p B)~, where 7 ranges over the elements of Q gp /P gp , and gr.Q 
denotes the yj-grading of Q. But for each such 7, the natural ma p gi^Q ©p 5 — > gr 7 Q • B is 
an isomorphism, since B is P-flat (lemma [5.5.181 and proposition 15 .5 .431 ) . This shows the first 
assertion, and the second is clear as well, since gr Q = P. 

Denote by x' the closed point of X'\ from corollary 15.5.471 we see that U := (X, M)i is 
the complement of {x} and U' := (X', M')-\ is the complement of {x'} (notation of definition 
I5.2.7r i)). Let also j : U — > X and f : U' — > X' be the open immersions. 

Claim 8.6.4. (i) The restriction g : U' — > U of / is a flat morphism of schemes. 

(ii) The restriction functor j* : <^-Rflx — > ^/-Rflx is an equivalence (notation of ( 14.4b ). 

Proof of the claim, (i): It suffices to check that the restriction Spec(Z, Q) 1 — > Spec(Z, P) 1 of 
Spec(Z, cp) is flat. However, we have the affine open covering 

Spec(Z, P)i = SpecZ[P Pl ] U SpecZ[P P2 ] 

where pi, p 2 C P are the two prime ideals of height one (see example [2 .4. 1 7( i)) . Hence, we are 
reduced to showing that the morphism of log schemes underlying 

Spec(Z, ip Pi ) : Spec(Z, Q Pi ) — > Spec(Z, P Pi ) 

is flat for i = 1,2. However, it is clear that Q Pi is an integral P Pi -module, hence it suffices to 
check that Q Pi is a flat P Pi -module, for % = 1, 2 (proposition 12. 1 .481) . or equivalently, that Q Pi 
is a flat Pp.-module (corollary 12. 1 .45f ii)). The latter assertion follows immediately from the 
discussion of (12.4.43b . 

(ii): From proposition 14.4.71 we see that j* is full and essentially surjective. Moreover, it 
follows from remark 14.4.41 that every reflexive €?x-module is Si, so j* is also faithful (details 
left to the reader). 

In light of claim 18 .6^4T ii), it suffices to show that every indecomposable reflexive (^-module 
& is isomorphic to (PB)j^, for some reflexive fractional ideal / of P. However, for such 
claim [8A4T i) and lemma |4A6f i) imply that g*^ is a reflexive ^/-module. From proposition 
14.4.71 and corollary |4.2.16| we deduce that S'(x', j'^g*^) > 2, so j'^g*^ is a free (^'-module of 
finite rank ( [1301 Ch.O, Prop. 17.3.4]), and finally, g* & is a free ^-module of finite rank. Taking 
into account claim 18 .631 it follows that g*g*^ = & ®@ u g*&u' is a direct sum of ^/-modules 
of the type (PB)j^, for various / G Div(P); moreover, & is a direct summand of g*g*^ . Then, 
we may find a decomposition g*g*J? = J^i © • • • © &t such that is an indecomposable 
module for % = 1, . . . , t, and &\ = & (details left to the reader : notice that - since reflexive 
^-modules are Si - the length t of such a decomposition is bounded by the dimension of the 
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K(?7)-vector space (g*g*^) v , where 77 is the maximal point of X). On the other hand, notice 

that 

End^((PB)^) =End B (PB) (claim ESSii)) 

= (IB : IB) (by (12A35T) ) 

= (J : I)B (lemma[2A27];i)) 

= B (proposition [2A37{i)) 

for every / G Div(P). Now the contention follows from theorem [3TTT431 □ 

8.6.5. Let us return to the general situation of (18.6.11) . and assume furthermore that : 

(a) The characteristic p of the residue field k(x) of A is positive. 

(b) The Frobenius endomorphism $ B of B /pB is a finite ring homomorphism. 

Notice that (b) implies that B/pB is excellent (theorem 13 .5 .42f i)) and also that 0>\/ z ®a k (x) 
is a finite dimensional /?(x)-vector space. Set 

p( n ) : = { x e Pq I x pn G P} for every n G N. 

The p"-Frobenius map of P^ identifies P^ with its submonoid P; in other words, the inclu- 
sion map P — > p( n ) is naturally identified with the p"-Frobenius endomorphism of P. Fix a 
sequence (fi, . . . , f r ) of elements of P which is maximal, i.e. such that the following holds : 

• If p G m^, then (dfi, . . . , d/ r ) is a basis of the /t(x)-vector space ®a k(x). 

• If p ^ m^, then . . . , d(f r )) is a basis of the K(x) 1//p -vector space fi^. 
Notice that dim re ( :r ) m^/m^ = dim A, since A is regular; it follows that 

r = dimA + dim K(;c) fi£ (a!)/z 

by virtue of the short exact sequence (13.4.21) . if p G m^, and otherwise, by virtue of proposition 
13 .4. 141 Denote also by f i G A the image of fi, for every i = 1, . . . , r. According to corollary 
13.4.201 the ring 

A n := A[n,..., T r }/(Tf -J,,..., Tf - f r ) 
is regular. For every n G N, we set : 

B' n := ?W ® P B C n :=B[T u ..., T r ]/(Tf - A, . . . , Tf - /,) B n := B' n ® B C n . 
Lemma 8.6.6. The induced map B n /pB n — > B n+ i/pB n+ i is injective, for every n G N. 
Proof. The natural map P n — > P n+ i factors as the composition 

B' n ® B C n P; +1 ® B C n -> P; +1 ® B <^n+i for every n G N. 

Notice that P = Co, and C n+ i is a free C n -module (of rank p r ) for every n G N; we are 
then reduced to checking that the map B' n /pB' n — > B' n+1 / pB' n+l is injective for every n G N. 

However, set G := p( n+1 )/p("), and notice that p( n+1 ) is a G-graded monoid, with P (n+1) = 
p( n \ hence B' n+l is a G-graded P^-algebra with (B' n+1 ) = B' n for every n G N. The assertion 
follows. □ 

8.6.7. In view of lemma [8T6 .61 the induced morphism Spec B n+1 /pB n+1 — > Spec B n /pB n is 
radicial and surjective, so Spec B n /pB n is a local scheme for every n G N; on the other hand, 
the map P — » P n is finite, so every point of SpecP n specializes to a point of Spec B n /pB n . 
We conclude that P n is a local ring, and we denote by me„ its maximal ideal, for every n G N. 
Let M n be the log structure on the Zariski site of X n := Spec B n deduced by the natural map 
P n : P(") — > P n ; notice that B n /m P (n)B n = A n is a regular local ring of dimension equal to 
dim A Since we have as well dimP^ = dimP, it follows that (X n , M„) is regular at the 
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closed point x n G X n . Then theorem [5.5.571 shows that (X n , M„) is a regular log scheme. 
Thus, we have obtained a tower of finite morphisms of regular log schemes 

(8.6.8) ► (X n+1 ,Mn+x) - (X n ,Mn) - > (X Q ,Mo) ■= (X,M) 

which we call the maximal tower associated to the chart (3 : P — > B and the maximal sequence 

(A,...,/r). 

8.6.9. Let now y G (X, M) tr be any point, and for every n£N, denote by / n : (X n , M n ) — ► 
(X, M) the morphism given by the tower (18.6.81) . The chart (3 extends uniquely to a morphism 
of monoids /3 gp : P gp — > ^x.y, and we have a natural isomorphism 

Especially, (f n *^x n ) y is a free ^x, y -module of rankp nd , where 

d := dim P + r = dim P + dim A + dim^) fij^w. 
However, since (X, M) is regular, we have dim A + dim P = dim P. Summing up, we find 

d = dim B + dim K(:c) fi* (a , )/2 . 

Let now z G Spec B/pB C X be any point, and p 2 C B the corresponding prime ideal; as 
in the foregoing, the chart (3 extends uniquely to a morphism f3 p : P p ^ B z : = <&x,*> where 
p := /3 _1 p z . As already remarked, the point z lifts uniquely to a point z n G X n , and on the 
other hand, there exists a unique prime ideal p( n ) C P^ containing p, and the inclusion map 
j p : P p — > P p(n) is naturally identified with the p n -Frobenius endomorphism of P p . By lemma 
12.2.101 there exists an isomorphism of monoids P p ^ G x Q, with G : = P p x and Q := P p ; 
we may then find a corresponding decomposition = G^ n ^ x Q( n ) that identifies j p with 

the product of maps of monoids G — ► and Q — > £^ n ' ) - Summing up, there follows an 
isomorphism of P-algebras 

^x„,,„ ^ P p ( S ®p p ®b C n ^ (Q (n) ® Q P z ) ® Bz (G^ ® G 5 Z ) ® B C n . 
Fix a basis gi, . . . , g a of the free Z-module G, and set / r+ j := /3p(ft) for i = 1, • • • ,s; clearly 

(G^ ® g 5,) ® B C7„ = P^Tx, . . . , T r+a ]/(7f -fx,..., Tf +S - f r+s ). 
On the other hand, set A z := B z /v(VqB z \ we have 

dimP = dimQ + s (corollary 12.4. 10I T)) 

dim B z = dim Q + dim A z (since (X, M) is regular) 

dimP^ = d — dim K ( 2 ) fiL^/z (proposition [3336]). 

Therefore r + s = dim A 2 + dim K(z) fi« (2)/z . However, A Zn := ^x nA /m Q( „) ^x nA is a regular 
local ring, since (X n , M n ) is regular, and by inspecting the construction we see that 

A Zn = A z [Tx,..., T r+S ]/ (Tf — fx, . . . , T? +s — f r+s ) 

hence the image of the system (fx, . . . , f r +s) yields a basis of either ^ «(^) or VLa z , 

depending on whether or not p G m\ z (corollary l3.4.20l) . In conclusion, we see that the induced 
sequence of morphisms of log schemes 

► (X n+1 (z n ),M n+ x(z n )) -> (X n (z n ),M n (z n )) -> ► (X(z),M(z)) 

(notation of (15.7.111) ) is the maximal tower associated to the chart (3 Z : Q — > ^x iZ and the 
maximal sequence (fx,. . ., f r + s )- 
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8.6.10. Let $b„ '■ B n /pB n — > B n /pB n be the Frobenius endomorphism of B n /pB n ; taking 
into account lemma |£T6.6[ we see that &B n+1 factors through a unique ring homomorphism 

$B n+1 : B n+1 /pB n+1 -> B n /pB n for every n G N. 

Lemma 8.6.11. The map &B n+1 w surjective for every fiGl 

Proof. Let us start out with the following general : 

Claim 8.6.12. Let tp : R — > S 1 be an injective, finite and radicial ring homomorphism. Then <£> 
is an isomorphism if and only if = 0. 

Proof of the claim. We may assume that ^l\/ R = 0, and we show that y? is an isomorphism. To 
this aim, it suffices to show that 

if ® R R/m : R' := R/m -> 5' := S/mS 

is an isomorphism for every maximal ideal m C R. However, f^,^, = 0r R' = 0, so we 
may replace R by R' and 5 by S", and assume from start that R is a field. In this case, S is a 
local unramified i?-algebra, so S must be a finite separable field extension of R, by 11331 Ch.IV, 
Cor. 17.4.2]. But 5 is also a radicial extension of R, so S = R. 

Claim 8.6.13. Let p > be a prime integer, i? a local F p -algebra whose Frobenius endomor- 
phism & R is a finite map, k R the residue field of R, and J C R an ideal. Set i? := R/I, 
and let (pi, . . . , g n ) be a finite sequence of elements of R such that dg±, . . . , dg n is a system of 
generators for the &R-vector space Q]^ , % ® R k R . Then R = R P [I, gi, . . . , g n ). 

Proof of the claim. Set S := R P [I , g±, . . . , g n }. The inclusion map S — > R is clearly radicial, 
and it is finite, since is finite; hence claim [8T6. 1 21 reduces to checking that £l R / S vanishes. 
By Nakayama's lemma, it then suffices to show that Q R / S ®r k R = 0. However, let M (resp. 
N) be the i?-submodule of f2 := Q R / Z generated by {da \ a G 1} (resp. by {dg 1 , . . . , dg n }); 
then tt R/s = Q/(M + N) (SSI Ch.0, Th.20.5.7(i)]) and on the other hand, the induced map 
(VL/M) <3 r R -> Q Ro/z is an isomorphism (J30l Ch.0, Th.20.5.12(i)]). We deduce a right exact 
sequence of i?-modules 

N ^Ro/Z ®i? k R ~> ^R/S ®R k R °- 

But our choice of the sequence (gi, . . . , g n ) implies that j is surjective, whence the contention. 



Finally, notice that the image of is the subring (B n /pB n y\j3 n (pW), f\ /pn , . . . , fl /p \ 

For every n > 0, consider the exact sequence 

tt A/z ®a K(x n ) n\ n/z ® An k(x„) -> fi^ n/A ®a„ «(a;„) -> 

( 11301 Ch.0, Th.20.5.7(i)]); the image of j is generated by the image of the generating sys- 
tem df, := (dfi, . . . , df r ) of the /t(x)-vector space Q A / Z <8U However, since /j admits 
a p-th root in A n for every z = 1, . . . , r, it is easily seen that the image of df, vanishes in 
&\ n / z - Hence Q\ n n <8U„ K>(%n) = ^ An / A ®a„ K(x n ) is generated by the image of the sys- 
tem (dfi , • • • , dfr ). Therefore, to prove the lemma, it suffices to apply claim [8^6.131 to 
R := B n /pB n , I := (3(m P (n))R and the sequence (/i , . . . , fV v ). □ 

Theorem 8.6.14. With the notation of (18.6.71 ), we have : 

(i) Tfl? is an ¥ p -algebra, $b 1 ?s an isomorphism. 

(ii) 7/"_B j'j not an ¥ p -algebra, then there exists n G B t andu G B* such thatn p = pu, and 
Ker $ Bl = -KBx/pBx. 
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Proof, (i) is immediate from lemma [8^6. 1 11 since in that case $b 1 is the Frobenius endomor- 
phism of Bx, so it is injective, since the latter is a domain. 

(ii): Suppose we have found n as sought, and let x G Bx whose image in Bx/pBx lies in 
Ker this means that x p = py holds in B\ for some y G Bx; hence (x/n) p G Bx, and since 
Bx is a normal ring (corollary 15.5.401) . we deduce that x/n G Bx, i.e. x G irBx, which shows 
the second assertion of (ii). It thus remains only to exhibit n with the required properties. 

Assume first that p G m^. Then we may write 

t s 

i=i j=i 

for certain bx, b[, . . . ,b t ,b' t G m B , b'(, . . . , b" G B, and Xx,---,x s G trip. In light of lemma 
18.6.1 11 we may then write 

bi = cf + pdi b[ = c'l + pd'i where c i} c[, d i} d[ G m Bl for every i = l,...,t 

and likewise, b" = c" p + pd" where c" G Bx for j = 1, . . . , s. Moreover, by construction, (3 
extends to a morphism of monoids fix '■ Bx, and we may write Xj = y p with y 3 - G m P (i) 

for j = 1, . . . , s. A simple computation then yields 

t s 

(8.6.15) p- (1 + e) = J2$ c 'i +J2 c " P r for some e G m Bl . 

i=l j=l 

However, the right-hand side of (18.6.151) can be written in the form g p + ph for some g, h G 
(details left to the reader); clearly 1 + e — h G B* , whence the contention, in this case. 
Next, suppose that p ^ m^. In this case, recall that 

dim^i/p n A = 1 + dim^) fi\ /z ® A k(x). 

Therefore, after reordering the sequence (fx, ... , f r ), we may assume that dfx, ... , df r -x is a 
basis of the /t(x)-vector space ^\/ z <Su Set 

B> := (pW ® P P)[T 1; . . . , ^/(Tf -fx,---, T p r _, - / r ^). 

Clearly Pi is a faithfully flat P'-algebra, hence P'/pP' is a P /pP- subalgebra of Bx/pBx, so the 
natural map B/pB — > P'/pP' is injective (lemma [8 .6 .61 ), and just as in (18.6.71 ), we deduce that 
the Frobenius endomorphism of P'/pP' factors through a ring homomorphism $ : P'/pP' — > 
P/pP, and arguing as in the foregoing, we also see that P' is a local ring. Moreover, by applying 
claim l8l). Ill with R := B' /pB' , I := (3(mp)R and the sequence (fx, ■ ■ ■ , f r -i) we conclude 
- as in the proof of lemma [8^6.1 II - that $g/ is surjective. Hence, denote by the maximal 
ideal of P'; it follows that there exists g G m-B' and h G P' such that f r = g p + ph in P'. Set 

A' := P'/m p(1) P' = A[Tx, . . -,T r _x}/(T? -fx,.. . ,T*-i ~ fr-i)- 

Then A' is a regular local ring, by corollary 13.4.201 applied to the sequence (/\, . . . , f r _x) 
consisting of the images of the elements f in A. By the same criterion - applied to the similar 
sequence (f 1 , . . . , f r ) - we see that A'[T]/ (T p — f r ) is regular as well. So once again the same 
corollary - applied to the element f r of A' - says that the element d(f r ) of Q,a' does not vanish. 
However 

d(f r ) = d(g p ) + d(ph) = pg p ' 1 d(g) + hd(p) + pd(h) = hd(p) in fl A , 

(see (|3.4.13l) ). We conclude that h G P' x . Lastly, notice that f r admits ap-throot fV v in Pi, 
hence ph = f r — g p = (f^ p — g) p + pe in Bx for some e G mp 1 (details left to the reader). 
Since h — e G Pf , we are done. □ 
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Remark 8.6.16. Suppose B is not an F p -algebra. Then we may construct inductively a se- 
quence of elements (ix n \ n G N) such that : 

(a) ir n G B n for every nGN. 

(b) 7r = p, and 7r£ +1 /V n G P* +1 for every nGN. 

(c) ir n B n /pB n = Ker($ n o • • • o $ x ) for every n > 0. 

Indeed, theorem [8]6j3tii) provides 7Ti as required. Suppose that 7r n has already been exhibited 
for some n > 1; by lemma l876.11[ we may then find 7T n+ i, b G P rt +i such that tt^ +1 = 7r n + pb. 
Hence, 7r^ +1 = 7r n M„, where u n := 1 + vr^ 1 ^ G -B* +1 . Condition (c) then follows, as in the 
proof of theorem r8.6.14l : details left to the reader. 

9. Preliminaries 

9.1. Profinite groups and Galois categories. Quite generally, for any pro finite group P, let 
P-Set denote the category of discrete finite sets, endowed with a continuous left action of P 
(the morphisms in P-Set are the P-equivariant maps). Any continuous group homomorphism 
uj : P — > Q of profinite groups induces a restriction functor 

Res(u) : Q-Set -> P-Set 

in the obvious way. In case the notation is not ambiguous, one writes also Resg for this functor. 
For any two profinite groups P and Q, we denote by 

Hom cont (P, Q) 

the set of all continuous group homomorphisms P — > Q. If cpx, cp 2 are two such group homo- 
morphisms, we say that cp 1 is conjugate to cp 2 , and we write cp 1 ~ cp 2 , if there exists an inner 
automorphism uj of G, such that <£> 2 = uj o Clearly the trivial map n — >• G (whose image is 
the neutral element of G), is the unique element of a distinguished conjugacy class. 

9.1.1. Let P be any profinite group; for any (discrete) finite group G, consider the pointed set 
Hom cont (P, of conjugacy classes of continuous group homomorphisms P — > G. This is 

also denoted 

and called the first non-abelian continuous cohomology group of P with coefficients in G (so G 
is regarded as a P-module with trivial P-action). Clearly the formation of -ff 1 (P, G) is covariant 
on the argument G, and contro variant for continuous homomorphisms of profinite groups. 

Lemma 9.1.2. Letip : P — > P' be a continuous homomorphism of profinite groups, and suppose 
that the induced map of pointed sets : 

P4 nt (P', G) - iP} ont (P, G) : f~fo<p 

is bijective, for every finite group G. Then if is an isomorphism of topological groups. 

Proof. First we show that ip is injective. Indeed, let x G P be any element; we may find an open 
normal subgroup H C P such that x ^ H; taking G := P/H, we deduce that the projection 
P — > P/PT factors through </? and a group homomorphism f : P' P/H, hence x ^ Ker </?, as 
claimed. Moreover, let H' := Ker /; clearly H' DP = H, so the topology of P is induced from 
that of P' . It remains only to show that ip is surjective; to this aim, we consider any continuous 
surjection /' : P' — > G' onto a finite group, and it suffices to show that the restriction of /' 
to (pP is still surjective. Indeed, let G be the image of cpP in G', denote by % : G — > G' the 
inclusion map, and let / : P — >• G be the unique continuous map such that i o f = f o cp; by 
assumption, there exists a continuous group homomorphism g : P' —> G such that / = g o cp. 
On the other hand, (i o g) o tp = f o cp, hence the conjugacy class ofiog equals the conjugacy 
class of /', especially i o g is surjective, hence the same holds for i, as required. □ 
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9.1.3. Let G be a profinite group, and H C G an open subgroup. It is easily seen that H is 
also a profinite group, with the topology induced from G. Morever, the restriction functor 

Resg : G-Set -> H-Set 

admits a left adjoint 

Indg : //-Set -> G-Set. 

Namely, to any finite set E with a continuous left action of if, one assigns the set Ind#E := 
GxS/~ where ~ is the equivalence relation such that 

(gh, a) ~ (g, ha) for every g E G, h E H and a E E. 

The left G-action on Ind^E is given by the rule : (g',(g,a)) i— > (g'g, a) for every g, g' E G and 
cr G E. It is easily seen that this action is continuous, and the reader may check that the functor 
Ind^r is indeed left adjoint to Res^ . 

9.1.4. Moreover, let 1 denote the final object of H-Set; notice that Ind#l = G/H, the set of 
orbits of G under its right translation action by H. Hence, for any finite set E with continuous 
//-action, the unique map t% : E — > 1 yields a G-equivariant map 

Indgt s : Indg -> G/Z/ 

and therefore lna H factors through a functor 

(9.1.5) //-Set -> G-Set/(G///). 

It is easily seen that (19.1.51) is an equivalence. Indeed, one obtains a natural quasi-inverse, by 
the rule :(/:£—» G/H) i— > f~ l (H). The detailed verification shall be left to the reader. 

Definition 9.1.6. (EE Exp.V, Def.5.1]) Let if be a category, and F : if -> Set a functor. 

(i) We say that if is a Galois category, if if is equivalent to P-Set, for some profinite 
group P. We denote Galois the category whose objects are all the Galois categories, 
and whose morphisms are the exact functors between Galois categories. 

(ii) We say that F is & fibre functor, if F is exact and conservative, and F(X) is a finite set 
for every X E Ob(if). 

(iii) We denote fibre. Fun the 2-category of fibre functors, defined as follows : 

(a) The objects are all the pairs (if, F) consisting of a Galois category if and a fibre 
functor F for if. 

(b) The 1-cells (ifi,Fi) — > (^2,-^2) are all the pairs (G, /3) consisting of an exact 
functor G : ifi — > i^ and an isomorphism of functors [3 : F\ F2 G. 

(c) And for every pair of 1-cells (G',/3'), (G,f3) : (^i,Fi) -> (^ 2 ,/ 71 2 ), the 2-cells 
(G', /?') (G, /3) are the isomorphisms 7 : G' G such that (F 2 * 7) o (3' = (3. 

Composition of 1-cells and 2-cells is defined in the obvious way. We shall also denote 
simply by G a 1-cell (G,f3) as in (b), such that F 1 = F 2 o G and j3 is the identity 
automorphism of F 1 . 

9.1.7. Notice that any Galois category if admits a fibre functor : indeed, if P is any profinite 
group, the forgetful functor 

f P : P-Set -> Set 

fulfills the conditions of definition |9.1.6f ii), therefore the same holds for the functor fp o (3, 
if (3 : ^ — > P-Set is any equivalence. For any Galois category if and any fibre functor 
F : if — > Set, we denote 

7Ti(if,F) 

the group of automorphisms of F, and we call it the fundamental group of if pointed at F. By 
definition, for every X E Ob(if ), the finite set F(X) is endowed with a natural left action of 
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7n(#, F). For every X E Ob(if) and every f e F(X), the stabilizer H x ^ C 7n(if, F) is a 
subgroup of finite index, and we endow itiffi, F) with the coarsest group topology for which 
all such Hx,z are open subgroups. The resulting topological group "K\^€ , F) is profinite, and its 
natural left action on every F(X) is continuous. Thus, F upgrades to a functor denoted 

F f : if A 7r x (if,F)-Set. 

A basic result states that F* is an equivalence ( ROl Exp.V, Th.4.1]). 

Example 9.1.8. Let P be any profinite group. Then there is an obvious injective map 

P -> 7Ti(P-Set,f P ) 

and [|40l Exp.V, Th.4.1] implies that this map is an isomorphism of profinite groups. In other 
words, the group P can be recovered, up to unique isomorphism, from the category P-Set 
together with its forgetful functor fp. 

Remark 9.1.9. Let be two Galois categories, and F : ^ — > Set a fibre functor. 

(i) Any exact functor G : ( €' — > & induces a continuous group homomorphism : 

7ri(G) : 7ri(if,F) ^7n(^',PoG) u ^ uo*G. 

(ii) Furthermore, any isomorphism j3 : F' ^> F of fibre functors of ^ induces an isomor- 
phism of profinite groups : 

7Ti(/3) : TTiC^', P) ^ 7Ti(if , P) W^^OWO/J 

(see 001 Exp.V, §4] for all these generalities). 

(iii) Let now (G, (3) : Pi) -> (<*f 2 , F 2 ) be a 1-cell of fibre.Fun. Combining (i) and (ii), 
we deduce a natural continuous group homomorphism 

tti(G,/3) :7r 1 (^ 2 ,P 2 ) J^Tn^FaoG) ^+ Tr^, F x ). 

Proposition 9.1.10. Wi'f/i notation of remark \9. 1.91 rw/e assigns : 

• To any object ', P) o/ fibre.Fun, ?/ze profinite group iriffi, F) 

• To a/ry 1-ce/Z (G, /?) of fibre.Fun, f/ze continuous map iri(G, (3) 

defines a pseudo-functor 

Hi : fibre.Fun — > pf.Grp 

/rom ?/ze 2-category of fibre functors, to the opposite of the category of profinite groups (and 
continuous group homomorphisms). 

Proof. (Here we regard pf.Grp as a 2-category with trivial 2-cells : see example |1.2.6r iY). Let 

C^P) (%,F 2 ) ™zl> (^,F 3 ) 

be any pair of (composable) 1-cells; functoriality on 1 -cells amounts to the identity : 

7n(G, o 7n(Pr, = 7Ti(H o G, (/3 H * G) o (3 G ) 

whose detailed verification we leave to the reader. Next, let 7 : (G', /?') — > (G, /3) be a 2- 
cell between 1-cells (G, /?'), (G, /3) : (^1, Pi) -> (tf 2 , P 2 ); we have to check that tti(G, /3) = 
7Ti(G', /?'). This identity boils down to the commutativity of the diagram : 

'"^ vn(^,P 2 oG) 




7Tl(/3') 

7T! (tf 2 ,F 2 oG) — TTi (^1 , Pi ) . 
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However, the commutativity of the lower triangular subdiagram is clear, hence we are reduced 
to checking the commutativity of the upper triangular subdiagram; the latter is a special case of 
the following more general : 

Claim 9.1.11. Let ^ and be two Galois categories, G, G' : c €' — > two exact functors, 
(3 : G' G an isomorphism, and F : — > Set a fibre functor. Then the induced diagram of 
profinite groups 

7Tx(tf,F) 



7n(^', F o G) 7n(tf', F o G") 

commutes. 

Proof of the claim. Left to the reader. □ 

Example 9.1.12. Let uj : P — > Cj be a continuous group homomorphism between profinite 
groups. Clearly fp o Res(cj) = fg, and it is easily seen that the resulting diagram 

P - 

7n(P-Set,fp) " l(RcsM) , ^(Q-Setjq) 

commutes, where the vertical arrows are the natural identifications given by example [9X8]: the 
verification is left as an exercise to the reader. 

9.1.13. Let P := (Pi \ i E I) be a cofiltered system of profinite groups, with continuous 
transition maps, and denote by P the limit of this system, in the category of groups. Then P is 
naturally a closed subgroup of Q := Yl ieI Pi, and the topology & induced by the inclusion map 
P — > Q makes it into a compact and complete topological group. Moreover, since the topology 
of Q is profinite, the same holds for the topology & (details left to the reader). It is then easily 
seen that the resulting topological group (P, 3") is the limit of the system P in the category of 
profinite groups. 

Proposition 9.1.14. In the situation of (19.1.131 ), the natural functor 



2-colimP r Set -> P-Set 

iei 



is an equivalence. 



Proof. The functor is obviously faithful; let us show that it is also full. Indeed, let j E I be any 
index, £, £' two objects of Pj-Set, and ip : E — > £' a P-equivariant map; we need to show that 
if is already P r equivariant, for some index i e I, To this aim, we may as usual replace I by 
I/j, and assume that j is the final element of I. We may also find an open normal subgroup 
Hj C Pj that acts trivially on both £ and £'. Then, for every i & I, we let P« C P be the 
preimage of Pj, and we set Pj := Pi/ Hi. Let also P := P/P, where F C Pis the preimage 
of P, ; by construction, (p is P-equivariant. Clearly, we may find i E I such that the image of P 
in the finite group Pj equals the image of Pj, and for such index i, the induced map P — ► Pj is 
an isomorphism. Especially, ip is Pj-equivariant, as sought. 

Lastly, we show essential surjectivity. Indeed, let £ be any object of P-Set; we have to show 
that the P-action on £ is the restriction of a continuous Pj-action, for a suitable i E I. However, 
we may find a normal open subgroup H C P that acts trivially on £. Then there exists a normal 
open subgroup L C Q (notation of (19.1.131 )) such that P n L C H. We may also assume that 
there exists a finite subset J C I and for every i 6 Jan open normal subgroup C Pi such 
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that L = Yli(zj Li x n«e/\j an index j E I that admits morphisms f : j — > z in /, for 

every i6 J, and let L\ C P, denote the preimage of Lj under the corresponding map Pj — > Pj. 
Finally, set Pj := Hiej L\. By construction, P contains the preimage of Hj in P, and we may 
therefore assume that H is this preimage. We may replace as usual / by I /j, and assume that j 
is the final element of 1. Then, for every i E I, we let Pj denote the preimage of Hj in Pj, and 
we set Pj := P/Pj. Set as well P := P/P. Clearly, there exists i E I such that the image of 
the induced map P — > Pj equals the image of P,; for such index z, the induced map P — > Pi is 
an isomorphism. Thus, E the restriction of an object of p-Set, as wished. □ 

9.1.15. We consider now a situation that generalizes slightly that of (19. 1.13b . Namely, let I be 
a small filtered category, and 

(%, F.) : J -> fibre.Fun z ^ Pj) 

a pseudo-functor. By proposition ^. 1.10[ the composition of 7Ti and (^., P.) is a functor 

vnCCF.) : 1° -> pf.Grp z ^ P : = m(ft,Fi). 

Let P denote the limit (in pf.Grp) of the cofiltered system P., and set 

<af := 2-colim^.. 

We may then state : 

Corollary 9.1.16. In the situation of (19.1.151 ), there exists a natural equivalence : 

<€ ^ P-Set. 

Proof. Recall that (^., P.) is the datum of isomorphisms 

(3<p : Fj Pj o for every morphism (p : j — > i in / 

and 2-cells : 

: (% ov , A/^) A/0 ° Ap) for ever y composition j -^U z — ► k 

that - by definition - satisfy the identities : 

(9.1.17) (A/, * o (5 V = (F k * t^ 9 ) o for every composition j z — > fe 

as well as the composition identities : 

* (%p, o r M o^,(p for compositions j — ► z — > A; — ► /. 

Let P.-Set : I — ► Cat denote the functor given by the rule : z i— ► Pj-Set for every i E Ob(7), 
and (p i — > Res(P^), where P^ := 7Ti(^,, Ap) for every morphism <£> of L In view of proposition 
|9.1.14| and lemma [L~2.14l it suffices to show that the rule : i \—t F- for every z G Ob( J) (notation 
of (19.1.71 )), extends to a pseudo-natural isomorphism 

Pj : if. ^ P.-Set. 

Indeed, let y? : j — > z be any morphism of I, and X any object of ^ ; we remark that the 
bijection 

P V (X) : Res(P^)(P/X) ^ P/ o <^(X) 
is p-equivariant; the proof amounts to unwinding the definitions, and shall be left to the reader. 
Hence we get an isomorphism of functors Aj, : Res(P v ) o Pj A pJ o < ^ 3 , and from (19.1.171 ) we 
deduce the identities : 

(A/, * ° (Res(P^) * /?* ) = (F fc f * r^) o A^ for every composition j ^ i k. 

The latter show that the system /3] fulfills the coherence axiom for a pseudo-natural transforma- 
tion, as required. □ 
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Remark 9.1.18. (i) Keep the situation of (19.1.151) . and let a. : ^, =>- ^ be the universal 
pseudo-cocone induced by the pseudo-functor c €,. We may regard the pseudo-functor (^., P.) 
as a pseudo-cocone P. : ^. =>- Set whose vertex is the (Galois) category Set. Then, by the 
universal property of colimits, we get a functor F : ^ — > Set and an isomorphism 

cr. : F * a. P.. 

On the other hand, let r. : P.-Set =>- P-Set be the natural cocone (so rj is the restriction 
functor corresponding to the natural map P — > Pi, for every i E Ob(/)); the equivalence G of 
corollary 19. 1 . 1 61 is deduced from the pseudo-cocone r. o Pj : — > P-Set (where Pj is as in 
the proof of corollary 19. 1.161 ), so we have an isomorphism of pseudo-functors 

t, : G * a. — ► r. o Fj 

whence an isomorphism 

f P * i. : (f P o G) * a. A fp * (r. o Pj) = P. 

(notation of (19.1.71) ). There follows an isomorphism F * a, ^> (f P o G) * a,; by the universal 
property of the 2-colimit, the latter must come from a unique isomorphism i? : P fp o G. 
Especially, we see that P is also a fibre functor, and we get a pseudo-cocone 

(a., a.) : (<*f.,F.) =*► (^,F). 

It is now immediate that P) is the 2-colimit (in the 2-category fibre. Fun) of the pseudo- 
functor (^., P.), and (a., cr.) is the corresponding universal pseudo-cocone. 
(ii) Likewise, r. maybe regarded as a universal pseudo-cocone 

r. : (P.-Set, fp.) => (P-Set, f P ) 

(with trivial coherence constraint), and the coherence constraint /3j as in the proof of corollary 
19. 1.161 yields a pseudo-natural equivalence 

P.t:(^.,P.)^ (P.-Set, fp.) 

as well as an isomorphism 

(G,^)*(a.,cr.)^r.opt. 
Thus, for every i e Ob(7) we get a 2-cell of fibre. Fun : 

whence - by propo sition 19.1.101 - a commutative diagram of profinite groups : 

P -P 

7Tl(F/) 

9.1.19. Let P) be a fibre functor, and X a connected object of ^ (example II . 1 .26f iii)): 
pick any £ G F(X), and let P^ C 7Ti(^, P) be the stabilizer of £ for the natural left action of 
?ri(if , P) on F(X). For every object / : F -> X of <if/X, we set 

W) :^(/)K)cF(y). 

It is clear that the rule / i— > F$(f) yields a functor Pj : ^/X — >■ P € -Set, which we call the 
subfunctor of F\ x selected by £. 

Proposition 9.1.20. In the situation of (19.1.191 ), we have : 

(i) 'tf/X is a/so a Galois category, and F^ := fp e o P^ z's a fibre functor for 'tf/X. 
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(ii) The functor induces a natural isomorphism ofprofinite groups : 

Proof. The fibre functor F induces an equivalence of categories 

tf/X ^ 7n(^,F)-Set/F(X). 

On the other hand, since X is connected, there exists a unique isomorphism cu : F(X) ^ Gj 
of G-sets such that = H^, and then the discussion of (19.1.41) yields an equivalence 

m(^,F)-Set/F(X) ^ H r Set. 

A simple inspection shows that the resulting equivalence ^/X H^Set is none else than the 

v 



functor FL so the assertion follows from remark l9~.1.9IX ) and example [9.1.8l □ 



9.1.21. Let F) be a fibre functor, and let us now fix a cleavage c : — > Cat for the fibred 
category t : Morph(^) — > (see example [1.3. 21 iii)) . Also, let J be a small cofiltered category, 
and X, : I — > a functor such that Xj is a connected object of ^, for every % G Ob(7); we 
pick an element 

i, G limFoX.. 

In other words, £. := G F(Xi) \ i G /) is a compatible system of elements such that 

F(ip)(£j) = £i for every morphism cp : j —> i'ml. 

For every i E I, we denote by i/; C tti(^, -F) the stabilizer of & for the left action of 7Ti( < ^ 7 , F) 
on F(Xi). Clearly, any morphism j — > % induces an inclusion Hj C i/j. Furthermore, let 

F/ : <g/Xi -> fli-Set for every z G / 

be the subfunctor selected by £j, and set F := o F-. Let <£> : j ' ^ i be a morphism of /; to 
the corresponding morphism X v : Xj — > Xj, the cleavage c associates a pull-back functor 

x; : V/Xi - if/X,, 

Especially, for any object Y G Ob^/Xj) we have the cartesian diagram in ^ : 

x;(y) — >y 



s- X, 

whence, since F is exact, a natural bijection : 

F(X;(Y))^F(Y)x F(Xi) F{X 3 ) 
which in turns yields a bijection : 

F](X;(Y)) A F(F) x f(Xi) fe} = x {^}. 

That is, we have a natural isomorphism of functors : 

at :F*oX;^B**%oF} 

and since the X* are exact functors, it is easily seen that the isomorphisms a v := f, * oil yield 
a pseudo-functor 

(9.1.22) /^fibre.Fun i^{<g/X h Fi) (p^{X;,a v ). 
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Moreover, a* can be seen as a 2-cell of fibre. Fun : Fj o (X*, a v ) Res#* o Fj, whence a 
commutative diagram of profinite groups : 



Hj Hi 



TT^/Xj, Fj) "^'^^ m{V/Xi, Fi) 

whose top horizontal arrow is the inclusion map. Especially, notice that the map 7Ti(X*, a v ) 
does not depend on the chosen cleavage; this can also be seen by remarking that any two cleav- 
ages c, d are related by a pseudo-natural isomorphism c A c' (details left to the reader). 

9.1.23. Let (tf/X, F s ) be the 2-colimit of the pseudo-functor (19.1.221) . as in remark ELM)), 
and fix a corresponding universal pseudo-cocone (a., a.) : {^f/X m , F m ) (ff/X, F^). We may 
then state : 

Corollary 9.1.24. In the situation of (19.1.231) , there exists a natural isomorphism of profinite 
groups : 

H:= P| H^u^/X^F^) 

ieOb(J) 

which fits into a commutative diagram : 



H >Hi 



(9.1.25) 



tti(f/) /or every i G Ob(J) 



TT^/X, Ft) > TT^/X;, F 4 ; 



whose top horizontal arrow is the inclusion map. 

Proof. By corollary 19. 1.161 we have an isomorphism of tti^/X, F%) with the limit of the cofil- 
tered system (-Kii^o/XFi) \i G Ob(I)); on the other hand, the discussion of (19.1.211 ) shows that 
the latter system is naturally isomorphic to the system (Hi \ i G Ob(/)). Lastly, the commuta- 
tivity of (19.1.251 ) follows from remark |9.1.18f ii). □ 

9.2. Quasi-coherent modules. Let X be any scheme, and & any abelian sheaf on X. The 
support of & is the subset : 

Supp & := {x G X | ^ ^ 0} C X. 

Recall that an ^-module J?" is said to be f-flat at a point x G X if ^ is a flat &yj(x) -module. 
& is said to be f-flat over a point y G Y if J? is /-flat at all points of / _1 (y). Finally, one says 
that & is /-/to if ^ is f-flat at all the points of X (|251 Ch,Q, §6.7. 11). 



9.2.1. We denote by <^ x -Mod (resp. <^x-Mod qcoh , <^ x -Mod coh , resp. <^ x -Mod lfrt ) the 
category of all (resp. of quasi-coherent, resp. of coherent, resp. of locally free of finite 
type) ^-modules. Also, we denote by D(<^ x -Mod) qcoh (resp. D(^ x -Mod) coh ) the full 
triangulated subcategory of D(^x-Mod) consisting of the complexes K* such that H l K* 
is a quasi-coherent (resp. coherent) (^-module for every i G Z. As usual, we shall use 
also the variants D + (^x-Mod) qcoh (resp. D~(<^x-Mod) qcoh , resp. D b (^-Mod) qcoh , resp. 
D^' 6 ' (^x-Mod) qco h) consisting of all objects of D(^-Mod) qco h whose cohomology vanishes 
in sufficiently large negative degree (resp. sufficiently large positive degree, resp. outside a 
bounded interval, resp. outside the interval [a, b}), and likewise for the corresponding subcate- 
gories of D(^ x -Mod) coh . 
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9.2.2. There are obvious forgetful functors: 

l x : ^ x -Mod qcoh -> ^ x -Mod Rl x : D(^ x -Mod qcoh ) -> D(^ x -Mod) qcoh 

and we wish to exhibit right adjoints to these functors. To this aim, suppose first that X is affine; 
then we may consider the functor: 

qcoh x : ^ x -Mod -> ^ x -Mod qcoh & ^ &(X)~ 

where, for an ^x(X) -module M, we have denoted as usual by M~ the quasi-coherent sheaf 
arising from M. If ^ is a quasi-coherent &x -module, then clearly qcoh x £f ~ 3f ; moreover, for 
any other &x -module & , there is a natural bijection: 

Hom^(^,^) ^ Hom w ((f(X),.^(X)). 

It follows easily that qcoh x is the sought right adjoint. 

9.2.3. Slightly more generally, let U be quasi-qffine, i.e. a quasi-compact open subset of an 
affine scheme, and choose a quasi-compact open immersion j : U — > X into an affine scheme 
X. In this case, we may define 

qcoh^ : -> <^ x -Mod ^ h-> (qcoh^j^)^. 

Since : ^/-Mod -> ^ x -Mod is right adjoint to j* : ^f-Mod -> ^/-Mod, we have 
a natural isomorphism: Hom^(^, J^") Hom^ j*^") for every ^/-modules £f and 
Moreover, if is quasi-coherent, the same holds for ( Il26l Ch.I, Cor.9.2.2]), whence a 
natural isomorphism Sf ~ qcoh^^f, by the foregoing discussion for the affine case. Summing 
up, this shows that qcoh^ is a right adjoint to and especially it is independent, up to unique 
isomorphism, of the choice of j. 

9.2.4. Next, suppose that X is quasi-compact and quasi-separated. We choose a finite covering 
il:=(Ui\ie I) of X, consisting of affine open subsets, and set U := LL e/ Ui, the X-scheme 
which is the disjoint union (i.e. categorical coproduct) of the schemes U- t . We denote by il. the 
simplicial covering such that 1^ := U x x • • • X-x U, the (n+l)-th power of U, with the face and 
degeneracy maps defined as in (19.3.51) ; let also n n : Sin — ► X be the natural morphism, for every 
n EN. Clearly we have 7r n _ 1 o9 i = n n for every face morphism <9j : iin — > il^-i. The simplicial 
scheme il. (with the Zariski topology on each scheme il n ) can also be regarded as a fibred topos 
over the category A° (notation of [|36l §2.2]); then the datum ^ := {ps^ | n E N) consisting 
of the structure sheaves on each iln and the natural maps d*^ n _ 1 — > 6^ for every n > and 
every % = 0, . . . , n (and similarly for the degeneracy maps), defines a ring in the associated 
topos Top(lU) (see ll36l §3.3.15]). We denote by ^.-Mod the category of (^-modules in the 
topos Top(il.). The family (7r n | n E N) induces a morphism of topoi 

n, : Top(it.) — ► s.X 

where s.X is the topos Top(X.) associated to the constant simplicial scheme X, (with its 
Zariski topology) such that X n := X for every n E N and such that all the face and degeneracy 
maps are lx- Clearly the objects of s.X are nothing else than the cosimplicial Zariski sheaves 
on X. Especially, if we view a (^-module & as a constant cosimplicial (^--module, we may 
define the augmented cosimplicial Cech &x -module 

(9.2.5) & -> <*f*(il, &) := 7T„ O 7T.*^ 

associated to & and the covering if; in every degree n E N this is defined by the rule : 

and the coface operators d l are induced by the face morphisms di in the obvious way. 
Lemma 9.2.6. (i) The augmented complex (19.2.51 ) is aspherical for every G x - m odule & ' . 
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(ii) If ^ is an injective &x -module, then (19.2.51) is contractible. 

Proof. (See also e.g. [39, Th.5.2.1].) The proof relies on the following alternative description 
of the cosimplicial Cech (^-module. Consider the adjoint pair : 

(tt*, tt*) : ^-Mod ^ x -Mod 

arising from our covering n : it — ► X. Let (T := 7r* o rc*,r),p,) be the associated triple 
(see (11.1.46b ). & any ^-module; we leave to the reader the verification that the resulting 
augmented cosimplicial complex & — > T'^ - as defined in (11.1.45b - is none else than the 
augmented Cech complex ( 19.2.5b . Thus, for every ^--module & , the augmented complex 
7r*j£" — > n*^' (il, J?) is contractible (proposition II . 1 .471) ; since ir is a covering morphism, 
(i) follows. Furthermore, by the same token, the augmented complex 7r*£f — > njf) 
is contractible for every ^-module £f ; especially we may take 3f := n*y, where y is an 
injective @x -module. On the other hand, when J* is injective, the unit of adjunction J* — > Ty 
is split injective; hence the augmented complex y — ► < ^ ?, (1I, J^) is a direct summand of the 
contractible complex Ty — > Ty), and (ii) follows. □ 

Notice now that the schemes ll„ are quasi-affine for every n E N, hence the functors qcoh^ 
are well defined as in (19.2.3b , and indeed, the rule : | n £ N) h (qcoh^J^ | n E N) 
yields a functor : 

qcoh^ : ^.-Mod 

This suggests to introduce a quasi-coherent cosimplicial Cech G x -module : 

q^' (it, := tt., o qcoh^ o n*,^ 

for every ^-module & (regarded as a constant cosimplicial module in the usual way). More 
plainly, this is the cosimplicial ^-module such that : 

q^ n (il, J 5 ") := 7r n * o qcoh^ o 7r*^ for every n E N. 

According to [1261 Ch.I, Cor.9.2.2], the ^-modules q^ n (il, J^") are quasi-coherent for all n E 
N. Finally, we define the functor : 

qcoh x : ^-Mod -> ^ x -Mod qcoh J? i-> Equal (q^° (if, J^) ==£ q^il, i^)) 

a 1 

Proposition 9.2.7. (i) 7n the situation of (19.2.4b , the functor qcoh x is right adjoint to ix- 

(ii) Let Y be any other quasi-compact and quasi-separated scheme, f : X — > Y any 
morphism. Then the induced diagram of functors: 

^ x -Mod ^V-Mod 



qcoh 



X 



qcoh 



Y 



^ x -Mod qcoh ^ y -Mod qcoh 
commutes up to a natural isomorphism of functors. 

Proof. For every n E N and every (^-module M 1 , the counit of the adjunction yields a natural 
map of (^-modules: qcoh^^f — > M*. Taking 3f to be 7r*^ on il„ (for a given (^-module 
these maps assemble to a morphism of cosimplicial ff x -modules : 

(9.2.8) q^'(il, &) -> <g"(il, J?) 
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and it is clear that (19.2.81) is an isomorphism whenever & is quasi-coherent. Let now if : & — > 
& be a map of <^x- m °dules, with ^ quasi-coherent; after applying the natural transformation 
(19.2.81 ) and forming equalizers, we obtain a commutative diagram : 

qcoh x g? eg 
qcoh^ ^ 

from which we see that the rule: if 1— > qcoh x <^ establishes a natural injection: 
(9.2.9) Hom^ (Sf , i^) -> Hom^ (Sf , qcoh x J?) 

and since Hom^ (£f , (19.2.81 )) is an isomorphism of cosimplicial (^-modules, (19.2.91 ) is actually 
a bijection, whence (i). 

(ii) is obvious, since both qcoh y o /* and /* o qcoh x are right adjoint to /* o l y = i x °f*- D 

9.2.10. In the situation of (19.2.41 ), the functor qcoh x is left exact, since it is a right adjoint, 
hence it gives rise to a left derived functor : 

Rqcoh x : D+(^ x -Mod) -> D+(^-Mod qcoh ). 

Proposition 9.2.11. Let X be a quasi-compact and quasi-separated scheme. Then : 

(i) _Rqcoh x is right adjoint to Ri x . 

(ii) Suppose moreover, that X is semi-separated, i.e. such that the intersection of any two 
affine open subsets of X, is still affine. Then the unit of the adjunction (Rl x , i?qcoh x ) 
is an isomorphism of functors. 

Proof, (i): The exactness of the functor i x implies that qcoh x preserves injectives; the assertion 
is a formal consequence : the details shall be left to the reader. 

(ii): Let be any complex of quasi-coherent ^-modules; we have to show that the natural 
map — > Rqco\\ x ^' is an isomorphism. Using a Cartan-Eilenberg resolution ^ /" 
we deduce a spectral sequence (ED §5.7]) 

E pq := R p qcoh x H q ^' => R p+q qcoh x &* 

which easily reduces to checking the assertion for the cohomology of J?', so we may assume 
from start that J?' is a single ^-module placed in degree zero. Let us then choose an injec- 
tive resolution & ^ (that is, in the category of all (^-modules); we have to show that 
H p qcoh x y = for p > 0. We deal first with the following special case : 

Claim 9.2.12. Assertion (i) holds if X is affine. 

Proof of the claim. Indeed, in this case, the chosen injective resolution of & yields a long 
exact sequence — > &{X) — > J?'(X), and therefore a resolution qcoh x J^ := &{X)~ — > 
qcoh x ^' := f{X)~. 
For the general case, we choose any affine covering il of X and we consider the cochain 
complex of cosimplicial complexes q^'^il, J?*). 

Claim 9.2.13. For any injective ^-module J* , the augmented complex: 

qcoh x ^ -> q<*r(lt,^) 

is contractible. 

Proof of the claim. It follows easily from proposition |9.2.7r ii) that 

q^'(il,^) ~ qcoh x (^'(il,^)) 
for any G x -module & . Then the claim follows from lemma [9T2 .6r ii). 
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We have a spectral sequence : 

E{ 9 := H p qtf'{U, J q ) Tot p+9 (q^'(il, 

and it follows from claim 19^2 .131 that E pq = whenever p > 0, and E 0g = qco\\ x J !q for every 
q E N, so the spectral sequence E" degenerates, and we deduce a quasi-isomorphism 

(9.2.14) qcoh x ^* A Tot* (q^'(il, J')). 

On the other hand, for fixed q E N, we have q^ 9 (il, J?') = 7^ r^! | t qcoh lln 7^*^' , ; since X is semi- 
separated, ii n is affine, so the complex qcoh lin 7^*^• is a resolution of qcoh^vr* = vr*^, by 
claim 19.2. 12[ Furthermore, ir n : it^ — > X is an affine morphism, so q^^il, J^*) is a resolution 
of 7r n *7r*J^\ Summing up, we see that Tot* (q^* (it, is quasi-isomorphic to ^*(1X, J^"), 
which is a resolution of J?, by lemma W.2 .6f i). Combining with (19.2.141 ), we deduce (ii). □ 

Theorem 9.2.15. Let X be a quasi-compact and semi-separated scheme. The forgetful functor: 

Ri x : D+(^ x -Mod qcoh ) -> D+(^ x -Mod) qcoh 

is an equivalence of categories, whose quasi-inverse is the restriction ofRqcoh x . 

Proof. By proposition 19.2.1 U ii) we know already that the composition i?qcoh x o Rt x is a 
self-equivalence of D + (<^x-Mod qcoh ). For every complex in D + (^x-Mod), the counit 
of adjunction e&% : Rl x ° Rqcoh x ^' — > can be described as follows. Pick an injective 
resolution a : — > JP*\ then £jr. is defined by the diagram : 

where, for each n E N, the map £ n : qcoh x ^ n — > J^ n is the counit of the adjoint pair 
(l x , qcoh x ). It suffices then to show that e* is a quasi-isomorphism, when J** is an object of 
D + (<^ x -Mod) qcoh . To this aim, we may further choose J* of the form Tot*(j^"), where J" 
is a Cartan-Eilenberg resolution of (see fTTl §5.7]). We then deduce a spectral sequence : 

E pq := &<\<xA\ x H q & % R p+q qcoh x ^ 9 . 

The double complex y* also gives rise to a similar spectral sequence F pq , and clearly F pq = 
whenever p > 0, and F 0q = H q ^' . Furthermore, the counit of adjunction e" : qcoh x ^" — > 
induces a morphism of spectral sequences to^ 9 : — > F^ 9 . Consequently, in order 
to prove that the is a quasi-isomorphism, it suffices to show that uj pq is an isomorphism 
for every p, q E N. This comes down to the assertion that i? p qcoh x £f = for every quasi- 
coherent ^-module Sf , and every p > 0. However, we have £f = Rix&, so that i?qcoh x £f = 
i?qcoh x o Rl x &, and then the contention follows from proposition |9.2. 1 lt ii). □ 

Lemma 9.2.16. Let X be a quasi-compact and quasi- separated scheme, U a quasi-compact 
open subset of X, M 3 a quasi-coherent ffx-module, £f a finitely presented quasi-coherent &u- 
module, and ip : *S — > M\u a &u -linear map. Then: 

(i) There exists a finitely presented quasi-coherent G x -module & on X, and a @ x -linear 
map ip : & — > Jff, such that .F r = & and ip\u = (p. 

(ii) Especially, every finitely presented quasi-coherent 0\j-module extends to a finitely pre- 
sented quasi- coherent x -module. 

Proof, (i): Let (Vi | i = 1, . . . , n) be a finite affine open covering of X. For every i = 0, . . . ,n, 
let us set Ui := U U V\ U • • • U Vf, we construct, by induction on i, a family of finitely presented 
quasi-coherent ^-modules J^i, and morphisms ^ : ^ — > such that J^ + i|;y 4 = ^ and 
4>i+i\u i+1 — V'i f° r every i < n. For z = we have f/ = £/, and we set J^o : = tpo := V 9 - 
Suppose that and ^ have already been given. Since X is quasi- separated, the same holds 
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for U i+ i, and the immersion j : Ui — > U i+ i is quasi-compact; it follows that and j*J4?\Ui 
are quasi-coherent ^-modules ( 1)261 Ch.I, Prop.9.4.2(i)]). We let 

Then M is a quasi-coherent <^/ 1+1 -module admitting a map — > J%\u i+1 , an d such that ^(y. = 
J^j. We can then find a filtered family of quasi-coherent &v i+ i -modules of finite presentation 
(^#a | A G A), whose colimit is ^\v i+1 - Since ^ is finitely presented and [/, fl V$+i is quasi- 
compact, there exists A G A such that the induced morphism (3 : ^\\UiCW i+1 ~^ ^i\Uinv i+1 is 
an isomorphism. We can thus define J^i+i by gluing and */#a along /3; likewise, ipi and 
the induced map M\ — >■ ^|y i+1 — > ^jV i+1 glue to a map as required. Clearly the pair 
:= J£„, ip := is the sought extension of (£f , 99). 
(ii): Let Ox be the final object in the category of (^-modules; to extend a finitely presented 
quasi-coherent (^-module £f , it suffices to apply (i) to the unique map & —> Ox\u- D 

For ease of reference, we point out the following simple consequence of lemma W.2 .161 

Corollary 9.2.17. Let U be a quasi-affine scheme, $ a locally free &y-module of finite type. 
Then we may find integers n,m G N and a left exact sequence of ' &u -modules : 

-f s -> -> ^® n . 

Proof. Set ^ v := J^bm^ ^7), and notice that S y is a locally free ^/-module of finite type, 
especially it is quasi-coherent and of finite presentation. By assumption, U is a quasi-compact 
open subset of an affine scheme X, hence § v extends to a quasi-coherent (^-module & of 
finite presentation (lemma |9 . 2 . 1 6f ii) ) ; we have & = F~, for some finitely presented A-module 
F; we choose a presentation of F as the cokernel of an A-linear map A® n — > v4® m , for some 
m, n G N, whence a presentation of <f v as the cokernel of a morphism <^® n — > <^® m , and after 
dualizing again, we get the sought left exact sequence. □ 

9.2.18. Let X be a scheme; for any quasi-coherent ^-module & , we consider the full sub- 
category C/& of the category ^x-Mod qcoh /j£" whose objects are all the maps <p : Sf — > 
such that ^ is a finitely presented (^-module (notation of ( |1.1.13t ). One verifies easily that 
this category is filtered, and we have a source functor : 

1* : C/& -»• ^-Mod qcoh (^^^)^^ 

Proposition 9.2.19. WiY/i notation of (19.2.181 ), suppose that X is quasi-compact and quasi- 
separated. Then, for any quasi-coherent &x -module & ', the induced map 

colim l « — > ^ 

w an isomorphism. 

Proof. Let J^"' be such colimit; clearly there is a natural map J^' — > & ", and we have to show 
that it is an isomorphism. To this aim, we can check on the stalk over the points x G X, hence 
we come down to showing : 

Claim 9.2.20. Let & be any quasi-coherent (^-module. Then : 

(i) For every s G & x there exists a finitely presented quasi-coherent (^-module £f , a 
morphism <p : ^ — > and t E & x such that — s - 

(ii) For every map : Sf — > with £f finitely presented and quasi-coherent, and every 
s G Ker (p x , there exists a commutative diagram of quasi-coherent &x -modules : 




^ & 
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with ffl finitely presented and ip x (s) = 0. 

Proof of the claim, (i): Let U C X be an open subset such that s extends to a section Su G 
&(U); we deduce a map cp v : V — > J^j^ by the rule a a ■ su for every a 6 0u(U). In view 
of lemma l9^2.16r i). the pair (<^[/, ^7) extends to a pair (</>, £f) with the sought properties. 

(ii): We apply (i) to the quasi-coherent ^-module Ker ip, to find a finitely presented quasi- 
coherent (^-module C S' , a morphism (5 : Sf' — > Ker 99 and £ G such that /3 X .(£) = s. Then 

we let ip : 3f — > ^ := Coker(£f ' A Ker <£> — > £f ) be the natural map. By construction, ffl is 
finitely presented, ip x (s) = and clearly cp factors through ip. □ 

Corollary 9.2.21. Let X be a coherent, quasi-compact and quasi- separated scheme, U C X a 
quasi-compact open subset. Then the induced functor 

D[ a <V x -Mod) coh -> D^V^-ModU 
is essentially surjective, for every a,b G N. 

Proof To start out, for any quasi-coherent -module J^, define the category C/J^" as in 
19.2.181 and consider the full subcategory O j & (resp. C"/JP) of C / & whose objects are 
all the maps cp : Sf — > J^" such that is an isomorphism (resp. an epimorphism). It is easily 
seen that both C j & and C" are filtered categories, and we have : 

Claim 9.2.22. With the foregoing notation, the following holds : 

(i) If ■/ 1 is a coherent ^/-module, C j& is a cofinal subcategory of 

(ii) For every object K* of D b (i^x-Mod) coh and every c G Z, the natural map 

cofimHom D (^ c . Mod )(X , ,4^[c]) — ► Hom D (^ c -Mod)(^* ) ^"[c]) 

is an isomorphism (notation of (19.2.1 81) ). 

Proof of the claim, (i): Since U is quasi-compact, it is easily seen that C" j & is cofinal in C/J^, 
so we are reduced to checking that C j& is cofinal in C" j & . Hence, let ip : 3f' — > J^" be any 
object of C" since <^x is coherent, := Ker^iy is a coherent ^/-module, therefore 
we may extend to a coherent ^-module J*T' and the identity map of to a morphism 
V>' : JT' -> Ker^ of ^-modules (lemma E^ZEIfi)). Set # := /ip'(Jfr'); the induced map 
Sf — >■ J£~ is an object of C'/J?, whence the contention, 
(ii): We have two spectral sequences : 

E\ q : colimiFlXX, R q ^om' 0x [K\ l<?[c))) colimHom D( ^. M od)(#', i*\c + p + q)) 

c 1 ^ C ' 1 ' & 

F* 9 : BPT{X,R^om' ex {K',^[c})) Hom D( ^. M od)(^ # , &[c + p + ?]) 

and a morphism of spectral sequences E% q — > Ff 9 . Since the functors i? p r commute with 
filtered colimits, we deduce that it suffices to show that the natural morphism 

colim R q J^fom^ x (K* , l# [c] ) ) -> R q M'om\ (K',^[c\) 

c 1 & 

is an isomorphism for every q e Z. Then, a standard devissage argument further reduces to the 
case where K* is concentrated in a single degree, so we come down to checking that the functor 
& 1 — > Sxt q 0x (5f , commutes with filtered colimits of quasi-coherent ^-modules, for every 
coherent &x -module and every g G Z. To this aim, we may assume that X is affine, in which 
case - since Gx is coherent - Sf admits a resolution — > consisting of free ^-modules of 
finite rank; the latter are acyclic for the functor ,^ome x , so we are left with the assertion that 
the functor & t— > H q M } oniff x (jSf*, commutes with filtered colimits, which is clear. 
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Now, let j : U — ► X be the open immersion, an object of D^ a ' b] (^u-Mod) coh . By J28l 
Ch.III, Prop. 1.4. 10, Cor. 1.4. 12] and a standard spectral sequence argument, it is easily seen that 

lies in D fe (^ x -Mod) qcoh . We may then replace 3tf a by Coker (d a ~ l : ^ -> Jtf" 1 ), ,W b by 
Ker (d b : Jff b -> Jg* by for i £ [a, 6], and assume that lies in (^ x -Mod) qcoh 
and j*Jf* = . It then suffices to show the following : 

Claim 9.2.23. Let be any object of (<^-Mod) qcoh such that M • lies in the category 

D[ a ' fe ](^/-Mod) coh . Then there exists an object <S % of D[ a ' fe ](^ x -Mod) coh , with a morphism 
if' : C S* — > Jf? m in D(^x-Mod) qco h such that (p? v is an isomorphism. 

Proof of the claim. We proceed by descending induction on a, and notice that in case a = b, 
the assertion follows immediately from claim [9T2. 22f i) and proposition |9.2.19[ 

Thus, suppose that a < b, and that the assertion is already known for every object of 
D[ a+1 ' 6 ](^5f-Mod) qco h fulfilling the stated condition. Define the truncation r> a+1 ^f' as the 
unique object (up to isomorphism) of D[ a+1 ' b l(<^--Mod) qcoh fitting in a distinguished triangle 
of D(^-Mod) qcoh 

H a Jf[-a] ^J^'^ r> a+1 Jif' -> H a Jf[l - a}. 

By inductive assumption, we may find an object of D[ a+1 ' 6 ](^x-Mod) co h and a morphism 
cp" : C S" — > T> a+ i^" in D(^x-Mod) qco h which restricts to an isomorphism on U. There 
follows a morphism of distinguished triangles : 

E a ,W\-a\ M"" > *- H a JZ*[l - a] 

HW[-a] Je» r> a+1 ^« H a ^'[l - a] 

for some object M"* of D[ a ' b l(^x-Mod) qcoh , and clearly (3' restricts to an isomorphism on U. 
We may then replace 3tiP* by ffl" m , and assume that r> a+ i^T* lies in D [a+1 ' ft] (^-Mod) CO h. 

By claim HX221 we may find an object ip : <g -> H a M" of C / ^ such that a' factors 
through tp[l — a] and a morphism u>' : r> a+ iJ%?* — > Sf [1 — a] in D(^-Mod) co h- Then 
Coneu;*[— 1] lies in D[ a,6 l(^x-Mod) co h, and the induced morphism Coneu'f— 1] — > re- 
stricts to an isomorphism on [/. □ 

9.3. Cohomology in a ringed space. 

Definition 9.3.1. Let X be a topological space, & a sheaf on X. We say that & is qc-flabby if 
the restriction map &(V) — > &{U) is a surjection whenever {/ C V are quasi-compact open 
subsets of X. 

Lemma 9.3.2. Suppose that the topological space X fulfills the following two conditions : 

(a) X i5 quasi-separated (i.e. ?/ze intersection of any two quasi-compact open subsets of 
X is quasi-compact). 

(b) X admits a basis of quasi-compact open subsets. 

Let — ► J?' — > J£~ — ► J^"" ^ be a short exact sequence of abelian sheaves on X. Then : 

(i) 7f J^"' w qc-flabby, the induced sequence 

-> ^'(£7) -> ^-(c/) -> ^"(C/) -> 

J5 short exact for every quasi-compact open subset U C X. 

(ii) If both an J JF' are qc-flabby, the same holds for . 
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Proof, (i) is a variant of [39, Ch.II, Th.3.1.2]. Indeed, we may replace X by U, and thereby 
assume that X is quasi-compact. Then we have to check that every section s" G JP"(X) is the 
image of an element of <&(X). However, we can find a finite covering {Ui \ i = 1, . . . , n) of X, 
consisting of quasi-compact open subsets, such that s'L. is the image of a section Sj G ^{Uj). 
For every k < n, let V k := U\ U • • • U U^, we show by induction on k that s" Vk is in the image 
of J^"(Vfc); the lemma will follow for k = n. For k = 1 there is nothing to prove. Suppose that 
k > 1 and that the assertion is known for all j < k; hence we can find t G ^{V^-i) whose 
image is s'L^. The difference u := (t — s k )\u k nv k _ 1 lies in the image of ^'{U k R V k -i); since 
Uk n Vfc_i is quasi-compact and is qc-flabby, u extends to a section of J£"'([4). We can 
then replace Sk by + u, and assume that and t agree on £4 fl Vk-i, whence a section on 
Vk = Uk U Vfc-i with the sought property. Assertion (ii) is left to the reader. □ 

Lemma 9.3.3. Let F : ^ — > c €' be a covariant additive left exact functor between abelian 
categories. Suppose that ^ has enough injectives, and let j$ C ^ be a subcategory such that : 

(a) For every A G Ob(^), there exists a monomorphism A — > M, wzY/i M G Ob(^#). 

(b) Every A G Ob( < ^ 7 ) isomorphic to a direct factor of an object of ^ , is an object of M . 

(c) For every short exact sequence 

^ M' -> M -> M" ^ 
m ^ wzY/z M' anrf M m j# , the object M" is also in jtf, and the sequence 
F(M') -> F(M) -»■ F(M") -> 

Z5 s/zo/t eracf. 

TTzen, every injective object oflo is in M , and we /zave R P F(M) = Ofor every M G Ob(^#) 
an J every p > 0. 

Proof. This is I14T1, Lemme 3.3.1]. For the convenience of the reader we sketch the easy proof. 
First, if 7 is an injective object of ^ , then by (a) we can find a monomorphism I — > M with 
M in hence 7 is a direct summand of M, so it is in by (b). Next, let M G and 
choose an injective resolution M — > I* in For every z G N let Z l := Ker(cf : J 1 — > 7 i+1 ); 
in order to prove that BPF{M) = for every p > 0, we have to show that the sequences 
— > -> F{P) -> -> are short exact for every z G M. In turns, this will follow 

from (c), once we know that Z l and P are in ^ . This is already established for P, and for Z % 
it is derived easily from (c), via induction on i. □ 

9.3.4. Let X be a topological space. To X we attach the site SC whose objects are all the 
families it := | i G 7) of open subsets of X (i.e. all the covering families - indexed by a 
set 7 taken within a fixed universe - of all the open subsets of X). The morphisms /3 : QJ := 
(Vj | j G J) — > il in S£ are the refinements, i.e. the maps /3 : J — > 7 such that V} C ?//?(,-) for 
every j G J. The covering il determines a space T(il) := Hjg/f/i, the disjoint union of the open 
subsets Ui, endowed with the inductive limit topology. A morphism (5 : 23 — > il is covering for 
the topology of 3£ if and only if the induced map T(23) — > T(il) is surjective, and a family 
(QJj — > it | z G 7) is covering if and only if 23j — > il is covering for at least one z G 7. Notice 
that all fibre products in are representable. 

9.3.5. For any object 23 of 3>, let be the full subcategory of ^2f/23 consisting of all 
covering morphisms il — > 23 (notation of (11.1.2b ). For any morphism 23 — > W of 3£ , we have a 
natural functor — >■ ^ : il i— > il x 20 23, and the rule 23 1— > is therefore a pseudo-functor 
3^° — > Cat from the opposite of ^* to the 2-category of categories. To any object il — ► 23 of 
^aj we attach a simplicial object il. of X ', as follows ([4, Exp.V, §1.10]). For every n G N, let 
it„ := il Xqj • • • Xsjjit, the (n + l)-th power of il; the face morphisms 9j : iLj — > iln-i (for all 
n > 1 and z = 0, . . . , n) are the natural projections. 



FOUNDATIONS OF p-ADIC HODGE THEORY 643 

9.3.6. Let & be a presheaf on !%\ the cosimplicial Cech complex associated to & and a 
covering morphism il — > 23, is defined as usual by setting : 

C n (il,^):=^(iLj 

with coface maps d i := J^(<9;) : C^fXl, &) -> C n (il, J^) (for all n > 1 and i = 0, . . . , n). It 
extends naturally to an augmented cosimplicial Cech complex : 

C a - Ug (il,^) := Cone(^(X)[0] -> C"(il, J^)[-l]). 

One defines a functor 

Fsj : -> Set (il -f 23) ^ Equal(C (il, J* - ) =£ C^il, &)) . 

d 1 

Since is usually not a cofiltered category, the colimit over ^ is in general not well behaved 
(e.g. not exact). However, suppose that il and il' are two coverings of 23, and cp, ip : il — ► il' are 
two morphisms of coverings; it is well known that the induced maps of cosimplicial objects 

C'(<p, &\ C'(iP, &) : C*(il', &) -> C*(il, ^) 

are homotopic, hence they induce the same map Fgj(iX') — > Frrj(il). Hence, the functor Fqj 
factors through the filtered partially ordered set 5)%) obtained as follows. We define a transitive 
relation < on the coverings of 23, by the rule : 

il < il' if and only if there exists a refinement il' — > il in 

Then 3)<q is the quotient of Ob(^j) such that < descends to an ordering on S 1 ^ (in the sense 
of IfTBl Ch.III, §1, n.l]); one checks easily that the resulting partially ordered set (f^j, <) is 
filtered. One can then introduce the functor 

Hom C at(^°, Set) -> Hom Cat (ir°, Set) & i-> 

on the category of presheaves on 3£ , by the rule : 

(9.3.7) i^+(23) := colimi^il). 

It is well known that is a separated presheaf, and if & is separated, then is a sheaf. 
Hence J^ ++ is a sheaf for every presheaf & ', and it easy to verify that the functor & \— > J^ ++ 
is left adjoint to the inclusion functor 

(9.3.8) t : -> Hom C at(^°, Set) 
from the category of sheaves on to the category of presheaves. 

9.3.9. Notice that every presheaf & on X extends canonically to a presheaf on S£\ namely for 
every covering il := | % E I) one lets J^'(il) := Yiiei ^{Ui)\ moreover, the functor & i— > 
J£~' commutes with the sheafification functors h- > J^ ++ (on X and on 3£). Furthermore, one 
has a natural identification : Y{5C , = F(X, 
The following lemma generalizes ||39l Th.3.10.1]. 

Lemma 9.3.10. Let X be a topological space fulfilling conditions (a) and (b) of lemma 19.3.21 
Then the following holds : 

(i) For every filtered system := (JF A A £ A) of sheaves on X, and every quasi- 
compact subset U C X, the natural map : 

colimrm J^ A ) -> T(U,co\im^ x ) 

AeA AeA 

is bijective. 



644 



OFER GABBER AND LORENZO RAMERO 



(ii) If moreover, is a system ofabelian sheaves, then the natural morphisms 

colim-RTfC/,^) -> ifr([/, colim 
AeA AeA 

are isomorphisms for every i G N and every quasi-compact open subset U C X. 

Proof, (i): In view of (19.3.91 ), we regard as a system of sheaves on SC ' . 

We shall say that a covering il := | i G I) is quasi-compact, if it consists of finitely many 

quasi-compact open subsets L^. Let & := colimt(^\)- Clearly colim J^a = & ++ ■ 

AeA AeA 

Claim 9.3.11. For every quasi-compact covering 33, the natural map 

^(33) -> ^+(33) 

is a bijection. 

Proof of the claim. Let il — > 33 be any covering morphism. If 33 is quasi-compact, condition (b) 
of lemma 19.3.21 implies that we can find a further refinement 2U — ► il with 233 quasi-compact, 
hence in (19.3.71 ) we may replace the partially ordered set 3>?o by its full cofinal subset consisting 
of the equivalence classes of the quasi-compact coverings. Let il — > 33 be such a quasi-compact 
refinement; say that il = (Ui \ % — 1, . . . , n). Since filtered colimits are exact, we deduce: 

C n (il, &>) = colim C7 n (il, & x ) for every neN. 

AeA 

Finally, since equalizers are finite limits, they commute as well with filtered colimits, so the 
claim follows easily. 

In view of claim 193.1 1[ assertion (i) is equivalent to : 
Claim 9 .3. 12. The natural map 

^+(33) -> ^++(33) 
is a bijection for every quasi-compact covering 33. 

Proof of the claim. We compute ^ ++ (33) by means of (19.3.71) , applied to the presheaf & : = 
arguing as in the proof of claim 193.1 II we may restrict the colimit to the cofinal subset 
of 2>f8 consisting of the equivalence classes of all quasi-compact objects. Let il — > 33 be such 
a quasi-compact covering; since X is quasi- separated, also il Xqj il is quasi-compact, hence 
&> + {U) = &>(!&) and ^+(il x^il) = x v il), again by claim I93TTT1 And again, the 
claim follows easily from the fact that equalizers commute with filtered colimits. 

(ii): Suppose that is a system of abelian sheaves on X. For every A 6 Awe choose an 
injective resolution &\ — ► y*. This choice can be made functorially, so that the filtered system 
& extends to a filtered system — > y* | A G A) of complexes of abelian sheaves. Clearly 

colim is a resolution of colim Moreover : 

AeA AeA 

Claim 9.3.13. colim is a complex of qc-flabby sheaves. 

AeA 

Proof of the claim. Indeed, in view of (i) we have 

T(U, colim y?) = colim T(U, y?) 

AeA AeA 

for every n G N and every quasi-compact open subset U C X. Then the claim follows from the 
well known fact that injective sheaves are flabby (hence qc-flabby). 

One sees easily that if U is quasi-compact, the functor T(U, —) and the class of qc-flabby 
sheaves fulfill conditions (a) and (b) of lemma 19331 and (c) holds as well, in light of lemma 
193.21 therefore qc-flabby sheaves are acyclic for T(U, —) and assertion (ii) follows easily from 
claim I93T31 " □ 
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9.3.14. Let A be a small cofiltered category with final object G Ob(A), and X a quasi- 
separated scheme; we consider the datum consisting of: 

• Two cofiltered systems X := (X A | A G A) and Y_ := (Y\ | A G A) of X -schemes, 
with affine transition morphisms : 

(f u : X M — > X\ ip u : — ► Y x for every morphism u : /i — ► A in A. 

• A cofiltered system of sheaves := (J^ | A G A) where J^ A is a sheaf on Y A for every 
A G Ob (A), with transition maps : 

ip~ l ^x — > for every morphism it : /i — > A in A. 

• A system g := (# A : Y x — > X A | A G A) of quasi-compact and quasi- separated mor- 
phisms, such that gx o ip u = Lp u o g^ for every morphism u : p, — > A. 

By [|32l Ch.IV, Prop. 8. 2. 3] the (inverse) limits of the systems X, F and g are representable by 
X -schemes and morphisms 

X 00 :=limX A Y"^ := limF A := lim# A : -> X^ 

AeA AeA AeA 

and the natural morphisms 

</) A : Xoo -> X A : -> F A . 

are affine for every A G A. Moreover, induces a sheaf on Y^ : 

#oo := colim^ A J^ A . 

Proposition 9.3.15. /n ?/ze situation of (19.3.141) . the following holds : 

(i) Suppose that X w quasi-compact. Then the natural map 

coiimr(y A ,^- A ) -> ro^oo, ^o) 

AeA 

is a bijection. 

(ii) If ^ is a system of abelian sheaves, then the natural morphisms : 

AeA ' 

are isomorphisms for every i G N. 
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Proof, (i): Arguing as in the proof of lemma |9~.3.10l r), we regard each J^ A as a sheaf on the 
site T A attached to Y" A by (19.3.41 ); similarly J^, is a sheaf on the site obtained from Y^. 
The assumption implies that Y^, as well as Y x for every A G A, are quasi-compact and quasi- 
separated. Then lemma 193.1 OH ) shows that the natural map : 

coiim rfYU, Va 1 ^) -> ro^,^) 



is a bijection. Let us set ^S x := ^ A t(J^" A ) (notation of (I9.3.8I )). Quite generally, the presheaf 
pull-back of a separated presheaf - under a map of topological spaces - is separated; hence 5f A 
is a separated presheaf, so the global sections of its sheafification can be computed via the Cech 
complex : in the notation of ( 19.3.61 ), we have 

r(Foo, ^oo) = colim colim Equal (C^iU Sf A ) C 1 ^, & x )) 

AeA Uoo&^Yoa 

= colim colim Equal (C° (iloo, # A ) ==S C 1 ^, Sf A )) . 
ilooe^y^ AeA 

However, arguing as in the proof of claim 19.3. 1 1L we see that we may replace the filtered set 
@Yoo by i ts cofinal system of quasi-compact coverings. If iloo — > Yoo is such a quasi-compact 
covering, we can find A G Ob (A), and a quasi-compact covering il A — > U\ such that U\ C 
Y x is a quasi-compact open subset, and iloo = &\ x y x Y<x (lEH Ch.IV, Cor.8.2.11]). Up to 
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replacing A by some A' > A, we can achieve that U\ = Y\, and moreover if Hp — > Yp is any 
other covering with the same property, then we can find p G A with p > p,,X and such that 
il A X y A Y p = il M Xy M Y p (E2 Ch.IV, Cor.8.3.5]). Likewise, if 23 -> F A is a covering such that 
23 x y A "Koo = iloo x Yoo iioo, then, up to replacing A by a larger index, we have 23 = Ua x Yx 
Hence, let us fix any such covering Ha,, — > 1a and set Hp := Ha Xy AQ y M for every p, > A ; it 
follows easily that 

colimEqual(L7 (il oo , Sft) C7 1 (il 00 , Sf A )) = colimEqual(C ,0 (il J , ^) C 1 ^, i^)) 

AeA M^-^o 

= colimr(y M ,^). 



whence (i). To show (ii), we choose for each A G A an injective resolution &\ — > y*, having 
care to construct J^ A * functorially, so that extends to a compatible system of complexes 

(J*a — > I A e A). 

Claim 9.3.16. := colim-?/^ 1 is a complex of qc-flabby sheaves. 

Proof of the claim. Indeed, let C be any two quasi-compact open subset of Y^; we 
need to show that the restriction map 

is onto. By [|32l Ch.IV, Cor.8.2.11] we can find A G A and quasi-compact open subsets U\ C 
V\ C Y x such that = ip^Ux, and likewise for V^. Let us set U u := ip^Ux for every 
u G Ob(A/A), and likewise define V u . Then, up to replacing A by A/A, we may assume that 
Up C Vp are defined for every p, G A. By (i) the natural map 

colirnr^^^r^oo,^) 

AeA 

is bijective for every n G N, and likewise for V^. Since an injective sheaf is flabby, the claim 
follows easily. 

Using the assumptions and lemma |93.2[ one checks easily that the functor and the class 
M of qc-flabby sheaves on Y^ fulfill conditions (a)-(c) of lemma 19331 Therefore we get a 
natural isomorphism in D(Zx 00 -Mod) : 

To conclude, let V^, — > be any quasi-compact open immersion, which as usual we see as 
the limit of a system (V\ — > Xx | A G A) of quasi-compact open immersions; it then suffices to 
show that the natural map 

AeA 

is an isomorphism of complexes. The latter assertion holds by (i). □ 

Corollary 9.3.17. Let f : Y — > X be a quasi-compact and quasi-separated morphism of 
schemes, & a flat quasi-coherent €?x-module, and& any &y-module. Then the natural map 

(9.3.18) &® Gx RfJS ^RU{f*&®e Y y) 

is an isomorphism. 

Proof. The assertion is local on X, hence we may assume that X = Spec A for some ring A, 
and & = M~ for some flat A-module M. By J5II Ch.I, Th.1.2], M is the colimit of a filtered 
family of free A-modules of finite rank; in view of proposition |9.3.15t ii), we may then assume 
that M = A® n for some n > 0, in which case the assertion is obvious. □ 
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Corollary 9.3.19. Consider a cartesian diagram of schemes 

g' 

/' / 

such that f is quasi-compact and quasi-separated, and g is flat. Then the natural map 
(9.3.20) g*Rf& -> RJ'J*<3 

is an isomorphism in D(<^/ -Mod), for every Gy-module . 

Proof. We easily reduce to the case where both X and X' are affine, hence g is an affine mor- 
phism. In this case, it suffices to show that 0^ (19.3.201) is an isomorphism. However, we have an 
essentially commutative diagram 

g*(g*Rf*&) Rf*& ®e x 9*0x> 



g*{Rf'J*y) — Rf*g'*(g'*&) — RfJ& ®^ g'M 

whose left vertical arrow is q J9.3.20|) and whose right vertical arrow is the natural isomorphism 
provided by corollary [93J/7] (applied to the flat ^y-module & := g*6yi). Also, a and (3 are the 
natural maps obtained as in Il2~6l Ch.O, (5.4.10)]; it is easily seen that these are isomorphisms, 
for any affine morphism g and g'. The assertion follows. □ 

Remark 9.3.21. Notice that, for an affine morphism / : Y — > X, the map (19.3.181 ) is an 
isomorphism for any quasi-coherent (^-module & and any quasi-coherent ^y-module £f . The 
details shall be left to the reader. 

9.3.22. Let (X, &/) be a ringed space; one defines as usual ( ItTTl §2.7.4]) a total Horn cochain 
complex, which is a functor : 

jeomls : C(^-Mod)° x C(^-Mod) -> C(^-Mod) 

on the category of complexes of ^-modules. Recall that, for any two complexes M., N', and 
any object U of X, the group of n-cocycles in Jtfom^M,, N*)(U) is naturally isomorphic 
to Homc(^| E/ -Mod)(^«|f7) -^|t/N)> an d H n Jifoml / (M,, N')(U) is naturally isomorphic to the 
group of homotopy classes of maps M m \u — > N^j[n\. We also set : 

(9.3.23) Hom^ := V o Jtfom^ : C(^-Mod)° x C(^-Mod) -> C(r(^)-Mod). 

The bifunctor fflom*^ admits a right derived functor : 

RJFom'f : D(^-Mod)° x D+(^-Mod) -»■ D(^-Mod) 

for whose construction we refer to [1711 §10.7]. Likewise, one has a derived functor RRom'^ 
for (193^31) . 

Lemma 9.3.24. Let (X, &/) be a ringed space, S$ an srf -algebra. Then : 

(i) If J 1 is an injective si '-module, J^om^^ , J?) is flabby for every si '-module & ' , and 
M'om^^, J?) is an injective ^-module. 

(ii) There is a natural isomorphism of bifunctors : 

RT o RJtfom^ A ifflom^. 

(iii) The forgetful functor D + (^-Mod) — > D + (s/ -Mod) admits the right adjoint : 

D+(^-Mod) -> D+(^-Mod) : K* ^ RJfom'^^, K*). 
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Proof, (i) : Let j : U C X be any open immersion; a section s G Jrffom^^ , ^){U) is a map 
of £^\u -modules s : #][/ — > J ! \ v . We deduce a map of ,c/ -modules j\s : jiJ^jt/ — ► j\ J^\u — > J^; 
since ^ is injective, j>s extends to a map — > y, as required. Next, let SS be an =sz/ -algebra; 
we recall the following : 

Claim 9.3.25. The functor 

^-Mod -> ^-Mod : ^ ^ JTom^(^, ^) 

is right adjoint to the forgetful functor. 

Proof of the claim. We have to exhibit a natural bijection 

Horn^iV, M) ^ Hom,^(iV, Hom^(^, M)) 

for every srf -module M and ^-module N. This is given by the following rule. To an 
linear map t : N — > M one assigns the ^-linear map tf : N —> Hom^(J, M) such that 
t'(x)(b) = t(x ■ b) for every x G iV(?7) and b G <5^(V), where V C Z7 are any two open subsets 
of X. To describe the inverse of this transformation, it suffices to remark that t(x) = t'(x)(i) 
for every local section x of N. 

Since the forgetful functor is exact, the second assertion of (i) follows immediately from 
claim l9.3.251 Assertion (ii) follows from (i) and ED Th. 10.8.2]. 

(iii): Let K* (resp. L') be a bounded below complex of ^-modules (resp. of injective 
■^/-modules); then : 



Theorem 9.3.26. (Trivial duality) Let f : (Y, B§) — > (X, srf) be a morphism of ringed spaces. 
For any two complexes M, in D - (<e/-Mod) and N* in D + (^-Mod), there are natural iso- 
morphisms : 

(i) HHom^M,, Rf m N') A RRom%(Lf*M„ N*) in D+(^(X)-Mod). 

(ii) Rjeom^(M.,Rf*N m ) ^ Rf*Rjrom%(Lf*M.,N m ) in D+(^-Mod). 

Proof. One applies lemma |93 .24r ii) to deduce (i) from (ii). 

(ii) : By standard adjunctions, for any two complexes M. and N' as in the proposition, we 
have a natural isomorphism of total Horn cochain complexes : 



Now, let us choose a flat resolution P, — ► M. of srf -modules, and an injective resolution N* 
I*, of ^-modules. In view of (19.3.271) and lemma |93.24t i) we have natural isomorphisms : 



HomD+^.Mod)^*,//) =H Hom* ( ^_ Mod) (K*, L') 

= H°Kom' C{ ^ Mod) (K-, M>om*{3g, IS)) 
= Hom D+( ^. Mod) (X*, r J^om^(^, IS)) 

where the last identity follows from (i). 



□ 



(9.3.27) 



,jfom^(M., f,N') A f*J?om%(f*M.,N*). 



Rf m RJtrom%{Lf*M m ,N') ^ f*Jfom%(f*P., T) ^ J4?om^(P„ fj') 



in D + (£/ -Mod). It remains to show that the natural map 

(9.3.28) Jfom^(P., fj') -> RJ^om'^P., fj') 

is an isomorphism. However, we have two spectral sequences : 



E\ q := H p J?om%{P q , /*/') H^om'^P,, fj') 
:= H p RJ?om^(P q , fj') => H p+q R3t?om^{P„ fj') 
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Consequently, it suffices to show that (19.3.291) is an isomorphism for every p, q E N, and there- 
fore we may assume that P. consists of a single flat stf -module placed in degree zero. A similar 
argument reduces to the case where I, consists of a single injective ^-module sitting in degree 
zero. To conclude, it suffices to show : 

Claim 9.3.30. Let P be a flat srf -module, I an injective ^-module. Then the natural map : 

M'om^P, fJ)[Q] -> RJ?om^{P, fj) 

is an isomorphism. 

Proof of the claim. R l ^ ? om' sg {P, f*I) is the sheaf associated to the presheaf on X : 

£/~#Hom^(iV,/J|cr). 

Since Ip is an injective ^^-module, it suffices therefore to show that P*Hom^(P, /*!) = 
for i > 0. However, recall that there is a natural isomorphism : 

R l Rom^{P, fj) ~ Hom D( ^ -Mod)(P f*I[— *])• 

Since the homotopy category Hot(^/ -Mod) admits a left calculus of fractions, we deduce a 
natural isomorphism : 

(9.3.31) P^Hom^P, fj) ~ colimHom Ho t(,/-Mod)(P., fJ[~i]) 

E 9 — >P 

where the colimit ranges over the family of quasi-isomorphisms E, — > P. We may furthermore 
restrict the colimit in (19.3.311 ) to the subfamily of all such E, — > P where P. is a bounded above 
complex of flat ,2/ -modules, since this subfamily is cofinal. Every such map E, — ► P induces a 
commutative diagram : 

Hom^(P, >■ Hom Ho tK-Mod)(P., fJ[-i]) 



Hom^(/*P, 7[-i]) »- Hom H ot(.«-Mod)(/*P., 

whose vertical arrows are isomorphisms. Since E, and P are complexes of flat ^-modules, 
the induced map f*E, — > /*P is again a quasi-isomorphism; therefore, since J is injective, the 
bottom horizontal arrow is an isomorphism, hence the same holds for the top horizontal one, 
and the claim follows easily. □ 

Corollary 9.3.32. Let A be a ring, M* (resp. N m ) a bounded below (resp. above) complex 
of A-modules. Set X := Spec A and denote by M*~ (resp. N~) the associated complex of 
quasi-coherent &x-tnodules. Then the natural map : 

PHom^(iV.,M') -> PHom^(iV.~ M*~) 

is an isomorphism in D + (A-Mod). 

Proof. We apply the trivial duality theorem |93]26] to the unique morphism 

f:(X,0 x )^({pt},A) 

of ringed spaces, where {pt} denotes the one-point space. Since / is flat and all quasi-coherent 
^-modules are /^-acyclic, the assertion follows easily. □ 
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9.3.33. Suppose that & is an abelian group object in a given topos X, and let (Fil n j£~ | n E N) 
be a descending filtration by abelian subobjects of & , such that Fil°j£" = & . Set ^ n : = 
J?/Fil n+ & for every n G N, and denote by gr'J^" the graded abelian object associated to the 
filtered object Fil'J^; then we have : 

Lemma 9.3.34. In the situation of (19.3.331 ). suppose furthermore that the natural map : 

fceN 

is an isomorphism in D(Zx-Mod). Then, for every q E N the following conditions are equiva- 
lent : 

(a) H q (X, Fi\ n J?) = Ofor every nEK 

(b) The natural map H q (X, Fil n J^) -> H q (X, gi n ^) vanishes for every n E N. 
Proof. Obviously we have only to show that (b) implies (a). Moreover, let us set : 

(FiPJ?) fc := Fil n ^/Fil fc+1 ^ for every n,kEN with k > n. 
There follows, for every n E N, a short exact sequence of inverse systems of sheaves : 

-> ((FiPJ?) fc \k>n)^(^ k \k>n)^ & n - 1 -> 

(where the right-most term is the constant inverse system which equals <^ n ~ x in all degrees, 
with transition maps given by the identity morphisms); whence a distinguished triangle : 

#lim(FiFJ?) fc -> RX\m& k -> J^fO] -> i21im(FirJO*[l] 

fceN fceN " " fceN 

which, together with our assumption on easily implies that the natural map FiPJ^ — > 
i?limfcgN(Fil ?l ^') A; is an isomorphism in D(Zx-Mod). Summing up, we may replace the datum 
Fil'J^) by (FiPJ?, Fii* +n ^"), and reduce to the case where n = 0. 
The inverse system |n 6 N) defines an abelian group object of the topos X N (see ll36l 
§7.3.4]); whence a spectral sequence: 

(9.3.35) El q := lim p H q (X, & n ) H p+q (X h \^') ~ # P+<Z (X, fllimJ*"). 

neN neN 

By 11711 Cor.3.5.4] we have £f 9 = whenever p > 1, and, in view of our assumptions, (19.3.351 ) 
decomposes into short exact sequences : 

-> lim 1 H q -\X, & n ) ^ H q (X, &) ^ lim H q (X, & n ) -> for every g G N 

neN neN 

where (3 q is induced by the natural system of maps (f3 q>n : H q (X, -> # 9 (X, J^ n ) | n G N). 
Claim 9.3.36. If (b) holds, then f3 q = 0. 

Proof of the claim. Suppose that (b) holds; we consider the long exact cohomology sequence 
associated to the short exact sequence : 

-> Fil n+1 J? -> Fil n ^ -> gr n J? -> 

to deduce that the natural map H q (X, Fil n+1 J^) — > H q (X, FiPJ^) is onto for every n E N; 
hence the same holds for the natural map H q (X, Fil n jF) — > H q (X, J£~). By considering the 
long exact cohomology sequence attached to the short exact sequence : 

(9.3.37) -> Fil 71 ^ -> J? -> -> 

we then deduce that /3 g „ vanishes for every neN, which implies the claim. 

Claim 9.3.38. If (b) holds, then the inverse system {H q ~ 1 {X,^ n ) \ n E N) has surjective 
transition maps. 
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Proof of the claim. By considering the long exact cohomology sequence associated to the short 
exact sequence : — > gr"j£" — > J^ n+1 J^ n — > 0, we are reduced to showing that the 
boundary map d q -\ : H q ^ 1 {X,^ n ) — > H q (X,gr n ^) vanishes for every n G N. However, 
comparing with (19.3.371 ), we find that d q ^i factors through the natural map H q (X, FiPj^") — > 
#<?(X, gr n J?), which vanishes if (b) holds. 

The lemma follows from claims [973 .361 and [9.3 .38[ and [I7T1 Lemma 3.5.3]. □ 

Remark 9.3.39. (i) Suppose that (V, m) is a basic setup in the sense of 11361 §2.1.1], which we 
view as a basic setup relative to the one-point topos {pt}, in the sense of ll36l §3.3]. Let (X, 6x) 
be a ringed topos, m x C &x an ideal, such that {@x, ™x) is a basic setup relative to the topos 
X, and suppose also that we are given a morphism of ringed topoi : 

7r : (X, & x ) -> ({pt}, V) such that (7r*m) • & x C m X - 

It is then possible to formulate the almost version of the situation of ( 19.3.33b . Namely, we may 
consider a (^x, m^) "-module & with a filtration Fil*J£~ consisting of (^x, mx) a -submodules. 
We have a natural morphism : 

ifrr* : D+((^,m x ) a -Mod) -► D+((V, m) a -Mod) 

which can be constructed as usual, by taking injective resolutions. In case fn is a flat V^-module, 
this is the same as setting 

Using lT3~6l Cor.2.2.24] one may verify that the two definitions coincide : the details shall be left 
to the reader. In general, both statements and proofs of results concerning the cohomology of 
6x -modules carry over verbatim to ^-modules. Then one sets, as customary : 

H'(X, K*) : = H*Rtt*K° for every object K' of D + ((0 X , m x ) a -Mod). 

(ii) The analogue of lemma 19.3.341 still holds in this case. Indeed, one may take over the 
proof verbatim; one has only to remark that [|7T1 Cor. 3.5.4] still holds for almost modules, and 
the reference to [T7T1 Lemma 3.5.3] can be replaced by [[361 Lemma 2.4.2(iii)]. 

9.3.40. Remark |9.3.39f i) applies especially to ^-schemes X, and quasi-coherent ^-modules. 
As an illustration, we consider the following situation, which shall occur in section l8721 Suppose 
that : 

• / : A — > A' is a map of V-algebras, and set : 

(p := Spec / : X' := Spec A' — > X := Spec A. 

• t E A is an element which is regular both in A and in A', and such that the induced 
map A/tA — > A'/tA' is an isomorphism. 

• U C X is any open subset containing D{t) := {p E X \ t p}, and set U' := (p~ lT J '. 

• is a quasi-coherent ^-module, and set := ^p* v ,^, which is a quasi-coherent 
0%, -module. 

Then we have natural morphisms of ^"-modules : 

(9.3.41) H q (U, &) -> H q (U', for every q E N. 

Lemma 9.3.42. In the situation of (19.3.401 ), suppose moreover that t is & -regular. Then 
(19.3.411 ) is an isomorphism for every q > 0, and induces an isomorphism of A' a -modules : 

H°(U, &) ® A A 1 ^ H°{U', &'). 

Proof. To ease notation, we shall write <p instead of cpmi. To start out, we remark : 

Claim 9.3.43. (i) STorf \$ 0§/W%) = and Torf (H°(U, A/tA) = 0. 
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(ii) The ^-module tp^' = & ip*@£, (resp. the A' a -module H°(U, ® A « A' a ) is 
i-torsion-free. 

Proof of the claim, (i): Since t is regular on 0u, we have a short exact sequence : $ :— (0 — > 
&u ~> &u —> ^u/t^u ~~ > °)> and smce 1 1S regular on & , the sequence £ & is still exact; 
the vanishing of ^br 1 c/ ( e ^", ffyjtffy) is an easy consequence. For the second stated vanishing 
one argues similarly, using the exact sequence O^A^A^A/tA^O. 

(ii): Under the current assumptions, the natural map 0y jt&u — > ip*(£?u' /tffjj') is an isomor- 
phism, whence a short exact sequence :<#":= (0 — > y?*^, — > <£*^7' — > ^u/t^u ~* °)- 
In view of (i), the sequence <f' <S>^ ^ is still exact, so & ip^&y, is t-torsion-free. An 
analogous argument works as well for H°(U, J£~) ®A a A' a . 

Claim 9.3.44. For every n > 0, the map A/t n A — > A' /t n A' induced by / is an isomorphism. 

Proof of the claim. Indeed, since t is regular on both A and A', and A/tA A' ft A', the map of 
graded rings © neN tM/t n+1 >l — ► © neN t ri y4'/t n+1 v4 / is bijective. Then the claim follows from 
HI Ch.ni, §2, n.8, Cor.3]. 

Let j : D(t) —> U be the natural open immersion, and set : 
Notice the natural isomorphisms : 

(9.3.45) j*j*<p*&' - ®<?3 <P*#u>) ®®t J*^D(t) - ^r 1 ] ®eg <P*0u>- 

Since t is -regular, the natural map & — > ^[t^ 1 ] is a monomorphism, and the same holds 
for the corresponding map ip*&' — > j*j*Lp*J?', in view of claim l93.43r ii). Moreover, Sf : = 
^ r [t~ 1 ]/^ r can be written as the increasing union of its subsheaves Ann^(t n ) (for all n £ N); 
hence claim 193 .441 implies that the natural map Sf — > Sf is an isomorphism. There 

follows a ladder of short exact sequences : 

& ^[t- 1 ] y 

(9.3.46) 

<p*&' &\t~ x \ ®ff S (p*0$, <g 0. 

On the other hand, since j is an affine morphism, we may compute : 

H q {U,^[t- 1 ]) ~ H q (U,Rj,j*&) ~ H q (D(t) } j*^) ~ for every q > 0. 
Likewise, from (19.3.451) we get : 

H g (U, ^[t~ l ] ®e« (p*0<j,) ^ for every q > 0. 
Thus, in the commutative diagram : 

H*-\U,9) — ^H q (U,^) 
d' 

H q {U, (p*&) H*(U', 

the boundary maps d and & are isomorphisms whenever q > 1, and the right vertical arrow is 
(19.3.411) . so the assertion follows already for every q > 1. To deal with the remaining cases with 
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q = or 1, we look at the ladder of exact cohomology sequences: 
H°(U, &) H°(D(t), &) H°(U, <S) H\U, J?) 

H°{U', H°{D{t), ® A * A' a — H°{U, 9) H\U', 

deduced from (19.3.461 ). On the one hand, we remark that the natural inclusion Im (3 C Im f3' 
factors as a composition 

Im/3 A M := A' a ® Aa Im/? ^ Im/?' 

where t is given by the rule : x \—> 1 <g> x, for all x E A*, and n is an epimorphism. 

On the other hand, the image of /3 is isomorphic to AT : = Cokera, and the latter is the 
increasing union of its submodules AmiAr(t n ) (for all n e N). Again from claim [93.441 we 
deduce that M = Im/3, hence Im f3' = Im (3, which shows that (19.3.411) is an isomorphism 
also for q = 1. By the same token, Ker(a Cgi^a l^/a) is the increasing union of its i n -torsion 
submodules (for all n G N), since it is a quotient of Torf a (Im/?, A' a ); hence Kei{a®A a ^-A ,a ) = 
0, in view of claim |9.3.43r ii). This easily implies the last assertion for q = 0. □ 
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